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Abstract

We identify multiresolution subspaces giving rise via Hankel trans-
forms to Bessel functions. They emerge as orthogonal systems derived
from geometric Hilbert-space considerations, the same way the wavelet
functions from a multiresolution scaling wavelet construction arise from
a scale of Hilbert spaces. We study the theory of representations of the
C*-algebra O,41 arising from this multiresolution analysis. A connec-
tion with Markov chains and representations of O, 41 is found. Projection
valued measures arising from the multiresolution analysis give rise to a
Markov trace for quantum groups SOy.



1 Introduction

The starting point for the multiresolution analysis from wavelet theory is a
system U, {T}} jezo of unitary operators with the property that the underlying
Hilbert space H with norm ||.||, contains a vector ¢ € H, ||¢|| = 1, satisfying

Up = a;Tjp (1)
i

for some sequence {a;} of complex scalars, such that, in particular (1) con-
verges in H. In addition, the operator system {U, T} must satisfy a non-trivial
commutation relation. In the case of wavelets, it is

UTU =Ty, jEZ, (2)

where N is the scaling number, or equivalently the number of subbands in the
corresponding multiresolution. When this structure is present, there is a way
to recover the spectral theory of the problem at hand from representations of
an associated C*-algebra. In the case of orthogonal wavelets, we may take this
C*-algebra to be the Cuntz algebra. In that case, the operators 7T); may be
represented on L? (R) as translations,

(ij)(x)zg(.r—j)7 EELQ(R)7

and U may be taken as the scaling (U¢) (v) = N~Y/2¢ (2/N), N € N. This
system clearly satisfies (2). (For a variety of other examples of these relations,
the reader is referred to Ref. [33]. The setup there applies to dynamical systems
of N-to-1 Borel measurable self-maps: for example, those of complex dynamics
and Julia sets.) In the wavelet case, a multiresolution is built from a solution
¢ € L?(R) to the scaling identity (1). The numbers {a;};cz from (1) must

999

then satisfy the ”orthogonality relations

Z ar =1, Z Ak Qk4+2m = 507m,m cZ (3)

keZ keZ

In this case, the analysis is based on the Fourier transform: define mg as a map
from S to C by
mo (e) = Zakeikt,t eR 4)
k

(of course we assume here and below convergence of the series and products
involved). Then (in the wavelet case, following Ref. [1]) a solution to (1) will
have the product form

o (t) =[] mo (t/N7), (5)
j=1

up to a constant multiple. The Cuntz algebra Oy enters the picture as follows:
Formula (5) is not practical for computations, and the analysis of orthogonality



relations is done better by reference to the Cuntz relations, see (11)—(12) below.
Setting, for £ € C, j € Z

W{&h =Y &el@—3j), (6)
jeli

and using (3), we get an isometry W of £? into a subspace of L?(R), the
resolution subspace. Setting

(Sof) () := VNmq (2) f (z),  f € L*(T),Borel measurable  (7)

and using L2 (T) = ¢? by the Fourier series, we establish the following crucial
intertwining identity:

WS = UW, (8)
so that U is a unitary extension of the isometry So. We showed in Refs. [2] and
[3] that functions mq,...,my—_1 € L (T) may then be chosen such that the
corresponding matrix

N-1
) i(t+k27r/N))) 9
(m; (e s )

is in Uy (C) for Lebesgue a.a. t. Then it follows that the operators
Sif(z) = \/ij (2) f (zN) , feL*(T), (10)

will yield a representation of the Cuntz relations; see (11)—(12) below. Con-
versely, if (10) is given to satisfy the Cuntz relations, then the matrix in (9)
takes values in Uy (C).

The present paper aims at an analogous construction, but based instead
on the Bessel functions, i.e., we use the Bessel functions in (4) in place of the
usual Fourier basis {eikt}kez; see (20) below. If v € N is the parameter of the
Bessel function J,,, then we show that N = v + 1 is an admissible scaling for a
multiresolution construction.

The motivation for doing a multiresolution construction based on a wider
variety of special functions, other than the Fourier basis, derives in part from
the rather restrictive axiom system dictated by the traditional setting [31, 32,
33, 35, 34, 36]. It is namely known[l] that many applications require a more
general mathematical setup. Moreover, our present approach also throws some
new light on special-function theory, and may be of independent interest for
that reason.

We will apply multiresolutions to the Hankel transform and the Bessel func-
tions of integer parameter v. Our analysis is especially well suited for the
introduction of a quantum variable ¢,( 0 < ¢ < 1), in such a way that variations
in g lead to a better understanding of an associated family of deformations.
Our use of the Cuntz algebra is motivated by Refs. [2] and [4]. The Cuntz
algebras [5] have been used independently in operator algebra theory and in
the study of multiresolution wavelets, and our present paper aims to both make
this connection explicit, and as well make use of it in the analysis of special



functions. The g¢-deformations of the special functions[6, 7, 8, 9, 10, 11] may
be of independent interest. This deformation is related to, but different from,
those which have appeared in Refs. [11, 12, 13, 14, 15]. In the last sections of
the paper we construct a Markov chain which turns out to be related to the
representations of O, 41 discussed in the previous sections via projection valued
measures. Random walks on quantum group SO,(N) are then constructed via
representations of the braid groups.

2 The Cuntz algebra and iterated function sys-
tems

We shall consider representations 7 of the Cuntz algebra O,; coming from
multiresolution analysis based on Hankel transforms. In Section 3 we give some
preliminaries on Hankel transforms on L?(R). We then construct wavelets
arising from multiresolutions with scaling v + 1 using Hankel transforms on
L?(C), relative to an appropriate measure on the field of complex numbers
C. The map from wavelets into representations is described. We establish
connections between certain representations of O, ; and Hankel wavelets arising
from that multiresolution analysis.
Recall that O, is the C*-algebra generated by v + 1, v € N, isometries
So, . ..,S, satisfying
S;S8; =041 (11)

and ,
> SiSr=1. (12)
1=0

The representations we will consider are realized on the Hilbert spaces H =
L? (9, dp) where © is a measure space (to be specified below) and p is a prob-
ability measure on ).

We define the representations in terms of certain maps

02— Q suchthat Q=|Jo;(Q) and p(0i(Q)No;(Q)=0 (13)
=0

for all 4 # j. We will apply this in Section 5 to the Riemann surface of ¥/z.

In Section 4 we develop a g-parametric multiresolution wavelet analysis in
L2 (C, ug) where 1, is a g-measure, as in Refs. [15, 21] by using ¢-Hankel trans-
forms.

A class of g-parametric representations of the C*-algebra O, 1 is found. We
further identify a class of representations of the Cuntz algebra which has the
structure of compact quantum groups of type B.[29]



3 Hankel transforms and a multiresolution anal-
ysis

In this section we construct a multiresolution using Hankel transforms. We start
by giving some basic definitions on Hankel tranforms.

Let us recall that the Hankel transform of order a@ € R of a function f,
denoted by f, is defined, for ¢ € (0,00) and z € (0, 00), by

/ Jo (zt) f (z) x dz, (14)

where o (_1)%: N 2k
1@ =(3) L irar ey (2)

is the Bessel function of order «a, o € R and
I () = / e~*Ldt,  Re(2)>0,
0

is the classical gamma function. If we multiply both sides of (14) by J, (yt)t
and integrate from ¢ = 0 to +00 we obtain

/J (yt) f(t)tdt = /J (yt) / Jo (2t) f () zdadt,y € (0,00)

(15)
The integral transform on the left-hand side of (15) is equal to f (y) for suitable
functions f, by the Hankel inversion theorem.[17] The resulting double integral
is called the Hankel Fourier-Bessel integral

/ Jo (yt) </ Jo (at) xdm)tdt. (16)

It can be written as the following transform pair

/OOJ () f () ydy. (17)

/ Jo (yt) g (t) tdt.

A Plancherel type result can be easily derived for this transform: if F(p)
and G(p), p € (0,00), are Hankel transforms of f(z) and g(x), = € (0,00),
respectively, then we have

/0 pF(p)G(p)dp = /O pF(p) /O zg(x)Jy (pz) dz dp

= [T ([ o1, (0) do) o
_ /Om 2f(2)g(x) d

Q@
—~
~
~
I

s

—~

)
|



Let us give some preliminaries on the standard multiresolution wavelet anal-
ysis of scale v, v € N. Following Refs. [1, 18] we define scaling by v on L? (R)
by

(U€) (2) = <v+1>%f(yi 1)

and translation by 1 on L? (R) by
(T¢) (z) =€(x—1),z € R.

As mentioned in the Introduction, it is our aim here to adapt the theory of
multiresolutions from wavelet theory[l, 19] to the analysis of the Bessel func-
tions via the Hankel transform. The classical theory[20] is based on recurrence
algorithms which we show adapt very naturally to the multiresolutions. But our
analysis will still be based on the “classical” identities for the special functions
(see, e.g., Refs. [21, 22, 23, 24, 25, 26, 37]).

A scaling function is a Borel measurable function ¢ € L? (R) such that if Vg
is the closed linear span of all translates 7%y, k € Z, then ¢ has the following
four properties

The simplest example of a scaling function is the characteristic function of
the interval [0, 1], i.e., the zeroth Haar function. By i) we may define an isometry

F,:Vo — L*(R), £—m,
as follows. The scaling by v on L? (R) is defined by the unitary operator U
given by (U¢)(x) = (v + 1)7% ¢ ((V+ 1)7196) for ¢ € L?(R), = € R, and the
translation as the following operator (T'€)(z) = {(z — 1).

We consider the scaling Haar function ¢ given as the sum p(z) = h (1 —z)—
h (—x) of Heaviside functions h, h(x) =1 for > 0 and h(z) =0 for x < 0

Let Vi be the linear span of {cp,(,k) (x) =2"¢(x — k)}k . Then 1 is a
€
closed subspace of L? (R) with respect to the following scalar product: (f |
g) = /f (2)g (z) x dz. We have (., U"Vo = {0} and \/ U™V, = L? (R).
Let &£ € L? (R), and assume that &(z) =, by {gpf,k) (x)}, bpeC,zeR

By applying the Hankel transform H,(-,t) to both sides of the above equal-
ity and using the definition of ¢ we get for t > 0, z € R:

Hy(E()t) = Y biH, (p(x—k)a",1) (18)
k



> beH, (h(k+1—x)a",t) Zka (k—z)a",t)

lz bi (k‘ + 1)V 1/+1 ( (k‘ +1)) — Zbkk”+1Jy+1 (tk‘)
k

k
1
X H() (—, t) .
x
All series converge in L? (R)

To write the above expression in a more compact form we use the addition
formula for Bessel functions

w(z+y) = Z Ji (@ ()

k=—o00

Then we get

Hy (€@),t) = Db (b 1" Ty (bt +1) = K Ty (k0)| Ho (%)
k

= > b |[(k+ 1) T (k) Jugaon (8) — K Juga (kt)]
k
Ho G t> . (19)

(k+ 1S Ty (k) Ty (8) — K Ty (kt)] . (20)
h

X

Here we consider L? (R, ) with du(x) = xdz. By using the Plancherel Theo-
rem, and the orthogonality of the Haar functions, we get

0o _ [T ) () 0©
ols = [ A @l @ (21)

- /OOO[HV(x”[h(k+1—J;)—h(k—x)},t) (22)
x H,(@"[h(1—2)—h(—z)],t)]tdt

j+1
_ Z/ H, (¥ [h(k +1— ) — h(k — )], 1)

jezvI
x  H,(z"[h(1 —x) — h(—2x)], )]t dt.

Thus the latter, upon a change of variables, can be rewritten as
/ Z hk+1—2)—h(k—x)],t+5)H, (2" [h(1—2)—h(—2)], t+7)]|(t+7) dt.

JEZ
(23)



We used the following obvious fact:

1 boodt
- = S — 24
2(v+1) /0 2(v+1) (24)
On comparing (24) and (23) for k = 0, we get

1

ZHf(x”[h(l—l‘)—h(—m)}7t+j)—m

JEZ

On the other hand, in view of (21), (20), (19) and (18) the left-hand side of this
equality can be rewritten in terms of mg as follows

=0, Lebesgue a.e.

1
Z|m0 t+ ) [Ho (1/2,t+j)]> = S YORSIL Lebesgue a.e.
ez (v+1)

To get a direct connection with representations of O, 41, we need to consider
our new multiresolutions on the complex plane C. Assume ¢ to be a step
function on C, defined for |z| < 1 by

; 1 if0<Arg(z) <a
iArg(z) ) — = g = &,
14 (|Z| ¢ ) { 0 otherwise,

where a = 22, for a fixed m € N. With k,m € N, 1 < N < m take then V} to

m

be the span of {¢[(|z] + k) exp (i (Arg (2) + Na))]}. Let

U=+ )72 (2 29

be the scaling operator. For j € Z let V; be the closed span in L?(C,v) of

{(p ( |2] ,+k> ei(Arg(z)+Na)]}
J ?
(v+1) ke€Z, 1I<N<m

Consider L? (C,v) where the measure v (z) = 2¥dz, and dz denotes the
planar measure on C. Assume Uyp € Vj, i.e.,

(Ue)(z) = > arp (] + k) exp (i (Arg (2) + Na))] .k € Z
k

Proposition 1 With the assumptions above, the properties 1)-iv) of a multires-
olution are satisfied.

Proof. i) follows from the fact that the ¢’s have disjoint support on
L?(C,v). ii) holds for Haar functions and iii) follows from i). By the den-
sity of step functions in L? (C,v) also iv) follows.

If ¢ € V_; and v # —1, then U7¢ € V. Since

|2]

peVyCcV., and {@[(V—H+k> exp(z‘(Arg(z)JrNoz))H



are orthonormal in V_;, we have

o) = S | (S5 + k) exp i (are ) + N s e €,

. +1

so by applying the Hankel transform of order v , we get

i, (i (52 + ) exw i arg )+ N it) = ma )11 (L)

Using the orthogonality of ¢ [(|z] + k) exp (i (Arg (2) + Na))] ez in L? (C, v)we
have

(k;N) | 50,00y — (k:N) () 0(0.0) () 2
(o ®N | >—//cs0 (2) P00 (2)z dps (2) (26)

/ N / "o [(12] + k) exp (i (Arg () + Na))]

X ¢|lz|exp (i Arg (2))]
X |z|"T exp (i Arg (z) (v + 1)) d|z| d Arg (2)

1 [e%
_ /|z|”+15k,0d|z|/ exp (i Arg () (v + 1))
0 0

X dnodArg(z)
1 eia(u+1) -1

= ONO-
V42 k.0 i(v+1) N0

By the Plancherel theorem, we then have

1 wz(z/+1)
o vo= [ B (¢ () H 00 Gst)edr (),

v+2 i(v+

The left-hand side can then be rewritten as

/ / PEN) ( ),t) mtl’“dtdArg(t).

Upon a change of variable letting 6 = Arg (¢t + 275), the latter equals
/ |t|u+1 d|t|/ 127T(1/+1) ZH ( (k N) ); |t| eie) Hu ((P(O’O) (Z) : |t| ew) de.

Comparing the previous two formulae for k = N = 0 we get

N2 1 etalv+l) _ 1
Xj: ‘Hl, ((p(o,o); |t] ew) ‘ ~ 12 ¢ T D) =0 for Lebesgue a.e.
Rewriting the above in terms of my we have
2 .
1 ) 1 ia(v+1) _ 1
2o (te"7) L ,
z v+2 i(v+1)




since

1 « 2
v ; . 1 .
[t [ e S o (1) | <—;|t|ew) 6
0 0 7 z
1 «@
, g 1
:/ |t|u+1 d|t|/ eiQﬂ(u+1)Z|m0 (t62w1])|2_2d0
0 0 ; ||
1 a
:/ ) d|t|/ 20D S g (te2™9)|* db.
0 0 .
J
From (26) we get
1 o B ia(v+1) _ 1
v—1 27 (v+1) 274j 2 o 5k,0 (&
t dlt t dd = 1)
Joran [ e X lmo (1) s e R
1
v v—1
= 5 [ an
0
x /a ei@(l/+1) do.
0
Thus ) ,
" Qwij/(u-s-l))‘ - 9
(V—Fl);‘mo(e v+2 (27)
Set ¢ = ;%5 then (ﬁ) 5, [mo (teQwij/(u+l))‘2 . a

In fact, as in Ref. [1], Thm. 5.1.1, we have proved a part of the following
result.

Theorem 2 If the ladder of the closed subspaces {V;}, g in L? (C,v) satis-

fies properties 1)-iv), then there exists an associated orthonormal wavelet basis
{jx 2 j, k € Z} for L? (C,v) such that

(Uep)(2) = > arp (2] + k) exp (i (Arg () + Na))]
k

holds. One possibility for construction of the wavelet corresponding to o is that
) 1
H, (o (2] + B exp (i (Ang () + N (-4 1)) = o (0 o ( L:¢)

be satisfied.

Completion of proof. . We observe that the Bessel functions have a “multi-
plicative periodicity” on the unit circle in the following sense:

Jl/ (Zeﬂ'ik) _ eﬂ'ikuJV (Z)

10



From the above (27), this implies that
v B 2
= ‘mo (26271'1]/(%&-1))‘ —(w+1).
=0

Given my satisfying (27) there exists {m;, i =1,...,v} from Corollary 4.2
of Ref. [3] such that

Z c iy (zexp (2mij/ (v + 1)) mu (zexp (2mij/ (v + 1)) = O (v + 1)
7=0

Thus, reformulating the orthogonality conditions in L? (C,v), we get that the
following matrix,

mo (00 (2))  mg (01 (2)) mo (0, (2))
1 m1 (00 (2))  ma (o1 (2)) mi1 (o, (2))
M (z) = : ;
(v+1) :
my (00 (2)) My (01(2)) my (0, (2))

is unitary for Lebesgue almost all z € C.
Let O,41 be the C*-algebra generated by v + 1 isometries So, S1,...,5,,
v € N satisfying:

S;S; =61, > S8iS; =1

The representations we consider are now realized on the Hilbert space H =
L? (C,v) where the measure v is given by dv (z) = 2" dz.

As in Ref. [18] the representation of the Cuntz algebra is defined in terms of
certain maps

0i: Q) — Q,
such that p(o; () No; () = 0 for i # j, as in (13), and of measurable
functions my, ..., m,: C — C. Also we have, for L? (C,v):
Lrewe= 3 o[ 16 ). (25)
r€Zy, 1

where {p,} is a (finite) probability distribution on the cyclic group Z, ;.
The representations take the following form on L? (C,v)

(SkE) (2) = my (2) € (="F1) € € L* (C,v) :

where the functions m; are obtained from the above multiresolution construc-
tion. It is easy to verify that Sy is a representation of O, 41, z € C and that

Sk§ Z c prmk Jr( ))5 (UT (Z)) :

r€Zy 41

11



In fact we have

(SiSké) (2) = > ¢ ppmy (o (2))mu (0 (2))€ (007 (2))

r€Zy, 1

= pwé(2),
by the unitarity of the matrix M (z). Similarly we may verify that
Y (5k856) (2) =€ (2),£ € L*(C.v)
k€EZ, 11

As a result, we then have indeed a representation of O, 1. O

4 A ¢-parametric construction of m,

Let us now turn to a g-parametric construction of mg. We start by giving
a g-extension of the Hankel Fourier-Bessel integral. We use the orthogonality
relations from the following result (Theorem 3.10, p. 35 of Ref. [15]) and [21].

Theorem 3 For z € C and |z| < ¢z, nmeZ,0<q<1uwehave

00 2
1 r7q;q 0
5m,n _ Z xk+nq2(k+n)((q.q))ooq>171< qu ‘q’qn+k+1)
) [e%e]

k=—oc0

2
x=q;
xghtmgstm) @ai0) 11 ( 0 ‘q,qm”*l)
(¢ 0) s z°q
where the sum is absolutely convergent, uniformly on compact subsets of the

open disk |z| < ¢~ /2.

We prove that the orthogonality relation of the above theorem is a g-analogue
of the Hankel Fourier-Bessel integral (16). To simplify notations, we replace ¢
by ¢® and x by ¢®. For Re (o) > —1 this gives

> (¢***%¢%) 0
5'm,,n — Z q(oz—‘rl)(k—‘rn)W 1,1 < q2o¢+2 q2’q2n+2k+2) (29)
k=—o0 ’ oo
20+2. 2
(a+1)(k+n) (g 10%) o < 0 2 2n+2k+2>
Xq — P11 q°.q .
(424 g*r?
Now rewrite (29) as the transform pair
(%) 2+2. 2
(®**%¢%)
g (qn) — q(a+1)(k+n) o)
k;w (4% 6%) o

0
X (1)1,1 < q2a+2 q25 q2n+2k+2> f (qk) )

12



oo 242, 2
kY _ (a+1)(k+n) (g 10%) o
/) 2 (4% ¢%) o

k=—o0

0
X ‘1)1,1< g2ot2 q°,q g(q"),

2 2n+2k+2>

where f, g are L2-functions on the set {qk ke Z} with respect to the counting
measure. Insert in the above formulae J, (x;¢), i.e., the ¢-Bessel function given
by

(qa+1 oo (k+1) 2k
Ja ) =
(#:9) e ; 0‘“,q (g:9)y,

Py 4 ( qao+1 QJQQ) ,x€R

(4 9) o0
(¢**3q)

instead of ~———=2*®1 1 and replace f (¢%) and g (¢™) respectively by ¢* f (¢*)

and ¢"g (¢"). This implies that 2 f (z) and g (z) have to be L2-functions respect
to the d, measure on the set {¢* : k € Z}, see [21]. Hence we have

g(@") = Z ¢ Jo (656 £ (dY), (30)
k=—o0
f(qk) _ Z q2nJ k+n ) (qn)’

and the result follows.

Remark 4 When ¢ — 1 with the condition

log (1 —¢)

c 27
logq

9

we can replace ¢° and ™ in (30) by (1 — q)% ¢* and (1 — q)% q"™ respectively. By
using the following g-integral notation, [21], [15]

/ Tiwdi=0-0 Y F(d)d" (31)

then (30) takes the form

13



where A in the first identity, and x in the second identity, take the values q™,
n € Z. For ¢ — 1 we therefore obtain, at least formally, the Hankel transform
pair

Na)
=
I

/000 f (@) Jo (M) z dx,
f(x) = /Ooog()\) Jo (Az) NdA.

We construct a g-analogue of a multiresolution via g-Hankel transforms. To
achieve that, let us proceed as we did in the previous section; but now we replace
the Hankel transform by the deformed one using a g-measure. Let us consider as
before the space L? (C), but with the measure dv (z) replaced by the g-measure
dvg (2), L.e., dug (2) = 2¥ dg (2), see [15],[21]. Assume ¢ to be the function on C
defined for |z| < 1 by

; 1 if0<Arg(z) <a
iArg(z)) — = g = &,
14 (|Z| ¢ ) { 0 otherwise,

where o = 22, m € N. Take then Vj to be the closed span in L?(C, v, (2)) of
{pl(|z| + k) exp (i (Arg (z) + Na))]}, with k,m € Z, 1 < N <m. Let U be the
scaling operator (25). Let

< |Z| - —|—k> ei(Arg(z)+No¢)]} )
(v +1) JEZ, 1<N<m

Let £ be a function on L? (C,v, (2)) given by

V; = span {<p

£(z) =Y ar{pl(z + k) exp (i (Arg (2) + Na))]} .
k

Assume Uy € Vj, i.e.,

(U) (2) = Y arp[(l=] + k) exp (i (Arg (2) + Na)].
k

Proposition 5 With the assumptions above, we conclude that the properties
1)-iv) of a multiresolution are satisfied.

Proof. i) follows from the fact that the ¢’s have disjoint support on
L?(C,v,). ii) holds as before and iii) follows from i). By the density of step
functions on L? (C, dv,) also iv) follows.

If £ € V_; then UJ¢ € Vy. By applying the g-Hankel transform of order v
we get

H2 (o (2] + D)o (i (Arg () + Nl ) = o (0 5 (L),

14



where we denote by HZ (z;t) the g-Hankel transform to avoid confusion wth the
usual non deformed transform. The Plancherel Theorem for Hankel transforms
extends in a natural way to the case of g-Hankel transforms where it takes the
following form:

//CtF(t) 1) du, (¢ // 2F (2)g () dvg (2),

where dy, (z) is the g-measure (31).
Then by using the orthogonality of ¢ [(|z| 4 k)exp (i (Arg(2) + Na))] ez
and the following fact:

v+1
/||+ el = 0 < g <

we have

(k,N) | 0,0y — (k:N) () 500 (2)2 .
(N | >—//cso (2) 20 (2)z dpg (2) (32)

[e%s) 27
[ [ et + e arg () + N

@ [|z] exp (i Arg (2))]
2" exp (i Arg () (v + 1)) d |2| d Arg (2)

1
_ / 2 S0 d 2]
0

X /a exp (1 Arg (z) (v + 1)) dn,0d Arg (2)
0

1— q eia(u+1) -1
) ON.0-
T—g 20 w1y M0

X

X

By the Plancherel theorem, we then have
eia(u+1) -1
i(v+1)

= / HY (go(k’N) (2); t) H (0000 (z) 5 8)tdyg (1)
c
The left-hand side can then be rewritten as
1 @
[ [ (5 )t BEGED G dypaAre ().
o Jo

Upon a change of variable setting 6 = Arg (t + 27j),j € Z the latter expression
is equal

/|t|”+1d |t|/ H+1>2Hq( () (23 [t] ') HE (200 (2); ]t] ) d.

1—gq
1—qvt

50k,0 ON,0

15



Comparing the previous two formulae for k = N = 0 we get

S [ (0058 - o -

1—gvt2 i(v+1)

Vg — a.e.
Rewriting the above in terms of my we have
2 .
1 ) 1— ia(v+1) _ 1
Z ‘mO 2771] Hg = |t| 619 _ q € '
z 1—gvt2 i(v+1)
From (32) we have

/ |t|l/ 1d |t|/ i0(v+1) ‘mO( 27’rij)|2 do

ia(u+l) -1

1—gq 5
l—q”” k,0 D) N,0

s

1 ) 1—q”
te mg/(uﬂ))‘ T
(V—|-1) ‘mo( 1—gqvt?’

1— i 2
Set cq = - qu+2, thus we get - u+1) E |m0 ( 2771]/(u+1))| =1.
We notice that the Bessel functlons have a “multiplicative periodicity” on
the unit circle in the following sense:

thus

Jl/ (Zerrik) — eﬂ-ikuJV (Z) .

This implies that

- . 2
'y ‘mo (t62mj/(u+l))‘ —(w+1).

=0

Thus a g-analogue of Theorem 2 holds. As in the previous section we construct
representations of the Cuntz algebra in terms of the functions m; whose existence
is guaranteed from Corollary 4.2 of Ref. [3].

As before we construct representations of the algebra O, 11 associated to
the above multiresolution for the ¢-deformed case. The representations are
realized on a Hilbert space H = L?(C,dv,) where the measure is given by
dvg (2) = 2" dgz. O

We now turn to the representation of the Cuntz algebra O, 1. It is given in
terms of certain maps

op: Q — Q, o (2) = 09 (2) e*2/ D) 1 e N (33)

16



where
oo (2)" T =2z€C,

such that p4 (07 (2) Noy (R2)) =0 for i # j. Also, for f € L? (C,dv,)
Lrean@= 3 o [ sl @) an ). (34)
rcZ, 1

In fact, we have pq (or (E)) = prptq (E), for Borel subsets E C C.
The representation takes the following form on L? (C, dv,):

(Sk€) (2) = mu (2) € (z11),

where the functions m; are obtained from the above multiresolution construc-
tion. Then we have

(Si6) ()= Y g prmu (or (2))€ (0 (2)).

r€Zy 1
Thus:
(Siswé) () = > ¢ prmu(or (2))mp (0, (2)) € (007 (2))
i

by the unitarity of the matrix M (z). We have used the convention o (z) = z¥*1
and the fact that o o o, = id for all r. It is easy similarly to verify that

D (SSi6) (2) =£(2).

k€EZ, 11

As a result, we then have a representation of O, 1.

5 Multiresolution analysis

We study now a particular case of a construction of a multiresolution. We then
see how to construct a representation of the Cuntz algebra. It is interesting to
see that for the corresponding representation so constructed we get a g-number
related to the modulus of a Markov trace [27] for compact quantum groups of
type B.[29)

Let us consider

Vo = closed span { [h (q”C — z) —h (q’”l — z)} }kez ,0<g<1
Consider the step function given by

e (z,q) = [h(¢" — 2) —h (" = 2)]. (35)

17



Set

and define the scaling
Uf(2) = w+1) "t f(w+1)7"2) € L2(Cowy)

Assume U<p(uk) € Vp, then

Ul (z,0) = Y ax [n(¢" = 2) = h(¢"T" = 2)] .
k

It follows

b 0y S ko2 \_ L
U, (2:4) Xk:k[h<q (1/4—1)]) h<q (V+1)j>]

Let V; = U’Vp, so that if f € V;, U7f € Vy. The set {cpl(,k)}k , s an
€

orthonormal set in L? (C). In fact

. fi ! if ¢*T1 < 2] < ¢,
h(g" —2) —h(¢" —2) = { 0 otherwise,

are defined for ¢**! < |z| < ¢* in the annulus of r = ¢**!, R = ¢*. It follows

that the set (35) {gpf,k) (Z’Q)}k ” is orthogonal in L? (C) since the functions
€

cpf,k) have disjoint support. Actually the set is orthogonal in L2 (T) since for
k — oo, we have ¢¥ — 0, and for k — 0, we have ¢* — 1. Let

£(z) = Z ak [h (q”C —z)—h (q””rl - 2)]. (36)

k

By applying the ¢-Hankel transform & — £ to both sides of (36) we get then
§(t)=> arHE[(h(¢* —2) —h (¢FT = 2)) 1],
)
which implies
S 1
¢(t) = Hg <—;t> X
z

[Z ax (qk(y+1)Ju+1 (1 —q)tg";q) — ¢* VDT 1y (1 - g) tg" q))]
k

= [Z akq’“(”“)] [T (1 =) g% q) — " Tosa (1= @) tg" 5 q)]
k

1
xH{ (—;t> .
z

18



Using the Plancherel theorem for g-Hankel transforms and orthogonality of

{(p,(,k)} as before, since we have
kEeZ

1 1
Sro=1= —/ tdt,
1—qJ,

the left-hand side becomes then

0 = [ S m (e o) n (a2 0)

4 |jez

1

q e nJ
x Hy((h(1—2)=h(q¢"—2);¢s)) T g |8

dgs,

so that almost everywhere with respect to dg,

S HL((h (" —2) = h (@ = 2):s))

JEZ

. 1
x Hi((h(1—2)=h(¢" —2);47s)) = [P
Now we have by using the above
> a7 HL((h(q" = 2) = h(d"! = 2)5¢t))
JEZ
. ) 1 N\/I?
« A=)~ h @ =200 = 3 |mo (ig?) ‘Hg <—;th)
jez o
Hence we have:
(2 1 AP 1
Z ‘mo (tqj)‘ ‘Hg (;?tqj) T 1= PRIV

je€z
By a similar argument as above we get the special property for the function

mo:
_ 1
> [mo (1g7)[* ‘HS‘ (;;tfﬂ)

jEZ

2 1

= T (37)

Observe that in this case since ¢ < |t| < 1 and then from q < ¢! =7 < |t| ¢~/ <
q~7 <1 we have |t| < ¢ <1 and then

log |¢|

j< 80
logq
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For |t| = ¢, j = 1 and for |[¢| = 1, j = 0. Hence the sum in (37) reduces to a finite
sum, by using a similar argument as for the Haar wavelet multiresolution.[1] For
a scale v+ 1, v € N we thus have

d ) 1 .
>~ o (o) (L0
=0

In this case we should note that ‘Ho (%, tqj) |2 = ¢~2%. Thus it follows:

: 1

T 1 q2(v+1) :

Lo . 1
Zoq 2j |mo (tqj)‘ :71—q2(”+1)'
iz

Set d, = Tl(uﬂ); then d ! > izo q % |mg (tqj)|2 =1.

With the function mg given choose my,...,m, in L? (T,,v,) such that
i _Qjm (t j)m/(t ]):5 /; (38)
‘Oq r (tq”) my (tg ! T A
j=

Define the functions 1, s, ..., %, by the formula:
q (40Gm) . _ g1
H (09 (2)58 (v +1)) = me (1) H ~it). (39)

Concretely the functions in (39) are ng’m) (z) = ((V—l— )"z — qj).
Then using (38) and (39) it follows that

{wrnFuem e}

is an orthogonal basis for the space V_; N V5" and then by iii) and iv) they form
an orthogonal basis for L? (C, v,).

Now reformulating (38), the orthonormality of {(z/ + 1)% ™ (z)} s
Jm
equivalent to the following matrix M (t) with entries,

Vpomo (o0 (t))  /prmo (o1 (1)) .. /pumo (0w (1))
1 vooma (oo (t)  y/pima (o1 (8) ... /puma (o) (1))
dg (v +1) : : - :
/POy (o0 (t)) VPIMY (o1 (1)) ... \VPr My (0w (1))
being unitary, where p; = ¢=%.

The class of representations of the algebra O, 1 associated to the above
multiresolution construction is given as in the previous cases in terms of the
functions m; and of the maps ;. The representations are realized on the Hilbert
space H = L? (C,v,), where as before dv, (z) = 2 d,z. A similar construction
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works for the case ¢ = 1 where we use classical Bessel functions and the usual
Hankel transform.

Define the representation of the Cuntz algebra in terms of certain maps
(analogous to (33)):

%

0,10 — Q, 0i(2) =00(2)q",

where
oo (Z)VJrl =z,

such that pg (0; (2) Noj () = 0 for ¢ # j. Hence, the system (13) here will be
the N-sheeted Riemann surface of ¥/z. Also for L? (C,dv,)

Lr@ane =3 o [ 106 du o), (40)

T€Zy+1

which is the analogue of (28). In fact, g (0, (E)) = prpig (E) with p; = ¢~ %,
for Borel sets ¥ C C.
The representation takes the following form on L? (C,v,):

(Sk€) (2) = mu (2) € (2"11),

where the functions m; are obtained from the above multiresolution construc-
tion. By using (40) we have

(516 ()= 3 dy" o, (o, ()€ (0 (2).
r€Zy 1
Thus:
(SiSk€) () = > dgtprmy (o, (2))mu (0 (2)) € (00, (2))
r€Zy 41
= Opwé(2),

by the unitarity of the matrix M (z). It is easy to verify that

D> (SkSkE) (2) =& (2).

k€Z, 41

We then have a representation of O, 1. The interesting feature in this case
is the fact that the g-number

1 _ 1
1_q2u+2_1_q2

v+1]z

appearing in the orthogonality relations is exactly a multiple of the modulus of
the Markov trace[27] associated to the compact quantum group of type B.
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Then we can perform a Fourier-type analysis over the cyclic group 7,11

introducing
1 ! y
150 = (o) X wm

wiwvtl=zx
and the inverse transform

v

mi(2) = &0 Aiy (2.

Jj=0

6 Tight Frames, deformed Tight Frames and rep-
resentations of O,

In this section we construct tight frames giving rise to certain representations
of the Cuntz algebra.

The representations we will consider are realized on a Hilbert space H =
L? (9, ) where Q is a measure space and y is a probability measure on (.

A frame is a set of non-independent vectors which can be used to construct
an explicit and complete expansion for every vector in the space. Thus we have
the following definition:

Definition 6 A family of functions {tpj}jeJ in a Hilbert space H is called a
frame if there exist 0 < A < 00, 0 < B < 00 so that for all f in H we have:

ANFIZ < DK Lol < BIFIP.

Jje€J

We call A and B the frame bounds. If the two frame bounds are equal then
as in Ref. [1] the frame will be called a tight frame. Thus in a tight frame we

have, for all f € H,
2 2
DoUF el = Al
JjeJ
where (f | ;) are the Fourier coefficients.

We construct tight frames but instead of a Fourier transform we use the
Hankel transform ( defined in the previous sections). We will see that the
construction will then extend to a g-deformed tight frame.

Let us start with functions mg,mq,...,m,: T — C such that the following
v+ 1x v+ 1 matrix

mo (o0 (t))  mo (o1 (2)) mo (o (1))
1 my (oo (t)) ma (o1 (1)) my (o (1))

M{(e) = v+1 :
my (o0 (t)) my (01 (t)) my, (o, (1))
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is unitary for almost all z € T. Assume that mgo (0) = 1 and that the following
infinite product:

Hy (¢ (2) 1) = ﬁmo (w+1e)
=1

converges pointwise almost everywhere. By Ref. [1] it follows from the condition

3" [mo (1) = 1

that Hy, (¢ (2);t) € L?(T), and that |||, < 1. Let us now define ¢y, 2, ..., %,
by the formula:

Hies (60 ()5 (v + 1)) = m, (¢) Ho (1t) |

Then we have that the system

{wom @y

is not an orthogonal set with respect to Lebesgue measure on R, so

GO

is not an orthogonal basis for L? (R), but only a tight frame in the sense that

> (s | som @) = st

m,7,T

for all f € L2 (R).
Let us specialize to the following case on the space L? (T,u) with du (z) =
27 dz:

mo(z) = Z biJi(z) and m, (05 (2)) = Z . (Zem‘j)
keZ ez
where 0; (2) = 0¢ (2) e

The unitarity of the matrix M (z) implies the following conditions:
1. For the diagonal entries we have:

v v

S fme (ze™) [ = 30 bibidir(2) T ()™ B0,

r=0 r=0 k,l
Since we have the following:

/ Z Imo (0 (2))] dp(2) =1 = 1 du (2),

z|=1 " 2mi |z]=1
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for k = [ the Residue Theorem gives the following:

2 1
1=(y+1)2k:|bk| 2

2. For the off-diagonal entries, i.e., for k' # I’ we have:
Z m (te™") my (te™r) = 0;
r=0
then we get Zk/’l/ bi ¢y = 0 and then ), b Cryp = 0, ' = n+Fk', by using the

“multiplicative periodicity” of the Bessel functions with respect to the argument.
Define now 1, s, ..., %, such that

(v + 1)% Hivj (r ((2)5(v+1)t)) =my (t) Ho <%;t) . (41)

( such 1 exist by the above wavelet construction). Then the { Gm) (z)}
jsm
are not orthogonal in L? (R) but they satisfy:

> (s )| = e

m,j,r

for all f € L? (R). This follows as in Ref. [1], Prop. 6.2.3, from the unitarity of
the matrix of the (mi;), ; = (mi (0} (2))), ; and from the formula (41). It then

follows that the set { Gm) (z)} ~ is a tight frame.

Let us look at the case of the deformed representations of the algebra O, 1.
See Ref. [30] for a class of deformed representations of the Cuntz algebra related
to the Jackson g-Bessel functions. We consider the space L? (T,v) as before,

where we take the measure given by
dv (z) = 27 dz,

and using the g-Bessel functions previously defined instead of classical Bessel
functions.
Define the operators S, on L? (T, du) by:

(Sk€) (2) = mu (2) € (2"11),

where

mo(z) =Y brJi(ziq)

kEZ

and

my (0; (2)) = Z b Jrir (2673 9) -

kEZ
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Hence we have:

(S:) ()= Y prmu (00 (2))€ (04 (2)) -

r€Zy 41

Thus:
(SiSw&) (z) = > pemu (o (2))mus (0 (2)) € (00, (2))

TE€EZy+1
= Ogwé(2)
by using the unitarity of the matrix M (z).

7 Markov chains and representations of Oy and
SO,(N)

Let (Q, F, P) be a given probability space and let S = Zx be the finite set
0,1,...N. An S-valued sequence of random variables &,, n € N is called an
S-valued Markov chain if for every n € N and all s € S we have:

P(§n+1 =S | &0, - fn) = P(§n+1 =S | gn) (42)

where P(&,41 = s | &o,...&n) denotes the conditional probability of the event
(&, = s) with respect to the random variable &, and respectively to the field
generated by the &, which we denote by ¢(&,,). Similarly, P({,41 = s | &o,---&n)
is the conditional probability of &,11 = s with respect to o(&p,...&,), the o-
field generated by &, . . . &, Formula (42)is the Markov property of the chain &,,,
n € N. The set S is called the state space and the elements of S are called
the states. We construct a model associated to representations of the Cuntz
algebra Oy which is a Markov chain. The transition probabilities depend on
a parameter 0 < ¢ < 1. The Markov chain P gives rise to a random walk on
the quantum group SO4(IN). Let us start by constructing the Markov chain we
are interested in. Denote by M := {¢,} the following process where the &, are
random variables with state space S = Zy =0,..., N. We define the following
transition probabilities:

p(rls) =P =r7[ =s) (43)

as in the following transition matrix:

The matrix P is doubly stochastic since

Y op(rls) =1

ses
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and

> p(r]s) =1

resS

The Markov property is clearly satisfied by construction. The transition
probabilities can be written as

os(r)

p(rls)=gq

where o5(r) =N +7r—s+ 1 mod N

8 Iterated subdivisions and projection valued
measures

Let us consider the family of representations of the Cuntz algebra Oy where
N = v + 1 previously constructed. A given representation of Oy restricted to
its canonical maximal abelian subalgebra C'(X) for X a Gelfand space induces
naturally a projection-valued measure on X. The isometries generating Oy
provide subdivisions of the Hilbert space H in view of

S:S; = b1

and

N
D 8is;=1.
=0

In particular for every k € N the subspaces :
H(ay,as2,...,a5) = Sa;Say - - Sa, H (44)

are mutually orthogonal and

> H(ay,as,...,a) = H (45)

01,12,y 0k

If f€ H and ||f|| =1 then

pr() =< f,EQ)f >=[EO] (46)

is a probability measure on the unit interval [0,1]. We want to specialize
E(.) to our case and compute this measure which turns out to be related
to the Markov chain constructed before. Let us observe that the index la-
bels (a1, as,...,ar) are used to assign N-adic partitions (e.g. the intervals
[%—F...—F%,%—F—i—...—&—%—i—ﬁ}), then we have the mapping

(a1,...,a) = H(ar,a2,...,ax) (47)
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where the (a1,az,...,ax) € {(0,1,...,N)} and the length of the interval is .
These partitions are a special case of endomorphisms

c: X —-X (48)

where X is a compact Hausdorff space and o is continuous and onto. Then
for every x € X we have that card(c~!(z)) = {x € X/o(y) =z} = N. There
exists branches of the inverse, i.e. maps

00y, 0nN_1: X =X (49)

such that
go0g; = ]-X (50)

for each 0 < i < N the above intervals written in terms of the maps are:

T L B R
TINTNMe T T NR N TN T T NE TN

= 04, 00qy ...00q, (X)

Ik (Cl)

The system o, = 04, 004, ...00,, forms a set of branches for ocf=cgoo...00.
and is called an N- adic systems of partitions of X. Thus for every k € Z
{Jk (a)} is a partition indexed by a € T'%, : Ty x Ty x ... x I'y. On the other
hand, given an Hilbert space H, a partition of projections in H is a system
P(i);c; of projections, i.e. P(i) = P(i)" = P(i)? such that

P(i)P(j) =0

if i # 7 and

> P(i)=1g

iel
Let N € N, N > 2. Suppose that for every k& € N, there is a partition of
projections Pk(a)aerlfV such that every Ppi1(a) is contained in some Pji1(b)
ie. Py(b)Piy1(a) = Pryi(a) then Pk(a)aerflcV
lg. By Lemma 3.5 [28] given an N-adic system of projections of X and
Py(a) reZ, acrk an N adic system of projections there is a unique normal-

’ N

is a system of partitions of

ized orthogonal projection-valued measure F(.) defined on the Borel subsets of
X with values in the orthogonal projections of H such that E(Jxa) = Pyk(a)
for every k € Zy, a € TX. Let S; be a representation of Oy on H and let
a = (a1,as,...,a;) € I'% and S, = Say) -+ - S(ay) then Py(a) = S(G)Sa). As-
suming then unitarity condition on the filters m; we get

wi (In(a) = |E(Lu(@))]* = [S(a)Stay- f|*
2
=< 1, S@Sinf >= St /|

2
:Z‘<€m5&)f>’ =" |< Swen. [ >°

27



Using Plancherel theorem for Hankel transforms for a = a; we get that

_ 9 o\ 1
pr (@) = 3 |< HUo(2), a'tN,  >[* = (IN]2) (51)
jelin
Choosing 2j = N —r — s+ 1 mod N we get that < S, en, f > gives transition
probabilities of the Markov chain constructed in the previous section.

9 DMarkov trace and representations of the braid
group B

Let F be a category whose objects we denote by p, o, 7, .... The set of arrows
between a pair p, o of objects will be denoted by (p, o) and the identity of p by
1,. ABWM symmetry is a linear operator G' on p® p satisfying the Yang-Baxter
equation

G1G2G1 = G2G1Go,

and the following BWM condition: let E=1— (¢ — ¢ )"}(G — G7!). Then
EG=p'E, EGE = pE, EG 'E=p'E,
where p,q € C—{0} (to be specified later) and G satisfy the cubic equation
(G=a)(G+q )G —ph)=0.
Then E is a complex multiple of a projection:
E*=(1+@p-p Yg—q ") HE

In particular for our purpose let us consider (F, G) a braided tensor C*-category
associate to the quantum group SO(N) [29]. Let g € B be an element of the
infinite braid group and let p = p(g) be its associated permutation written as
a product of disjoint cycles of length ki, ..., ky with k1 + ko + ... 4+ kp = n.
Denote by 6 the braiding in the category. Then

W™ (07(9)) = ™0 (g) = dy(p) ™ (9 (0 (p,0)) @ 1pn1)"  (52)

where (T) =C*®@1,n-101,@T 0 C® 1,01, (dy(p) = C* o C, C € (i, pp) and
C € (i,pp) are intertwiners. For our purpose we let (F,G) be a braided tensor
C*-category associate to the quantum group SO(N) [29] generated by a single
object p = H and having conjugate 5. By w(™ we denote the Markov trace for
the BWM symmetries which has modulus ¢®™ (d,(p)(=") where (d,(p) is the
quantum dimension.

For the quantum SO(N) (see [29]), N = 2m + 1, the operator G has the
form

G = Z(qem ® e+ q_lei,_i ® 6_1',1') + €e0,0 ® eg,0 + Z €;,; Qej;
i#0 i#]
_ i+
+(g—q 1)(Zei,i®€j,j —Zq = €ij ®e—i,—j)- (53)
1<J j<t
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Here {e; ;} is the N x N matrix with 1 in the (7,j) position and 0 elsewhere;
G acts on a finite-dimensional Hilbert space H with basis indexed by I =
{-2m+1,-2m +3,... = 3,-1,0,1,3,...,2m — 1}. The element £ =1 — (¢ —
¢ HYG — G71) has the form

itj
E=) q7Feij@e i
0,J
Then it is easy to see that E? = zE, x = > q.
By [29]

(i) There exists a faithful Markov trace w given by a left inverse via a con-
2m

jugate C € (i,pp) such that w(G) = ;q(p) and E = C o C* such that
E=(q-q¢ ) (G-G).

(i) There exists T, € (C, p?), a group-like element, and non-degenerate map-
ping given by ;A =AY, e; @ J~te;, where J = (¢7/26;3), j = N +1—j.
Furthermore there exists an antisymmetric tensor €;, iy : C — H N
which gives a non-degenerate form.

Thus we construct a random walk on SO4(N) induced from the Markov
chain as follows: choose 2m = N +j —i+ 1 mod N and dy(p) = [N]z)
presented in section 7. Thus

w(G) = =p(j,19) (54)

Thus the transition probabilities p(j, 7) of the Markov chain give rise to a Markov
trace on SO4(N) with N =2m +1
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