Geometry of right exact ’spaces’.

Alexander Rosenberg

Introduction

There are two parts of noncommutative algebraic geometry — pseudo-geometry and
geometry. Pseudo-geometry stretches our language identifying (different types of) cate-
gories, or algebras, or sheaves of sets on certain (pre)sites with ’spaces’; and geometry
tries to associate with these ’spaces’ some geometric spaces which are topological spaces
with additional structures. In the commutative case, the additional sturcture is a structure
sheaf — a sheaf of rings whose stalks at points are local rings.

The main conceptual achievement of the geometric part of non-commutative algebraic
geometry was the discovery (in the middle of eighties) of the spectrum Spec(—) of 'spaces’
represented by abelian categories. Thanks to remarkable properties of this spectrum, a
‘'space’ X represented by a svelte abelian category Cx is naturally realized as a stack of
categories on the topological space Spec(X) whose fibers at points are “local categories”,
which is a non-commutative analog of a locally ringed topological space [R5]. If Cx is
the category of quasi-coherent sheaves on a quasi-compact quasi-separated commutative
scheme, then the spectrum Spec(X) is homeomorphic to the underlying space of the
scheme and the scheme itself can be reconstructed uniquely up to isomorphism from the
geometric realization of the ’space’ X (hence from the category C'x). This spectrum is
also used for the reconstruction of non-quasi-compact commutative schemes [R4].

On the other hand, the key notions of noncommutative algebraic geometry, like
schemes, smooth morphisms etc. are naturally defined in the context of arbitrary cate-
gories, without any abelian or even additivity hypothesis [R2], [R3], [KR2|. Several spectra
of (’spaces’ represented by) arbitrary categories were found some time ago [R8]. But, none
of them turns into the spectrum Spec(X) when Cx is an arbitrary abelian category.

In this work, we extend the spectrum Spec(X) to ’spaces’ represented by svelte
right exact categories with weak equivalences. We call them right exact ’spaces’ with weak
equivalences, or, simply, right exact ’spaces’. By definition, a right exact category with
weak equivalences is a triple (Cx, €x, Wx), where Cx is a category, €x is a class of strict
epimorphisms which forms a pretopology on C'x and Wy is a subpretopology of €x. In
other words, the class €x and its subclass Wx contain all isomorphisms of C'x and are
closed under composition and pull-backs. Every exact category (in particular, any abelian
category) is identified with a right exact category with trivial (that is consisting only of
isomorphisms) class of weak equivalences, whose deflations are admissible epimorphisms.
Right exact categories with the trivial class of weak equivalences came into life as a (half
of the) base for a version of homological algebra developed in [R9] (and outlined in [R11}).

One of the motivations behind choosing right exact 'spaces’ as a setting for spectral
theory comes from fact that they form a natural (although not the most general) domain for
K-theory. Grothendieck introduced K-theory for studying cycles on commutative schemes.
Having K-groups of right exact ’spaces’ already defined [R9], [R11], the next question is
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what are cycles in this case. Other motivations are of a more pragmatical nature. Abelian
categories are too restrictive even for commutative algebraic geometry. Already extending
the spectral picture to ’spaces’ represented by exact categories (which are a special case of
right exact categories) considerably increases the area of potential applications, because,
for instance, the category of Banach vector spaces has a natural exact stucture. This exact
structure is the finest right exact sturcture which exists on any category.

Some important fragments of spectral theory of ’spaces’ represented by abelian cate-
gories [R5] served as a guide for this work. This spectral theory is based on the notions
of topologizing, thick and Serre subcategories and their basic properties. A starting ob-
servation was that a subcategory of an abelian category can be replaced by the class of
epimorphisms whose kernels are objects of this subcategory. So that the idea was to
describe classes of epimorphisms corresponding to topologizing, thick and Serre subcat-
egories, and then use this description for right exact categories. The realization of this
program turned out to be way more subtle than it looked in the beginning.

The paper is organized as follows. We start, in Section 1, with preliminaries (borrowed
from [R11]) on kernels of arrows in categories with initial objects and then continue with
right exact categories with weak equivalences. An important for this work new notion
which appears here is that of stable class of deflations. In Section 2, we introduce topolo-
gizing, thick and Serre systems of deflations and establish their main properties which in
abelian case turn into the known properties of respectively topologizing, thick and Serre
subcategories [R, Ch.3]. In Section 3, we define the spectra of a right exact ’space’ (X, €x)
with weak equivalences related with topologizing, thick and Serre systems of deflations. In
particular, we define the spectrum Spec,(X, €x) which, in the case of abelian category
C'x with the standard exact structure, is naturally isomorphic to the spectrum Spec(X).

In Section 4, we sketch an alternative version of spectral theory based on the notions
of semitopologizing and strongly closed (— a replacement of Serre) systems. This theory re-
quires less conditions on the right exact categories and, therefore, is much more universal.
In general, the spectra of ’spaces’ differ from those defined in Section 3. Both spectral the-
ories coincide in the abelian case. In Section 5, we introduce strongly ’exact’ functor and,
in particular, strongly ’exact’ localizations, and establish their basic properties. In Section
6, we study functorial properties of the spectra with respect to strongly ’exact’ localiza-
tions. We establish the so called locality theorems for the spectrum Spec,(X, €x) and its
semitopological analog Spec,,(X, €x), which is one of the most important properties of
these spectra. In Section 7, the main notions and facts of the work are specialized for right
exact categories with initial objects. In pariticular, we obtain a spectral theory of ’spaces’
represented by exact categories and, in the abelian case, recover main constructions and
facts of [R5]. We conclude with a couple of examples of illustrative nature.

Appendix 1 contains some useful complementary facts about kernels of morphisms.

In Appendix 2, we remind, for the reader convenience, the main notions of spectral
theory in the abelian case. It might be useful to look into this appendix prior to the
reading the main bulk of this work, that is before starting Section 2.

This text was written at the Max Planck Institut fiir Mathematik in Bonn in 2008. I
am grateful to the Institute for hospitality and excellent working conditions.
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1. Preliminaries.
1. Kernels of arrows.

Let C'x be a category with an initial object, x. For a morphism M I N we define
the kernel of f as the upper horizontal arrow in a cartesian square

Ker(f) ——
f’l cart l f
T —— N

when the latter exists.
Cokernels of morphisms are defined dually, via a cocartesian square

(f)

N —— Cok(f)
f T cocart T 1!
M — oy

where y is a final object of Cx.

If C'x is a pointed category (i.e. its initial objects are final), then the notion of the

§(J) !
kernel is equivalent to the usual one: the diagram Ker(f) —— M

0

N is exact.

f
; (f)
Dually, the cokernel of f makes the diagram M N =, Cok(f) exact.

0

1.1. Lemma. Let C'x be a category with an initial object x.

(a) Let a morphism M JoN of Cx have a kernel. The canonical morphism

e(f) .
Ker(f) —— M is a monomorphism, if the unique arrow x N, N is a monomorphism.

(b) If M S Nisa monomorphism, then x —% M is the kernel of f.
Proof. The pull-backs of monomorphisms are monomorphisms. =

1.2. Corollary. Let Cx be a category with an initial object x. The following condi-

tions are equivalent:

e(f)
(a) If M L, N has a kernel, then the canonical arrow Ker(f) —— M is a

monomorphism.

(b) The unique arrow x MM s a monomorphism for any M € ObCx.

Proof. (a) = (b), because, by 1.1(b), the unique morphism x M, A is the kernel of
the identical morphism M — M. The implication (b) = (a) follows from 1.1(a). m

1.3. Note. The converse assertion is not true in general: a morphism might have
a trivial kernel without being a monomorphism. It is easy to produce an example in the
category of pointed sets.



1.4. Examples.

1.4.1. Kernels of morphisms of unital k-algebras. Let C'x be the category Algy
of associative unital k-algebras. The category C'x has an initial object — the k-algebra k.
For any k-algebra morphism A —, B, we have a commutative square

A ——— B

ey) | |

()
kD K(QO) —_—

where K () denote the kernel of the morphism ¢ in the category of non-unital k-algebras
and the morphism €(p) is determined by the inclusion K(p) — A and the k-algebra
structure K — A. This square is cartesian. In fact, if

A 2. B
d |
c 2k

is a commutative square of k-algebra morphisms, then C' is an augmented algebra: C' =
k@ K (). Since the restriction of @ oy to K(v) is zero, it factors uniquely through K ().

Therefore, there is a unique k-algebra morphism C = k & K (v) 2, Ker(p) =k & K(p)
such that v = €(¢) o 8 and ¢ = €(p) o B.

This shows that each (unital) k-algebra morphism A —~ B has a canonical kernel
Ker(p) equal to the augmented k-algebra corresponding to the ideal K (¢p).

()
It follows from the description of the kernel Ker(y) —— A that it is a monomor-
phism iff the k-algebra structure kK — A is a monomorphism.

Notice that cokernels of morphisms are not defined in Algg, because this category
does not have final objects.

1.4.2. Kernels and cokernels of maps of sets. Since the only initial object of the
category Sets is the empty set () and there are no morphisms from a non-empty set to (), the

kernel of any map X — Y is ) — X. The cokernel of a map X 4, Y is the projection

)]
y Y/f(X), where Y/f(X) is the set obtained from Y by the contraction of f(X)

into a point. So that ¢(f) is an isomorphism iff either X = (), or f(X) is a one-point set.

1.4.3. Presheaves of sets. Let Cx be a svelte category and C% the category of
non-trivial presheaves of sets on C'x (that is we exclude the trivial presheaf which assigns
to every object of Cx the empty set). The category C'% has a final object which is the
constant presheaf with values in a one-element set. If C'x has a final object, y, then
y = Cx(—,y) 1is a final object of the category C%. Since C% has small colimits, it has
cokernels of arbitrary morphisms which are computed object-wise, that is using 1.4.2.
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If the category C'x has an initial object, x, then the presheaf T = Cx(—,x) is an
initial object of the category C%. In this case, the category C% has kernels of all its

morphisms (because C% has limits) and the Yoneda functor Cx b, C% preserves kernels.
Notice that the initial object of C% is not isomorphic to its final object unless the
category C'x is pointed, i.e. initial objects of C'x are its final objects.

1.5. Some properties of kernels. See Appendix 1.

1.6. A construction. For a class of arrows S of a category C'x, we denote by S*
the class of all arrows s of C'x such that some pull-back of s belongs to S.

1.6.1. Proposition. Fiz a category Cx.
(a) U 7" = ( U ’]})A for any set {7; | i € T} of classes of arrows of Cx.
(ISVE ieJ
(b) SCS" and S" = (S™)" for any class of arrows S of the category Cx.
(¢) Suppose that the category Cx 1is filtered in the sense that any diagram of the form
L — M «— N in the category Cx can be completed to a commutative square

L —— L

| |

N ——— M

(for instance, Cx is a category with fibred products, or Cx has initial objects).

(i) Let S be a class of arrows of Cx stable under arbitrary pull-backs. Then the class
S” is stable under pull-backs.

(ii) Suppose that S is stable under pull-backs and satisfies the following condition:

(#) If in the commutative diagram

with cartesian square toj = idy and morphisms t and s belong to S, then tos € S.
Then the class S* is multiplicative (that is closed under composition).
Proof. (a)&(b). The equality U ’Zf = ( U ’Z})K, the inclusion S € 8" and the
- o ieJ ieJ
equality S" = (S8")" are obvious.
(i) Let L —— M be a morphism of S* and

5
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f’l cart lf
L — M
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a cartesian square. Since s € S”, there exists a cartesian square

£
qb’l cart lqb
L —— M

with t € §. By condition, there exists a commutative square

—~

mLM
7| |7
m o M

Set ¢ =fo 5 = ¢ of and consider the cartesian square

g —— m
(’Oll cart l ® (1)
L —— M

g . om ¢ . om
@ l cart lqz_ﬁ l cart l !

L LN M and Y . m (2)
§ l cart l f l cart l

L — M L — M

Since the class § is stable under pull-backs and £ o belongs to S, 1t follows from the
upper cartesian square of the right diagram (2) that the morphism c-m belongs to S.

The upper cartesian square of the left diagram (2) shows that the pull-back L 25 M of
the morphism L —— M belongs to the class S".

(ii) Let L = M and M —Y5 N be morphisns of S”; i.e. there exist cartesian squares

_ s — t

L N M M — N

f l cart lf and g l cart lg
t

L — M M —— N

whose upper horizontal arrows belong to S. By hypothesis, there exists a commutative
square

f

m — M
AT
Mo M
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which gives rise to a pair of diagrams

m —— M g —— M
@ l cart l g’ o’ l cart l ®

I — M and M LN N (3)
f/ l cart l f g l cart l g

L — M M —— N

with cartesian squares, where ¢ = to f. The latter equality implies the existence of a
unique arrow M —— M such that v oj = idoy.
Notice that in the diagram

M —— m

jl cart lj

g . e .o (4)
&l cart J¢ cart lw:gow

L — M — N

built of cartesian squares, we can take M = 9 and 1 = 3.

In fact, it follows from the equality ¢ oj = §o ¢”, universal property of cartesian
squares (and the fact that composition of cartesian squares is a cartesian square) that the
cartesian square

u
e

m
$oj cart lqﬁoj
M

~ <X

is isomorphic to the cartesian square
m
0@ l cart l fog”
L — M

In particular, M —— 9 is an arrow of S. Applying the condition (#) to the subdiagram

M — m
]Tlcartlj
e e 1 om
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ou

~ v
of the diagram (3), we obtain that the composition £ —— 91 belongs to S. Since the
square

[UREEARENY))
gEJ( cart llﬁ

tos
L ——

(derived from the lower two squares of (3)) is cartesian, this means that tos € S*. m

1.6.2. Remarks. (a) It follows that a class of arrows S satisfying the condition (#)
of 1.6.1 is multiplicative, that is closed under composition.

(b) It follows from the argument of 1.6.1(ii) that it suffices to require in the condition
(#) that the object IC runs through a cofinal class of objects R The word cofinal means
that for any M € ObC'x, there is an arrow X — M with K € R.

Thus, if Cx is a category with an initial object, g, then the condition (#) of 1.6.1 can
be replaced by the following condition:

(#) If a morphism £ — M is such that canonical arrow Ker(s) — ¢ belongs to S
and M — r is from S, then the composition M fos, ¢ is a morphism of S.
Notice that if S is a class of arrows of C'x stable under pull-backs along morphisms

from initial objects (in particular, morphisms of S have kernels), then the class S* consists

of all arrows M — £ such that the canonical morphism Ker(s) — r (- the pull-back
of s along the unique arrow r — L) belongs to S.
(c) Let 8 be a cofinal class of objects of the category C'x. Suppose that a functor

Cx £, Cy is such that pull-backs of retracts K — M from
Sr ¥ (s € HomCx | F(s) € Iso(Cy)}

with K € R along arrows from E; belong to X p. Then the system X satisfies the
condition (#).
In fact, if the condition above holds and

is a commutative diagram with cartesian square such that t oj = idys and morphisms t
and s belong to X, then j is a retract from Yz and, therefore, both vertical arrows and
upper horizontal arrow of the diagram



are invertible. Therefore F'(s) is invertible, i.e. s € ¥p. In particular, tos € Xp.

(¢’) Suppose that the category C'x has an initial object ¢ and a functor Cx £, Cy
preserves pull-backs along the morphisms from y (for instance, C'y has initial objects too
and F' preserves kernels of arrows). Then the system X satisfies the condition (#’) above.

If the categories C'x, Cy and the functor F' are additive and all morphisms of Cx
have kernels, then

[F preserves pull-backs of retracts] < [F' preserves kernels| < [F' is left exact].

1.6.3. Morphisms with a trivial kernel. Let I'so(Cx) denote the class of all iso-
morphisms of a category Cx. We call elements of Iso(Cx )" morphisms with trivial kernel.
It follows from the observation 1.6.2(b) that if C'y is a category with initial objects, then
Is0(Cx)" = {s € HomCx | Ker(s) is an initial object}. If the category Cx is additive,
then the class Iso(Cx)" coincides with the class of all monomorphisms of the category
Cx. There are many non-additive categories having this property. One of them is the
category Algy of unital associative k-algebras (see 1.4.1).

1.7. Proposition. Suppose that Cx is a filtered category, i.e. any diagram of the
form L — M «— N in the category Cx can be completed to a commutative square (say,

Cx has initial objects). Then )
(s =Ns!

icJ icJ
for any finite set {S; | i € J} of classes of arrows of Cx which are stable under pull-backs.

Proof. Evidently, (ﬂ Si)" C ﬂ SZ-R for any set {S; | i € J} of classes of arrows of
icJ icJ

the category C'x. The claim is that the inverse inclusion holds when J is finite and each
S; is stable under pull-backs. B

In fact, let J = {1,2,...,n}, and let s € ﬂ S?. Then a pull-back, s1, of s belongs

e
to S1. Since, by 1.6.1, each of the classes S;' is closed under pull-backs. So that s; is an
element of & N ( ﬂ S]'). By a standard induction argument, ( ﬂ = ﬂ S
2<i<n 2<i<n icJ
Therefore, there is a pull-back, §; of §; which belongs to m S;. By hypothesis, &
2<i<n

is stable under pull-backs, in particular, §; € ﬂ S;. Since s is a pull-back of s, this

1<i<n
proves the desired inverse inclusion (ﬂ Si)" 2 ﬂ S m
ieJ ieJ

1.8. The dual construction. For a class S of arrows of a category Cx, we denote
by S¥ the class of all arrows s of C'x such that some push-forward of s belongs to S. The
dual versions of the facts above are left to the reader.

We shall call the arrows of Iso(C'x)* morphisms with trivial cokernel. Tt the category
Cx is additive, I'so(Cx)* coincides with the class of all epimorphisms of Cx (see 1.6.3).
In this case, the intersection Iso(Cx )" N Iso(Cx)* consists of all bimorphisms of Cx.
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1.9. Right exact ’spaces’ with weak equivalences.

Right exact categories and ’spaces’ (they represent) were introduced in [R9]. Here we
need a slightly more flexible structure — right exact categories with weak equivalences.

1.9.1. Right exact categories and ’exact’ functors. A right exact category is
a pair (Cx, €x), where Cx is a category and €x is a Grothendieck pretopology on Cx
whose covers are strict epimorphisms called (after P. Gabriel) deflations.

1.9.2. Right exact categories and ’spaces’ with weak equivalences. We call
this way triples (Cx, €x,Wx), where (Cx, €x) is a right exact category and (Cx, Wx)
is an exact subcategory of (Cx,€x) (i.e. Wx is a subpretopology of €x). We call arrows
of Wx weak equivalences. For convenience, we denote the pair (€x, Wx) by €x and write
(Cx, €x) instead of (Cx,&x, Wx). An ’exact’ functor from (Cx, €x) to (Cy, €y) is an

F
‘exact’ functor (Cx, €x) —— (Cy, €y ) such that F(Wx) C Wy.

1.9.3. Examples. Fix a right exact category (Cx,€x).

(a) The smallest class of weak equivalences is Wx = Iso(Cx) — the class of all iso-
morphisms of the category Cx.

(b) An example essential for this work is

Wy = 2 ¥ Iso(Cx)" N €x.

In other words, the class Wx consists of deflations with trivial kernels (see 1.6.3). If
the category Cy is additive, then, as it is observed in 1.6.3, the class Iso(Cx)" consists
of all monomorphisms of Cx. Since deflations are strict epimorphisms, it follows that
¢ =17 so(Cx); i.e. weak equivalences are isomorphisms in this case. There are many
natural examples of non-additive categories having this property.

(c) One of them is the category Algy of unital associative k-algebras with strict epi-
morphisms as deflations. In fact, a k-algebra morphism has a trivial kernel iff its kernel as
a k-module morphism is trivial (see 1.4.1). So that algebra morphisms with trivial kernels
are monomorphisms.

1.10. Stable classes of deflations. Fix a right exact category (Cx, €x). We call a
class of deflations S of (Cx, €x) stable if it is closed under pull-backs and S = €x NS”.

1.10.1. Proposition. Let (Cx,€x) be a right exact category such that the category
Cx 1s filtered, i.e. any pair of arrows L — M «— N can be completed to a commutative
square (for instance, Cx has initial objects, or it has fiber products). Then,

(a) For any class S of arrows of the category Cx which is closed under pull-backs, the
intersection €x NS” is a stable class.

(b) The union and the intersection of any set of stable classes are stable classes.

Proof. (a) It follows from 1.7 and the equality S = (S*)" (see 1.6.1) that
Ex N(Ex NS = &x N (€ N (S = ex NS™.

Since the category Cx is filtered, by 1.6.1, the class S” inherits from S the stability
under pull-backs. Therefore, the intersection €x N S” is stable under pull-backs too.
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(bl) By 1.6.1(a U S;) U Sf for any {S; | i € J} of classes of arrows of the

iceJ iceJ
category C'x. Therefore, if all classes §; are stable, then

Usi=UexnsH=exn(lJs)"
icJ icJ i€J
(b2) For any set {S; | i € J} of classes of arrows of the category C'x, there is an obvious
inclusion (ﬂ Si)* C ﬂ SP. If{S; | i € J} is a family of stable classes of deflations, then
icJ i€J
the inclusion above implies that
s cenn(8) cexn () = Nexnsh = s
icJ icJ icJ icJ icJ
In particular, ﬂ S;i=¢xN ( ﬂ Si)x, which means, by definition, that the intersection
ieJ ieJ
ﬂ S; 1s a stable class. =
icJ
1.10.2. Proposition. Let (Cx,€x) = (Cx,€x, Wx) be a right exact category with
a class of weak equivalences containing all deflations with trivial kernels and a left divisible
class of deflations: sot € Ex > t implies that s € Ex. Then every class S of deflations

of (Cx, €x) which is closed under pull-backs and push-forwards (we assume that arbitrary
push-forwards of arrows of S exist) and coincides with Wx o S is stable.

Proof. Let £ —— M be an arrow of 8" N Ex; that is there exists a cartesian square

5

g — M
f’l cart l]‘ (5)
L — M

whose upper horizontal arrow belongs to S. Taking a push-forward of s along the morphism
§', we obtain a decomposition of this diagram into a commutative diagram

S

£ — 9)?~
f’l (co)cart lfl (6)

ug — us
L — M —

with a cocartesian square and the morphism u, uniquely determined by the equalities
usou; =u, ugofy = f. Notice that the square in the diagram (6) is also cartesian, because
the square (5) is cartesian. By hypothesis, the arrow £ 1, M belongs to S and the arrow

Uy is a deflation. Taking a pull-back of the deflation uy along the morphism 91 , M, we
obtain a futher decomposition of the diagram (5) into the diagram

e 2 om 2o
§ l (co)cart J% cart Jf (7)
L — M — M
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whose both squares are cartesian and § = 5 0 §7. A morphism K 2 gives rise to the
diagram

As
K(s) —— K
id lz cart l ¢
t Aﬁz
K(is) —— K(s5) —— K
131 cart ¢ cart S900 (8)
N L
£ E— im~ — M
f’l (co)cart l f1 cart l f
L N M =, M

built of cartesian squares. Here the arrow K Y, K(s2) is uniquely determined by the
equalities s, o ¥ = id_, £ ot = v. The upper cartesian square (with the identical left
vertical arrow) is due to the fact that the square in the diagram (6) is cartesian. All
horizontal arrows of the diagram (8) are deflations, because u; and us are deflations and
each of the remaining arrows is a pull-back of either 1y, or us. In particular, IC(s) 4 K(s2)
is a deflation. The fact that t = & o \; is a strict epimorphism implies that € is a strict
epimorphism. On the other hand, ¥ is a monomorphism, due to the equality As, o' = id, ;
hence ¥ is an isomorphism. Therefore, As, is an isomorphism. The latter means that the
arrow M 2 M belongs to ¢Y = Iso(Cx)" N €x, i.e. it is a deflation with a trivial
kernel. By hypothesis all deflations with a trivial kernel are weak equivalences. Thus, our
arbitrary element u of S N €y is the composition us o u;, where u; € S and uy € Wy.
Since Wx oS = S, the arrow u belongs to S. m

1.10.3. Right exact categories with stable classes of weak equivalences. We
are particularly interested in the right exact categories (C'x, €x) with a stable class weak

equivalences Wy, that is Wx = W; N Ex. Since any class of weak equivalences contains
all isomorphisms of the category Cx, the smallest stable class coincides with the class
€% = Iso(Cx)" N Ex of all deflations with trivial kernels.

1.11. Coimages of morphisms and deflations with trivial kernels.

1.11.1. Coimages of morphisms. Fix a category C'x with an initial object z. Let

f . . .
M —— N be an arrow which has a kernel, i.e. we have a cartesian square

e(f)

Ker(f) ——
I’ l cart l f
iN
x — N
e(f) )
with which one can associate a pair of arrows Ker(f) —— M, where Oy is the composition
Oy

of the projection f’ and the unique morphism x MM Since § ~N = foip, the morphism
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%)
f equalizes the pair Ker(f) — M. If the cokernel of this pair of arrows exists, it will
0

!
be called the coimage of f and denoted by Coim(f), or. loosely, M/Ker(f).

Let M —> N be a morphism such that Ker(f) and Coim(f) exist. Then f is the
P
composition of the canonical strict epimorphism M -, Coim(f) and a uniquely defined

j
morphism Coim(f) N

1.11.1.1. Lemma. Let M~ N be a morphism such that Ker(f) and Coim(f)
exist. There is a natural isomorphism Ker(f) — Ker(ps) and the kernel of the morphism

Coim(f) N s trivial

Proof. The outer square of the commutative diagram

’

Ker(f) —— x —
{%(f)l cart l | l (1)

M —— Com(f) —— L

is cartesian. Therefore, its left square is cartesian which implies, by A.3, that Ker(py) is
isomorphic to Ker(f"). But, Ker(f') ~ Ker(f). m

1.11.2. Right exact categories with coimages of deflations.

1.11.2.1. Proposition. Let (Cx,&x) be a right exact category and €5 the class
of deflations which are isomorphic to their coimage. The class €% s closed under
composition and contains all isomorphisms of the category Cx .

Proof. Consider the commutative diagram

~ e(f) f g
Ker(f) —— Ker(gf) —— Ker(g) —— =
Zl t(gf) cart l t(g) cart l IN
e(f) f 2
Ker(f) —— L — M 2. N @
‘|
v
where f and g belong to €% and the morphism L 2,y equalizes the pair of arrows
t(gf)
Ker(gf) —= L. Tt follows from the left square of the diagram (2) that ¢ equalizes the
Ogf
: ) : : f : : L
pair of arrows Ker(f) — L. Since, by hypothesis, L — M is an equalizer of this pair
Of
of arrows, there is a unique morphism M 2%,V such that ¢ = 740 f. Since ¢ equalizes
e(gf)
the pair Ker(gf) — L, it follows from the commutativity of the central square of (2)
Ogf
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that 4 equalizes the composition of the morphism Ker(gf) 1K er(g) and the pair
t(g) r
of arrows Ker(g) — M. Since Ker(gf) 1, Ker(g) is a pull-back of a deflation,
Og
it is a deflation, in particular, it is a strict epimorphism. Therefore, the cokernel of this
t(g)
composition is the cokernel of the pair Ker(g) — M. Since M 2, N is an equalizer of
Og
A
the latter pair, there exists a unique morphism N =% V such that Yo = Agp 0 g.
Thus, ¢ = (A ©74) © (go f). Since g o f is an epimorphism, a morhism £ such that
t(gf)
¢ =¢&o(go f)is unique. Therefore, g o f is a cokernel of the pair Ker(gf) —— L.
Ogf
1.11.2.2. Corollary. Let (Cx,&€x) be a right exact category such that every its
deflation has a coimage which is also a deflation and the system of deflations €x is left
divisible, i.e. if a composition t oy of two arrows is a deflation, then t is a deflation.
Then €x = Gg’% o €% and for every deflation, this decomposition is defined uniquely up to
1somorphism.

Proof. 1t follows from 1.11.1.1, 1.11.2.1 and the imposed conditions that every deflation
¢ is the composition ¢ o t, where t coincides with its coimage and ¢ is a morphism with a
trivial kernel. Since, by hypothesis, €y is left divisible, ¢ is a deflation. m

1.11.3. Proposition. Let M — N be a deflation from ¢S. Then any cartesian

square
t
% N

M
dl |5
M ;> L

18 @ cocartesian square.

Proof. In fact, let

— t

M — N
f’l l £2
M e

be a commutative square. It follows from the commutative diagram

B(t) — t
Kert) — M —— N

zl f’l l &2

£(s) &1
Ker(s) — M —— £

B —
and the fact that the morphism t (hence & o t) equalizes the pair Ker(t) — M, that
O¢
t(s)
ML e equalizes the pair Ker(s) — M. Therefore, since s is the cokernel of this pair
Os
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of arrows &; = &; o s for a uniquely determined morphism £ &1, 8. So that we have:
Got=&of =G osof =(&of)ot

Since t is a deflation, in particular, an epimorphism, the equality &0t = (21 of)ot implies
that gg = 51 e} f n

1.11.3.1. Note. Suppose that the conditions of 1.11.2.2 hold. Let

M —— N
f'l cart lf (3)
M — ¢

be a cartesian square and M — £ is a deflation. By 1.11.3, s = ¢, o s, where s, € (G
and es € @g@(. To this decompostion, there corresponds a decomposition

— t te

M — N — N
f’l (co)cart lfc cart lf (4)

M =, e . 0g

of the square (3) into two cartesian squares. Since the class €% of deflations with trivial
kernel is stable under pull-backs, the horizontal arrows of the right square belong to QE%B(,
in particular, they are weak equivalences. By 1.11.3, the left square of (4) is both cartesian
and cocartesian.

2. Topologizing, thick and Serre systems.

2.0. Assumptions. Fix a right exact category with weak equivalences (Cx, €x) =
(Cx,€x,Wx). Below is the list of assumptions which appear (not necessarily simultane-
ously) in different assertions of this work.

(a) The category Cx is filtered, i.e. every pair of arrows L — M «— N can be
completed to a commutative square. -

(b) The class of weak equivalences is stable, i.e. Wx = W)A( N €x, and has two more
properties:

(bl) If s ot € Wx and both s and t are deflations, then s € Wx > t.

(b2) The class Wx is invariant under push-forwards along deflations; that is for any

pair L «<— N =, M of deflations with v € Wy, there is a cocartesian square

N — M
¢ l cocart l e
L ; J\Nf

with both horizontal arrows from Wyx.
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The class €x of deflations is left divisible in the sense that
(c)ifte €x 350t then s € €y,

and weakly right divisible in the following sense:
(d)if s € €x 350t then t € W} o Ey.

(e) There is a multiplicative class © x of arrows of the category C'x which includes all
deflations and W)K( and a map which assigns to every s € ® x a decomposition § = 7 0 ¢s,
where ¢, is a strict epimorphism, such that v, € W)K( and e; € Ex, whenever s € Ex OW§(.

A more detailed version of this condition is obtained by adding to (e) the following;:

(e’) There is a multiplicative subclass Ex of the class of strict epimorphisms of the
category C'x and a multiplicative subclass 9 x of W)K( such that e; € Ex and v, € W for
all s € D x; and the arrows A € Wx and t € Ex in the decomposition Aot are determined
uniquely up to isomorphism. In particular, e is isomorphic to s for all s € £x and ¢ ~ t
for all t € Wx.

2.0.1. Comments. (a) The condition (a) holds automatically if the category Cx
has initial objects, or if it has fiber products.

(b) Every stable class Wy of weak equivalences contains the class €5 of deflations
with trivial kernel. The class GS’B{ satisfies the condition (bl) and, if there exist push-
forwards of deflations with trivial kernels along deflations with trivial kernels, it satisfies
the condition (b2) as well.

(c) The largest class €5 of deflations of the category Cx (which consists of all strict
epimorphisms such that their arbitrary pull-backs exist and are strict epimorphisms) sat-
isfies the condition (c). This follows from two observations:

(i) if s o t is a strict epimorphism, then s is a strict epimorphism;

(ii) if there exist arbitrary pull-backs of the composition s o t and of the morphism ft,
then there are arbitrary pull-backs of the morphism s.

(d)&(e’) Suppose that the class of all strict epimorphisms of the category C'x is stable

under pull-backs and, for every morphism M T, N of the category C'x, there exists a

o (1)
kernel pair Kery(f) = M xx M M and the cokernel M =, Coima(f) of

P2

the pair (p1, p2) which we call 2-coimage of the morphism f.

Suppose that the class W)K( contains all monomorphisms.

(d) Then the largest class of deflations €5 (which coincides with the class of all strict
epimorphisms) satisfies the conditions (d) by a trivial reason, because, under the conditions
above, every morphism f is the composition j(f) o co(f) of a strict epimorphism, ¢5(f), and
a monomorphism; and, by hypothesis, W)x( contains all monomorphisms.

(el) By the same reason, the class €%} satisfies the condition (e’) with £x = €§ and
with 20x equal to the class of all monomorphisms of the category Cx.

Notice that W; contains all monomorphisms automatically, if the category Cx has
initial objects, because it contains all morphisms with a trivial kernel and monomorphisms
have trivial kernels.
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(d1) Actually, we need a weaker condition instead of 2.0(d) which is as follows. Let

51

L; N — M

52l cart l sh
J N v
be a diagram whose square is cartesian and formed by deflations and the compositions
590t and 59 ot are deflations. Then t € W)A( oCx.

(e2) Suppose that the category Cx has initial objects and kernels and coimages of
all morphisms. Then every morphism f is the composition j; o p; of its coimage, ps and
a morphism j;. The latter belongs to Is0(Cx)", hence it belongs to W4 . Thus, if the
coimage of any deflation is a deflation, then it follows from (the argument of) 1.11.2.1
and from 1.11.2.2 that the condition (e’) holds if we take as Ex the class of all strict
epimorphisms which coincide with their coimage and as 20 x the class of all morphisms
with trivial kernel.

2.0.2. Examples. (i) Suppose that the category Cx is additive. Then the class
Is0(Cx)" of all morphisms with a trivial kernel coincides with the class of all monomor-
phisms of the category C'x and a morphism has a kernel iff it has a 2-kernel. It follows
also that the coimage of a morphism is the same as its image. Thus, if the class €% of all
strict epimorphisms of the category Cx is closed under pull-backs, then (Cx, €%, Iso(Cx))
satisfies all the conditions of 2.0.

(ii) Let Cx be the category Algy of associative unital k-algebras (see 1.4.1). Then,
similarly to the additive case, the class of all strict epimorphism is stable under base change,
the class of morphisms with trivial kernel coincides with the class of monomorphisms of
the category Cx (see 1.9.3(c)) and (Cx, €%, [so(Cx)) satisfies all the conditions of 2.0.

2.1. Systems. We call a class of arrows S of Cx a system in (Cx, €x) if
(a) S is closed under pull-backs,
(b) WX OSOWX =S 2 Wx,
We denote the set of systems in (Cx,€x) by &(X, &x) and regard it as a preorder
with respect to the inclusion. The smallest system, Wy, will be referred as trivial.

We denote by 6" (X, €x) the subpreorder of (X, €x) formed by stable systems of
deflations, i.e. systems S such that § = Ex NS,

2.1.1. Proposition. The set &(X, €x) of systems and the set 6" (X, €x) of stable
systems in (Cx, €x) are closed under compositions and arbitrary unions and intersections.

Proof. The inclusion 7 C Wy o7 o Wx holds for any class of arrows 7 of the category
Cx. If {S; | i € J} is a set of systems, then
Wx C ﬂSigWXo(ﬂSi)OWXg ﬂSi
icJ icJ ieJ
and, evidently,
WX Q USZ QWXO(USZ')OWX = U(WXOSz‘OWX>: USZ

ieJ ieJ icJ ieJ
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The fact that each §; is invariant under base change implies that U S; and ﬂ S; have
icJ icJ
the same property. Therefore U S; and ﬂ S, are systems.
icJ icJ

The similar assertion for stable systems follows from 1.10.1(b). m

2.2. Right and left divisible systems. We call a system S in (Cx,&x) right
(resp. left) divisible if s € S (resp. t € S) whenever tos € S.

We say that a system S is right (resp. left) divisible in €x if s € S (resp. t € S)
whenever tos € S and s € €x.

It follows that the class of right (resp. left) divisible systems is stable under arbitrary
unions and intersections. Similarly for systems which are right (resp. left) divisible in €x.

2.2.1. Proposition. Suppose that the category Cx has pull-backs. Then, for any
right (resp. left) divisible system S, the system 8" is right (resp. left) divisible.
If the system S is left divisible in €x, then 8" s left divisible in Ex.

Proof. (a) In fact, let M —— N be an arrow from S”, that is its pull-back along some

arrow £ — N belongs to S. Let u = tos. Then, since pull-backs exist in C'x, we have
the decomposition

—~ s ~

M — L —— L
f! l cart l cart l f (1)
s t

M — K — N

of the pull-back of u along f into cartesian squares. So, if S is right (resp. left) divisible,
then s € S (resp. t € S), hence s € S* (resp. t € S).

(b) Suppose now that S is a system which is left divisible in €x, that isif u = tos € S
and s is a deflations, then t € §. Consider a pull-back of such u which belongs to & and
consider its decomposition described by the diagram (1) above. Since, by hypothesis, s is
a deflation, the arrow 5 in (1) is a deflation. Therefore, t € S which implies that t € S*. m

2.3. Orthogonal complements. For a class of arrows X containing Wy, we define
the orthogonal complement ¥+ of ¥ as the union of all right divisible systems S such that
SNY = Wx. In other words, X1 is the largest right divisible system having the trivial
intersection with ..

2.3.1. Proposition. Let (Cx,€x) be a filtered right exact category with a stable
class of weak equivalences; and let S be a class of deflations of (Cx,€x) closed under
pull-backs. If the category Cx has pull-backs, then (S+)" = S*.

Proof. 1t follows from 1.6.1 and 1.7 that
SN(SH Cexn(S ' N(SHY) =exN(SNSH = ex n k.
By hypothesis, the system of weak equivalences is stable, that is €x N W)K( = Wx.
Since S+t is right divisible and the category Cx has pull-backs, it follows from 2.2.1
that the system (S+)” is right divisible. Therefore, S+ = (S+)". u
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2.3.2. Example. Let Cx be a category with an initial object r and kernels of
morphisms. For a strict subcategory 7 of the category C'x containing initial objects, we

set
Y7 ={s € HomCx | Ker(s) € ObT}.

It follows from the general properties of kernels that ¥4 is stable under base change.
Suppose that the kernel of any morphism M —— N of Cx with M € ObT belongs to
the subcategory 7. Then Y7 is a right divisible system.
This observation follows from the commutative diagram

Ker(s) & N ., M L
ZT t(s) T cart T T (1)
e(s) s

Ker(s) —— Ker(ts) —— Ker(t) —— 1

with the cartesian central square.

Suppose that Wy = &5 — the class of all deflations with trivial kernels (cf. 1.9.3(b)).

Let § = €x 1 def Y7 Ne&x. One can see that the orthogonal complement S+ to S coincides

with X1, where T is the full subcategory of Cx determined by
ObT = {M € ObCx | Ker(M — N) & ObT — {initial objects} for any arrow M — N},

In the case of an abelian category Cx, this description means that ObT consists of all
T-torsion free objects of the category Cx.

2.4. Topologizing systems of deflations.

2.4.1. Conventions. We assume that (Cx,€x) = (Cx, €x, Wx) is a svelte right
exact category with a stable class of weak equivalences satisfying the condition 2.0(e); that
is there exists a a multiplicative class © x of arrows of the category C'x which includes all
deflations and Wy and a map which assigns to every s € Dy a decomposition § = 7, o ¢,
where ¢, is a strict epimorphism, such that v € WY and ¢s € €x, whenever s € Ex o W5,

In some cases (like 2.4.4 below), we need a stronger assumption 2.0(e’).

2.4.2. Left topologizing and right topologizing and topologizing systems
of deflations. We call a system S of deflations of (Cx, €x) left topologizing (vesp. right
topologizing, resp. topologizing) if it is left divisible (resp. right divisible, resp. divisible)
in €x and the following conditions hold:

(a) If all arrows of a cartesian or a cocartesian square belong to S, then the composition
of the consequent arrows of this square belogs to S.

(b) The system S is closed under push-forwards.

(c) For any s € S o W%, the deflation ¢; in the decomposition s = ~, o ¢s belongs to

the system S. In particular, S o W)X( C W)X( oS.

2.4.3. Proposition. Suppose that the class of deflations of (Cx,€x) is left divis-
ible and the class of weak equivalences stable. Then every left topologizing (resp. right
topologizing, resp. topologizing) system is stable.
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Proof. Since the class of weak equivalences is stable, it contains the class (’ES’B{ of
deflations with a trivial kernel. By definition, every (left or/and right) topologizing system
is closed under push-forwards and composition with weak equivalences. Therefore, the
assertion follows from 1.10.2. m

We denote the preorder (with respect to the inclusion) of all left topologizing systems
of (Cx,€x) by T¢(X, Ex) and the preorder of topologizing systems by T(X, €x).

It follows that the class Wx of weak equivalences is the smallest topologizing system.

One can see that Ty(X,€x) and T(X, Ex) are closed under arbitrary intersections
and filtered (with respect to the inclusion) unions.

2.4.4. Proposition. Let (Cx,€x) = (Cx,€x, Wx) be a right exact category with
weak equivalences and left divisible system of deflations (see 2.0(c)). Suppose that the
condition 2.0(e’) holds. Then

(a) The composition of left topologizing systems is a left topologizing system.

(b) Suppose that the class Wx of weak equivalences is stable (the condition 2.0(b))
and the class €x of deflations is weakly right divisible (the condition 2.0(d)). Then the
class T(X,€x) of topologizing systems is closed under composition.

Proof. (a) Let S, T be left topologizing systems of deflations. By 2.1.1, the compo-
sition of two systems is a system. In particular, 7 o S is a system. Since a push-forward
of a composition of two arrows is the composition of the corresponding push-forwards, the
system 7 o S is closed under push-forwards.

The system 7 o S o Wy is preserved by the map u — e,.

In fact, let u=tosow, wherete 7, s €S, and v € W)R( Then

u=to ('75\”0 o eﬁm) = Ytyeww © (et'ysm o esm)a

where e, € 7 and esn € S, because the systems 7 and S are left topologizing, and

Vivew € Wx C W)A( By the condition 2.0(e’), the representation of a morphism as a
product yoe of v € Wx and ¢ € Ex is unique up to isomorphism. In particular, the
arrows €¢y,,, O tsw € 7 oS and ¢, are isomorphic.

It remains to show that the system 7 o S is left divisible in €x. Let

N ——
w [t @
M — m
be a commutative square whose all arrows are deflations with s € S and t € 7. Since S is
closed under push-forwards, the diagram (4) is decomposed into the diagram
S
N — L
t l cocart l t (5)
s A
M — M — N
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with a cocartesian square, where M —— 91 is an element of S and the morphism 90 2
is uniquely determined by the equalities Aos = v and Aot/ = t. Since t’ and t are deflations,
t € 7, and the system 7 is left divisible in €y, it follows that A € 7. So, v = Aos € 7 oS,
which shows that the system 7 o S is left divisible in Ex.

(b) Suppose now that the systems 7 and S are topologizing (that is left topologizing
and divisible) and the conditions 2.0(b) and 2.0(d) hold. The claim is that these conditions
imply that the system 7 o S is right divisible (hence divisible) in €.

In fact, consider again the commutative square (4). This time, we decompose it
pullying back the arrow t € 7 along M — N; that is we consider the diagram

t l cart l t (6)

with cartesian square and morphism A — m uniquely determined by the equalities
{0y =5 and to v = u. Since & and s are deflations, it follows from the condition 2.0(b)
that v = 1o o e, where w € W5 and e, is a deflation. Thus, u = (tow) oe,. Since, by
hypothesis, the system of deflations €x is left divisible and u € €x, it follows from this
equality that totv is a deflation. On the other hand, it belongs to €x N (7 o W¥) and,

since 7 is a topologizing system, 7 o W)X( C W;} o7 (see 2.4.2(c)). Therefore,
ExN(ToWR)CExN(WsoT)C(ExNWR)oT =WxoT =T,

because the class of weak equivalences Wy is, by hypothesis, stable, i.e. Wx = W5 N €x.
Altogether shows that toto € 7. The class of deflations € x being left divisible, the
fact that s = & oy = (& o ) o e, implies that & o w is a deflation. Since s € S and
the system S is right divisible, it follows from the equality s = ({; o ) o e, that e, € S.
Therefore, u = (tow)oe, € T o S.
This shows that the system 7 o S is right divisible. Since, by (a) above, 7 o S is left
topologizing, it is topologizing. m

2.4.5. Proposition. (a) Let {S; | i € J} be a finite family of systems of deflations
which are right divisible in €x (that is if tos € S; and s € €x, then s € §). Suppose that
the class Wx of weak equivalences is stable and the condition 2.0(d1) holds. Then

NiTes)=T ()
i€J i€J
for any topologizing system T .
(b) Let {S; | i € J} be a finite family of systems which are left divisible in €x (that is
ifsoe€ S; and e € Ex, then s € §). Suppose that T is a system of deflations such that

. 5 t . .
for any pair L «—— M —— N of arrows of T, there exists a cocartesian square

s
M —

L
tl cocart lﬁf

5/

N — N
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with tos € T. Then

N(SioT)=([)Si)oT.

ieJ icJ
Proof. The inclusions

((SioT)2(()Si)oT and ((ToS)2To([)S)
i€J ieJ i€J ieJ
hold for class of arrows 7 and any family of classes of arrows {S; | i € J}. The claim is
that the inverse inclusions hold under respective conditions (a) and (b).
(a) Let v be an element of ﬂ (7T 0S;), that isu=t;0s;, wheres; € S;, t; € 7 and i
icJ
runs through J. So that for any 7,5 € J, we have a commutative square

T
M, — N

which is decomposed into the diagram

Y t;

M — m —— M,

with a cartesian square, where the morphism M L, M is uniquely determined by the
equalities t;- oy = s, and t; oy = 5;. Since s5; and s; are deflations, it follows from the
condition 2.0(d1) that v = w oe, where ¢ € €x and v € W; Set u; = t; oo and
u; = t;- ot. Since §; = u; oe, 5; = u;j oe and the classes S; and S; are right divisible
in €x, the deflation ¢ belongs to S; N'S;. The composition t = t; o t; belongs to 7 and
t; ou; = tow is a deflation which belongs to 7 o W)X( But, by the argument 2.4.4(b),
Ex N (7o W)K() = 7. Thus, the element u = t; o 5; equals to the composition (to ) oe,
where e € §; N S; and tow € 7. This proves the inclusion m(’f 085;)CTo ( ﬂ SZ-) in
the case when |J| = 2. By an induction argument, it follows }ii an arbitrary ﬁnizteeJJ :

(b) Suppose now that the conditions (b) hold. Let u be an element of ﬂ(& oT),
that is u = 5; o t;, where 5, € S, t; € 7 and ¢ runs through J. Thus, for any Zze,; e J, we

have a commutative square
t;

ST
M, — N
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which is decomposed into the diagram

t;

t; l cocart l 4
[ A

M; —— L — N

with a cocartesian square, where the morphism £ 2N s uniquely determined by the
equalities A oAfj =s; and Aot =s,. Since At/j and t; are deflations and, by hypothesis, the
classes S; and S; are left divisible in €x, the morphism A belongs to §;NS;. On the other
hand, the composition Ij o t; belongs to 7, because 7 is a topologizing system and both
t; and t; are its elements. Thus, s;0t; = Ao (E ot;) =s; ot;. The rest of the proof is the
standard induction argument. m

2.4.6. Proposition. Suppose that (Cx,Ex, Wx) is such that W; o&xy = HomCyx,
the class Wx of weak equivalences is stable and the condition 2.0(d1) holds. Then

((TeoS)=To([)S)
ieJ icJ
for any topologizing system T and any finite set {S; | i € J} of classes of morphisms which
are right divisible in Ex .
Proof. The argument is similar to that of 2.4.5(a). Details are left to the reader. m

2.5. Thick systems of deflations. We call a system of deflations S of (Cx, €x)
thick if it is left and right divisible in €x, closed under compositions and stable. We denote
by (X, €x) the preorder (with respect to the inclusion) of thick systems of (Cx, €x).

It follows that Wy is the smallest thick system of (Cx, €x).

2.5.1. Example. Suppose that C'x has an initial object, r. Let 7 be a strictly full
subcategory of C'x containing initial objects and

S=¢xrY¥vrneéx={s¢c¢€y|Ker(s) € ObT}

(see 2.3.2). Suppose that the kernel of any deflation M —— N with M € ObT belongs to
the subcategory 7. Then it follows from the diagram 2.3.2(1) that the system S = €x 7 is
right divisible in €x. Notice that the cartesian square (2) gives rise to a cartesian square

Ker(tos') —— Ker(t)

l cart l (3)

Ker(s) —— r

with all arrows in €x 7. The condition of 2.4.2 holds iff for each cartesian square (2) with
arrows from €x 7, the composition Ker(tos') — r of consecutive arrows of (3) belongs
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to €x 7. Notice that the object (Ker(tos’), Ker(tos’) — r) of the category Cx/r is the
product of (Ker(s), Ker(s) — r) and (Ker(t), Ker(t) — r).

2.5.2. Proposition. Suppose that each deflation has a coimage which is also a
deflation, every morphism to an initial object is a deflations, and the class of deflations
Ex is left divisible.

(a) The system Ex 1 is topologising iff the subcategory T /v is closed under finite
products (taken in Cx /t) and for any deflation M —— N with M € ObT /x, both Ker(¢)
and N are objects of T /.

(b) The system Ex 1 is thick iff for any deflation M —> N such that N has arrows

to initial objects, M is an object of the subcategory T then and only then the objects N
and Ker(e) belong to T .

Proof. The argument for (a) follows from the discussion above. The proof of (b) uses
the commutative diagram 2.3.2(1). Details are left to the reader. m

2.5.3. The case of a pointed category. If r is also a final object of C'x, then the
categories C'x /r and Cx are naturally isomorphic and, therefore, K(to s’) is isomorphic
to the product of Ker(t) and Ker(s).

2.5.4. Topologizing and thick subcategories of exact and abelian categories.
It follows that if (Cx, €x) is an exact category, then €x 7 is a topologizing system iff the
subcategory 7 is closed under finite products and admissible subquotients. In particular, if
(Cx, €x) is an abelian category, then €x 7 is a topologizing system iff 7 is a topologizing
subcategory of C'x in the sense of Gabriel.

It follows from 2.5.2 that any thick subcategory of an exact category (Cx,&x) is
topologizing. If (Cx, €x) is abelian, then thick categories are thick in the usual sense.

2.6. Serre systems.
Fix a svelte right exact category with weak equivalences (Cx, €x) = (Cx, €x, Wx).

2.6.1. The closure. For a class S of deflations of (Cx,€x), let R denote the
set of all systems of deflations ¥ divisible in €x such that any non-trivial right divisible
subsystem Y’ of 3 has a non-trivial intersection with S (that is SN’ — Wy is non-empty).
We denote by S~ the union of all ¥ € Rs and call it the closure of S.

2.6.2. Proposition. (a) S~ belongs to Rs (hence it is the largest element of Rs ).
(b) ()" =§".
(c) The system S~ is closed under the composition.

(d) Suppose that the class Wx of weak equivalences is stable. Then the system S~ is
stable, that is S~ = Ex N (S7)".

Proof. (a) Since divisible systems are closed under arbitrary unions, S~ is a divisible
system. Let ¥ be a non-trivial right divisible subsystem of S~. Then there exists ¥’ € Rg
such that ¥’ N X is a non-trivial right divisible system. Since it is a subsystem of ¥/ and
Y/ € R, the intersection X' N X NS is non-trivial. In particular, ¥ NS is non-trivial.

(b) It follows from the argument (a) that s = Rs-; hence (§7)” =S~
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(c) Let ¥ be a non-trivial right divisible in €x system contained in S~ o S~. Let
t, 5 be elements of S~ such that tos € ¥ — Wx. Since ¥ is right divisible, it contains
s. Suppose that s is non-trivial, that is s € Wx. Take any right divisible subsystem of X
containing element s and denote by X its intersection with S—. Thus, ¥ is a non-trivial
right divisible subsystem of S~ N X, hence it has a non-trivial intersection with S. If
s € Wy, then X contains tos, and we apply the argument above to tos itself. This shows
that S™ oS~ € §s, or, equivalently, S" oS~ =S5

(d) It follows from the definition of S~ that it coincides with the union of all divisible
systems of deflations 7 such that 7 NS+ = Wx. One can consider only stable systems 7T,
because, by 2.3.1,

(ExNTHNSE =ex N (T N(SH)Y) = x N(TNSH = &x N W5 = Wy.

It follows from 1.6.1 that the union of stable systems is a stable system, hence S~ is a
stable system. m

2.6.2.1. Note. One can see that Wy = Wx. In fact, W§ coincides with HomC'x,
whence the equality 7 N Wy = Wx for a system 7 means precisely that 7 = Wy.

2.6.3. Serre systems of deflations. We call a class S of deflations of (Cx, €x) a
Serre system of deflations if S~ = S. We denote by Ge(X, €x) the preorder (with respect
to the inclusion) of all Serre systems of deflations of (Cx, €x).

It follows from this definition and 2.6.2 that Serre systems of deflations are thick.

2.6.4. Proposition. Let (Cx,€x) be a svelte right exact category.

(a) The intersection of any family of Serre systems of deflations of (Cx,€x) is a
Serre system.

(b) Let {S; | i € J} be a finite set of right divisible systems of deflations of (Cx, €x).
Then m S, = (ﬂ SZ-)_.

icJ icJ

Proof. (a) Let {¥; | j € J} be a set of Serre systems of deflations of (Cx, €x). Let
S be a divisible system of deflations such that every non-trivial right divisible subsystem
G of § has a non-trivial intersection with ﬂ >;. In particular, & N X; is non-trivial for

JET

every j € J. Since X; = X7 for all j € J, it follows that & C ¥; for all j € J; that is
S C (1) E;. This shows that (%, = ([ %)

JjeJ JjeJ JjeJ

(b) Let {S; | i € J} be a set of right divisible systems of deflations of (C'x, €x). Then,
evidently, ﬂ S, 2 ( m Si)_. If J is finite, then the inverse inclusion holds.

ieJ icJ
Since, by (a) above, ﬂ S, is a Serre system of deflations, it suffices to show that any
i€J
non-trivial right divisible subsystem of ﬂ S, has a non-trivial intersection with ﬂ S;.
icJ ieJ
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Let J ={1,2,...,n}, and let 7 be a non-trivial right divisible subsystem of ﬂ S, .

i€J
In particular, 7 is a non-trivial right divisible subsystem of &; . Therefore, 7 N S; is a
non-trivial right divisible subsystem of ﬂ S; . By a standard induction argument, this

2<i<n
implies that (7 NS&1) N ﬂ S =7nN ( ﬂ SZ-) is a non-trivial right divisible system.
2<i<n i€J
Therefore, 7 C ( ﬂ S;) . In particular, ﬂ ST C( ﬂ S;)) .=
ieJ icJ i€J

2.6.5. The lattice of Serre systems. Fix a svelte right exact category (Cx, €x).
For any pair 31, 35 of Serre systems of deflations, we denote by 7 V 35 the smallest Serre
system containing ¥; and Y.

2.6.5.1. Proposition. Let {S; | i € J} be a finite set of Serre systems of deflations
of (Cx,€x). Then XV ( m S,-) = ﬂ(E V' S;) for any Serre system of deflations X.
icJ e

Proof. There are the equalities

EVvS)=Eus) =([Eus) ={([)SHUZ) =([)S)V

icJ ieJ ieJ ieJ ieJ

Here the second equality follows from 2.6.4. m

2.7. Serre subcategories of a right exact category with initial objects.
Suppose that the category C'x has an initial object, r and all morphisms to r are deflations.
Let S be a class of deflations of (Cx, €x). We denote by 7s the full subcategory of the
category Cx generated by all M € ObCx having the following property: for any pair

of deflations M - L —% ¢ such that t is non-trivial (i.e. t € Wx), there exists a
decomposition t = 1o s, where u and s are deflations and s is a non-trivial element of S.
We denote by 7s the full subcategory of C'x generated by all M € ObCx such that for

any pair of deflations M —— L 4 ¢ the object Ker(u) belongs to the subcategory fg.

It follows from the definition of 7s that if M is an object of 7s and M —— L LN r
are deflations, then L € Ob7s.

In fact, let L — N LR ¢ be deflations. Then we have a commutative diagram

’ Au
Ker(uoe) SN Ker(u) —— ¢

[

M ;) L L> N —— ¢

in which all horizontal arrows are deflations and Ker(u o ¢) is an object of 7s. Therefore,
Ker(u) € Ob7s, which implies that L € Ob7s.
By 2.3.2, the latter property implies that X7 is a left divisible system.
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2.7.1. Proposition. Let (Cx,€x) be a right exact category with an initial object ¢
and the class of weak equivalences coinciding with Y ={ec €x | Ker(e) ~1}.
If S is a class of deflations of (Cx,€x) closed under pull-backs, then Y7, =S~

Proof. (a) The system Y7, belongs to Rs; in particular, X7, C S™.

In fact, let M Y N be an element of Y7, — Wx. By condition, this means that
Ker(t) is non-trivial (i.e. it is not an initial) object of the subcategory 7s. Therefore, the
canonical morphism Ker(t) —% ¢ is the composition of a non-trivial arrow Ker(t) — L
of § and a deflation L — p. This shows that any right divisible system containing the
arrow M —— N has a non-trivial morphism from &; hence ¥7, CS™.

(b) It remains to show that S~ C Xr,.

Suppose this is not true, and let M —— L be an arrow from S~ which does not
belong to X7, ; that is Ker(s) is not an object of 7s, which means that the canonical
deflation Ker(s) — r factors through a deflation Ker(s) — N such that Ker(v) KN
is a composition of two deflations, Ker(v) X, Land £ -5 r, where t is non-trivial and
S-torsion free in the sense that if t =t oy and v € S, then v € Wx. Since S~ is a left
divisible system of deflations, the deflation £ LN ¢ belongs to S

Consider the smallest right divisible system generated by the morphism L LR o It

consists of all deflations M —— /\N/' such that there is a deflation J\Nf . N and a cartesian

square
t
— 1

% cart T

tooe
M —

Since the composition of cartesian squares is a cartesian square, we have a decomposition

id
L —— M — L L —— L
tl cart mel cart t of tl lt
id
r —— N — ¢ r —— &

and a decomposition

I — K er(m) _ r L _t r
l cart l cart l of l cart l
M — N 2N M N

If M — N is a non-trivial element of S , then, since (by hypothesis, Ker(e¢) is non-

trivial and) Ker(¢) ~ Ker(¢), the arrow L — Ker (i) is a non-trivial element of S, which

contradicts to the condition on L —— I =

2.8. Coreflective systems and Serre systems. Let (Cx,€x) be a right exact
category with weak equivalences and S a class of its deflations containing Wx. We call the
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class S coreflective if every deflation M —— L is the composition of an arrow M —» N
of S and a deflation N - L such that any other decomposition M o A Lofe
with t € S factors through M = N - L. The latter means that there exists a deflation

M — N such that s, =votand u= v, 0 v. Since t is an epimorphism, the first equality
implies that v is uniquely defined.

2.8.1. Proposition. Fvery corefiective system of deflations which is stable under
base change and closed under compositions is a Serre system.

Proof. In fact, each deflation M —— L has the biggest decomposition M = N 2% L,
where 5, € S. Slnce S is closed under composition, v, has only a trivial decomposition.
Therefore, S =S. =

3. The spectra related with topologizing, thick and Serre systems.

Fix a svelte right exact category with a stable class of weak equivalences (Cx, €x) =
(Cx,€x, Wx). Recall that T(X, €y) denotes the preorder of all topologizing systems of
deflations of (Cx,€x), Ge(X,€Ex) the preorder of all Serre systems and 9(X, Ex)
the preorder of all thick systems of (Cx,€x). We denote by Ms(X,Ex) (resp. by
Gex (X, Ex)) the subpreorder of all thick (resp. Serre) topologizing systems. That is

Me(X,Ex) = MX,Ex)NT(X,Ex) and Gex(X,Cx) = Ge(X,Ex)NIT(X, Ex).

3.1. The support in topologizing systems. For any class S of the deflations
of (Cx,&x) containing the class Wy of weak equivalences, we denote by Suppz(S) the
subpreorder of T(X, €x) formed by all topologizing systems which do not contain S, and
call it the support of S in topologizing systems.

We denote by S the union of all systems of Suppz(S). It follows that the inclusion
S1 C &, implies that S C8. If Sy is topologizing, then the inverse implication holds: if
S; C &y, then S; C Sy (because, if S € Sa, then Sy C S1, but, Sy g 82 Let [S] denote
the smallest topologizing system contalnmg S. It is clear that S = [S]

Finally, notice that if S D &7 gZ S then S - 81 - S that is 81 S.

The system S is the largest element of Suppz(S) whenever S is topologizing. The
following assertion provides sufficient conditions for this occurence.

3.1.1. Lemma. Let (Cx,€x) = (Cx, Ex, Wx) be a svelte right exact category with
a stable class of weak equivalences (condition 2.0(b)) and with a left divisible a weakly
right divisible class €x of deflations (conditions 2.0(c) and 2.0(d)). Suppose also that the
condition 2.0(e’) holds. If S is a class of deflations such that the system S is multiplicative,
then S is topologizing.

Proof. Let Ty, T3 be topologizing systems from the support of S. If Sis multiplicative,
then 7; 073 C S. By 2.4.4, the system 7; o 75 is topologizing and it contains 7; and 75.
This shows that the support of S is filtered, hence S is a topologizing system. m
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3.2. The spectrum Spec (X, &x). The elements of the spectrum Spec, (X, €x)

are all topologizing systems S such that S is a Serre system, i.e. § = §7. We endow
Spec, (X, €x) with the preorder D called (with a good reason) the specialization preorder.

3.3. The spectra Spec; (X, €x) and Spec%’l(X, €x). For any system S of de-
flations of (Cx,€x), let S* denote the intersection of all topologizing systems properly
containing S. We denote by Spec; (X, €x) the preorder (with respect to D) of all thick
topologizing systems of deflations ¥ such that ¥* # ¥ and set

Spec;! (X, €x) = Spec; (X, Ex) ﬂGe(X, Ex).
Thus, the spectrum Spec; (X, €x) is the disjoint union of

Spec; (X, €x) ={Z € T(X,Ex) | =27 C ¥} and
Spec; *(X,€x) = {Z e M(X,Ex) | T #T* C 2}

3.4. Proposition. Suppose that (Cx,€x) = (Cx,Ex, Wx) is a svelte right exact
category with a stable class of weak equivalences (condition 2.0(b)) and with a left divisible
a weakly right divisible class €x of deflations (conditions 2.0(c) and 2.0(d)). Then there

18 a natural 1somorphism

Spec;! (X, Ex) = Spec,(X, €x).

Proof. Consider the map which assigns to each X € Spec% ’1(X , €x) the union ¥, of
all right divisible in €x subsystems of ¥* which have trivial intersection with . Notice
that, since ¥ is a Serre system, the right divisible system X, is a non-trivial. The claim
is that the topologizing system [X,] spanned by ¥, (which is a topologizing subsystem of
the topologizing system ¥*) is an element of the spectrum Spec, (X, €x).

(i) Observe that % C i\*, because the system X is topologizing and the equality
> N = Wx combined with the non-triviality of the system X, implies that >, gz 3.

(ii)) On the other hand, if S is a topologizing system of deflations which is not
contained in the system 3, then ¥, C S.

In fact, suppose that S ¢ . Then, by 2.4.4(b), the composition SoX is a topologizing
system properly containing Y. Therefore,

Y, C(SoX)NTt CSo(ZNEh) =SoWx =S8.

In other words, if S is a topologizing system which does not contain ¥, then § C ..
This proves the inverse inclusion, ¥, C Y., hence the equality X~ = ¥ = X,. As it is

observed in 3.2, &, = [¥.]; so that [¥,] is an element of the spectrum Spec (X, Ex).
Thus, we obtained a map

Speci! (X, &x) —— Spec,(X,Ex), ¥ [L.] (1)
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Let now S € Spec(X, €x), that is S is a topologizing system such that S is a Serre
system. Since, by 2.6.2(c), any Serre system is multiplicative, it follows from 3.1.1 that
the system S is topologizing. If ¥ is a topologizing system properly containing S , then X
contains §. This shows that §* coincides with the smallest topologizing system contalmng
S US; in particular, S~ = =S #* S*, i.e. S is an element of the spectrum Spect (X Ex).
One can see that the map

Spec,(X,€x) —— Spec;' (X, €x), S+ S,

is inverse to the map (1). m

3.5. Remark. It follows from the argument of 3.4 that the map
Y +— 3, XeSpec(X,€Ex),

gives a canonical realization of Spec,(X, €x) as the preorder of systems of deflations S
which are characterized by the following properties:

(a) S is a Serre system and S NS = Wy;

(b) if a system 7 of deflations is such that 7 =& and 7 NS = Wy, then 7 C S.

Notice that that for every such system S, the corresponding Serre system S coincides
with the union S of all topologizing systems of deflations ¥ such that SN Y = Wx.

3.6. Local right exact ’spaces’ and categories with weak equivalences. Let
(Cx,€x) = (Cx, €x, Wx) be a svelte right exact category with weak equivalences. We call
(Cx,€x) (and the right eract ’space’ (X, €x) it represents) local if there is the smallest
non-trivial topologizing system, or, equivalently, the intersection W% of all non-trivial
topologizing systems of (Cx, €x) is non-trivial.

It follows that a right exact ’space’ (X, €x) is local iff the spectrum Spec (X, €x)
has a unique closed point, and this closed point belongs to the support of any non-trivial
divisible system of (Cx, €x).

3.7. The spectrum Specgln’tl(X, €x). The elements of this spectrum are all Serre
systems > such that the intersection * of all thick systems of deflations of (Cx,&x)

properly containing ¥ is not equal to . Equivalently, Specéjtl(X , €x) consists of all Serre

systems >} such that 3, 4f y3¢ 1 Yot is non-trivial. As all other spectra, the spectrum

Specm (X, €x) is endowed with the specialization preorder D.
One of the most essential properties of the spectrum Specgln’t1 (X, €x) is the following.

3.7.1. Proposition. Let (X, €x) be a right ezact ‘space’ and ¥ € Spec (X Ex).
For any finite family {S; | i € I} of right divisible in €x systems of deflations, S; € ¥ for

alicdiff (1S ¢

€Y
Proof. By 2.6.4, (S =([)8:), and by 2.65.1, SV ([)87)=[)(EVS)).
iceJ icJ iceJ icJ
Therefore,
v(Os) =NEvs). (2)
icJ icJ
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If S; ¢ ¥ for all i € J, then each of the strongly closed systems S;” V ¥ contains
Y properly. Since ¥ is an element of the spectrum Spec.:'(X, €x), the intersection of
S; VX, i€ J, contains in ¥ properly. Then it follows from the equality (5) that the

intersection ﬂ S; is not contained in . =
eJ

Since the spectrum Speci’l(X, €x) is contained in Specgl,)}1 (X, €x), the elements of
Spec,z’l(X7 €x ) have the property described in 3.7.1.

4. Semitopologizing systems and the related spectral theory.

The topological systems defined in 2.4 might be inconvenient in some situations, be-
cause they require invariance of deflations under push-forwards, which is not necessarily
available in right exact, or even exact categories. There is a different setting based on the
notion of a semitopological system,which does not require push-forwards and still recovers
the abelian theory. It is sketched below.

4.0. Conventions. We fix a svelte rignt exact category with a stable class of weak
equivalences (Cx, €x) = (Cx, €x, Wx) such that Wx o W" = W%. We assume that the
category C'x has fiber products.

4.1. Strongly stable, cartesian complete and semitopologizing systems.
(i) A class S of deflations of (Cx, €x) will be called strongly stable if it is invariant
under pull-backs, stable (that is S = €x N S") and, in addition,

S=¢ExN(SoWy). (1)

(ii) We call a class of deflations S cartesian complete if, for any cartesian square with
arrows in S, the composition of two consecutive arrows belongs to S.

(iii) We call a system of deflations right semitopologizing (resp. left semitopologizing)
if it is cartesian complete, strongly stable, and right (resp. left) divisible in €x.

We say that a system semitopologizing if it is both left and right semitopologizing.

4.1.1. Topological and semitopological systems. Suppose that the class €x of
deflations is left divisible in the following sense: if tos € Ex > 5, then t € €x. Then every
left (resp. right) topologizing system of deflations is left (resp. right) semitopologizing.

In fact, any left (resp. right) topologizing system is, by definition, cartesian complete
and, by 2.4.3 (or 1.10.2), stable. If 7 is a left (or/and right) topologizing system, then
T oWy CW5 oT (see 2.4.2(c)), so that

TCExN(ToWy)CExNWioT)=(ExNWy)oT =WxoT =T,

whence 7 = Ex N (7 o W;) Here the first equality is due to the left divisibility of €x
and the second one to the stability of Wx.

4.1.2. About cartesian completeness. Let C'x have an initial object, ¢, and let
T be a full subcategory of the category Cx /r. Consider the system St of all deflations s
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of (Cx,€x) such that (Ker(s), Ker(s) — ) is an object of T. The class of arrows Sr is
cartesian complete iff T is a category with finite products.
This follows from the observation that to every cartesian square

/7

m — M
Il cart lt (2)
L —— N

there corresponds a cartesian square

Ker(sot) —— Ker(t)

| |

Ker(s) —— r
obtained via pulling back the square (2) along the unique arrow ¢ — N.

4.1.3. Proposition. (a) Let S be a system of deflations satisfying the equality
S =CExN(SoWy). Then the stable envelope €x N S” of the system S has this property;
that is the class €x NS is strongly stable.

(b) The family of strongly stable classes of deflations is closed under arbitrary inter-
sections and unions.

(c) The family of cartesian complete classes of deflations is closed under arbitrary
intersections and filtered (with respect to the inclusion) unions. Similarly for left or/and
right semitopologizing systems.

Proof. (a) Since, by hypothesis, the category Cx has fiber products, for any pair of
classes of arrows S, 7, there is an obvious inclusion §" o 7" C (S o 7")". In particular,

S" o W; C(So VV)K()K Therefore, for any system S such that S = €x N (S o WY), we
obtain the following;:

Ex NS  CExN((Ex NS ) oWy) C Ex N(S o Wy) C Ex N(SoWy)" =
Ex N(EX N(SoWR)N) = Ex N(Ex N(So W) = €Ex NS™.

(b) Let {7; | i € J} be a set of classes of arrows such that 7; = €x N (7; o W;) for all
1 € J. Then

AT cexn(((VT)oWs) Cexn((NToWws) =€ N (ToWy) =T

i€J i€J i€J i€J icJ
Similarly,

UTicexn(UT)ows)=exn(|JTowy) =JExn(Towy)) =T

i€J i€J 1€J i€J icJ

By 2.1, the class of (right or/and left) stable systems is closed under arbitrary inter-
sections and unions.
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(c) The assertion follows from (b). m

4.1.4. Proposition. (a) For any system of deflations T, the intersection
Ex N (T o WH)"

is the smallest strongly stable system containing 7T .

(b) If the system T s cartesian complete, then the smallest strongly stable system
containing T is cartesian complete.

(c) Suppose that the condition 2.0(d) holds. Then, for any right divisible system of
deflations T, the smallest strongly stable system containing T is right divisible.

In particular, if T is a right divisible and cartesian complete system, then its strongly
stable envelope €x N (T o VV)A()X 1s a right semitopological system.

Proof. (a) By 1.6.1(ii), if a system S satifies the equality S = €x N (S0 S"), then the
class of arrows S” is multiplicative. In particular, the class of arrows Wy is closed under
composition. So that, for any system &, we have

Ex N(SoWR) CexN((ExN(SoWy))oWy) C
Ex N((SoWy)oWh) = €Ex N (SoWy),

which shows that the system 7 = €x N (SoWy ) satisfies the equality 7 = Ex N (T o WY).
Evidently, 7 is the smallest system containing & and satisfying this equality.

By 4.1.2(a), the system ¢x N7" is the smallest strongly stable system containing 7.
Notice that

ExNT " =Ex N(ExN(SoWH) = Ex N (X N(SoWi)") = Ex N (SoWR)"

hence the assertion. ~
(bl) If a class of deflations 7 is cartesian complete, then €x N (7 o W% ) has this
property.
_In fact, for any pair of arrows t; ow,; € €x, i = 1,2, such that t; € 7 and to; €
Wg\(, 1 = 1,2, we have diagram

sy ty
£ — — L
10, l cart W) cart l 0

m
2’ —_— Dﬁ’ —_— M1
l Y cart ltl
Ly ——— My —— N
built out of cartesian squares. So that
(trot) o (& o wy) = (410 t)) o (W) owy) € Ex N (T 0 Wy),
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because, by hypothesis, 7 is cartesian complete and W)K( oWy = W)K(
(c) Consider a commutative square

o
—)M

L
51l lf
£ N m

where t € 7, v € Wy, and toto, s; and s5 are deflations. The square is decomposed into
the diagram

f ~ oo

L —— g — M

tll cart lt

e 2,
with cartesian square such that 55 o f = to and t; o f = s;. By the condition 2.0(d), the
latter equality implies that f = v, oe, where ¢ is a deflation and to; € W)X( It follows from
the fact that o = (tvyotvy) oe € Wx and ¢ is a deflation that s o) € Wx and e € Wx.
Therefore, 51 = t; o (g o¢), where t; € 7 and wy oe¢ € W)K( n

4.2. Strongly thick systems. We call a system of deflations S strongly thick if it
is divisible in €y, stable, and S o S* = S”.

We denote by M. (X, €x) the preorder (with respect to the inclusion) of all strongly
thick systems of (Cx, €x). It follows from our assumptions (see 4.0) that the class Wy of
weak equivalences is the smallest element of M, (X, €x).

4.2.1. Observations. (a) Thanks to the existence of fiber products in Cx, for any
class of arrows S which is invariant under pull-backs, the inclusion SoS” C S” is equivalent
to the multiplicativity of S”, that is the inclusion S" 0 S C S”.

In particular, a system S is strongly thick iff it is stable and S* o S = S*.

(b) Every strongly thick system of deflation S is multiplicative, because

SoSCeExN(SoSN)=¢xnS =S.
(c) Every strongly thick system S is semitopologizing, because it is multiplicative and
ExN(SoWR)CExN(SoS") =€ExNS" =S8.

(d) A stable, divisible in €y system of deflations S is strongly thick, when it satisfies
the condition

(#) If in the commutative diagram

L ; K
i’ l cart lj (3)
r 4 m . x



with cartesian square toj = idy and morphisms t and s belong to S, then tos € S.

Indeed, if the condition (#) holds, then, by 1.6.1(ii), the class S” is multiplicative.

(e) Evidently, the class of deflations €x is strongly thick iff €y o €5 = €%.

(f) Tt follows from 4.1.2 that the preorder 9, (X, €x) of strongly thick systems is
closed under arbitrary intersections and filtered unions.

4.2.2. Note. One can see that the condition (#) from 4.2.1(d) holds for €x, if the
class €x is left divisible, because (tos)oj’ =s € Ex (see the diagram (3) above).

In general, the condition (#) provides an effective tool for finding if a system is stable
or not. The following assertion shows that in most of cases of interest the condition (#)
is a criterium.

4.2.3. Proposition. Suppose that the class €x of deflations satisfies the condition
(#) (say, it is left divisible). Let S be a stable class of deflations invariant under pull-backs.
Then the following conditions are equivalent:

(a) S" 0o SN C S*,

(b) S satisfies the condition (#).

Proof. (a) = (b). The morphism tos in the condition (#) belongs to the intersection
of SoS” and €y due to the fact that the arrows 5 and t in the condition (#) are deflations
and €x satisfies (#). Therefore, if the condition (b) holds and S is stable, tos belongs to
SN Ex =8.

The implication (b) = (a) follows from 1.6.1(ii). m

4.2.4. Proposition. Suppose that QE§( C W§< o Ex. Then a strongly stable divisible
n €x system of deflations S is strongly thick iff it is multiplicative. -
In other words, a thick system S is strongly thick iff S = €x N (S o Wy).

Proof. By 4.2.1(b), any strongly thick system is multiplicative.
The claim is that any multiplicative strongly stable right divisible in €x class of
deflations satisfies the condition (#).
In fact, the inclusion €5 C WY o €x allows to replace the diagram in (#) by the
diagram
~ & o
L — K — K
i’ l cart ljl cart l j (4)
51 o t
L — My — M — K

with cartesian squares, where wo§; =3, wos; =5, 51 € €x, and v € W5.

Since the system of deflations €y is left divisible in €, the morphism tv is a deflation
(hence it belongs to Wx thanks to the stabiligy of Wx ). The composition totw is a deflation,
because, by hypothesis, the system of deflations satisfies (#) and both tv and t are deflations
(look at the diagram (3) ignoring its left square). The equality €x N (SoWy ) = S implies
that toto € S. Since the system S is right divisible in €x, the arrow s belongs to S,
whence s; € €x NS” = S (thanks to the stability of S). Finally, the multiplicativity of S
implies that tos = (tow)os; € S. n
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4.2.5. Note. For any class of arrows § invariant under pull-backs and such that
Wx oS = 8, there is the inclusion W; 0S C 8”. In particular, W)K( o€y C (’3;‘ Therefore,
the inclusion 67)} C ]_/V)K( o€x used in 4.2.4 is equivalent to the equality @; = W)K( o€x.

The equality (’3} = W)A( o ¢x holds when ¢x coincides with the class of all strict
epimorphisms of the category Cx, in Cy, there exist 2-coimages of arbitrary arrows (see
2.0.1(d)&(e)), and W)X( contains all monomorphisms of C'x (say, C'x has initial objects).

Indeed, in this case W)x( o €x (hence G@) coincides with HomC'x.

4.3. Strongly closed systems.

4.3.1. The strong closure. For a class of deflations S of (Cx, €x), let R denote
the set of all systems 7 divisible in €x such that 7 =&x N (7 o W)Ac) and 7 NSt = Wy.
We denote by ST the union of all T € R%.

The construction S — ST has the properties similar to those of the closure S — S™.

4.3.2. Proposition. (a) For any class of deflations S, the system ST belongs to RE
(hence it is the largest element of R% ).

(b) (SH =sT.

(c) The system ST is closed under the composition.

(d) The system ST is stable (hence strongly stable), that is ST = &x N (SH".

Proof. (a) The assertion follows from 4.1.2(b).

(b) It follows that R, C RE. On the other hand, ST € R%,. Hence the equality.

(c) The argument is similar to that of 2.6.2(c).

(d) If 7 € M, then the associated stable system, €x N 7", belongs to RE.

In fact, by 4.1.2(a), the system &x N7T" is strongly stable. On the other hand, the
equality S+ = (S1)" implies that

ExNTIHNSt=exNT " N(SH) =ex N (TNSH = &x N WL = Wy
X

This shows that €x N7" belongs to R5. In particular, Ex N (ST)K belongs to Rs, which
implies the stability of ST. m

4.3.3. Observations. (a) One can see that ST is the largest divisible in €x strongly
stable subsystem of S~. So that S~ =87 iff €x N (ST oW5)=85".

It follows from 4.1.1 that if the class of deflatons €x is left divisible (in the sense of
4.1.1) and S~ is a topological system, then S~ = ST.

In particular, S~ = ST in the case of an abelian category (Cx, €x).

(b) Since, by hypothesis, the class Wy of weak equivalences is strongly stable and, by

2.6.2.1, Wy = Wy, it follows that Wx = W;(

4.3.4. Proposition. Let {S; | i € J} be a finite set of right divisible in €x systems
of deflations of (Cx,€x). Then ﬂ Sj = ( ﬂ Si)T.

iceJ icJ

Proof. The argument is similar to the proof of 2.6.4(b). =
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4.3.5. Strongly closed systems of deflations. We call a class S of deflations of
(Cx,€x) a strongly closed system if S = ST. Strongly closed systems of (Cx, €x) form a
preorder with respect to the inclusion, which we denote by Ges (X, Ex).

By 4.3.2, strongly closed systems are strongly stable and multiplicative; and, by defi-
nition, they are divisible in € x. Therefore, every strongly closed system is semitopological.

4.3.6. Proposition. (a) The intersection of any set of strongly closed systems of
deflations of (Cx, €x) is a strongly closed system.

(b) Suppose that €y = W% o €x. Then every strongly closed system of deflations is
strongly thick.

Proof. (a) The argument is similar to that of 2.6.4(a).
(b) The assertion follows from the multiplicativity of strongly closed systems (see
4.3.2(c)) and 4.2.4. m

4.3.7. The lattice of strongly closed systems. Fix a svelte right exact category
(Cx,€x). For any pair 3, X, of strongly closed systems of deflations, we denote by
Y1 L Yo the smallest strongly closed system containing 1 and .

4.3.7.1. Proposition. Let {S; | i € J} be a finite set of strongly closed systems of
deflations of (Cx,€x). Then U ( m S;) = ﬂ (XUS;) for any strongly closed system of
icJ ieJ
deflations 3.

Proof. There are the equalities

ﬂ(ZuSi)zﬂ(EUSi)T:(ﬂ(EUS =(([S) yus)? =((S:)u

i€J ieJ i€J ieJ ieJ

Here the second equality follows from 2.6.4. m

4.4. Spectra. For every class of deflations S, we denote by S°! the intersection of all
semitopologizing systems properly containing S and by §°¢ the intersection of all strongly
stable thick systems properly containing the class S.

We denote by Specl:'(X,&x) the preorder (with respect to D) formed by those

strongly closed systems of deﬂatlons 3} for which »°¢ # ¥, or, equivalently, the intersection

e df y15¢ 4 3L is a non-trivial system of deﬂatlons

Similarly, we define the spectrum Spec (X ¢x) as the preorder formed by all
strongly closed systems ¥ for which X°' # X, or, what is the same, the system of de-
flations

See & xetant

is non-trivial. It follows from the deﬁmtlons that the spectrum Spec (X, ¢x) isa
subpreorder of the spectrum Spec (X Ex).
The following useful fact is a dlrect analog uf 3.7.1.
4.4.1. Proposition. Let ¥ € Specl:' (X, €x). For any finite family {S; | i € 3} of
right divisible in €x systems of deflations, S; € ¥ for all i € J iff ﬂ S ¢ %
1€y
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Proof. The argument below is similar to the proof of 3.7.1.
By 4.3.4, ﬂ S;r = ( ﬂ Si)T, and by 4.3.7.1, ¥ U ( ﬂ S;r) = ﬂ(E L S;r) Therefore,

icJ iceJ iceJ iceJ

su(s)' =NeEush. (5)

iced icedJ

If S; ¢ ¥ for all i € J, then each of the strongly closed systems S;r LI 3 contains
. properly. Since ¥ is an element of the spectrum Spec.:'(X, &x), the intersection of
S;r LY, ¢ € J, contains in ¥ properly. Then it follows from the equality (5) that the
intersection ﬂ S; is not contained in . =
i€J

5. Strongly ’exact’ functors and localizations.

5.0. Strongly ’exact’ functors. Let (Cx,€x) = (Cx, €x, Wx) and (Cy, &y, Wy')
be right exact categories with weak equivalences. Recall that an ’exact’ functor from
(Cy, €y) to (Cx, €x) is given by a functor Cy — C'x which maps deflations to deflations,
weak equivalences to weak equivalences and preserves pull-backs of deflations.

We say that an ’exact’ functor (Cy, €y) iR (Cx, €x) is strongly ’evact’if any carte-
sian square

— ~

M — N
5’l cart ls
M N

whose left vertical arrow is a deflation can be completed by a pull-back of this deflation

~ 7
M —

|~

c N
s” l cart &' l cart l s
c S oM oW

to a cartesian square.

In particular, any functor Cy x, C'x which maps deflations to deflations and pre-
serves cartesian squares having at least one deflation among its arrows is strongly ’exact’.
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5.0.1. Strong ’exactness’ and preserving kernels. This seemingly technical
notion has a transparent meaning in the case the category Cx has initial objects and
morphisms to initial objects are deflations. In this case,

an ’exact’ functor (Cy, €y) iR (Cx, €x) is strongly exact iff the functor Cy x, Cx
preserves kernels of arrows.

5.1. Proposition. Let (Cx, €x) x, (Cy, &y) be a strongly ‘exact’ functor.
(a) F(S™) C F(S)" for any class of deflations S of the category Cx.
In particular, FOW5) C FOWx)" C Wy and F(€%) C F(€x)" C €.
(b) The map T —— Ex N F~Y(T) transfers stable, strongly stable, thick and semi-
topologizing systems of deflations to systems of deflations of the same kind.
(¢) Suppose that one of the following conditions holds:
(i) If in the commutative diagram

L . K

i l cart Jj
5

L — M — K

in Cx or Cy the square is cartesian, toj = idy and morphisms t and s are deflations,
then the composition tos is a deflation.
(i) €% = W5 o Ex.
Then the map T —— Ex N F~Y(T) preserves strongly thick systems.

Proof. (a) The inclusions follow from definitions. -
(b1l) Suppose that 7 is a class of arrows of Cy satisfying 7 = €y N (7 o Wy). Then

F(€x N ((€x NFH(T)) o W4)) C & NF(FH(T)) o W}) C
Cy N(T o FIWR)) C &y N(ToWy) =T,
which implies the inclusion
Ex N((Ex NFYT)) o W) C &x NFY(T).
Since the inverse inclusion holds (for any class of arrows 7'), we obtain the equality
Ex N((Ex NF Y (T)) o Wy) = €x NF~1(T).
(b2) Similarly with the stability: if 7 = &y NT", then

F(€x N (Ex NF Y T)") = F(€x N (x N (F 1 T)H) =
FexN(F YT ) Cey NnF(FY(T)NCeynT =T,
which implies the inclusions

ExNF Y T)Cexn(ExnNF Y T)H CexnFYT)
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equivalent to the stability of the class €x N F~1(7).
(b3) The fact that the map 7 —— Ex N F~1(T) respects strong stability implies,
obviously, that it maps semitopologizing systems to semitopologizing systems.
(c1) Suppose that the class of deflations €x satisfies the condition (i). Let S be a
stable class of deflations of (Cy, €y ) invariant under pull-backs and satisfying the condition
(#) If in the commutative diagram

L — K
i’ l cart l) (1)
L 2 M — k

with cartesian square toj = idy and morphisms t and s belong to S, then tos € S.

Then the class €x N F~1(S) satisfies this condition.

In fact, let (1) be a diagram whose square is cartesian and § and t are arrows from
¢x N F~1(8). Since the functor F is strongly ’exact’ and the arrow s in the diagram (1)
is a deflation, there exists a pull-back of § along some arrow £ 7, K such that F maps
the pull-back of £ =~ M along & 2% M to a pull-back of F(s) allong F'(j o).

By hypothesis, the class of deflations €x satisfies the condition (#). So that the
composition tos is a deflation. Taking a pull-back of the deflation tos along the morphism
& -5 K, we obtain the diagram

g . R
N l cart l)\

e _° . o Y og (2)
~" l cart lfy’ cart lv

J R VLN

built of cartesian squares, where the morphism K 2L s uniquely determined by the
equalities 7/ o A = jo~ and to A = idg. Since the functor F is ’exact’ and the arrows t and
t o s are deflations, F' preserves pull-backs of this arrows which implies that it maps the
lower two cartesian squares of the diagram (2) to cartesian squares. Since, by construction,
F preserves the pull-back of the arrow £ —— M along the morphism 7' o A = j o 7, it
follows that F' maps the upper square of (2) to a cartesian square as well. By the condition
(#), F(tos) = F(t)o F(3) € S, that is tos € F~1(S) N €x. Since, by hypothesis, the
class S is stable and to § is a pull-back of the deflation to s, it follows from the assertion
(b) that tos € F~1(S) N €x.

(c2) Suppose that the condition (i) holds, that is the both classes of deflations, €x
and €y, satisfy the condition (#). The fact that €y satisfies (#) implies, by 4.2.3, that
any class S of deflations of (Cy, €y ) invariant under pull-backs and such that S is mul-
tiplicative satisfies the condition (#). If, in addition, the class S is stable, then, by (cl)
above, the class € x N F~1(S) satisfies the condition (#), which implies the multiplicativity
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of the class (€x NF~1(S))". Since, by (b), the map 7 +—— E&x NF~!(7) preserves strongly
stable systems, we obtain that it preserves strongly thick systems.

(c3) If €% = Wy o €x, then, by 4.2.4, a strongly stable divisible in €x system is
strongly thick iff it is multiplicative. Evidently, the 7 +— €&x N F~1(7) maps multiplica-
tive systems to multiplicative systems. Therefore, it maps strongly stable multiplicative
systems (in particular, strongly thick systems) to strongly thick systems. m

5.2. Proposition. Let (Cy, €y) L (Cz,€z) be a strongly ‘exact’ functor. Set
QY,F =YrN¢Ey = {5 € Ey | F(ﬁ) € ISO(Cz)}.

(a) Suppose that the class of deflations €y satisfies the condition (i) of 5.1. Then the
class (€y.r)" is multiplicative.

(b) If all deflations of (Cz,€z) having a trivial kernel are isomorphisms, then €y g
is a stable class, that is €y p = (Gy’p)K N Ey .

Proof. (a) It suffices to show that if £ —— M and M —— A are morphisms of Cx

such that s € QS?;F and t € &y p, then tos € QE)K/F. Since s € @;F and the functor F is
strongly ’exact’, there is a cartesian square

5
- IC

C
j’l cart lj (3)
L — M

such that § € €y and the functor F' maps it to a cartesian square. Taking pull-back of

LN along the morphism K 29 N , we obtain a diagram

Z — K
o4 l cart l B

Iy ; m ; K )
7”l cart l v cart l v=1toj

L ;) M —t>

built of cartesian squares with the arrow C N I uniquely determined by the equalities
tofB =idk, ¥ o =j (and with v o " equal to the left vertical arrow j’ in the cartesian

square (3)). Since M —1 K is a deflation, the functor F, being ‘exact’, maps the right
cartesian square of the diagram (4) to a cartesian square. In particular, t € €y p. By
construction, F' tranfers the square (3) to a cartesian square, which implies that it maps
the upper square of the diagram (4) to a cartesian square. The equality to 3 = idx
together with the fact that F(t) is an isomorphism, implies that F'(3) is an isomorphism.
Therefore, F(’) is an isomorphism. Since s € €y g by construction, we obtain that F(§) is
an isomorphism. So that F(tos) is an isomorphism. By hypothesis, the class of deflations
¢y satisfies the condition (i) of 5.1, which implies that to s is a deflation. Since tos is a
pull-back of to s, the latter belongs to QE}AC P
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_ F _
(b) For any strongly ’exact’ functor (Cy,€y) —— (Cz,€z) and any class of
deflations S of (Cy, €y ), we have, by 5.1(a), the inclusions

F(S8") C (F(S))" and F(S"N¢&y)C (F(S)) Né¢&y.

So that if SC €y p = {s€ &y | F(s) € Iso(Cz)}, then F(S" N &y) is contained in the

class €3 déf_] s0(Cz)" N &z of deflations with a trivial kernel. Therefore, if €2 = Iso(Cy),
then S C 8" N &y C YpNEy = €y r, hence Ey r is a stable class of deflations. m

5.3. ’Exact’ and strongly ’exact’ localizations. An ’exact’ (resp. strongly

*

‘exact’) functor (Cy, €y) 2, (Cx,€x) will be called an ‘ezact’ (resp. strongly ‘ezact’)

localization, if Cy ENYs) x is alocalization and the essential image of €y (resp. the essential
image of Wy ) coincides with €x (resp. with Wx).

5.3.1. Note. Since Cy EENYe! x is a localization functor, it is determined by the class
of arrows

g ef {s € HomCy | q"(s) € Iso(Cx)}.

The fact that (Cy,€y) -, (Cx,€x) is a ’exact’ localization means that the class of

deflations €y 4~ def g+ N €y is invariant under pull-backs.

5.4. Strongly ’exact’ saturation. Every strongly ’exact’ functor

_ F _
(Cy,Cy) —— (Cz,€yz)

*

factors through a strongly ‘exact’ localization (Cy, €y) A, (Cx,€x) uniquely deter-
mined by the equality 4= = Xp. This implies that for any class of arrows S of a right
exact category (Cy, €y ), there exists the smallest strongly ’exact’ localization q% which
maps all arrows of S to isomorphisms.

In fact, we consider the family Zs of all strongly ’exact’ functors from (Cy, €y )
which map all arrows of S to isomorphisms. Since the category Cy is svelte, the family
{¥p | F € Es} is a set. Therefore, there is a subset Eg of Eg such that {¥p | F €
Es} = {Zp | F € Zs}. The set of ’exact’ functors Eg defines an ’exact’ functor ®g to the
product of the corresponding right exact categories. Evidently, Yo, = ﬂ Y.

Fegs

We denote Xgx = Yag by S and call it the strongly ’exact’ saturation of S.

5.5. Saturated multiplicative classes of deflations. We call a class of deflations
S of a right exact category with weak equivalences (Cx, €x) saturated if SN €x = S.

It follows that, for any class of deflations S, the intersection S N &x is the smallest
saturated class of deflations containing S.

Since the localization at S is an ’exact’ functor, in particular it maps deflations to
deflations, the class S is left and right divisible in @y in the sense that if soe € S and ¢
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is a deflation, then both s and ¢ are elements of S. In particular, the system of deflations
SN Ex is divisible in Ex.

5.5.1. Proposition. (a) Suppose that the class of deflations €x satisfies the condi-
tion (i) of 5.1. Then, for any saturated system S of deflations of (Cx,€x), the class S*
18 multiplicative.

(b) If the system S is stable (that is S = S* N €x ), then deflations with trivial kernel
of the quotient right ezact category (Cg-1x,&Eg-1x) are isomorphisms.

Proof. (a) Let (Cx, Cx) <, (Cz,€z) be the localization at the saturation S of S.
Since, by definition of S, the functor q* is strongly ’exact’, it follows from 5.2 that the
system S” is multiplicative.

(b) Let M == N be a deflation of (C, €) with a trivial kernel. The latter means
that there exists a cartesian square

A

N
l f (1)
N

whose upper horizontal arrow is an isomorphism. Since ¢* is an ’exact’ localization functor,
every arrow of €z is isomorphic to the image of an arrow of €y, there is a deflation

M —=> N and an arrow N —>> N such that the pair of arrows q*(9 —— N 2 N) is

isomorphic to the pair of arrows M —— N J N Therefore, the functor g* maps the

cartesian square

—~ s ~

m — N
¢’l cart lgb (2)
m — N

to a square isomorphic to the cartesian square (1). In particular, s is a deflation which
q* maps to an isomorphism; that is s € S. Since, by hypothesis, S is stable, the lower

horizontal arrow of (2), M —— N, belongs to S too. Therefore, the arrow M =", N in the
diagram (1) is an isomorphism. m

5.6. Stable saturated classes. For a svelte right exact category with weak equiv-
alences (Cx,€x) = (Cx, €x, Wx), we denote by M, (X, Ex) the preorder (with respect
to the inclusion) formed by stable saturated classes of deflations of (Cx,€x) and by

M (X, Ex) the (isomorphic to M (X, €x)) preorder formed by the strongly ’exact’ satu-
rations {S | S € M, (X, Ex)} of these classes.

It follows that every stable saturated class of deflations containing the class Wx of
weak equivalences is thick. Notice that, since any saturated class of deflations is stable
and contains all isomorphisms, each element of M, (X, €x) automatically contains Wy, if
the latter consists of deflations with trivial kernels.
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6. Functorial properties of spectra.

6.1. Proposition. Let (Cx,€x) SN (Cy, €y) be an ’exact’ localization having
the following properties:

(1) Dy C (Zu* n QEX)Ay

(2) Sy is closed under push-forwards of deflations along arrows of ¥,

(3) If M = L <~ N are deflations such that the arrows u*(e) = u*(t) o ¢ for some

isomorphism ¢, then there exists a pull-back M- L8N of these arrows along some
morphism L — L and a commutative diagram

S

m — M
5’l l?
AL

where s, s are arrows of ¥y« and s is a deflation.
Let %2 be a system of deflations containing €x N Xy«. Then for any strongly stable
system T of deflations of (Cx,&x), there is the equality

TALt =exnut (W(ETNSH) Nt (2)

Proof. The inclusion T C u*  ([u*(T')]) for any class of arrows T imply, in partic-
ular, that
-1
TNE-Cexn(w (W(ENEZH) NS (3)

The claim is that the inverse inclusion holds.

In fact, let £ £, M be an element of €x ﬂu*_l([u*(TﬂEL)]) N Y+, This means
that £ € €x N X+ and there exists an isomorphism u*(¢) ~ u*(t) for some t € TN Y+,
This isomorphism is represented by a diagram

3

L — M
7 | [+
L M/
dl L
L —— M

whose vertical arrows belong to Y,« and, in addition, the upper vertical arrows, o and -~
are deflations. Using the fact that £ and t are deflations, we can form two cartesian squares

M g M

ﬁ% cart T 0l and %4 J cart l '
¢ S L —— M
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whose vertical arrows belong to ¥, and, besides, all arrows of the left square are deflations.

The arrow £ —— M’ belongs to T N ¥+, because t € TN X+ and both T and ¥+
are base change invariant. One can see that the arrows u*(¢’) and u*(t') are isomorphic.

By hypothesis, there exists a pull-back &M & 2 of these two arrows along some
morphism M’ — M’ and an isomorphism between them which can be represented by a
commutative diagram

S
SH

E ~
o | € (4)

~ t —~

g — M
whose upper horizontal and left vertical arrows belong to ¥« and both horizontal and the
right vertical arrows are deflations. In particular, there exists a kernel pair

Kery(s) = EHE — L
5.5 P2

. ] . . . . .
of the morphism £ — £. Since s is a deflation, there exists a cocartesian square

5;2

s’ l cocart ls”

[4

g — M

whose arrows belong to X,+. It is easy to see that the arrow £ —— 9V is the cokernel of
the pair

5/p1

Kers(s) £

s/pa

It follows from the commutativity of the diagram (4) that ¥ = toe and £ = o s”

for a uniquely determined morphism 9t Y5 M. Since ' € T and the system ¥ is left
divisible in €y, the morphism t belongs to €. This shows that an appropriate pull-back
of the morphism £ belongs to T o X+, that is £ € (T o X«)". So that we obtained the

inclusion u*  ([u*(Z)]) C (T 0 Xy+)" which implies the inclusion
Ex N (W (WD) NSt Cexn((Ton)) Nt (5)
By 2.3.1, ¥+ = (X+)”. Therefore, we have

ExN(ToZ ) ) NSt =¢x N(ToS, ) N(ZH)" =
ExN((Toly)NELH N =Ex N ((To Uy ) NTH,

Since ¥t is right divisible,
(ToXy )Nt =Fo (Ty- NEH NEE (6)
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By hypothesis, ¥+ C (X, N Ex)"; and, by the condition (i) which we assume here, the
inclusion (X, N €x) C ¥ holds for all ¢ € 3. Therefore,

Y NI C (B NEX) NEEC Y Nt C (ZnEhH) =ik, (7)

The last inclusion, $" N+ C (S NE+)7, is due to the fact that if s is an element of the
intersection ¥ N ¥+, then some pull-back of s is an element of X N Y= Wy.
Applying the inclusion ¥« N X+ C W5 from (7) to (6), we obtain the inclusion

(Top)NEL C (ToWi )Nt (8)
It follows from (8) that
(To%)) N C(ToWy)NEt. (9)

Combining all above (starting with (5)) and using the stability of T and the equality
Ex N (T o W) =T, we obtain

Ex N (W (W@ NSt Cexn(Towy) Nt =
Ex NELN(ToW) NEt =&x N(Ex N(ToWi)) nxt =
(ExNTHNEt=Tnxt

whence the equality (2). m

6.2. Proposition. Let (Cx,€x) v, (Cy,€y) be a strongly ’evact’ localization
satisfying the conditions (1)—-(8) of 6.1 and such that €x N Xy« is a stable system.

Then, for any Q € Specl'(X,€x) such that Xy« N Ex C Q, the system [u*(Q)]
belongs to the spectrum Specl (U, €y). If Q € Spec.;' (X, Ex), then [u*(Q)] belongs to
the spectrum Speck (U, €y).

Proof. Q € Specl (X, €x) and €xNE,- C Q. Let T be a strongly stable thick system
of deflations of (Cyr, ) properly containing [u*(Q)]. Since ¢y = [u*(€x)], this means
precisely that u*il(']I‘) contains Q properly, hence it contains Q*¢. So that [u*(Q°)] C T.
On the other hand, [u*(Q)] C [u*(Q*¢)], because, by 6.1,

¢xNu (W (Qnoh)nat=2anot =wy,

while 1
exnu (W@ neh)net =0 net = Q.

and, since Q € Spec;’c1 (X, €x), the system Qj, is non-trivial.

Same argument (with T a semitopological system) shows that [u*(Q)] € Spec.;' (U, &)
for any Q € Specy; (X, €x). m
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6.3. Covers. We call a set {(U;, €y,) —= (U, &y) | i € J} of ’exact’ localizations

a cover of (X, @X) if €xnN ( ﬂ Eu;«) = Wx. Below we consider only covers which have
icJ
finite subcovers whose elements satisfy the conditions of 6.1.

6.4. Proposition. Let & = {(U;, €y,) 2L (X, €x) | i € J} be a cover of the
right exact ’'space’ (X,Ex) by strongly ‘exact’ localizations which has a finite subcover
U= {(U;, ¢y,) = (X, €x) | i € I} with the following properties:

(1) Zyr C (B NEx)™,

(2) > s closed under push-forwards of deflations along arrows of Xy,

(3) If M = L <~ N are deflations such that the arrows uf(e) = uf(t) o ¢ for some

isomorphism ¢, then there exists a pull-back M-S LN of these arrows along some
morphism L — L and a commutative diagram

m — ﬁ{
5’l ) J ¢
N . F

where s, s’ are arrows of Yy and s is a deflation.

Then the following conditions on a Serre system ¥ of deflations of (Cx,€x) are
equivalent:

(a) T € Speck! (X, €x),

(b) ¥ € Spec,;' (X, €x) and [u:(X)] € Specyi (U, €y,) whenever Ex N Yur C 3.

Proof. The implication (a) = (b) follows from C2.4.6.4.

(b) = (a). Fix a finite subcover U5 = {(U;, €y,) —= (X, &x) | i € I} of the cover
U Set Jp = {j € T | €xur C X}, Let X be an element of Specg; (X, €x) such that
[u*(X)] € Spec,;"! (U;, €y,) for every i € Js. The claim is that ¥ € Spec;' (X, €x).

For every i € Jy;, we denote by S; the intersection €x N u;‘_l ([ur (X)) N et

Recall that ¥+ is the largest right divisible system having the trivial intersection with
Y (cf. 2.2). Since ¥ is a Serre system of deflations, the right divisible system of deflations
g,- is non-trivial, and g@ ¢ ¥. By 4.4.1, this implies that S = ﬂ gz is not contained in

i€Tx

3. Since S C ¥+, this means precisely that S is a non-trivial system.

We consider each of the two cases: Jx, = J and Jx, # J.

(i) Suppose that Jg = J. Set S = ﬂ S;. The claim is that (S) = ¥ which im-

i€Js

plies that ¥ € Spec;f(X ,€x). The equality <§> = Y means precisely that if ¥ is a
semitopologizing system of deflations of (X, €x) such that S ¢ ¥, then € C 3.

Since S C ¥1, the fact S ¢ % is equivalent to S TNt

It follows from 6.1 that

TASt =e¢x nu (WH(TNSH) NSt and
S=8nst =¢xnu (u(S))nxt
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for every i € J. The equality (2) implies that if & ¢ TN X+, then [uf(S)] € [uf(%)]. But,
then [u?(T)] C [u ()], whence T C ul (i (X)) N€Ex = .

(ii) Suppose now that Jyx # J. Set 3 = J — Jy and &% = m €x,u:. Since, by the
€T

definition of J*, Qfx,u; gz Y. for all i € 3%, it follows from 4.4.1 that QS% ¢_ Y.

Set & =8N E%. The claim is that (&) = X. i

Indeed, if T is a semitopologizing system of deflations of (X, €x) such that & ¢ ¥,
then it follows from the argument (i) above that [uf(&)] € [uf(%)] for some i € J. Notice
that this i belongs to Js;, because & C €%, hence u} (&) C Iso(Cy,) C [uf(T)] for every
i € J%. Therefore, the end of the argument of (i) applies. =

Similar fact (but, with additional assumptions) holds for the spectrum Spec;' (X, €x).

6.5. Proposition. Let (Cx,€x) = (Cx,€x,Wx) be a svelte right exact category
with a stable class of weak equivalences (that is Wx = W)X( N &x) and a left divisible
and weakly right divisible class of deflations (conditions 2.0(c) and 2.0(d)). Let 4 =
{(Ui, €p,) =5 (X, €x) | i € J} be a cover of the right exact “space’ (X, Ex) by strongly
‘exact’ localizations which has a finite subcover U = {(U;, €y,) — (X, Ex) | i € T} with
the following properties:

(1) Eu;‘ g (Zu: N eX)K;

(2) Yyr is closed under push-forwards of deflations along arrows of X+,
(3) If M = L <~ N are deflations such that the arrows ui(e) = ul(t) o ¢ for some

isomorphism ¢, then there exists a pull-back M- LN of these arrows along some
morphism L — L and a commutative diagram

m o M
s’l l?
o7

where s, s’ are arrows of Yy and s is a deflation.

(4) The functors u} preserve push-forwards of deflations.

Then the following conditions on a Serre system ¥ of deflations of (Cx,€x) are
equivalent:

(a) ¥ € Spec, " (X, Ex),

(b) ¥ € Specy; (X, €x) and [u ()] € Spec,’' (Ui, €y,) whenever Ex N Ty C XL

Proof. The argument is similar to that of 6.4. Details are left to the reader. m

6.6. Comments about the conditions on localizations. In the assertions of
this section, we consider strongly ’exact’ localizations (Cx,€x) — (Cy, €y) such that
Y« N Ex is stable and the following properties hold:

(1) Eu* g (Eu* N GX)Ka

(2) Xy~ is closed under push-forwards of deflations along arrows of ¥«
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B)YIfM L <4 N are deflations such that u*(e) = u*(t) o ¢ for some isomorphism

¢, then there exists a pull-back M -5 L <% N of these arrows along some morphism
L — L and a commutative diagram

m o M
5’l J”E
N7

where s, s’ are arrows of ¥« and s is a deflation.

(1) The condition (1) in combination with the stability of €x ,» = Xy« N €x implies
that the system of deflations €x .~ is saturated (cf. 5.5).

(2) The condition (2) holds if ¥« is closed under taking cokernels of pairs of arrows

t1
M N such that u*(t;) = u*(t2) (see the argument of 6.1).
to
The condition (2) holds, if the functor u* preserves push-forwards of deflations.

(3) It follows from the condition (1) that there exists a pull-back M= L N of

the deflations M —— £ «— N along some morphism £ — £ such that the isomorphism
¢ is described by a diagram

9)1;

i

N —— L

whose upper horizontal and left vertical arrows belong to ¥+, which the functor u* trans-
forms to a commutative diagram. The condition (3) holds for sure if the category Cx is
pointed (or, more generally, C'x has initial objects and, for any object of Cx, there is at
most one morphism to an initial object): it suffices to take a pull-back of the square above

along the unique arrow r — £ from an initial object.

Notice that the conditions (1), (2), (3) stand finite intersections. So that one talk
about covers and the corresponding pretopology. We shall not go into details of this here.
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7. Spectra of right exact ’spaces’ over a point.

We start with ’spaces’ represented by right exact categories with stable class of weak
equivalences and initial objects and gather together different facts and objservations scat-
tered in the previous sections.

7.0. Right exact ’spaces’ over a point. A “point”, x, is represented by the trivial
right exact category, that is the category Cx with only one (hence identical) arrow.

A right exact ’space’ over a point X is a pair ((X, €x),7), where v is a continuous
morphism (X, €x) — x. Right exact ’spaces’ over the point x form a category in a
standard way: morphisms from ((X,€x),7) to (Y,€y),7) are given by morphisms of

'spaces’ X 1, ¥ whose inverse image functor f* is an ’exact’ functor from (Cy, €y ) to
(Cx, €x) and such that 5 o f =+, which means that {* o 3* ~ ~v*.

Recall that continuous means that an inverse image functor Cyx RENYs! '« of the mor-
phism v has a right adjoint. One can see that this condition means precisely that v* maps
the unique object of the category Cx to an initial object of the category Cx. It follows
that morphisms of right exact ’spaces’ over a point are precisely those morphisms of right
exact ’spaces’ whose inverse image functor preserves initial objects.

7.0.1. Conventions. We fix a right exact 'space’ ((X, €x ), ) over a point x together
with an inverse image functor the morphism v. The latter means that we fix an initial
object ¢ of the category C'x. We assume that (Cx, €x) has a stable class of weak equiv-
alences and that all split epimorphisms of the category Cx are deflations. In particular,
every morphism to an initial object is a deflation.

Since in a general right exact category deflations are not invariant under push-forwards,
we look at the version of the spectral theory based on the notion of a semitopological system
(see Sections 4 and 5). Fix an initial object ¢ of the category Cx.

7.1. Stable systems of deflations and subcategories of C'x /. Following general
pattern, we consider the correspondence which assigns to any class of deflations S of
(Cx, €x) the full subcategory T of the category Cx /r whose objects are pairs (M, M = x)
with s € §. In other words, Ts is generated by the kernels of arrows of S. Here by a

kernel of a morphism M 7, NV we understand the pair (Ker(f), Ker(f) — r) (— an object
of Cx/t), where Ker(e) — r is the canonical morphism.
The stability of a class S of deflations of (Cx, €x) means that

S= {5 € Ex | Ker(s) € TS}.

The correspondence S —— Tgs establishes an isomorphism between the preorder of stable
systems invariant under pull-backs and the preorder formed by strictly full subcategories
of the category Cx /r containing kernels of weak equivalences; in particular, they contain
initial objects. The inverse maps assigns to a strictly full subcategory 7 of the category
Cx /x the class €% of all deflations s such that Ker(s) € 7.

Given a strictly full subcategory 7 of the category Cx /t, let &% denote the class of
all arrows of C'y which have a kernel from 7. By definition, €% = &x N &%. It follows
that (¢Z)" = 8. So that if S is a stable system of deflations, then S* = fiq}r{s, ie. SN
consists of all arrows of C'x whose kernel exists and belongs to Ts.
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7.2. Cartesian closedness and divisibility. A stable system S of deflations of
(Cx, €x) is cartesian closed iff the corresponding full subcategory Ts of the category Cx /x
is closed under finite products (taken in C'x /).

A system S is left divisible iff for any M € ObTs and any deflation M — N (in
Cx /r), the object N belongs to Ts. A system S is right divisible if for any object M of

Ts, the kernel of any deflation M —— N belongs to Ts.

7.3. Strong stability. The class WY contains all morphisms with trivial kernel,
in particular, all monomorphisms. Therefore, the condition S = €x N (S o Wy ) (which
makes a difference between the strong stability and stability) implies that the subcategory
Ts is closed under taking arbitrary (not only “admissible”) subobjects. If morphisms
with trivial kernel are isomorphisms and all weak equivalences are isomorphisms, then
the system S is strongly stable iff the corresponding subcategory is closed under taking
arbitrary subobjects.

7.4. Semitopologizing systems and strongly topologizing subcategories.
Summarizing all above, one can see that the map S —— Tgs induces an isomorphism be-
tween the preorder of semitopologizing systems of deflations of (C'x, €x) and the preorder
of full subcategories 7 of C'x which are closed under finite products and subobjects (taken
in Cx) and such that for any deflation M —— N with M € ObT, the object A" belongs
to 7. We call such subcategories strongly topologizing.

7.4.1. Note. We use here strongly topologizing, because the name “topologizing
subcategories” was given (years ago) to the most straightforward generalization of this
notion for exact categories [R, Ch.5]. We recall it for completeness: a subcategory 7 of

an exact category is called topologizing if it is closed under finite products and for any
deflation M —» N with M € ObT, both N and Ker(¢) are objects of the subcategory 7.

7.5. Thick systems and thick subcategories. A system S of deflations of
(Cx,€x) is thick iff the corresponding subcategory Ts is thick in the most expected,
ordinary sense: if M —— N is a deflation in Cx /t, then M is an object of Tg iff both
N and Ker(e) are objects of Ts. In other words, the subcategory Ts is topologizing and
closed under extensions.

7.6. Strongly thick systems and strongly thick subcategories. A system of
deflations S is strongly thick iff the corresponding subcategory T is strongly topologizing
and closed under extensions; or, what is the same, strongly topologizing and thick.

7.7. Orthogonal complements. We call objects of the subcategory Ty, trivial.
If Wx consists of arrows with trivial kernel, then objects of Tyy, are pairs (V,V — ),
where V' runs through initial objects of Cx (i.e. V — ¢ is an isomorphism).

Let 7 be a strictly full subcategory of the category Cx /r containing Ty, . We denote
by T+ the full subcategory of the category Cx generated by all objects M of Cx such
that the kernel of a deflation M — N belongs to 7 iff it is trivial. It follows that, for any

€L
stable system of deflations S, its orthogonal complement S+ contains ﬁ?,rfs and is contained

in ﬁi‘é [J{morphisms of C'x without kernel}.
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€
In particular, if the category C'x has kernels of all morphisms, then S+ = ﬁ}r(s .
7.8. Serre systems of deflations and Serre subcategories of Cx /r. For any
subcategory 7 of the category C'x /t, let 7~ denote the full subcategory of C'x /r generated

by all objects M having the following property: if M —— A is a non-trivial deflation (that

is Ker(e) is non-trivial), then there exists a non-trivial deflation Ker(e) Ny, (in Cx /r)
with Ker(§) € Ob7. We call a subcategory 7 of Cx/r a Serre subcategory if 7 =7 .
There is the equality (€x,7)” = €x 7-.
In particular, a system of deflations S of ¥ of deflations of (Cx, €x) is a Serre system
iff it is stable and Ts = Tg. This establishes an isomorphism between the preorders of
Serre systems of deflations of (C'x, €x) and Serre subcategories of Cx /z.

7.9. Strongly closed systems of deflations and strongly closed subcategories
of Cx /x. For any subcategory 7 of the category Cx /x, let 7T denote the full subcategory
of Cx /r generated by objects M € T~ such that for any morphism L — M from Wy,
the object L belongs to 7.

We call a subcategory 7 of Cx /x strongly closed if T = TT.

It follows from 7.8 and the observation 4.3.3(a) that (€x 1)’ = €x 7. In particular,

a system of deflations S is strongly closed iff it is stable and Ts = ']I‘jrs.

7.10. Strongly ’exact’ functors. An ’‘exact’ functor (Cx,€x) £ (Cy, €y) is
strongly ‘exact’ iff it maps cartesian squares of the form

Ker(f) —— t

l cart l (1)

M N

to cartesian squares. If F' maps initial objects to initial objects, this condition means that
F' preserves kernels of arrows. Since localizations map initial objects to initial objecs, an
‘exact’ localization is strongly ’exact’ iff it preserves kernels.

7.10.1. Remark. Since morphisms to initial objects in C'x are deflations, it follows

from the diagram (1) that, for a strongly ’exact’ functor (Cx, €x) x, (Cy, €y ), the class
of arrows X = {s € HomCx | F(s) is invertible} is contained in (Xp N Ex)" = ¢y p iff
all arrows of X have kernels. So that, in the case when all arrows of the category Cx
have kernels, X C G/)\Q r for any strongly ’exact’ functor F'.

7.10.2. Kernels of strongly ’exact’ functors. Suppose that a strongly ’exact’
functor (Cx, €x) iR (Cy, €y) maps initial objects to initial objects. Then F induces a
_ F _
functor (CX;, QEXx) - (Cyn,éyn), where CX; = Cx/zi, Cyn = Cy/t], y= F(;)
One can see that the subcategory Te, . coincides with the kernel of the functor

Cx/t I, Cy /v, and the latter is naturally equivalent to the full subcategory of kernel of
the functor F' generated by all objects N of Ker(F') having a morphism to .
We denote the kernel of the functor F; by RKer(F).
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7.10.3. Covers by strongly ’exact’ localizations. Elements of the covers we con-
sider here are morphisms (U, €) — (X, €x) whose inverse image functors are strongly
‘exact’ localizations such that all arrows of ¥« have kernels and the intersection €y ,» =
Ex N X,« is a stable system of deflations. We call a set

{(Ui,€y,) = (X, &x) | i € T}

of such morphisms a cover of the right exact ’space’ (X, €x) if €x N ( ﬂ Eu;) = Wx, or,

ieJ
equivalently, ﬂ Tey - = Twy. Taking into consideration the discussion and notation of
ieJ ’
7.10.2, we can rewrite the latter equality as ﬂ Rer(u]) = Ty, . If the class Wx consists

i€
of deflations with a trivial kernel (which is a standard choice), then the trivial subcategory
Tyy, is trivial in the usual sense: all its objects are initial.

7.11. The spectra. For every subcategory 7 of the category Cx /r, we denote by
T* the intersection of all strongly thick subcategories of C'y /r which contain properly the
subcategory 7. We denote by 7, the intersection 7* N7 +.

We denote by Specglc(X ,€x) the preorder (with respect to the inverse inclusion)
formed by all strongly closed subcategories 7 of the category Cx /¢ for which 7* # 7, or,
equivalently, the subcategory 7, is non-trivial.

Similarly, we denote by 7* the intersection of all strongly topologizing subcategories
of Cx /x properly containing 7 and set 7, = 7* N7 +. We denote by Specglz(X, €x) the
subpreorder of Specé’l@(X ,€x) formed by those strongly closed subcategories 7 of the
category C'x /¢ for which 7% # T, or, equivalently, 7, is a non-trivial subcategory of C'x /.

7.11.1. Proposition. The map S — Ts induces isomorphisms

Spect:! (X, €x) = Specge(X, €x)

_ _ (2)

Specyi' (X, Ex) = Specgls(X, ¢x)
between the spectra defined in terms of systems of deflations (4.4) and the spectra defined
in terms of strongly closed subcategories.

Proof. The assertion follows from the sketched above dictionary between the stable
systems of deflations of different kind and the subcategories of the category Cx /t. m

7.11.2. Proposition. Let 4 = {(U;, €y,) —5 (X, €x) | i € J} be a cover of the
right exact ‘space’ (X, &x) by strongly ‘exact’ localizations which has a finite subcover
U={(U,Cy,) =5 (X,€x) | i €T} such that, for every i € J, the subcategory Ker(u?) of
Cx /r is invariant under push-forwards of deflations (which holds if Kev(u}) is invariant
under cokernels of pairs of arrows).

Then the following conditions on a stronly closed subcategory P of the category Cx /x

are equivalent: B
(a) P € Specglz(X, ¢x),
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(b) Pe Specé’l@(X, €x) and [u(P)] € Specglg(Ui, Cy,) whenever Ker(u}) C P.

Proof. The claim is that the assertion follows from 6.4.

If fact, since, by the definition of covers, the arrows of ¥+ have kernels for all i € J,
the condition (1) of 6.4 holds: X+ C (X N €x)" forall i€ J (see 7.10.1).

It follows from isomorphisms of 7.11.1 that one can, replacing the category Cx by
Cx /r, assume that the category is pointed. Therefore, the condition (3) holds (see 6.6(3)).

Finally, the invariance of the subcategories Ret(u}) under push-forwards of deflations
is what remains of the condition (2) of 6.4. m

8. Special cases, some examples.

8.1. The abelian case. Let (Cyx,&x) be an abelian category; that is Cx is an
abelian category, deflations are arbitrary epimorphisms and weak equivalences are isomor-
phisms. Then (as it was already mentioned in the text) semitopological classes of deflations
become topological and, therefore, the spectral theories outlined in Sections 3 and 4 coin-
cide. To every class S of epimorphisms of the category Cx, we assign a full subcategory
Ts of C'x whose objects are kernels of morphsisms from §. The correspondence § — Tg
induces isomorphisms between the preorder of topological systems of deflations and the
preorder (with respect to the inclusion) of topological subcategories of the category Cx
in the sense of Gabriel (- full subcategories of C'x closed under taking subquotients and
finite products). Similarly, S —— Tgs induces an isomorphism between the preorder of
thick (resp. Serre) systems and the preorder of thick (resp. Serre) subcategories of Cx.

Strongly ’exact’ functors between abelian categories are the same as ’exact’ functors
and the latter are just exact functors in the usual sense. And for any exact functor

Cx £, Cy, the class of arrows X p = {s € HomCx | F(s) is an isomorphism} satisfies all
the conditions which appear in the main assertions of Section 6 (and are discussed in 6.6).

It follows from this isomorphisms and coincedences that the results of this work (trans-
lated into the language of topological, thick and Serre subcategories) recover all essential
facts of [R5] (see Appendix 2).

8.2. Spectra of ’spaces’ represented by exact categories. Suppose that
(Cx,€x) is an exact category. In this case, weak equivalences are isomorphisms and
deflations are called sometimes admissible epimorphisms. Since, for a general exact cate-
gory, deflations are not invariant under push-forwards, we look at the version of the spectral
theory based on the notion of a semitopological system (see Sections 4 and 5).

Following general pattern, we consider the correspondence which assigns to any class
of deflations S the full subcategory Ts of the category C'x generated by all objects M such
that morphism from M to the zero object belongs to S.

Notice that, since the category C'x is additive and weak equivalences are isomorphisms,
the class Wy consists of all monomorphisms of the category Cx. Therefore, a system S
of deflations of (Cx, €x) is strongly stable iff the subcategory Ts is closed under taking
arbitrary subobjects (cf. 7.3).

The map § — Ts induces an isomorphism between the preorder of semitopologizing
systems of deflations of (Cx, €x) and the preorder of strongly topologizing subcategories
T of C'x which are full subcategories of C'x closed under finite products and subobjects

o4



(taken in Cx) and such that for any deflation M —— N with M € ObT, the object N
belongs to 7 (see 7.4).

8.3. A note about the spectral theory of the category of algebras. Let
Cx be the category Algy of associative unital algebras over a commutative unital ring k,
deflations are strict (that is surjective) epimorphisms of algebras and weak equivalences
are isomorphisms. The k-algebra k is the canonical initial object of the category Alg; and
the category Algy/k is isomorphic to the category of augmented algebras. The category
Algy. /k of augmented k-algebras is naturally equivalent to the category Alg;. of non-unital

k-algebras. The equivalence is given by the functor Algi LN Algy, /k which assigns to a
non-unital k-algebra R the augmented algebra (k@& R, k®R — k). Its quasi-inverse functor
maps an augmented algebra (A, £4) to its augmentation ideal Ker(£4).

We have a commutative diagram of functors

* 1k
Tk

Algt o Algy/k Algs
Sl #1115 f1l 0
k — mod L k — mod L k — mod

where ﬁ is the forgetful functor, Af* its left adjoint which assigns to every k-module V' the
irrelevant ideal TEI(V) = EBV‘X”“" of the tensor algebra T} (V') of the module V; j; is
n>1
the canonical forgetful functor and the functor f* assigns to each k-module V the tensor
algebra Ty (V') with the canonical augmentation and f, is the forgetful functor.
By 7.11.1, the spectral theory outlined here requires only the category Algy/k of
augmented k-algebras. There is another pair of adjoint functors

k—mod — Algy/k, 2)

where the functor ¢, assigns to each k-module V' the k-algebra k& V with V -V = 0. Its

left adjoint functor, ¢*, assigns to every augmented k-algebra (A, A 4 k) the k-module
Ker(€a)/Ker(£4)?. The composition ¢* o p, is the identical functor, which means that
@, is a fully faithful functor and, therefore, ¢* is a localization functor. The functor
4 is ’exact’ and induces a natural equivalence between the category k& — mod and the
topologizing subcategory Ty of the category Algy/k whose objects are those augmented
algebras (A, A 4 k) for which Ker(€4)? = 0. Thus, the spectrum of the ’space’ Sp(k)
(which is isomorphic to Spec(k) — the prime spectrum of k, is embedded into Specé’}z(Xx).
The picture looks slightly simpler in terms of the category CQ%( = Alg}. of non-unital
k-algebras. Namely, the pair of adjoint functors (2) corresponds to the funcors

k — mod <7:> Algs, (2")

~*

where v, assigns to each k-module V' the same k-module with the zero multiplication and
the functor 4* maps each non-unital k-algebra A to the k-module A/A%. The kernel of
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the localization functor v* is the full subcategory Cy5 = Alg,fC of the category Alg; = CQ%(
X

whose objects are so-called firm algebras A defined by the equality 4% = A (evidently,
every unital algebra is firm). One can show that the spectrum Specé’é(?l}(, Eo1 ) is the
disjoint union of the image of the prime spectrum of k and the spectrum Specglz(ﬁlg(, @m; )
of the right exact ’space’ represented by the subcategory of firm k-algebras.

8.3.1. Generalizations. Let Cy = (Cx,®,I) be a monoidal category with ’tensor’
product ® and the unit object I. We assume that Cx is a pointed category with countable
colimits preserved by 'tensor product; and tensoring any object by a zero object produces a
zero object. Besides, Cx is endowed with a right exact structure €x with weak equivalences
Wy such that all split epimorphisms of C'x are deflations, both respected by the 'tensor’
product ®. The latter means that « ® 3 is a deflation (resp. a weak equivalence), if o and
0 are deflations (resp. weak equivalences).

Let Cq, denote the category Alggx of algebras in the C. x (in classical sources, like
[ML], the objects of Algg are called monoids). Thanks to the existence of countable
coproducts and the compatibility of ’tensor’ product with them, the forgetful functor
Cay BENY x has a left adjoint, {* which assigns to every object V' of the monoidal category
Cx its tensor algebra (T(V), py), where T(V) = @VQ" and the multiplication py is

n>0
given by the canonical isomorphisms VO™ @ VO™ =, yOntm  Here |V ©0 df .

The category of algebras has a natural initial object — the 'unit’ algebra I. We denote
the category Alggx /I of augmented algebras by C’Qg( .

If the category Cx is additive, then the category of augmented algebras is naturally
equivalent to the category Algéx of non-unital algebras.

Like in the case of k-algebras, we have a commutative diagram of functors

i

ng{ - CQ(X
in i1 5. (3)
c M, ¢

X — X

where j% is the functor which forgets augmentation.

We define deflations on the category Cg, of algebras by setting €g, = f;1(€x)
and weak equivalences by Wy, = f;1(Wx). The right exact structure on the category
of augmented algebras induced via the forgetful functor j%, so that Coy1 = =1 (&x) and

Wan = f-'(Wx) (see the diagram (3)).
There is also the embedding Cx BN C'Qg(, which assigns to every object V of Cx
the algebra (I @ V, ul,), where p?, is the multiplication trivial on V. This embedding has

a left adjoint, Cy £, C’mﬁ( , which maps every augmented algebra (A, A t4 I) to the

object Ker(£4)/(Ker(€4)?. Notice that the object Ker(£4) exists because £4 is a split
epimorphism, hence a deflation.
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The embedding Cx P, CQ‘% induces an embedding of the spectrum Specglg(X, Ex)

of the ’space’ (X,€x) into the spectrum Specglz@l}(, @%{) of the ’space’ (Q@(,@Q&)
represented by the right exact category of augmented algebras.

8.3.2. Example. Let R be an associative unital k-algebra and Cx the monoidal
category of R-bimodules endowed with the standard exact structure. Algebras in this
monoidal category are associative unital k-algebras A endowed with an algebra morphism

R %% A. Tn other words, the category of algebras is isomorphic to the category R\ Algy
of k-algebras over R. Augmented algebras are triples (¢4, A,&4), where A 4 Rs
the left inverse to ©4, that is £4 o ¥4 = idgr. The right exact structure on the cate-
gory of (augmented) algebras over R is standard: deflations are surjective morphisms and
weak equivalences are isomorphisms. We have the natural embedding of the spectrum
Specglz(X ,€x) of the ’spage’ (X, €x) represented by the category of R-bimodules into
the spectrum Specg}z(ﬁﬁ(, QEQ%() of the ’space’ (2%, GQ&) represented by the right exact
category of augmented algebras. The complement to the image of Specglz(X ,€x) is the
spectrum of the ’subspace’ (ng(, émf ) of the right exact ’space’ (2, @gg{) represented by
X

the subcategory of all augmented rings (14, A, £4) such that Ker(£4)? = Ker(£4). These
augmented algebras correspond to the firm non-unital k-algebras over the algebra R.

57



Appendix 1: some properties of kernels.

A1l.1. Proposition. Let M T Nbea morphism of Cx which has a kernel pair,
M xny M :1 M. Then the morphism f has a kernel iff p1 has a kernel, and these two
P2

kernels are naturally isomorphic to each other.

Proof. Suppose that f has a kernel, i.e. there is a cartesian square

¢(f)

Ker(f) ——
f’l cart l f (1)
T Z—N> N

Then we have the commutative diagram

Ker(f) —— MxyM —— M

f! l pll cart l f (2)
T 7J—M> M — N

which is due to the commutativity of (1) and the fact that the unique morphism x N, N

factors through the morphism M . N. The morphism ~ is uniquely determined by
the equality ps o v = €(f). The fact that the square (1) is cartesian and the equalities
paoy =t(f) and iy = f oip imply that the left square of the diagram (2) is cartesian,

ie. Ker(f) M X n M is the kernel of the morphism p;.
Conversely, if p; has a kernel, then we have a diagram

t(p1) p2
Ker(py)) —— MxyM —— M

P} l cart pll cart l f

; 7
s -, M L. N

which consists of two cartesian squares. Therefore the square

e(f)
Ker(p1) —— M

p’ll cart Jf
o NN

with &(f) = p2 o €(p1) is cartesian. m
A1.2. Remarks. (a) Needless to say that the picture obtained in (the argument of)

A1.1 is symmetric, i.e. there is an isomorphism Ker(p;) K er(pz) which is an arrow
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in the commutative diagram

E(1?1) D1

Ker(py) —— MxyM —— M

TJ/c lz Ty l? lidM

t(p2) P2
Ker(py) —— MxyM —— M

(b) Let a morphism M I, N have a kernel pair, M x y M :;1 M, and a kernel. Then,

P2
t(p1)
by Al.1, there exists a kernel of py, so that we have a morphism Ker(p;) M XN M
A
and the diagonal morphism M MM x ~ M. Since the left square of the commutative
diagram

’

p
r —— Ker(p) —

l cart c(pl)l J

Apng P1
M — MxyM —

is cartesian and compositions of the horizontal arrows are identical morphisms, it follows
that its left square is cartesian too. Loosely, one can say that the intersection of Ker(p;)

with the diagonal of M X M is zero. If there exists a coproduct Ker(py) [[ M, then the

t(p1) A
pair of morphisms Ker(p;) M x NM ™ M determine a morphism

Ker(py) [[M —— M xy M.

If the category C'x is additive, then this morphism is an isomorphism, or, what is the
same, Ker(f)[[M ~ M xxy M. In general, it is rarely the case, as the reader can find
out looking at the examples of 1.4.

A1.3. Proposition. Let

M —— N
g l cart l g (3)
f
M —— N

be a cartesian square. Then Ker(f) exists iff Ker(f) exists, and they are naturally iso-
morphic to each other.

A1.4. The kernel of a composition and related facts. Fix a category Cx with
an initial object z.

A1.4.1. The kernel of a composition. Let L L M and M % N be morphisms
such that there exist kernels of ¢ and g o f. Then the argument similar to that of Al1.3
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shows that we have a commutative diagram

Ker(gf) —— Ker(g) ——
t(gf) l cart l t(g) cart l iN (1)

L — M — N

whose both squares are cartesian and all morphisms are uniquely determined by f, g and
the (unique up to isomorphism) choice of the objects Ker(g) and Ker(gf).
Conversely, if there is a commutative diagram

’

u g
K —— Ker(g) — =

t l cart l t(9) l iN

L -1 M N

whose left square is cartesian, then its left vertical arrow, K SN L, is the kernel of the

. gof
composition L —— N.

A1.4.2. Remarks. (a) It follows from A1.3 that the kernel of L L M exists iff

!
the kernel of Ker(gf) —— Ker(g) exists and they are isomorphic to each other. More
precisely, we have a commutative diagram

Ker(H) —2L Ker(gf) —— Kerlg) ——

Zl E(gf)l cart l{?(g) cart liN
Ker(f) ﬂ L _ M . N

whose left vertical arrow is an isomorphism.
(b) Suppose that (Cx, €x) is a right exact category (with an initial object x). If the
morphism f above is a deflation, then it follows from this observation that the canonical

f
morphism Ker(gf) —— Ker(g) is a deflation too. In this case, Ker(f) exists, and we
have a commutative diagram

Ker(f) & Ker(gf) 1 Ker(g)

zl (gf) J cart l t(g)

¢(f) f
Ker(f) —— L — M

whose rows are conflations.

The following observations is useful (and are used) for analysing diagrams.
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A1.4.3. Proposition.(a) Let M - N be a morphism with a trivial kernel. Then

a morphism L I M has a kernel iff the composition g o f has a kernel, and these two
kernels are naturally isomorphic one to another.

(b) Let
!
L — M
7| | g
—~ ¢
M — N

be a commutative square such that the kernels of the arrows f and ¢ exist and the kernel
of g is trivial. Then the kernel of the composition ¢ o~y is isomorphic to the kernel of the
morphism f, and the left square of the commutative diagram

~ e(f) f
Ker(f) —— Ker(¢y) —— L — M

| s

() ~ o
Ker(¢) —— M —— N

18 cartesian.

Proof. (a) Since the kernel of ¢ is trivial, the diagram A1.4.1(1) specializes to the
diagram

Ker(gf) S x e x
tof) | cart | (g) | i
[V . N

with cartesian squares. The left cartesian square of this diagram is the definition of Ker(f).
The assertion follows from A1.4.1.

(b) Since the kernel of g is trivial, it follows from (a) that Ker(f) is naturally isomor-
phic to the kernel of g o f = ¢ o . The assertion follows now from Al1.4.1. m

A1.4.4. Corollary. Let Cx be a category with an initial object x. Let L L M be

t(g)
a strict epimorphism and M 2> N a morphism such that Ker(g) —— M exists and is

a monomorphism. Then the composition g o f is a trivial morphism iff g is trivial.

A1.4.4.1. Note. The following example shows that the requirement ” Ker(g) — M
is a monomorphism” in A1.4.4 cannot be omitted.

Let Cx be the category Algy of associative unital k-algebras, and let m be an ideal
of the ring k such that the epimorphism k& — k/m does not split. Then the identical
morphism k/m — k/m is non-trivial, while its composition with the projection & — k/m
is a trivial morphism.
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Appendix 2. Geometry of ’spaces’ represented by abelian categories.

Below we sketch parts of the spectral theory of ’spaces’ represented by svelte abelian
categories which were serving as a guide for this work.

A2.1. Topologizing subcategories and the spectrum Spec(—). A full subcate-
gory of an abelian category Cx is called topologizing if it is closed under finite coproducts
and subquotients. For an object M, we denote by [M] the smallest topologizing subcat-
egory of C'x containing M. One can show that objects of [M] are subquotients of finite
coproducts of copies of M. The spectrum Spec(X) of the ’space’ X consists of all nonzero
[M] such that [L] = [M] for any nonzero subobject L of M. We endow Spec(X) with the
preorder O which is called (with a good reason) the specialization preorder.

If M is a simple object, then the objects of [M] are isomorphic to finite direct sums
of copies of M and [M] is a minimal element of (Spec(X),2). If Cx is the category of
modules over a commutative unital ring R, then the map p —— [R/p] is an isomorphism
between the prime spectrum of R with specialization preorder and (Spec(X), D).

A2.2. Local ’spaces’. An abelian category Cy (and the ’space’ Y) is called local
if it has the smallest nonzero topologizing subcategory. It follows that this subcategory
coincides with [M] for any of its nonzero objects M; so that it is the smallest element of
Spec(Y). If a local category has a simple object, M, then this smallest category coincides
with [M]. In particular, all simple objects of Cy (if any) are isomorphic one to another.
The category of modules over a commutative ring is local iff the ring is local.

A2.3. Serre subcategories and Spec™ (—). A topologizing subcategory of an
abelian category C'x is called thick if it is closed under extensions. For any subcategory
T of Cx, let 7~ denote the full subcategory of C'x whose objects are characterized by
the property: their subquotients has nonzero subobject from 7. One can show that
(7-)~ =7 and the subcategory 7~ is thick. We call a subcategory 7 of Cx a Serre
subcategory if 7 =7 .

Let Spec™ (X) denote the set of all Serre subcategories P such that the quotient
category Cx /P is local. One can show that if C'x is a locally noetherian Grothendieck
category (more generally, a Grothendieck category with a Gabriel-Krull dimension), then
Spec™ (X) is isomorphic to the Gabriel spectrum of C'x.

Let Spec; (X) denote the set of all Serre subcategories of C'y such that the intersection
P* of all topologizing subcategories properly containing P is not equal to P.

A2.4. Theorem. (a) Spec;(X) C Spec™ (X).
(b) The map which assigns to a topologizing subcategory Q the union Q of all topolo-
gizing subcategories which do not contain Q is a bijection Spec(X) == Specy (X).
(c) Let T be a Serre subcategory of Cx and Cx £, Cx /T the localization functor.
(c1) If T 2 [M] € Spec(X), then [q*(M)] € Spec(X/T).
(c2) The map P +—— q*_l(P) is a bijection from Spec™ (X/T) onto the subset
{P € Spec (X) | T CP}.
(d) Let {7; | i € J} be a finite set of Serre subcategories such that ﬂ 7, =0. Then
ieJ
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(d1) Spec™ (X) = U Spec™ (X/7;).

(d2) An element P of Spec™ (X) belongs to Spect(X) iff P/T; € Spec;(X/T;)
whenever T; C P.

The assertion (c) can be extracted from [R, Ch.III]. The (most important) last asser-
tion says that an element of Spec™ (X) belongs to Spec; (X) (that is corresponds to an
element of Spec(X)) iff it belongs to Spec; (X) locally. Two different proofs of this fact
are in [R4] and [R5]. The argument in [R5] is based on some simple properties of Serre
subcategories and the Gabriel multiplication of topologizing categories.

A2.5. Geometric center of a ’space’ and reconstruction of commutative
schemes. Recall that the center of the category Cy is the (commutative) ring of endo-
morphisms of its identical functor. If C'y is a category of left modules over an associative
unital ring R, then the center of Cy is naturally isomorphic to the center of R.

We endow the spectrum Spec(X) with Zariski topology (which we do not describe
here). The map Ox which assigns to every open subset W of Spec(X) the center of the

quotient category Cx /Sw, where Sy = ﬂ @, is a presheaf on Spec(X). We denote by

Qew
Ox its associated sheaf. One can show that the stalk of the sheaf Ox at a point Q of the

spectrum is isomorphic to the center of the local category Cx / @, and the center of a local
category is a local commutative ring. The locally ringed space (Spec(X),Ox) is called
the geometric center (or Zariski geometric center) of the ’space’ X.

One of the consequences of the theorem above is the following reconstruction theorem:

A2.6. Theorem. If Cx 1is the category of quasi-coherent sheaves on a commutative
quasi-compact quasi-separated scheme, then the geometric center (Spec(X),Ox) of the
'space’ X is naturally isomorphic to the scheme. So that any quasi-separated quasi-compact
commutative scheme is canonically reconstructed, uniquely up to isomorphism, from its
category of quasi-coherent sheaves.

If the scheme is noetherian, this theorem recovers the Gabriel’s reconstruction theorem
[Gab], because it is easy to show that if C'x is the category of modules over a commutative
noetherian ring, then the injective spectrum of C'x is naturally isomorphic to Spec(X).

A2.7. Geometric realization of a noncommutative scheme. Let Cx be an
abelian category with enough objects of finite type. We have a contravariant pseudo-
functor from the category of the Zariski open sets of the spectrum Spec(X) to Cat which

assigns to each open set U of Spec(X) the quotient category Cx /Sy, where Sy = ﬂ @,

Qeu
and to each embedding U/ — V the corresponding localization functor. To this psedo-

functor, there corresponds (by a standard formalism) a fibred category over the Zariski
topology of Spec(X). The associated stack, §, is a stack of local categories: its stalk at
each point Q of Spec(X) is equivalent to the local category Cx/ 0.

We regard the stack §% as a geometric realization of the abelian category Cx.

If X is a (noncommutative) scheme, then the stack § is locally affine.
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A2.8. Note: geometric realization of noncommutative schemes and ringed
spaces. Taking the center of each fiber of the stack §5, we recover the presheaf of

commutative rings O x, hence the geometric center of the ’space’ X.

Notice that the stalks at points of a noncommutative scheme are local abelian cate-
gories, which only in exceptional cases are equivalent to categories of modules over rings.
This explains why imposing that noncommutative schemes should be ringed topological
spaces over injective (or some other) spectrum did not work.

A2.9. The spectrum Specg(X ). If C'x is the category of quasi-coherent sheaves on
a non-quasi-compact scheme, like, for instance, the flag variety of a Kac-Moody Lie algebra,
or a noncommutative scheme which does not have a finite affine cover (say, the quantum
flag variety of a Kac-Moody Lie algebra, or the corresponding quantum D-scheme), then
the spectrum Spec(X) is not sufficient. It should be replaced by the spectrum Spec? (X)
whose elements are coreflective topologizing subcategories of Cx of the form [M]. (i.e.
generated by the object M) such that if L is a nonzero subobject of M, then [L]. = [M]..

There is a natural map Spec(X) — Spec?(X) which assigns to every Q € Spec(X)
the smallest coreflective subactegory [Q]. containing Q. If the category Cx has enough
objects of finite type, this canonical map is a bijection.

A2.10. Theorem. Let {7; | i € J} be a set of coreflective thick subcategories of

an abelian category C'x such that ﬂ 7, =0; andlet Cx BN Cx /T; be the localization
icJ
functor. The following conditions on a nonzero coreflective topologizing subcategory Q of
Cx are equivalent:
(a) Q € Spec;(X),
(b) [ui(Q)]. € Spec(X/T;) for every i € J such that Q ¢ T;.

One of the consequences of this theorem is the following reconstruction theorem.

A2.11. Theorem. Let Cx be the category of quasi-coherent sheaves on a commu-
tative scheme X = (X, 0). Suppose that there is an affine cover {U; — X | i € J} of the
scheme X such that all immersions U; — X, i € J, have a direct image functor (say, the
scheme X is quasi-separated). Then the geometric center (Spec®(X),Ox) is isomorphic
to the scheme X.

If X = (X,0) is a quasi-compact quasi-separated scheme, then the category Cx
of quasi-coherent sheaves on X has enough objects of finite type, hence the spectrum
Spec?(X) coincides with Spec(X). Thus, the reconstruction theorem for quasi-compact
quasi-separated schemes is a special case of the theorem above.
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