SECONDARY HOMOTOPY GROUPS

HANS-JOACHIM BAUES AND FERNANDO MURO

ABSTRACT. Secondary homotopy groups supplement the structure of classical
homotopy groups. They yield a track functor on the track category of pointed
spaces compatible with fiber sequences, suspensions and loop spaces. They
also yield algebraic models of (n — 1)-connected (n + 1)-types for n > 0.

INTRODUCTION

The computation of homotopy groups of spheres in low degrees in [Tod62] uses
heavily secondary operations termed Toda brackets. Such bracket operations are
defined by pasting tracks where a track is a homotopy class of homotopies. Since
Toda brackets play a crucial role in homotopy theory it seems feasible to investigate
the algebraic nature of tracks. Therefore we shift focus from homotopy groups 7, X
to secondary homotopy groups

71—n,*)( = (Wn,lX i’ 7Tn7OX)

defined in this paper. Here 9 is a homomorphism of groups with Cokerd = m, X
and Ker 0 = 7,41 X.

The groups m,0X and m, ;X are defined directly by use of continuous maps
f:S™ — X and tracks of such maps to the trivial map, so that 7, . X is actually a
functor in X. For n > 2 the definition involves the new concept of Hopf invariant
for tracks.

We show that the homomorphism 0 has additional algebraic structure, namely
1 +X is a crossed module, 7o . X is a reduced quadratic module and 7, . X, n > 3,
is a stable quadratic module.

Crossed modules were introduced by J. H. C. Whitehead in [Whi49] and, in fact,
for a CW-complex X our secondary homotopy group 7 X is weakly equivalent to
the crossed module

71'2(X,X1) — m X!

studied by [Whi49]. Similarly 7, .X for n > 2 is weakly equivalent to the quadratic
modules obtained in [Bau91] in terms of the cell structure of X which can also be
derived from the Kan loop simplicial group associated to X, see for example [Con84]
and [BCC93].

The topological and functorial definition of secondary homotopy groups 7, X
is crucial to understand new properties of these concepts in the literature. For
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example, we are able to determine the algebraic properties of the loop and suspen-
sion operators on secondary homotopy groups. As main new results, we describe
the fiber sequence for secondary homotopy groups, and we show that secondary
homotopy groups form a track functor on the track category of pointed spaces.

In a sequel of this paper we determine the algebraic nature of smash product
operations on secondary homotopy groups. For the (stable) secondary homotopy
groups of spectra this leads to an algebraic invariant approximating the smash
product of spectra.

The computation of the algebra of secondary cohomology operations in [Bau]
shows examples where secondary homotopy groups can be algebraically determined
successfully. It is the aim of the authors to generalize the theory of [Bau], concerning
the Eilenberg-MacLane spectrum, for general spectra.

Moreover, we will discuss in a sequel of this paper generalized Whitehead prod-
ucts for secondary homotopy groups. In fact, J. H. C. Whitehead introduced
in [Whi41] Whitehead products as an additional algebraic structure of homotopy
groups. We may consider the secondary homotopy groups together with their al-
gebraic properties also as such an enriching structure.

The required “quadratic algebra” associated to properties of secondary homotopy
groups is studied in [BJP05].

1. TRACKS BETWEEN MAPS

We consider the category Top™ of compactly generated pointed spaces X =
(X, *) and pointed maps f: X — Y. For any (unpointed) space X we define
X+ = X U {+} as the same space with an outer base-point *. The smash product
of two pointed spaces is defined by

XANY =(XxY)/(X x*xUxxY).

It is strictly associative.
Homotopies IX — Y are defined by using the reduced cylinder IX = I; A X,
where I = [0, 1] is the unit interval, with structure maps

(1.1) XvX-S5Ix -2 X

Here V is the symbol for the coproduct, ¢ is the inclusion of the boundary and p
is the projection. Given two maps f,g: X — Y a track H: f = ¢ is a homotopy
class of homotopies IX — Y, from f to g, relative to the boundary. By abuse of
language we denote a homotopy and the represented track by the same symbol. In
diagrams tracks will be denoted as follows.

(1.2) X yuv.
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The trivial track OJ@: f = f is represented by fp: IX — Y and the inverse of a
track H: f = g is H®: g = f. The vertical composition of tracks

f

Y

X—9—Y

N

h
is defined by pasting homotopies representing H and K and is denoted by
f

ST

X KOH'Y
\_/f
h

One can also compose horizontally a track as in diagram (1.2) with maps k: W — X
and [: Y — Z to obtain tracks

HEk: fk=gkand [H:lf = lg

in the obvious way. If we have a diagram like

f f
/\ m
X H_ Y H' Z
\b \b
g g

the equality

(¢ HYO(H'f) = (H'g)O(f H)
holds and this element is the horizontal composition of H and H' denoted by
juxtaposition

g'q
Tracks endow Top™ with the structure of a groupoid-enriched category, which we
call a track category.

The track category Top® has a strict zero object, the one-point space *. In
particular zero maps are defined. Such a track category has the crucial property
that any track composed with a zero map becomes automatically a trivial track.

Maps from a coproduct X VY in Top* are given by pairs of maps (f1, f2): X V
Y — Z. Similarly a track H: (f1, f2) = (g1, g2) between maps (f1, f2), (g91,92): XV
Y — Z is given by a pair of tracks H = (Hy, Hs) with H;: f; = ¢; (i = 1,2).

The suspension ¥X is the quotient space IX/(X V X) = ST A X. We will use
the identifications

(1.3) YXVY)=XXVYY, %"S°=58" n>0.

For the definition of homotopy groups we choose a particular co-H-group structure
on S' given by maps p: S! — S'v S! and v: S' — S! satisfying the usual
properties. We use explicitly these maps in many constructions throughout this
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paper, however these constructions do not depend on this choice since the maps u
and v are unique up to a canonical track.

The loop space functor €2 is the right-adjoint of the suspension X. The adjoint
of amap f: ¥X — Y is denoted by ad(f): X — QY. The adjoint of the identity
map 1: XX — ¥ X is a natural inclusion

(1.4) ad(1): X — Q¥X.

As a pointed set the n-fold loop space 2" X is the set of pointed maps S — X
and the base-point corresponds to the trivial map. By using the interchange home-
omorphism of the smash product we see that suspensions and cylinders commute
up to natural isomorphism in Top*, /XX = XIX. However one has to be careful
with signs because the interchange of factors in S' A S' = S? induces —1 on the
homotopy group ms.

2. GROUPS OF NILPOTENCY DEGREE 2

Consider the forgetful functor from groups to pointed sets Gr — Set™. This
functor has a left adjoint

(-): Set™ — Gr: A (A).

Here (A) is the quotient of the free group with basis A by the normal subgroup
generated by the base-point * € A. This group is isomorphic to the free group with
basis A—{*}. We denote V AS ' = ¥ A. As usual we identify the fundamental group
of V4S8! with a free group, i. e. m(VaS!) = (A). The free group of nilpotency
class 2 (free nil-group for short), generated by the pointed set A, is the quotient

(4)

where T'3(A) is the 3'% term of the lower central series of (A), i. e. the subgroup
generated by triple commutators [z, [y, z]] (z,y,z € (A)). In this paper we always
write group laws additively, even for non-abelian groups, so that the commutator
is [x,y] = —x — y + « +y. The free abelian group Z[A] on a pointed set A is the
abelianization of (A) and of (A)ni.

If gr, nil and ab are the categories of free groups, free nil-groups and free abelian
groups, respectively, then there are obvious nilization and abelianization functors

gr— L ap > Z[A]
(2.1) \ / \ /
nzl

Let (A)ni — Z[A] be the natural projection carrying x to {x}. Since the com-
mutator bracket in (A),; is bilinear the homomorphism

9: @ Z[A] - (A)nit, O({z} @ {y}) = [z,y],

is well defined. Here the tensor square of an abelian group A is denoted by ®24 =
AR A Let T: A® B — B ® A be the interchange isomorphism 7'(a ® b) = b ® a.
The reduced tensor square is the following cokernel

024 5T 024 5 824,
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We denote (a ® b) = a®b. We define the functor ®?2 as
®2%, ifn=2;
Qn =

®2, if n> 3.

Here we write a®b € ®,QZA with a ® b = a®b for n > 3. Moreover, I',, is the functor

T, if n=2;
r,=
-®2Z/2, ifn>3;

where —®Z7Z/2 is the ordinary tensor product of abelian groups and I' is Whitehead’s
universal quadratic functor, see [Whi50]. There is a natural exact sequence

(2.2) TWZ[A] — @2Z[A] -5 (A)ny — Z[A].

Here the first arrow is induced by the function sending z € Z[A] to z ® = €
®27Z[A], see for example [Bau91]. Moreover, these exact sequences fit into a natural
commutative diagram

TZ[A]C— @2Z[A] —2— (A) iy — Z[4]
ZIA] ® Z/2—— &*7[A] —2— (A) iy — Z|A]

3. NIL-TRACKS AND HOPF INVARIANTS OF TRACKS

We now introduce nil-tracks and Hopf invariants of tracks which are needed in
the definition of secondary homotopy groups in the next section.

Definition 3.1. Let f,g be maps f,g: S* — V4S* where A is a discrete pointed
set, and let

yrolf wnTlg §n v, S
be their (n — 1)-fold suspensions, n > 1. A track H: X" "1 f = X" ~1g represented
by a homotopy H: IS™ — V45", is said to be a nil-track if the adjoint

ad(H): IS* — Q" 1w, 8™
induces a trivial homomorphism
0 = Hyad(H): Hy(IS*,S* v S — Ho(Q" 1 v 4 S vaSh).

The adjoint of H sends the boundary of the cylinder IS into V45! since H re-
stricted to the boundary is an (n—1)-fold suspension. Of course for n = 1 all tracks
H above are nil-tracks since Hyad(H) maps to the trivial group.

Let f, g be now maps between wedges of 1-spheres f,g: Vg S' — V45!, and let
ynolf 3n=1g be their (n — 1)-fold suspensions. A track H: f = g is a nil-track if
all restricted tracks Hi, are nil-tracks where i;: S™ — VpS™ is the inclusion given
by b € B — {x}.

The homology groups involved in the definition of nil-tracks are computable.
Indeed,

Hy(IS',S*v 8Y) = Hy(nSY) = HyS? = Z.
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Moreover,
Ho(Q" 1V S™) =5 Hy (1 vy S™,VaSY)
is an isomorphism, and the Pontrjagin product
®?Z[A] = Hi(Q" ' Va4 S™) @ Hi(Q" 1 Ve S™) — Ho(Q" ! va S™)
is an isomorphism for n = 2 and induces an isomorphism for n > 2
(3.2) ®2Z[A] = Hy(Q 1 v 4 S™),
compare notation in (2.2).

Definition 3.3. Let n > 2. Given a track H: X"~ ! f = ¥"~1g for maps f,g: S* —
VaSt the Hopf invariant of H is defined as

Hopf (H) = (Hzad(H))(1) € @ Z[A],
where we apply the homology functor Hy as in Definition 3.1. In particular, H is

a nil-track if and only if Hopf(H) = 0. More generally, if H: ¥""1f = %" lgis a
track for maps f,g: Vg S' — VS the Hopf invariant of H is the homomorphism

Hopf (H): Z|B] — @, Z[A]

defined by Hopf(H)(b) = Hopf (Hiy), where i,: S C VSt is the inclusion of the
factor corresponding to b € B — {*}. Such a track H is a nil-track if and only if
Hopf(H) = 0.

In case n = 1 then Hopf(H) = 0 for any track H as above.

Remark 3.4. Any element x € 73V 4 S? determines a track z: 0 = 0 for the trivial
map 0: S? — V452, This track is given by the homotopy 15% — %82 = §3 5
V452, where the first map is the obvious projection. The reader can check that
— Hopf () is the classical Hopf invariant of z. The sign is due to the fact that in
order to define the Hopf invariant of x as a track we need to consider the map
(12): I ASTASY =2 ST AL A ST and this map induces —1: 3 — S up to
homotopy.

The next results are crucial for this paper.
Theorem 3.5. Let f,g: Va S' — VgS! be two maps and n > 1. If a nil-track
Npg: S 1f=5"1g
exists then it is unique. Moreover, Ny 4 exists if and only if

e mf=mg: (A) = (B), ifn=1;

o or (1 f)nit = (M19)nir: (A)nit — (B)nar, if n > 2.
Furthermore, trivial tracks are nil-tracks and the vertical and horizontal composition
of nil-tracks are also nil-tracks.

This theorem is a immediate consequence of the following one.

Theorem 3.6. Let n > 2 and let f,g: Va4 S* — VgS! be maps such that for
any x € (A)pi we have (m19)ni(x) = (71 f)na(z) + da(x) for some homomorphism
a: Z[A] — ®2Z[B]. Then there exists a unique track H: S"~'f = X" 1g with
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Hopf invariant Hopf(H) = « and conversely. Moreover, the Hopf invariant of
tracks satisfies the following formulas. Given a diagram

Zn_lf

/N

VaS™ —sntg— VST
N
" h
the equation
(1) Hopf(KOH) = Hopf(K) + Hopf (H) holds.

Furthermore, if we consider the diagram

w1y
n En_lk n n Z"_lh n
VSt — VS H VcS"—VpS
\_/(
anlg

then

(2) Hopf(H(X""'k)) = Hopf (H)(m1k)as,

(3) Hopf (X"~ h)H) = (®7,(m1h)as) Hopf (H).
In addition given a track H: X"~ 1f = ¥ lg between maps f,g,: Va S' — VpS?
one gets the following equations.

(4) Hopf(EH)=04ifn=1,

(5) Hopf(SH) = o Hopf (H) if n =2,

(6) Hopf(SH) = Hopf (H) if n > 3.

This theorem is a simple consequence of the theory developed in [Bau91] that
we now recall.

Let S(n) C Top™ be the full track subcategory of one-point unions of n-spheres
and let gr be the category of free groups regarded as a track category with only
the trivial tracks. Then there is a track functor

m: S(1) — gr

given by the fundamental group, m1(V4S!) = (A). This track functor is a weak
equivalence. This follows easily from [Bau91] VI.3.13 and the fact that wedges of
1-spheres do not have higher-dimensional homotopy groups.

For n > 2 we consider the track subcategory S(n) C S(n) of suspended maps.
Here objects of S(n) are one-point unions of 1-spheres V4S!, maps f,g: Va
S — vpS! in S(n) are maps in Top* and tracks H: f = g in S(n) are tracks
H:Y"1f = ¥ 1gin Top*. The inclusion

(3.7) ¥t §(n) C S(n)

is given by the (n — 1)-fold suspension on objects and morphisms and it is the
identity on tracks. This is actually a weak equivalence of track categories. See
[Bau91] VI.4.7.

We now consider the algebraic track category nil(n) defined as follows. Objects
and morphisms are the same as in nil. A track a: ¢ = 1 between homomorphisms
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0,%: (A)pnit — (B)pa is a homomorphism a: Z[A] — ®2Z[B] such that ¢(x) +
da({z}) = ¢¥(x) for any x € (A),;. The vertical composition is given by addition
of abelian group homomorphisms, and for the horizontal composition one uses the
abelianization functor ab: nil — ab and the bifunctor

Homup(—, ®2): ab® x ab — Ab.
For any n > 2 there is a weak equivalence of track categories
Hopf : S(n) — nil(n)

defined by V4 S — (A)pi, f + (71 f)na and H — Hopf (H), where we use the Hopf
invariant for tracks. Compare [Bau91] V1.4.7. This weak equivalence is compatible
on the left hand side with the suspension functor

¥:S(n) — S(n+1)

which is the identity on objects and morphisms and on tracks it is given by the
suspension of tracks in Top*, and on the right hand side with the track functors

gr — nil(2) — nil(n), n >3,

given by the nilization and the natural projection & ®2 — ®2 respectively. Here
we set S(1) = S(1) for n = 1. Theorem 3.6, and therefore Theorem 3.5, follows
readily from this.

4. SECONDARY HOMOTOPY GROUPS OF A POINTED SPACE

We now introduce secondary homotopy groups which enrich the structure of the
classical homotopy groups 7, X of a pointed space.

Definition 4.1. Let X be a pointed space and n > 1. The secondary homotopy
group Ty X is the map
0: 1 X — mpoX
defined as follows. Let
(QX), n=1;
7Tn70X =
Q" X)pit, n>2.

Here the n-fold loop space, regarded as a discrete pointed set, generates a free (nil-
Jgroup. Moreover, m, 1X is the set of equivalence classes [f, F] represented by a
map f: 8! — VanxS! and a track

0

TN

Sn Enflf SSZ( ev X

Here the pointed space
S% =VanxS" =3X"Q"X

is the n-fold suspension of the n-fold loop space Q"X , where Q"X is regarded as
a pointed set with the discrete topology. Hence S% is the coproduct of n-spheres
indexed by the set of non-trivial maps S™ — X, and ev: S% — X is the obvious
evaluation map. Moreover, for the sake of simplicity given a map f: S' — VanxS?!
we will denote feo, = ev(E"71f), so that F in the previous diagram is a track
F: fe, = 0. The equivalence relation [f, F] = [g, G] holds provided the nil-track
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Nyg: "1 f = ¥n~lg exists, see Theorem 3.5, and the composite track in the
following diagram is the trivial track.

s Npy S% ———— X
\Z"_l/
g
ﬂc
0

That is F' = GO(ev Ny 4). The map 0 is defined by the formula
(mf)(1), n=1,

(m1 na (1), n>2,

olf, Fl =

where 1 € 1, St = Z.
A map ¢g: X — Y in Top® induces a map m, ,g: m, X — 7, Y given by the
following commutative diagram.

(4.2) TnaX 2 w1 Y
BJ la
7"'n,())( —Wg 7Tn,OYV

Here the lower homomorphism 7, 09 = (2"¢) is induced by the map of pointed sets
Ng: Q"X — Q"Y. Moreover, an element [f, F| € 7, 1X is sent by the upper map

Tn,19 to [(ZQ"g)f7 gF]v

n s 91 v gn Y
S sy OX Sy O

We also define 7, X for n =0 as follows.

Definition 4.3. For n = 0 let 7 .X be the fundamental pointed groupoid of
the pointed space X for which 7y ¢X is X regarded as a discrete pointed set and
mo,1X is the set of tracks between points in X. For this we recall that a pointed
groupoid is a small category G with a distinguished object * € ObG such that
all morphisms are isomorphisms. A morphism of pointed groupoids F': G — H
is a functor preserving the distinguished object F'(x) = x, and the category of
pointed groupoids is denoted by grd®. The morphism F' is a weak equivalence if
it induces a bijection between the pointed sets of isomorphism classes of objects
Iso(F): Iso(G) = Iso(H) and if F': Aute(x) = Autg(F(x)) is an isomorphism for
any object z in G. The fundamental groupoid is a functor mp ,: Top™ — grd” in
the obvious way.

We now study the algebraic structure of secondary homotopy groups m,, X with
n> 1.
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Proposition 4.4. For n > 1 there is a group structure on m,1X such that the
map 0: Tp1 X — 70X is a homomorphism. Moreover, the rows in (4.2) are also
group homomorphisms.

Proof. We define the sum of two elements [f, F], [g,G] € m,1X by the following
diagram

0
/%J
Enflp‘
gn =K gny g S% — X

(Enflf)Enflg)

[, F]+[9,G) = [(f, 9, (F, G)(E" )]
One can readily check by using Theorem 3.5 that this operation is associative and
[0,07] is a unit element. The inverse of an element [f, F] is represented by
0

N

n v Qn y 91
S Zn—lus Zn—lfSX ev X

~If, F] = [fv, F(Z"" ).
To see this, and in order to introduce the reader to “track arguments”, we observe
that the following composite tracks are the same

0
fher)
§"—— SV ST 5"V 5" —— St — X
DAY (1) DN
0
F
n____ygQn n n Sn
S anlus ) 571 (1) S sholf X Tev X
0 0
v /TTF\
Sn 71) Sny §n — s gn - N S}’L( — X
ST z"rTH(1,v) TS
0
M
n s Qn n n Sn
S Zn—lus VS S 1(1y) S srelf X Tev X

Here the last diagram represents by definition the trivial element in 7, 1 X.
The reader can now easily check that 0 is indeed a homomorphism. (]

Definition 4.5. A crossed module 0: M — N is a group homomorphism such
that N acts on the right of M (the action will be denoted exponentially) and the
homomorphism @ satisfies the following two properties (m,m’ € M,n € N):
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(1) 9(m™") = —n+ 9(m) +n,

(2) mPm) = —m/ + m+m/.
A morphism (fo, f1): 0 — 0’ between crossed modules 9: M — N and 9': M’ —
N’ is a commutative square in the category of groups

MLM’

al P

N——N'
fo

such that for any m € M and n € N the formula fi(m™) = fi(m)/(™ holds. Such
a morphism is a weak equivalence if it induces isomorphisms Ker 0 = Kerd' and
Coker 0 = Coker &'. The category of crossed modules will be denoted by cross. A
crossed module 9: M — N is O-free if N = (F) is a free group.

Proposition 4.6. The group m 0X acts on m11X in such a way that 0: m 1 X —
m1,0X s a crossed module. Moreover, the induced map 71 g in (4.2) is a crossed
module morphism.

Proof. Let a: S — StV S! be any map inducing mia: Z — {a,b): 1 +— —a+b+a.
Any z € m X can be identified with the homotopy class of a map : S' — S%.
The automorphism

(=) maX — ma X [f F] = [f, F)
is defined as follows: Let [f, F]* be given by the map

st gty gt &0 gt

and the track
0 Sl —w> S}(

\(170)1\ H(OD,F) X
N

SlT>Slv51WS}¢T>X

Here N is a nil-track. By using the elementary properties of nil-tracks in Theorem
3.5 the reader can check that this is a well-defined action, independent of the choice
of a. Equation (1) in Definition 4.5 is immediate. Let us now check that (2) holds.
Consider [f, F], [g,G] € 711 X. On one hand [f, F]?9:¢] is

(a) 0 §1—"— 8k

\(LOJ ”mﬂ,m \
N

St STV St e Sy o X
9,

On the other hand —[g, G| + [f, F] + [g, G] is

0

(b) SlT>Slv51W>5§7>X
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Diagram (b) is obviously the same as

G
(c) st —2— Sk /[

<170>T H(o%) \

SlT>Slv51W>S}¢7>X
9,

Now we observe that (a) and (c¢) coincide, hence we are done. O

Definition 4.7. A reduced quadratic module (w,d) is a sequence of group homo-
morphisms
Nap ® Ny 5 M -2 N

such that, if N — Ngp: « — {z} is the projection onto the abelianization, then the
following equations hold for any x,y € N and a,b € M,

(1) dw({z} @ {y}) = -2 —y+z+y,

(2) w({0a} ®{0b}) = —a—b+a+b,

(3) w({da} @ {z} + {2} ® {9a}) = 0.
Moreover, it is a stable quadratic module if the following condition, stronger than
(3), is satisfied,

(4) w({z} @ {y} +{y} @ {z}) =0.
Condition (4) says that w: ®2 N,, — M in a stable quadratic module factors
through the natural projection &: ®2 Ny — ®2Nab. The factorization will also be
denoted by w: ®2Nab — M . We call (w,0: M — N) O-free if N = (E),; is a free
nil-group.

A morphism of reduced or stable quadratic modules (f1, fo): (w,9) — (W', 9') is

just a commutative diagram of the form

Ny ® Noy —2— M —2 5 N

®2(f0)abJ/ lfl lfo

(Nl)ab® (Nl)ab T>MIT>NI

It is a weak equivalence if it induces isomorphisms Ker & = Ker 9’ and Coker 9 =
Coker &’. We will write rquad and squad for the categories of reduced and sym-
metric quadratic modules, respectively. See [Bau91] IV.C.1.

We now define a map w as in Definition 4.7 for secondary homotopy groups
T« X with n > 2. Consider the diagram

0

AN

sn —W Smv ST
where 3: ST — S! v 8! is given such that (m13),i(1) = —a—b+a+b € (a,b)nu
is the commutator. The track B is determined by Hopf(B) = —a ® b € ®*Z]a, b).
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Given £ ® y € ®@2 (70X )ab let Z,7: ST — VanxS! be maps with (m12)ap(1) = @
and (m19)as(1) = y. Then the diagram

0

/N

gn = AV Sy, S;Z( o X

represents an element
(4.8) wr®y) =[(7,9)0, ev (5" 1%, 9))B] € T2 X.
Proposition 4.9. For n > 2 the homomorphism of groups

W (Tn,0X)ab @ (Tr,0X)ap — T X

given by (4.8) is well defined. Moreover, (w,d) is a reduced quadratic module for
n = 2 and a stable quadratic module for n > 3. Furthermore, (4.2) is a reduced
quadratic module homomorphism for all n > 2.

Proof. Given x € ®,21(7rn,0X )ab We alternatively define
w(z) = [w(T)1, evw(x)2] € mr1 X

by choosing w(x); and w(x)s: (w(x)1)ey = 0 as in the diagram

0
@ﬂ\\
Sm S% X
v lu(z), X ev

Here w(z)1: ST — Vanx St is a map with (mw(x)1)nu(1) = d(z) and
w(z)e: X" lw(z); =0

is the unique track with Hopf(w(x)2) = —z. Such a track exists and is unique by
Theorem 3.6. The elementary properties of nil-tracks and more generally of the
Hopf invariant for tracks, see Theorem 3.6, show that the element w(z) is indeed
well-defined and this definition of w coincides with the definition given by (4.8).
Axiom (1) in Definition 4.7 is automatically satisfied. The bilinearity of w follows
from Theorem 3.6 (1) and the following claim:

(*) Given [f,F] € m1,X and © € @2 (70X )ap then the sum [f, F] + w(x) =
l9,G] € mp1 X is represented by a map g with (m19)ni(1) = 9[f, F] + ()
and G = FO(ev G) where G: X" 'g = X"~ !f is the unique track with
Hopf (G) = —.

Indeed [f, F] + w(z) = [(f,w(x)1), (F,evw(w)2)(X" tu)] and we can suppose g =
(f,w(x)1)pu. The following composite track is clearly trivial

0

(F,evw(x)2)

Z"_lu
S"—— SV S (=TI e Sk — X

N
%(1!0) (OD,W(QU)zE)“\ /
5%1 —/Z"—lf ;\\Fe
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Here N is a nil-track. Moreover, it is not difficult to see by using Theorem 3.6 that

Hopf (Z"~' /)NT)D((07, w(2)2) (E" ")) = —a.

therefore G' = (X"~ f)NZ)O((07, w(x)2) (X" 1)) and the claim follows.
It is easy to see that the commutator —(f, F] — [¢g, G| + [f, F] + |9, G] € mp1X is
given by the following diagram

0

e

§n e SV ST S% — X
sn-1g =" 1(f,9) X Tev

This diagram coincides with
0

AN

s" xrlg Stvst =" 1(f.9) T —a X

Therefore (2) in Definition 4.7 is satisfied.

If n > 3 equation (3) in Definition 4.7 is an immediate consequence of the fact
that o({z} @ {y} + {y} ® {x}) = 0. Let us now check (3) in Definition 4.7 in
case n = 2. Suppose that we have [f,F] € m1X and x € m0X. We choose
Z: 81 — Vg2 xS! such that (m1%),:(1) = 2. Then by claim (*) and (4.8) we have
that w({9[f, F|} ® {z} + {z} @ {8[f, F]}) is represented by the diagram

0
N
S? B 2V §2 e Sk o X
l/j( ”N T(igﬂll)
S? 2p— 52 v §2
N
0
Here N is a nil-track. This diagram coincides with
(0,1)
S? Eﬁ—> 52 VS Sk o X
Eul WN T(zz,n)
S? p— §2 v G2

N

0
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and this one is the same as

0
m
2 2 2 2 2
S D §2V 82 o §? e Sk o X
Eul ,WN T(iz,il)
52 Ni— G2 v 52
BE
0

By using Theorem 3.6 one can readily check that (0, 1)(BOND((iq,i1)B®(Xv))) is
a nil-track, and therefore this diagram represents the trivial element in 751 X. O

For n > 0 we define the category cross(n) as follows.
grd™, pointed groupoids if n = 0;
cross, crossed modules if n = 1;

(4.10) cross(n) =
rquad, reduced quadratic modules if n = 2;

squad, stable quadratic modules if n > 3.
Theorem 4.11. Secondary homotopy groups are well-defined functors
T, : Top® — cross(n), n > 0.

This result generalizes the well-known fact on classical homotopy groups which
are functors
7 : Top® — group(n), n >0,
where
Set*, pointed sets if n = 0;

(4.12) group(n) = ¢ Gr, groupsifn=1;

Ab

Moreover, we have functors (n > 0)

,  abelian groups if n > 2.

ho: cross(n) — group(n),

(4.13) hi: cross(n) — group(n + 1).

The functor hg is defined as the cokernel of the group homomorphism 0: M — N
for a crossed module 0 or a reduced or stable quadratic module (w,d), and for
G a pointed groupoid hoG = Iso(G) is the pointed set of isomorphism classes of
objects. Similarly h; is the kernel of 3: M — N for crossed modules and reduced
and stable quadratic modules, and h1G = Autg(*) is the automorphism group
of the distinguished object. In particular a morphism f in cross(n) is a weak
equivalence for n > 1 if and only if hgf and h; f are isomorphisms.
In Proposition 5.1 below we show that there are natural isomorphisms (n > 0)

(4.14) homp « X =2 1, X and him, « X = w41 X.
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Our definition of m, X above is a “singular” and hence functorial version of
secondary homotopy groups. For many purposes it suffices to consider smaller
models of 7, X by choosing a subset of 2" X which generates 7, X as an abelian
group. Let us make precise this observation.

Proposition 4.15. Let X be a pointed space. If Eq — X is a pointed map between
pointed sets then there is a unique pointed groupoid mo (X, Eo) with object set Ey
endowed with a full and faithful functor

WO,*(X, EQ) —_— 7T07*X

giwven by Eg — X on object sets. This morphism of pointed groupoids is a weak
equivalence provided any component of X has points in the image of Ey. Moreover,
a map of pointed sets E1 — QX induces a crossed module morphism by the pull-back

1,1 (X, Er) m1,1X

8‘[ pull la

m,0(X, E1) = (B1) — (QX) = m 0X

which is a weak equivalence
7T1)*(X, El) I 7T17*X

provided the loops in the image of Fy generate the group m1 X. Furthermore, for
n > 2 the a map of pointed sets E, — Q"X induces a reduced (stable if n > 3)
quadratic module morphism by the pull-back

@ (n.0(X, En))ab = @2Z[E,] — @2Z[Q"X] = @2(71,0X ) ab

wl P

5} 7"'n,l()(a En) 7Tn71X
8‘[ pull la
Tn,0 (Xa En) = <En>nil <QnX>nzl = 7Tn7OX

which is a weak equivalence
T (X, En) — s X, n>2
provided the n-loops in the image of E,, generate the abelian group m,X.

This proposition can be used to reduce the number of generators of a secondary
homotopy group, as one can check in the following example.

Remark 4.16. So far we have not computed any secondary homotopy group. Now,
with the help of Proposition 4.15 we give a small model for the secondary homotopy
group 7, «(VES™) of a wedge of spheres indexed by the pointed set E. For this we
notice that there is a pointed inclusion E C Q™(VgS™) sending e € E — {*} to the
inclusion of the corresponding factor of the wedge S™ C VgS™. Then we have a
weak equivalence

Tnx(VES™, E) =5 7, «(VES™), n > 1.
For n = 1 one easily checks that 71 .(VgS!, E) is

ma(VeSY, E) =0 2, m,0(VES', E) = (E).
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For n = 2 the reduced quadratic module 72 .(VgS?, E) is given by the following
diagram, see (2.2)

®2(Tn.0(VES™, E))ap ~— T2 (VES™, E) —2— 70 0(VES™, E)

This follows from the fact that the next diagram is a pull-back
®QZ[E - ®2Z[QQ VE SQ] = ®2(7T2)0 VE SQ)ab

| l

]
®QZ[E] mo1 VE 52

Bl pull la

(E)pit (92 VE 8%, =m0 Vi S?

c [

Here the homomorphism ¢ is defined as follows. Given x € ®%Z[E] the element
¢(x) = [¢1(2), p2(x)] is given by a map
$1(x): S VSt Vaay, g2 St
with (m1¢(2))ni(1) = O(z) and the unique track
0

T e

2
S? E¢1(I)SVE52 ev \/ES2

with Hopf invariant Hopf (¢2(x)) = —z. Here we use the fact that the composite
ev(X¢1(x)) = Xo(x) is a suspension. For n > 3 the stable quadratic module
T« (VES™, E) is given by the following diagram, see (2.2).

®2(n,0(VES™, B))ap —2— T 1 (VES™, E) —2— 1 0(VES™, E)

Q2B ———— &’ 2[E] ———— (E)na
This can be easily checked as in the case n = 2 by using the Hopf invariant for

tracks.

5. HOMOTOPY GROUPS OF FIBERS

We first obtain by secondary homotopy groups the classical homotopy groups
7, X as in the next result.

Proposition 5.1. For all n > 1 there is a natural exact sequence of groups
q
7Tn+1X ; 7Tn,1X i 7Tn,0X —» 7TnX,

where q sends a basis element of w, 0 X, which is a map f: S™ — X, to its homotopy
class in m,X; and ¢ carries the homotopy class of f: S™1 — X to the element
[0,pf] € Tn1X, where p: IS™ — XS™ = S™F1 s the obvious projection.
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Proof. Obviously ¢ is surjective. Any element « € m, ¢X is represented by a map
7: St — Vanx St i e (m@)na(1) = x. It is immediate to notice that ¢(z)
is the homotopy class of Z¢,: S™ — X. If ¢(x) = 0 then there exists a track
H: %, = 0, and the pair [z, H] € m,1X satisfies 9[%, H] — ¢(x). It is immediate
to notice that g0 = 0 and d¢ = 0. The injectivity of ¢ is also easy to check, actually
Tp+1X is isomorphic to the subgroup of m, 1X given by the elements which can
be represented with a 0 in the first coordinate. Finally suppose that for some
[f, F] € m,1X we have O[f, F] = 0, then the nil-track N: 0 = X1 f is defined
and [f, F] = [0, FON], hence we are done. O

We now introduce the (algebraic) fiber of a map in cross(n) for n > 1.

Definition 5.2. Let f: @ — 0’ be a crossed module morphism

We define the fiber Fib(f) as the crossed module Fib(f): Fib;(f) — Fibo(f) where
Fibg(f) is the following pull-back

Fibo(f) 2 M’

B’l pull la’

N———N'
fO

Fibi(f) = M and the homomorphism Fib(f): Fibi(f) — Fibg(f) is induced by
(0, f1): M — N x M'. The action of Fibg(f) on Fib;(f) is the pull-back along 9’
of the action of V on M. The axioms of a crossed module are easily verified. There
is also a natural crossed module morphism j: Fib(f) — 0 given by the square

Fiby(f) =—=M

Fib(f)l la

Fibo(f) —=— N
Let f: (w,0) — (w',0") be now a reduced/stable quadratic module morphism
®%fe
®2Nab —§7 ®2 (Nl)ab

Lo,

M ———— M’

al JB,

NTN’
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The fiber Fib(f) is a reduced/stable quadratic module

22 (Fibo(f))as — Fibi(f) 2L Fibg (f)

where Fib(f): Fibi(f) — Fibo(f) is defined as in the crossed module case and

the first homomorphism is the composite
2 (1 @204, _ o w
@°(Fibo(f))ap —3" @ Nap — M.

The natural reduced /stable quadratic module morphism j: Fib(f) — (w, d) is also
defined as above.

Lemma 5.3. Let f: 0 — 0’ be a morphism of crossed modules, then there is an
exact sequence

ha Fib(f) < b0 M no < ho Fib(f) 224 hod 04 peor.

This exact sequence is natural in f. Moreover, it is also available for reduced or
stable quadratic module morphisms f: (w,d) — (W', d").

Proof. The homomorphism § is determined by the inclusion M’ — N x M': m’ —
(0,m"). The proof of the exactness is a simple exercise. O

Theorem 5.4. Let f: X — Y be a map between pointed spaces and let Fy be the
homotopy fiber of f. Then for alln > 1 there is a natural morphism in cross(n)

& mp o Fyp — Fib(my, . f)
which induces an isomorphism
(1) mnF = ho Fib(m, « f)
and an exact sequence
(2) Tnt2Y — Tpy1 Fy — hi Fib(m, . f),

where the first arrow is the boundary homomorphism in the long exact sequence
in homotopy. By using the isomorphism (1) above and Proposition 5.1 we can
naturally identify the exact sequence in Lemma 5.3 extended on the left by the exact
sequence (2) with the following piece of the long exact sequence of homotopy groups

Tpt2Y — Ty — mp X = 1Y —» mpFp » mp X — m,Y.

Proof. Recall that Fy is a pull-back

where Y7 is the space of based maps ([0,1],1) — (Y, *) and ey is the evaluation
at 0 € [0, 1].
The morphism £ consists of two morphisms, the upper one is

et = Tn1€: Tp1Fp — 11 X = Fiby (7,4 f).
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We now construct the map §y: mp,0Fy — Fibo(m, « f). For this we consider on
the one hand the morphism 7, g€: T, 0Ff — m,,0X induced by f. On the other
hand we define a homomorphism

5: Tnol s — 1Y
as follows: an element z € m, oFy is represented by a map z: S — Vonp, S with
(mz2)(1)=zifn=1or (m2)ni(l) =z if n > 2. The map
n712~ non f ev
sn L o T gn, < yT

has an adjoint

ad(ev(Z"Q" ) (X"712)): IS™ — Y,
this adjoint represents a track ad(ev(S"Q"f)(X"712)): (XQ"(f€))Z)ey = 0, and

£(2) = (29" (fe))Z, ad(ev(E"Q" f)(E"712))] € T Y.
It is immediate to check that 7, o€ and £ define a homomorphism to the pull-back
€0 = (m,08,€): Ty 0Fy — Fibg(mps f).

Now it is easy to check that £ is indeed a morphism in cross(n).
By Proposition 5.1 and Lemma 5.3 we obtain from £ a diagram with exact rows

Tng2Y —— g1 Ff —— mpp1 X —— mpp1 Y T Fy > Tn X > Y

N

By Fib(mp o f)C himn e X —3 himn.n Y —S ho Fib(mn.+ f) — homn.x X — homn .Y

It is easy to see that this diagram commutes, and hence the theorem follows from
the five lemma. O

Corollary 5.5. Let f: X — Y be a map between pointed spaces and let Fy be the
homotopy fiber of f. If mpiof: mpiaX — mpp2Y is surjective then there is a weak
equivalence in cross(n), n > 1,

& M Fp — Fib(m, . f).

6. SUSPENSION AND LOOP FUNCTORS

Homotopy groups 7, X are objects in the category group(n), n > 0, see (4.12).
There are forgetful functors
(6.1) ¢n : group(n) — group(n — 1)

given by ¢, = 1ap for n > 3 and by the obvious forgetful functors ¢2: Ab — Gr,
¢1: Gr — Set™.

It is a classical result that for any pointed space X there are natural isomorphisms
n>0

Q: 1, QX = ¢p117mn41X in group(n).

The analogue of this isomorphism for secondary homotopy groups is as follows.
There are forgetful functors

(6.2) ¢n: cross(n) — cross(n — 1),
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see (4.10), given by ¢, = lsquad for n > 4 and by the functors

¢s: squad — rquad,
(6.3) ¢2: rquad — cross,
¢1: cross — grd”.

The functor ¢3 in (6.3) is obvious, since stable quadratic modules are special
reduced quadratic modules. Given a reduced quadratic module (w,d) we have
¢2(w,0) = 0: M — N in cross, with the action of N on M defined by

m" =m+w({0m} ® {n}).

Finally if 9: M — N is a crossed module then the pointed groupoid ¢10 in grd*
has IV as a set of objects. Moreover the set of all morphisms in ¢10 is the semidirect
product N x M, which is the group structure on the set N x M defined by the
formula

(n,m) + (',m) = (n+n',m"™ +m),

and the structure maps of the groupoid (identities, source and target)
NYNxM=N
t

are i(n) = (n,0), s(n,m) = n and t(n,m) = n + dm. The composition law o is
determined by the formula

(n+dm,m') o (n,m) = (n,m+m’).

The forgetful functors ¢,, in (6.2) clearly commute with kg and hq in (4.13), that

is,
(64) hi(bn = qf)nh“ n Z 1,i = 0, 1.
Theorem 6.5. There is a natural weak equivalence in cross(n)

Q: 71—n,*QAXP - ¢n+17rn+1,*X7 n > Ou

which induces the isomorphism Q: 1,QX = ¢p117p11X in hg and —Q: 7,11 QX =
Ont2Tnt+2X in hy. This weak equivalence is an isomorphism for n > 2.

Proof. Let us first consider the case n > 3.
We have 7, 0QX = (LX) a0 = Tn+1,0X . We define a group homomorphism
T, 192X — 411X sending [f, F] with f: St — Vg1 xSt and

0

el N

F
Sn EnflfSSX ev \QX

to [f,ad(F)] where ad(F') is the adjoint track
0
ad(F)

Sn+1 =7 S;l(+1 - X

Here we use that X583 = S% and ad(ev(Z"1f)) = ev(Z"f).
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The reader can check that the diagram

(a) (ﬂ'n OQX ab@ Tn ()QX) b%ﬂ'n’lﬂXL)’frmoﬂX

| l

(Tn41,0X )ab @ (Tr41,0X )ab —2= Tnt1,1X —5 T+, 0X

commutes, so it is a morphism of stable quadratic modules. Moreover, the following
diagram commutes

(b) M1 QX 7, 10X LN Tn0QX —1 % 1, QX

Ql: l Ql:

7T7L+2X(—L> 7rn+1,1X T> 7rn+1,0X T» 7T77,+1X

Here the exact rows are given by Proposition 5.1 and the arrows with = are (up
to sign) the usual isomorphisms of homotopy groups, therefore the central vertical
arrow in (a) is an isomorphism by the five lemma.

For n = 2 we have m 0QX = (23X),;; = m30X and there is a homomorphism
m,192X — m31X defined as above. This homomorphism makes commutative dia-
grams (a) and (b), therefore it defines an isomorphism of reduced quadratic mod-
ules.

For n = 1 there is an obvious epimorphism 1 ¢QX = (Q2X) — (Q%2X),; =
m2,0X . One can also define a homomorphism 71 1 QX — 75 ;X as above. It is easy
to check that the following square defines the desired crossed module morphism

(c) m1 192X _2, m1,00X

L

mo,1X — 2,0X
Moreover, the following diagram commutes

WQQX;L) 7T1719X L} 7T1709X L-) 7T19X

T

WgX%) 7T2)1X P 7T2)0X 7 » o X

This diagram is analogue to (b) and shows that (c¢) is a weak equivalence.

Now for n = 0 we define the functor mp.0QX — ¢1m X. On objects it is
given by the inclusion Obmg QX = QX C (QX) = Obpym1 . X. Given any object
f € QX in 7 .QX we consider the inclusion f: S' — SL of the factor of the
coproduct S% corresponding to f. Clearly the adjoint ad(fe,): S° — QX is the
inclusion of the point f € QX. If g € QX is another object then a morphism
H: f — gin m.QX is just a track H: ad(fe,) = ad(ge,) in Top*. The functor
sends the morphism H to the element in m; ¢ X x 7 1.X, which is m 0 X x 71X as
a set, with (w1 f)(1) in the left coordinate and right coordinate given by the map

St gty gt Y gty gt @) g1
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N (9,9)
(ad H),07)

S SV S STV S o Sk o X

and the track

Here N is a nil-track and ad(H): fe, = ey is the adjoint of the track H. We leave
to the reader to check that my QX — ¢17m X is a well-defined functor. One can
use again Proposition 5.1 to check that this functor is an equivalence. O

The functors ¢, in (6.1) have left adjoints
(6.6) Ad,,: group(n — 1) — group(n)
given by Ad, = 1ap for n > 3,
Ady: Gr — Ab, the abelianization;

Ad;: Set™ — Gr, taking free group.
These adjoints can be used to define for a pointed space X the natural suspension
morphisms
Y Adpp1mp, X — 12X

as the adjoint of

X ﬂ'na_d(>1) QXX = ¢n+177n+1 YX.

Here we use the map ad(1): X — QXX which is adjoint to the identity in XX
and the natural isomorphism 2. Now we generalize the situation for secondary
homotopy groups.

The functors ¢, in (6.2) have left adjoints,

(6.7) Ad,,: cross(n — 1) — cross(n)
given by Ad,, = lsquada if n > 4,

Ad;: rquad — squad,
(6.8) Ad,: cross — rquad,
Ad;: grd® — cross.

Lemma 6.9. The functors in (6.8) preserve 0-free objects and weak equivalences
between them.

Proof. For Ad; the lemma follows from Lemma 6.12 below.

For Ads and Ads the lemma follows from the technical fact that the suspen-
sion functors between crossed and quadratic complexes described in [Bau91] and
[Mur05], which are extensions of Ads and Ads, are compatible with the homotopy
relation in the category of totally free (i. e. cofibrant) crossed or quadratic com-
plexes. In addition we use that O-free crossed or quadratic modules are exactly the
truncations of totally free crossed or quadratic complexes. O

The functor Ads is the stabilization in [Bau91] IV.C.3. It is defined as follows.
Given a reduced quadratic module

(w,0) = (22N, > M -25 N)
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the stabilized stable quadratic module
Ads(w,d) = (®%Na <2 My, 22 N)
is given by the group My obtained by quotienting out in M the relations
wl@a®b+b®a), a,be€ Ny,

and the homomorphisms wy, and Js; are induced by w and 9, respectively, in the
obvious way.
The functor Ads in (6.8) is the suspension functor in [Mur05] 3.3. Given a crossed
module 9: M — N the reduced quadratic module
Ad28 - (®2Nab i) Mi i’ nil)
is given by the group M® which is a quotient of M x (®2N,) by the relations
(=m+m",0) = (0,{0(m)} @ {n}) = (0, = {n} @ {8(m)}),

for any m € M and n € N; and the homomorphisms § and w are defined by the
following formulas, m € M, n,n’ € N,
o(m,{n}@{n'}) = 9(m)+[n,n,
w({n}@{n’}) = (0,{n} e {n'}).
Finally we describe the functor Ad;. Let G be a groupoid with object pointed

set ObG and morphism set MorG. The crossed module Ad;G is the quotient of
the free crossed module, see [Bau91], generated by the function

MorG — (ObG)
(h:U—=V)—-U+V
by the relations u = g + f for u, f,g € MorG with u = fg, the composition of f

and g in G. One readily checks that Ad; is the adjoint of ¢;.
The functor hy commutes with Ad,,

(6.10) hoAd,, = Adnho, 1> 1.

This follows from the definition of Ad,, above for n > 2 and from Lemma 6.12 below
in case n = 1. For h; the corresponding commutativity law is not true in general,
compare Lemma 6.12 below.

Theorem 6.11. There are natural morphisms in cross(n + 1)
Y Adpt 1T« X — Tpy1 25X, n >0,

which induce the classical suspension homomorphism ¥: Adp41m, X — mp 12X
in hg, and for n > 3 the homomorphism —%: Adptomni1 X — Tpi22X in hy.
Moreover, for n > 3 the morphism ¥ is a weak equivalence provided X is m-
connected and n < 2m — 1. It is also a weak equivalence for n = 2 provided X
is simply connected, and for n = 1 if X is connected. Furthermore, ¥ is always a
weak equivalence for n = 0.

In the proof of this theorem we will use the following lemma.

Lemma 6.12. For any pointed groupoid G there are natural isomorphisms
(1) hOAle = <ISO G),

(2) h1Ad1G = @ (AUtG(m))ab R R.
z€Iso(G)
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Here R is the group ring of (Iso G).
Proof. The crossed module Ad;G defined above is the truncation
N1FBG/d(N2FBG) — NoFBG

of the Moore complex N, FBG of the Milnor construction £'BG on the classifying
space BG of the pointed groupoid G, see [Kan58] and [GJ99] I.1.4 and V.6. To see
this we have on the 0-level

NoFBG = (ObG),

and on the 1-level the set MorG in Ad;G is mapped to Ny FBG/d(N2FBG) by
sending h: U — V to the coset modulo d(N2F BG) of the element

—~1y + h € N\FBG C F,BG = (MorG).

This can be checked by computing N1 FBG /d(N2F BG) in terms of generators and
relations. In order to carry out this computation one uses the Reidemeister-Schreier
method, see [MKS66], which simplifies in this particular case since the simplicial
identities hold in F'BG and the boundaries and degeneracies in this simplicial group
are homomorphisms between free groups on pointed sets induced by maps between
the generating pointed sets.

By the previous observation the kernel and cokernel of Ad1G are the m; and 75
of the suspension X|BG| of the geometric realization |BG| of the classifying space
of G, so the lemma follows from elementary facts from homotopy theory.

We also remark that given = € Iso(G) and a representative & € ObG of x the
group (Autg(Z))ap» does not depend on the choice of &, up to natural isomorphism,
therefore we can denote it by (Autg(z))ap- O

Proof of Theorem 6.11. Consider the morphism

T, X ﬂnﬂ(l) T 25X i) D11+ 05X,

where ad(1): X — QXX is the adjoint of the identity in ¥X and € is given by
Proposition 6.5. The morphism in the statement is the adjoint of this one. Forn > 3
the range where this morphism is a weak equivalence follows from Proposition 5.1
and the classical suspension theorem for ordinary homotopy groups.

For n =1 the theorem follows from Proposition 8.5 below and [Mur05] 4.8. For
n = 2 we use Proposition 8.5 and [Bau91] IV.C. For this we use that we are dealing
with O-free objects and that Ad, preserves weak equivalences between them, see
Lemma 6.9.

If n = 0 we have Iso(mp+X) = moX and for any = € Obm . X, Auty, , x(x) =
m1 (X, z). By using elementary homotopy theory one can check that

7T12X = <7TOX>

and
mIX = P (m(X,2)a ® Z{moX).
zemeX
Now it is enough to notice that isomorphisms in Lemma 6.12 are compatible with

the two isomorphisms above and Proposition 5.1 (in this last case up to sign —1 in
kernel). O
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7. SECONDARY HOMOTOPY GROUPS AS TRACK FUNCTORS

In Section 4.1 we have defined the secondary homotopy group functors (n > 0)
T, : TOp* — cross(n).

As we recalled in Section 1 the category of pointed spaces is a track category,
therefore it is reasonable to wonder whether m, . is a track functor. This is known
to be true if n = 0. In this section we prove that ii is actually true for any n > 0.

We recall from [Bau91] the definition of homotopy in the categories of crossed
modules and reduced quadratic modules as follows.

Definition 7.1. Suppose that we have two crossed modules 0: M — N, 9': M’ —
N’ and two morphisms f,g: 0 — 0" given by

A track «: f = ¢ is a function a: N — M’ such that for any z,y € N and any
m € M the following equalities hold:

(1) a(z +y) = a(@)?W + a(y),
(2) go(x) = folz) + 0'(a(2)),
(3) g1(m) = fi(m) + (8(m)).
If we now have two reduced quadratic modules
®2Nay - M -2 N,
®2(N/)ab L’) M i} N/,
and two morphisms f,g: (w,d) — (w’,9")

Q2N —2—s M —2 5 N

®2(90)abJ/®2(f0)ab gllﬁ QDJ(fD

®2(N/)ab ,—>M/T>N/

a track a: f = g is just a track a: ¢af = ¢og in the category of crossed modules.
Here we use the forgetful functor ¢ in (6.3). More precisely, a: N — M’ is a
function such that for any z,y € N and m € M the following equations hold:

(1) a(z+y) = a(z) + aly) + W' ({—fo(z) + go(x)} @ {fo(y)}),
(2) go(z) = fo(z) + 0'(a(z)),
3) g1(m) = fi(m) + a(0(m)).

Tracks for stable quadratic module morphisms are the same as tracks for the
corresponding reduced quadratic module morphisms. In particular the forgetful
functors ¢, in (6.2) become automatically track functors which are full and faithful
at the level of tracks for n > 2.

Tracks in the category grd” of pointed groupoids are just natural transforma-
tions between functors. For n = 0 the functor ¢, in (6.3) is also a track func-
tor. More precisely, if 9: M — N and 8': M’ — N’ are crossed modules and
a: N — M’ is a track a: f = g between two morphisms f,g: & — 0’ then the
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natural transformation ¢1a: ¢1 f = 19 between the pointed groupoid morphisms

O1f,019: 910 — 10’ is given by the morphisms (fo(n),a(n)): fo(n) — go(n) in
¢10" which are natural in n € N.

Proposition 7.2. The category cross(n) with tracks as in Definition 7.1 is a track
category. Moreover, for all n > 1 the functor Ad,, in (6.8) is a track functor which
is adjoint to ¢, in (6.3) as a track functor.

Proof. For n = 0 it is well-known that cross(n) is a track category. We only need
to carry out the proof of the first part of the statement for crossed modules since the
track structure in rquad and squad is pulled back through the forgetful functors
n (6.3).

In this proof 8;: M; — N; = (E;) will denote a crossed module for i = 0,1, 2, 3.

Let f,g,h: 01 — 02 be crossed module morphisms and let a: f = g, 8: g = h
be vertically composable tracks. The vertical composition is defined by (f0a)(z) =
afx) + fB(x) for any = € M;. The inverse track aB: g = f is defined by o (z) =
—a(z) and the trivial track 0?: f=fis 0? (x) =0.

Suppose that we have a diagram

f
PR

(90 L) 51 ﬂa 82 L) 83

~_ "

g

Then the two possible horizontal compositions ak: fk = gk, ha: hf = gf are
defined as ak = aky: Ny — M3 and ha = hia: N1 — My.
Suppose now that we have a diagram

f 1
oy oy
O Vo 01 Vo' O
~— AT ~— AT
9 g’

Let us check the equality

(a) (¢')0( f) = (o'g)D(f'e).

Given z € My by using the equations defining crossed modules and tracks we get

((g'e)0(a’ f))(2) o fo(x) + gra()

= dfo(z) + fia(z) + o/ O a(x)

= o fo(z) + fle(z) + o' (= fo(z) + go())
o/ fo(@) + fla(z) + o (= fo()) %) + o/ (go(x))
o fo(x) + flol@) — o (fo(x))fo f(’(z)+g0(m))+a (90(2))
o fo(w) + fla(x) — o (fo(@)Fo?®) + o/ (go())

= o fo(z) + fle(@) — o (folx)) /1) + o/ (go(x))

= o fo(z) — & (folx)) + fia(z) + o' (go(2))

= fla(z) +a'(go(2))

= ((d9)O(f'a))().

Hence (a) holds and cross(1) is indeed a track category.
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Now we define the track functors Ad,, at the level of tracks. For n > 4 they are
identity track functors. For n = 3, given a track a: N — M’ between two reduced
quadratic module morphisms from (w, 9) to (w’, d’) the track Adsa: N — MY is the
composition of « with the natural projection M’ — M. Forn =2, if a: N — M’
is a track between two crossed module morphisms from 0 to 0’ then Adsar: Ny —
(M")* is defined as (Adaa)(n) = (a(n),0) for n € Npy. Finally for n = 1, if
a: f = g is a natural transformation between two pointed groupoid morphisms
fyg: G — G’ which is given by a collection of morphisms a(X): f(X) — ¢g(X)
in G’ for X € ObG then Adia: (ObG) — (Ad1G’); is the unique track between
crossed module morphisms satisfying (Ad;a)(X) = a(X). O

Theorem 7.3. The secondary homotopy groups are track functors (n > 0)
Tn,«: Top" — cross(n).
In the proof of Theorem 7.3 we will use the following general construction.

Definition 7.4. Let X be a pointed space. Given two maps f,g: S* — VanxS?!
and a track H: fe, = gey we define r(H) € m,,1X as follows. Let e: S' — S'vS! be
amap with me: Z — (a,b) satisfying (m1¢)(1) = —a+b, or just (m1€)nu(l) = —a+b
if n > 2, then r(H) is represented by the map

st st v st L9y, st

0 Sn Jeuv
RN (LDT H(H,OD)

ST —— gy §n—SY —— X
En716 Enil(f,g) ev

and the track

The r-construction may be regarded as a machine to generate homotopies in
cross(n) between secondary homotopy groups. Some of the axioms of a homotopy
in cross(n) are checked in the following lemma for the r-construction.

Lemma 7.5. Let X be a pointed space. Given f,g,h: S* — VarnxS', H: fo, = Gev
and K : gey = hey the following formulas hold in 7n, 1X,

(1) Or(H) = —(m f)(1) + (mg)(1) if n =1,
(2) Or(H) = —(m1f)na(1) + (m19)nu(1) if n > 2,
(3) »n(KOH) =r(H) + r(K).

Proof. Equations (1) and (2) are clear. The element r(H) 4 r(K) is given by the
following diagram

Sy .St

N (i17i1,1’2,i2)1\ (H,09,K,0)

(ge'u 7hev)

S —— 8"V S ——— Gy §ny Sy ST > S X
D ="' (eve) =" (f9.9:h) v
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and this composite track coincides with the following ones

STL
(LUT R(K,OD
S™v ST (gewshev)
N (i13i17i27i2)1\ R(H,OD,K,OD
\ n
St STV ST 2 STV STV STV ST S% —— X
=T 577 (eVe) =" 1(f.9,9.h)

STL

(1,1,1,1) (KOH,K,K,07)

S —— Gny §n —— Gny gny gn oy gn —— Sk — X
»nn 1:“‘ nn I(EVE) »nn 1(f,g,g,h)
S’I’L

(1,1,1,1)

(1,1,1) (KOH,K,07)
S S STV ST STV STV STV ST = STV STV S $% S X
ey (i1,i2,i2,i3 =" 1(f,g,h)

This composite track represents the same element in 7, 1 X as

S’IL

(1,1,1,1)
(1,1,1) (KOH,K,07)
N
71
S”—>S"\/S"1—>S"\/S”\/S"\/S”—> nv Sty St —— S —— X
n"Tliev (i1,d2,i2,i3 =" 1(f,g,h)

n

En716

S’IL \/ STL

o Sn .
RN (171)1\ H\(KDH,OD

§" Gt STV ST S Sk e X

which is the same as

that is 7(KOH), hence the chain of equalities proves (3). O

In the next lemma we check the derivation property for the r-construction.
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Lemma 7.6. Let X,Y be pointed spaces. Given x,y: S* — VanxS?!, f,g: Varx
St — Vany S, and H: ev(EZ"Lf) = ev(X"Lg), we have the following equalities

mn 7Tn’1Y,'

r(HE" @,y)(E" ') = rHE 2) U0 4 (HE ) ifn =1,
and ifn>2 = r(HE" '2))+r(H(E" 1Y)
Fo({=m(fo)(1) + m(gz) (D)} {m (fy)(1)})-

5 .
Proof. Suppose that n = 1. Let @: S — S'v -~. VS! be a map with
mw: Lo — (al,ag,ag,a4,a5>: 1l— —a; —as+as+ay —aq + as.

The element 7(H (X" 1z))™ (¥ 4 (H(X"1y)) is represented by the diagram

Enfl ,
. S v S (f.9) Sp
N\ (n,z‘z,w)T H(OD,H,OD) \
n Vs ST STV ST v Sy S
Sznflw 35" T Sk VIR VOX St Y

where z = E”_l(ily, 122,132, 12y, 13y). This composite track coincides with

anlg

Sk
(LUT (H,09)

S% VvV Sy —sn-i(f,9— Sy

N\ ('L’lfL’g,'L’g)T H(OD’H’OD) ev

n Vi S™ STV ST VST ST
S Vs 2 X T EX X iy Y Y

Sy

which is the same as

! Sf sy
N\ (1,1,1)T H(H,H,OD) \ei
SnE"‘lw V5S™ 2 S% Vv Sy VS S ) Sy —Y
This one is the same as
0 Sp——t 8y
N\ <1,1)T H(H,OD) \
Sm V5 ST —— S% V S% Sy Y

o lw "N (f.9)
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This composite track represents the same element in ;Y as

n ="'y n
0 SX - SY ov
A\ (m)T H(H,OD) \
S" wr-lg— VS —— S% V S% > Sy > Y
5 P X X E"il(f,g) Y Tev
EM{ ”N /
Sy ST —— VS £ ay)Vie.y)
= (pvp)

and this is 7(H (X" 1 (z,9))(Z" 1 w)).
Suppose now that n > 2. By using Theorem 3.6 and the claim (*) in the proof
of Proposition 4.9 the element

r(H(E" ) +r(H (")) + w({—m(f2)(1) + mi(g) (1)} {mi(fy)(1)})

is represented by the diagram

(a)
0 Sy sy
\N (LUT ﬂ(H,(ﬂ \
Sm =T STV S’"Em)\hlsn m Sk V S;L(zn—l(ﬁg)sg} w Y
lx”ls HQ /
Snv s VgS™ = @y)V(@,y)

= (pvp)
where @ is the unique nil-track with Hopf invariant
(i1 (1 (0))a(1) + 2 (1 (@))an(1)) @ (i1 (1 (1) )a(1)) € @2(ZIQ"X] & Z[Q" X)),

for i1, ie: Z[Q"X] — Z[Q" X|®Z[Q" X] the inclusion of the factors of the direct sum.
By Theorem 3.6 the track (1,1)Q is a nil-track, hence diagram (a) also represents
the element 7(H (X" 1 (z,y))(X" *u)), and we are done. O

Now we are ready to prove the main result of this section.

Proof of Theorem 7.3. This is known for n = 0. Suppose now that n > 1. Let
fig: X — Y be two maps and f.,g«: T« X — 7,.Y the induced morphisms
in cross(n). Moreover, let H: f = g be a track. We define a track m, .H =
H,: f. = g« in the following way. The function H,: 7, 0X — m,1Y sends an
element = € m,0X represented by a map #: S' — Vaonx St with (m2)(1) = z if
n=1and (m%)ny(1) =z if n > 2 to the element in 7, 1Y represented by the map
(a) and the track (b) below.

Let ¢: St — S' v S! be a map with (m1€)(1) = —a + b € {(a,b). The map (a) is
defined by

e FVE Q" (f,
(a) 1 —— 51y 51 T (Vanx SY) V (Vanx S1) ) Vany St
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The track (b) is given by

(b) gn »nTiz 5_7)7& ev

0

<N\ (1,1) (1,1)

evVeu

S" S v S Sk V Sk —

s (Evi) Q" (f.9)

Here N is a nil-track. With the terminology introduced in Definition 7.4 we
have H,(z) = r(H ev(X"1%)) for the track H ev (X" 12): ev(T"Q"f) (X" 1%) =
fev(X"717) = gev(En 17 = ev(XQ"g) (X" 17,

The proof of equation (1) in the definition of tracks in cross(n) follows from
Lemma 7.6. Equation (2) follows from Lemma 7.5 (1) or (2). Equation (3) follows
from the fact that given [k, K| € m, 1X the following composite tracks coincide.

gn 1k S;Z( ev

0

\(N\ (1,1) (1,1)

evVeuv

n —> n n S’IL \/ Sn
§ 2”*155 vE =1 (kVE) X X sran(s.g)
0
ST S e

\(N\ (1,1) (1,1)

evVeuv
n n\/ gn S\ ST
S Z"_las S s (kVk) X X sran(rg)
0
n
S Sk o

(1,1) (1,1)

evVeu

" S v g %V Sk —

s (kVk) Q" (f.9)
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X
(1, 1)
Xvx A~
(H,05)
ev\/ev
%
n RV LR VY -]
S —>S e - 1(k v XX Tongn g
0
XVvX
KVK %
(f.9)
n n n ST/ S Sn
s z"—laS v D RS ) Y e Y

The vertical composition of tracks f Az g K his preserved by Lemma 7.5 (3). The
proof of the fact that m, . preserves horizontal composition is straightforward and
it is left to the reader. O

Proposition 7.7. The inclusion crosss(n) C cross( ) of the full subcategory of
0-free objects induces an equivalence of categories (n > 0)

cross¢(n)/~ — Hocross(n),
where the homotopy category Ho is obtained by inverting weak equivalences.

Proof. For n = 0 this result is well-known. For n = 1 this is a consequence of
the fact that cross has a model category structure where O-free objects are the
cofibrant objects, see [GM97], and the homotopy relation derived from the cylinders
on cofibrant objects is given by the tracks defined above. In a similar way one
obtains the result for n > 2. O

8. k-INVARIANTS

Let K(G,n) be the Eilenberg-MacLane space with 7, K(G,n) = G. Following
Eilenberg-MacLane’s notation we write H™ (G, n, A) for the m-dimensional coho-
mology of the space K(G,n) with coefficients in the abelian group A. Here we
allow A to be a G-module in case n = 1. In this case H™(G,1, A) = H™(G, A) is
the ordinary cohomology (with local coefficients) of the group G.

For any connected C'W-complex X we write

kn(X) € H" 2 (m, X, 0, mpy1X)

for the first k-invariant of the (n — 1)-connected cover X (n). Recall that X (n) is
the homotopy fiber of the canonical map from X to its (n — 1)-type, X — P,_1X,
where P,,_1X is a Postnikov section of X.
If n = 1 then k1 (X) is the usual first k-invariant of a connected C'W-complex
X, represented by the crossed module
0: (X, X)) — m X1,
determined by the skeletal filtration of X, see [MW50]. Otherwise, if n > 2

H 2 (mnX,n, mp41X) = Hom(Tp 7, X, 141 X)



34 HANS-JOACHIM BAUES AND FERNANDO MURO

and k,,(X): T,y X — 7,41 X is induced by the function n*: m, X — m,41X which
sends the homotopy class of a: S™ — X to the homotopy class of (X" 29): S"T1 —
X, where n: S® — S2 is the Hopf map. Compare notation in (2.2).

The first secondary homotopy group 71 X is a crossed module, see Proposition
4.6. By Proposition 5.1 and [MW50] this crossed module represents an element

k(m.X) € H*(m X, mX).

In general, any crossed module 9 defines a cohomology class k(9) € H?(ho0, h19),
see [MW50).

For n > 2 the n-dimensional secondary homotopy group of X defines a homo-
morphism

k(X)) : Tpmp X — w1 X,

as follows. Let k(m, .X) be the unique homomorphism fitting into the following
commutative diagram

(81) Fn (Trn,OX)abC—> ®i(7T7L,OX)ab

% ql

Fn 7T7LX w

k(ﬂ'n,*X)J(

L
7Tn+1X;> 7777,,1X

Here the upper horizontal arrow is the injection in (2.2), and ¢ and ¢ appear in
Proposition 5.1.
In general any O-free reduced quadratic module (w, ) defines a homomorphism

k(w,0): The(0,w) — hi(w, 9),

as in (8.1) and any O-free stable quadratic module (w,d) defines accordingly a
homomorphism

k(w,d): ho(w,0) ® Z/2 — hi(w, D).

Theorem 8.2. For any connected CW -complex X and any n > 1 the equality
kn(X) = k(7. X) holds.

Proof. We can suppose without loss of generality that the 1-skeleton X' = VgS?
is just a one-point union of 1-spheres. One can easily check that m (X, E) in
Proposition 4.15 coincides with 9: (X, X!) — m1 X!, hence the theorem follows
for n = 1.

We now prove the theorem for n > 2. Suppose that we have x € m, X and
we choose : ST — Vanx St with (m12)na(1) = . Then w({z} ® {z}) € m,1 X is
represented by

0
/N
Sn—_>3n\/5n — ;l( X
n-1g sn1(3,7) ev
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This is the same as

0
m
Sn —>E"_16 S™V S”(M) > 5™ z"—lg% Sy —— X
By Theorem 3.6
Z, ifn=2;

Hopf((1,1)B) = —1 € ®@2Z =
72, ifn>3.
Moreover, (m1(1, 1)) = 0, therefore by using the definition of ¢ in Proposition 5.1,
Theorem 3.6, Remark 3.4 and the characterization of n: S — S? up to homotopy
as the unique map with Hopf invariant 1 we get that w({z}®{z}) = 1(q(z)(X"2n)),
hence we are done. (]

Let types. be the category of pointed (n — 1)-connected CW-complexes X with
Tm (X, o) = 0 for all m > n+ 2 and all zg € X.

Proposition 8.3. The functor m, .: types, — cross(n) induces an equivalence
of categories (n > 0)

T« Hotypesl, —— Hocross(n),
where the homotopy category Ho is obtained by localizing with respect to weak equiv-

alences.

For the proof of Proposition 8.3 we recall the following functors.
Let CW,, be the category of CW-complexes X with trivial (n — 1)-skeleton
X" ! = % and cellular maps. There is a “cellular” functor
(8.4) P,i10: CW, /~— cross(n)/~ .
If n = 1 this functor sends a CW-complex X to the crossed module
9 mo(X, X)) - mX!

given by the boundary operator in the long exact sequence of homotopy groups, see
[Mac49] and [MW50]. If n > 2 the the reduced (stable if n > 3) quadratic module
P,o(X) is the truncation of the totally free quadratic complex o(X) defined in
[Bau91] IV.C,

D20, (X) 5 01 (X) /d(0042(X)) -2 0,0(X),
compare [Bau91] IV.10.4 and [Mur05] 4.

Proposition 8.5. The functor Ppi10 in (8.4) is naturally isomorphic to
Tn,«: CW,, />~ — crossy(n)/~
foralln > 1.

Proof. If X is (n — 1)-reduced then X™ = VgS™ for some pointed set E. The
inclusion of spheres in the wedge X™ C X determines a pointed inclusion £ C Q" X.
One can easily check that P,;10(X) is isomorphic to 7, «(X, F) in Proposition 4.15.
Now the natural isomorphism in the statement is given by the weak equivalence
Pri10(X) 2 (X, E) S 7, X in Proposition 4.15. Compare Proposition 7.7.
O
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Proof of 8.3. For n = 0 this is a well-known result. For n > 1 this follows from
Proposition 8.5 and the fact that P, 10 in 8.4 does induce an equivalence of cat-
egories P,10: Hotypes! — Hocross(n). This is shown in [Bau91] II1.8.2 for
n = 1. For n = 2 the proof follows as in the case n = 1, this case is considered even
in the non-simply connected case in [Bau91] IV.10.1. The case n > 3 can be easily
proved along the lines of the n =1 and n = 2 cases, i. e. by using [Bau91] II1.8.5,
I11.8.8 and IV.C.14. |

Remark 8.6. In the literature there are further algebraic categories equivalent to
Ho types!. In particular, see for n = 1 [Tak05], for n = 2 see [CC96], and for n > 3
[BCCY3]. These algebraic models, by Proposition 8.3, can also be deduced from
objects in cross(n). The objects in cross(n) seem to be the “smallest possible”
algebraic objects representing the category Hotypesl. In addition the definition

-
of these other algebraic models is not topological, but simplicial. The difference
between our models and the other ones is similar to the difference between classical
homotopy groups as homotopy classes of maps S™ — X and as the homology of
the Moore complex of the Kan loop group of the singular simplicial set on X.
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