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Borcherds lifts on Sp,y(Z)

Bernhard Heim and Atsushi Murase

Abstract

In this paper, we give several necessary conditions for a holomorphic Siegel modular
form on Sp,(Z) to be obtained as a Borcherds lift. As an application, we show that Siegel
Eisenstein series are not Borcherds lifts. We also give a condition satisfied by the weight of
a Borcherds lift.

1 Introduction and the main results

1.1 Introduction

The lifting of elliptic modular forms to Siegel modular forms of degree two was, suggested by
a conjecture by Saito and Kurokawa, introduced by a pioneering work [[20]] by Maass (for an
overview of this theory, see Zagier’s article [[26]]). Using theta lifting, Oda [[22]] and Rallis-
Schiffmann [[23]], independently, constructed a lifting to automorphic forms on O(2,m) general-
izing Maass’s lifting as well as Shimura correspondence ([[24]]). Later the multipicative analogue
of Oda-Rallis-Schiffmann lifting was discovered by Borcherds ([[2, 3]]). In our previous paper
[[17]], we showed that Borcherds lifts satisfy certain symmetries. The object of the paper is to
study Borcherds lifts on I'ys = Spy(Z) (namely the case of O(2,3)) by using these symmetries.

A Borcherds lift on I'y is a meromorphic automorphic form F on I'y (with a multiplier system
of finite order) whose divisor is of the form ), A(d)Hy, where d runs over the positive integers
congruent to 0 or 1 modulo 4, A(d) € Z (A(d) = 0 except for a finite number of d) and Hy is
the Humbert surface of discriminant d (for the precise definition of Hy, see 2.2; for Borcherds
lifts, we refer to [[2, 3, 5]]; see also [[15, 1]]). Since every Borcherds lift is a quotient of two
holomorphic Borcherds lifts, we are mainly concerned with holomorphic Borcherds lifts in this
paper.

From the fundamental results of Borcherds ([[2, 3, 4]]), it follows that the weight of F' is
expressed in terms of A(d) and Cohen numbers ([[7]]). By using this weight formula and certain
properties of Cohen numbers, we determine the holomorphic Borcherds lifts of small weights
(Proposition 4.13).

To discuss the arbitrary weight case, we employ our previous result on the multiplicative
symmetries for Borcherds lifts ([[17]]; see Theorem 3.1). We first characterize the powers of
the modular discriminant A in terms of multiplicative Hecke operators (Proposition 3.2). We
then show that the image of a holomorphic Borcherds lift F' on I's under the Siegel operator
is proportional to a power of A by using the multiplicative symmetry for F' and the above
characterization. This immediately implies that the Siegel Eisenstein series are never Borcherds

lifts. We also show that a holomorphic Borcherds lift on I'y with trivial character is proportional



to X‘foxg5F’, where x10 and x35 are Borcherds lifts of weight 10 and 35, respectively, a € Z>q,b €
{0,1} and F’ is a Borcherds lift of weight divisible by 12 such that the image of F’ under the

Witt operator is nonzero (Corollary 1.5).

1.2 Siegel modular forms

To explain our results more precisely, let

be the Siegel modular group of degree n and $),, :== {Z € M,,(C) | *Z = Z,Im(Z) > 0} the upper
half space of degree n, where 0, (respectively 1,) is the zero (respectively identity) matrix of
degree n.

Let M(T',) denote the space of holomorphic automorphic forms of weight & on T',,. By
definition, F € My(T',) is a holomorphic function on $,, such that F(y(Z)) = j(v, Z)*F(Z)
holds for any v € I', and Z € 9,,, and that F' is holomorphic at each cusp if n = 1. Here

Y(Z) = (AZ + B)(CZ + D)™}, j(v,Z) := det(CZ + D)

(4B cel'y,Ze$n
7_ C _D s n .

In what follows, we are mainly concerned with the case of n = 2 and often write (71, 2z, 72)
T1 z
€ 9.
z T

O(F)(7) := lim F(7,0,1iy) (T €91),

Yy—oo

for a point

For F' € My ('), we put

W(F)(71,72) := F(71,0,72) (11,72 € 91).

Then ®(F) € M (T;) and W(F) € Sym?(M(T1)), where Sym?(My,(T'1)) is the space of func-
tions on ) x ) generated by f(71)f (12) + f/(11)f(m2) with f,f" € My(T'1). The operator
¢ (respectively W) is called the Siegel (respectively Witt) operator. Then Si(I'2) = {F €
My(T9) | ®(F) = 0} is the space of cusp forms. Note that W(F) # 0 if ®(F) # 0. A Siegel

modular form F' € M (T'y) admits the Fourier expansion

F(r,z,m) = Z Ap(n,r,m)e(nm + rz + mm),

n,r,mez

where we put e(z) = exp(2miz) for z € C. Note that Ap(n,r,m) = 0 unless n, m, 4nm —r? > 0.

For k > 4, we define the Siegel Eisenstein series on I's of weight &k by

ElZ)= ) 27" (Zen)

~€eT$\TI'y



where

A B
e = ey p.

Then Ej € Mp(T's) and ®(E)) = ek, where

e(r)i=5 > (er+d)"

¢,d€Z, (e,d)=1
=-1- = Zok_l(n)e(nT) (T € 9H1)

is the elliptic Eisenstein series of weight k. Here Bj denotes the k-th Bernoulli number and

op—1(n) = Z a1,

0<d|n
We define the modular discriminant by
A(r) = q [T (1 - g™
n>1
1 3 )
- TQS(Q(T) B eﬁ(T)) € S12(T1) (T €9H1,q:=e(7)).

Due to Igusa ([[18]]), the graded ring P,~o M (I'2) is generated by E4, Eg, X10, X12 and X35,
where
X10 := —43867-2712.37°.572. 771 . 537 1(E,Es — Eyp) € S10(T2),

X12 :=131-593.2713.377.573.772. 33771
x (3%-T°E} +2-5° E§ — 691 E1p) € S1a(I'2)

and x35 is a unique element of S35(I') up to constant multiples (for an explicit form of yss, see

2.3). Note that we follow Igusa’s normalizations of 10 and x12 so that

Ay (1,1,1) = —1/4,
Ay,(1,1,1) = 1/12.

We also recall that van der Geer ([[10]]) defined a Siegel modular form
Gor = (x12 =272 370(BE + B))" — By (23710 — 271 - 3704 )

of weight 24 on I'y whose divisor is the Humbert surface of discriminant 5. It is known that
X10, X35 and G4 are Borcherds lifts (see [[13, 14]]), but x12 is not a Borcherds lift (see [[17]]).

In this paper, employing our previous result on the multiplicative symmetries for Borcherds
lifts ([[17]]; see Theorem 3.1), we give several necessary conditions for F' € My(I'2) to be a
Borcherds lift.

Theorem 1.1. Assume that F € My(T2) is a Borcherds lift. Then ®(F') is proportional to a

power A" of the modular discriminant A with r > 0.



As direct consequences of Theorem 1.1, we have

Corollary 1.2. If F € My(T'2) is a Borcherds lift with ®(F) # 0, then the weight k is divisible
by 12.

Corollary 1.3. The Siegel Fisenstein series Ey, is not a Borcherds lift.
We also show the following results.
Theorem 1.4. Let F' € My(T'y) be a Borcherds lift with W(F') # 0.
(i) The weight k is divisible by 12.
(ii) We have k > 12.

Corollary 1.5. Let F' € M(I'2) be a Borcherds lift. We put b = 0 if k is even and b = 1
otherwise. Let a € Z>( be the nonnegative integer such that the multiplicity of Hy in the divisor
of F is equal to 3a+b. Then F is proportional to x%,x3sF'. Here either F' =1 or F' € My5.(T's)
is a Borcherds lift with W(F') # 0 (note that ¢ > 2 in this case). In particular, the weight k of
F is of the form 10a + 35b + 12¢ (a € Z>0,b € {0,1},¢ € Z>p,c # 1).

1.3 The organization of the paper

The paper is organized as follows. In Section 2, we recall the definition of Borcherds lifts (2.4)
attached to weakly holomorphic Jacobi forms of weight 0 and index 1 (2.1) after recalling the
definition of Humbert surfaces (2.2). We also recall the construction of several known Borcherds
lifts X3, x10, X35 and Go4 (2.5). The main theorems (Theorem 1.1 and Theorem 1.4 (i)) are
proved in Section 3 in the following way:

By our previous results ([[17]]), Borcherds lifts satisfy certain symmetries (MS), for any
prime number p (see Theorem 3.1). Suppose that F' € My(I'2) satisfies (MS)3. Then f = ®(F)
satisfies the condition

(+) rens (3) (75 ) —afer

with some ez € C,|e2| = 1 (see Proposition 3.6). The key fact is that, if f € M (I";) satisfies
()2, f is a constant multiple of a power of the modular discriminant A (Proposition 3.2 and
Remark 3.3). Theorem 1.1 is then immediately deduced. We also show that the image ¢ of
F under the Witt operator satisfies a similar symmetry (ms)s (Proposition 3.6) and that the
weight of such a ¢ is divisible by 12 if ¢ # 0 (Proposition 3.5), which completes the proof of
Theorem 1.4 (i). In Section 4, we give a weight formula for the Borcherds lifts (Theorem 4.11
(iv)), essentially due to Borcherds, after recalling the definition of Cohen numbers. Using the
weight formula together with a lower bound of Cohen numbers (Lemma 4.5), we determine the
holomorphic Borcherds lifts of weight less than or equal to 60 (Proposition 4.13), which proves
the second part of Theorem 1.4.



1.4 Notation

We let C! = {z € C | |2|] = 1}. For a nonnegative integer n, we write n = O if n is a
square and n # [ otherwise. The transpose of a matrix X is denoted by !X. We denote by
Sym,, :={X € M,;, | 'X = X} the space of symmetric matrices of degree m. For S € Sym,,(C),
we put S(X,Y) =!XSY and S[X] =!XSX for X,Y € C™.

For a condition P, we put 6(P) = 1 if P holds and 0(P) = 0 otherwise.

2 Borcherds lifts

2.1 Jacobi forms

For k € Z, let Ji,1 denote the space of holomorphic functions on §) x C satisfying the following

conditions:

b
(i) For ( ¢ J > €I'y and (7,2) € $ x C, we have
c

¢<‘”+b z )—(CT—i—d)ke (C:ZQ )¢(T,z).

cr+d et+d
(ii) For A, u € Z, we have

O(T, 2 + AT+ 1) = e(=\*T — 2X\2) é(7, 2).

(iii) Let ¢(7,2) =3 , ez a¢(n,r)e(nT + rz) be the Fourier expansion of ¢. Then ag(n,r) =0

if 4n — 72 is sufficiently small.

The Fourier coefficient as(n,r) depends only on N = 4n — 72 and is often denoted by a,(N).
We put ay(N) =0if N =1 or 2 (mod 4). We then have

o)=Y apv) Y e<NZTZT+rz>.

NeZ r€Z,r2=—N mod 4

Let Ji1 :={¢ € Tp1 | ap(IN) =0 if N < 0} be the space of holomorphic Jacobi forms of weight
k and index 1, and let Ji'7" := {¢ € Jy,1 | ag(0) = 0} be the subspace of cusp forms in J ;.

In what follows, we are mainly concerned with the weight 0 case. For ¢ € Jp1, we call
{ag(N) | N < 0} the principal part of ¢, which determines ¢ since Jy; = {0}. The vanishing of
Jo1 is proved as follows. Suppose that ¢ is a nonzero element of Jo1. Then A¢ € Ji,*. Since
Jia1 is spanned by ¢’ with ag(3) =1 (cf. [[9]]), we have A¢ = c¢' with ¢ € C* and hence
¢ = cA~'¢. This implies that a,(—1) = ¢, which contradicts to the holomorphy of ¢.



2.2 Humbert surfaces

Let

Let O(Q) := {g € GLs | '9Qg = Q} be the orthogonal group of Q. For Z = (11,2, 72) € H2, put
Z :='—mimo+2%71,2,7,1) € C°. Note that Q[Z] = 0 and Q(Z, Z) = 4det(Im(Z)) > 0. There
exists a homomorphism ¢: Spy(R) — O(Q,R) such that g/<\Z/> = j(g,Z)_lL(g)Z for g € Spy(R)
and Z € 9.

Let

L:=7° L*=Q 'L,
i = AN EL* | n7I\ ¢ L* for any integer n > 1}.

prim

For an integer d, let

Hai= > {Zen|QX,2)=0f
XeLy
be a divisor in 2, where L4 := {X € Ly, | Q[X] = —d/2}. Note that Hs = 0 unless d > 0
and d = 0 or 1 (mod 4). Since Ly is ¢(I'y)-invariant, Hy is I's-invariant. Denote by Hy the
image of Hy in I'9\$H2 by the natural projection $2 — T's\$H2. The divisor Hy of I'y\9y is
called the Humbert surface of discriminant d. It is known that H; is nonzero and irreducible if

d=0or 1 (mod 4) (see [[11]], page 212, Theorem 2.4; see also [[12]], Section 3). Note that

Hy = U v{(11,0,72) | 1,72 € H},

vely

Ha= |J v{(rz.7)|T€H,2€C}.

Y€l

2.3 Siegel modular forms with a nontrivial character

Recall that the character group of I'y consists of two elements, the trivial character and the

nontrivial one v given by

v(n(B)) = (=1)P1+2tts,
) (_1)(1+a1+a4)(1+a2+a3)+a1a4’



where

L 12 B B b1 b2

(B ._(02 12) (B_(b2 bg)esm@),
L A 02 o ap az

ae (20 (a2 ) o)

(cf. [[21]]). Let M (T2, v) be the space of holomorphic functions F' on $)o satisfying F'(vZ) =
v(7)j (v, 2)FF(Z) for any ~ € Ty.
Let

0:(2)

o lt 1/ 1/ lt 1/ "
.-Ze(z <l+2e>Z<l+2e>—|—2<l—|—2e>e> (Z € 92)

lez?

be the theta constant associated with a characteristic € = (¢, €”) € (Z/27)? x (Z/2Z)?. Then
0. # 0 if and only if € is even, that is ‘é’e
X5 1= 278 T, cven Oc- It is known that x5 € M5(I'a,v), div(xs) = Hy and x10 = X2 (see [[19]],

IV. 9 for example). Put

"= 0 (mod 2). There are 10 even characterstics. Set

X35(T1, 2, 72) == X5(T1, 2, T2) "Sx5(271, 22, 279)

Tm+a z4+b m+c
X H X5< 2 ) 92 ) 9 >

a,b,c mod 2

T+ a T2 + @
X H X5 (272,272> X5 <271,Z>2>

a mod 2
Tm—22+79+b
X H X5<27'1,—7'1+z, ! 5 2 )
b mod 2

Then x35 € 535(F2) and diV(X35) = Hy; + Hy. It follows that xsg := XE:IX35 S M30(F2,’U) and
div(xs0) = Hy4. The following fact is easily proved.

Lemma 2.1. Let F € My(T2,v). If k is odd, x5'F € My_5(T2). If k is even, x50 F €
Mi—30(I'2).

2.4 Borcherds lifts on I'y

As a special case of Borcherds theory ([[2, 3]]; see also [[15]], §2.1), we have the following result:

Theorem 2.2. Let ¢ € Jp,1 and write a(N) for ag(N). Assume that a(N) € Z if N <0.



(i) Set

(i)

(iii)

reZ
1
p = 5 Z CL(*’I“2)’F,
reZ,r>0
1 2\ 2
vi= 1 Za(—r )
rez
and
A= {(m,n,r)€Z®|m>0}U{(0,nr)eZ’|n>0}
u{(0,0,7) €Z*|r>0}.
Then

‘lld)(Tlu Z, 7—2)

. 0 a(dmn—r?)
= e (m-l —pz+ 247'2> ( l_I)eA (1 —e(mm +7rz+nm))

converges absolutely if det(Im(Z)) is sufficiently large, and is meromorphically continued
to 532.

The function Wy is a meromorphic modular form on T'y of weight ks = a(0)/2 and char-
acter v* (a € {0,1}).

The divisor of Wy is

o0

> | D a(—f*d) | Ha,

d \f=1

where d runs over the positive integers congruent to 0 or 1 modulo 4.

The meromorphic modular form W is called the Borcherds lift of ¢.

Remark 2.3. As we will see in Remark 4.9, the weight of Wy is always an integer.

In view of Lemma 2.1, we are mainly concerned with Borcherds lifts of trivial character in

this paper.

2.5

Examples of Borcherds lifts

For an even integer k > 4, let

er1(7, 2)
-5 Y (CT+d)_kZe<)\2aT+b+2)\ P e >
2 cdeZ (ad)=1 = ct+d ct+d cr+d




be the Jacobi Eisenstein series of weight k& and index 1. Then e ; € Ji 1. Set

o 64(7’)2647 (1,2) —ea(T)es 1 (T, 2)
o 2) = 11%Ad§ -

= (¢+10+¢ 1) +q(10¢% — 64¢ + 108 — 64¢ 1 +10(7%) + -+ -,

where ¢ := e(7),( := e(z) and ex(7) is the elliptic Eisenstein series of weight k (cf. 1.2). It is
easily verified that ¢1) is an element of Jo,1 with principal part

1 if N=-1,
0 ifN<-1

a(N) =

and that x5 (respectively x10) is proportional to the Borcherds lift of o) (respectively 2¢(1)).
Let

¢ (r,2) = ¢+ (¢ +60—C 1+ +0(g)

be the element of Jp 1 with principal part

1 if N=—4,
a(N)={ -1 if N=-1,
0 ifN<ON=#—4N#-1.

Then Y30 is proportional to the Borcherds lift of ¢(2).
Similarly we let
0@ (r2) =1 (C+ () + 48+ 0(q)

be the element of Jp 1 with principal part

1 if N= -5,
0 if N<O0,N #—5.

a(N) =

Then Ga4 is proportional to the Borcherds lift of q§(3).

3 Proof of the main results

3.1 The multiplicative symmetry

Let F € My(I'y) and let p be a prime number. Put

p—1
T+ a
<F|7;2T) (7_17277—2) = F(p7_17p277_2) HF < lp ,2,7'2> ’
a=0

p—1
T2 +a
<F\7;l) (11,2, 72) :F(717p27p72)HF <71,Z7 2p )
a=0



We say that F' satisfies the multiplicative symmetry for p if the condition
(MS), F|7;>T = GP(F)FU;)l
holds with €,(F) € C!. The following result is a special case of [[17]].

Theorem 3.1. Suppose that F € My (T') is a Borcherds lift. Then F satisfies the multiplicative

symmetry for any prime number p.

3.2 A characterization of powers of the modular discriminant

Let k be a nonnegative integer. Denote by My (I'1) (respectively Sk (I'1)) the space of holomorphic
automorphic (respectively cusp) forms on I'; = SLa(Z) of weight k. Recall that S12(I'1) =C- A
and that A has no zeros in $ = 9.

For f € My(T'1) and a prime number p, we define the multiplicative Hecke operator by

(JIT)(r) = f(pT)Ef ( N ) |

Then f|7, € Mg11)x(I'1). The following elementary fact plays a crucial role in the proof of
Theorem 1.1.

Proposition 3.2. A nonzero element f of My(I'1) satisfies
(*)p (fIZ) (1) = (NN f(rPTH (1)
for any prime number p with ¢,(f) € C' if and only if f is a constant multiple of A™ (r € Z>0).

PRrOOF. We first show the “if” part. It suffices to prove (x), for f = A. For a prime number p,

we have
AlT, L T4+ a
(A’(T))J(rl) =e (pT + ;} —(p+ 1)7')
24
(1= em) I (1 (a721))
% nl;[l (1 —e(nt))pt!
Since
r+a)) _ JA—e@nr)? ifpln,
};[)(1 e<n p >>_ 1—e(nr) if p{n,
we have

2
) (anl(l — () TTos1.pin(1 = (™ 07)P TTos g, ppu (1 e<m>>)24

0.2

[T (1= e(nr))ptl

= (-1,

10



which proves the claim. This also shows that €,(A”) = (—1)®~)7". We next show the “only if”
part. Suppose that f satisfies (x), for p = 2. Let f(7) = a,q" + O(q"*!) with a, # 0 (¢ = e(7)).
We may assume a, = 1 without loss of generality. Then g := fA™" =1+ O(q) is in Mi_12,(I")
and we have

(31) sn)g (5)a (75 ) = eatry

with € = (—1)"ea(f) € CL. Suppose that g has a zero 79 in §. Let F ={re€ | |r| > 1,-1/2 <
Re(r) < 1/2}. Since F is the closure of a fundamental domain of I'\$), we may suppose that
70 € F. Note that Im(279) > v/3 > 1. Since g(279)% = ¢ 'g(470)g(70)g (10 + 1/2) = 0, we have
g(219) = 0. Take a point 7 in F such that 71 — 279 € Z. Then ¢g(r1) = 0 and 71 # 79. Repeating
this procedure, we see that g has infinitely many zeros in F, a contradiction. Thus ¢ has no
zeros in $). It follows that ¢! € M _g412-. This implies that £k = 127 and g is a constant. This
completes the proof of the proposition. O

Remark 3.3. The proof of the proposition shows that f is a constant multiple of A" if f €
M (T'1) satisfies (x)a.
3.3 The multiplicative symmetry for Sym?(M(I';))

For ¢ € Sym? (Mg (T'1)) and a prime number p, we define the multiplicative Hecke operators by

p—1
1 +cC
(6l m) = plom. ) [T (5 m)
c=0

p—1
+c
(G T)(m,m) = p(ropm) [ @ ( i ) .
c=0

We say that ¢ satisfies the multiplicative symmetry for p if there exists an €,(p) € C! such that
(ms), AT = e(p)el T,
holds. For ¢ € Sym?(My(T'1)), we put
' (o) (1) = lim (7, iy).
y—o0
Then ®'(¢) € Mg(T'1). The following fact is easily verified.

Lemma 3.4. If p € Sym?(My(T1)) satisfies (ms)y and f := ®'(p) is not identically equal to

zero, then f satisfies (x)2. In particular, f is a constant multiple of A" and k is divisible by 12.
Proposition 3.5. If p € Sym?(M(T'1)) \ {0} satisfies (ms)a, k is divisible by 12.

PRrROOF. If ®'(¢) # 0, the assertion follows from Lemma 3.4. Suppose that ®'(¢) = 0. Since
S1(T'1) = A My_15(T'1), there exist a positive integer r and 1 € Sym?(My_12,(I'1)) such that
¢ = (A" ® A")yp and ®'(¢)) # 0. Since 1) satisfies (ms)s, we have 12|(k — 12r) by Lemma 3.4
and hence 12|k. ]

11



The following is easily verified.
Proposition 3.6. Suppose that F' € My(I's) satisfies (MS), for a prime p. Put f := ®(F) and
@ = W(F). Then f (respectively @) satisfies (x), (respectively (ms),) and ey(F) = €,(f) =
ep()-
3.4 Proofs of Theorem 1.1 and Theorem 1.4 (i)

Proposition 3.7. Assume that F' € My(T'2) satisfies (MS)a and that f := ®(F') is not identically
equal to zero. Then f =cA" (c € C*,r € Z>o). In particular, the weight k is divisible by 12.

PROOF. The proposition follows from Proposition 3.6 and Remark 3.3. O

Theorem 1.1 is a direct consequence of Theorem 3.1 and Proposition 3.7. Theorem 1.4 (i)

also follows from Theorem 3.1, Proposition 3.6 and Proposition 3.5.

4 The weight formula

4.1 Cohen numbers

To express the weight ky of Wy in terms of the principal part of ¢, we recall the definitions of
Cohen numbers ¢(r, N) and C(r, N).

Let L(s,x) denote the Dirichlet L-function attached to a Dirichlet character xy modulo N.
For r, N € Z~, define

(=2 — 1) NT—1/221_’“7T_’“L(7”,X(q)rN)
if (—1)"N =0or 1 (mod 4),

if (—=1)"N =2 or 3 (mod 4),

M
where xar(d) := ” for M € Z with M =0 or 1 (mod 4). We put ¢(r,0) := {(1 — 2r) for
r € Z~g. For r € Z~g and N € Z, we define

2z N (T, d=2N) if (=1)"N=0or 1 (mod 4) and N > 0,
(4.2) C(r,N):= 4 ¢(1-2r) it N =0,
0 otherwise.

Note that
c(r,N)=">_ uf)C(r, f2N)

>0, f2|N

for N > 0, where p is the Mobius function. We set

C*(N) := —60C(2,N),
c*(N):=—-60¢(2,N)

12



for N > 0. If N > 0, we have

(4.3) F(N)= D wHC (f°N).

>0, f2IN

The formula (4.3) implies that
(4.4) (D) =C*(D)
for a fundamental discriminant D.

Remark 4.1. We give a table of ¢*(IN) and C*(N) for N <20 with N =0 or 1 (mod 4).

N 0 1145 |8 9 12 | 13 | 16 | 17 | 20
c*(N) || -1/2 | 5|30 |24 |60 | 120 | 120 | 120 | 240 | 240 | 240
C*(N) || -1/2 | 5|35 |24 |60 | 125 | 120 | 120 | 275 | 240 | 264

The following result is proved in [[7]] (Propositition 4.1).

Proposition 4.2. For a nonnegative integer N, we have

Cr(N) =123 o <N52> LN N =6,

seZ 4 0 otherwise,
where
Y d o ifme Zs,
0<dlm
(4.5) o1(m) =

—1/24  ifm=0,
0 otherwise.
In particular, C*(N) is a positive integer if N > 0.

Let N be a positive integer with N = 0 or 1 (mod 4). Then we have N = ¢?D with g € Z+q

and D a fundamental discriminant. We set

B(N) =4[] (1 - XZ?) .

plg

This number is a positive integer divisible by g. The following is easily verified.
Lemma 4.3. (i) For a fundamental discriminant D, we have B(D) = 1.

(ii) Let N,g, D be as above. Then we have B(N) > g°.
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Lemma 4.4. Let N be a positive integer with N = 0 or 1 (mod 4) and let N = ¢*>D with

g € Z~o and D a fundamental discriminant. Then we have
c*(N)=B(N)C*(D).
In particular ¢*(N) is a positive integer.

PROOF. By (4.2) and (4.3), we have

which proves the lemma. O

Lemma 4.5. For N € Z~g, we have

C*(N) > ¢*(N) > 3N.

PROOF. Since ¢*(N) > 0 and C*(N) = Yo son ¢ (f7°N), we have C*(N) > ¢*(N). By
Proposition 4.2, we have C*(N) > 3N. Then Lemma 4.4 and Lemma 4.3 imply that

c*(N) > g>C*(D) > 3¢°D = 3N.
O

Lemma 4.6. If D > 1 is a fundamental discriminant with D # 5 and D # 8, then C*(D) is
divisible by 120.

PROOF. The lemma immediately follows from Proposition 4.2 and [[8]] Corollary 10.3.9. O
Lemma 4.7. If N > 9, ¢*(N) is divisible by 120.

PROOF. We may suppose that N = gD with g € Z~q and D a fundamental discriminant. By
Lemma 4.4, we have ¢*(N) = B(N)C*(D). In view of Lemma 4.6, it suffices to consider the
case where D =1, D =5 or D = 8. Since C*(1) = 5,C*(5) = 24 and C*(8) = 60, the proof of

the lemma is reduced to the following elementary fact, whose proof we omit.
(a) If D=1 and g > 3, B(N) is divisible by 24.
(b) If D=5 and g > 2, B(N) is divisible by 5.

(¢) If D=8 and g > 2, B(N) is divisible by 2.
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4.2 The weight formula for Borcherds lifts

Proposition 4.8. (i) For each positive integer d with d = 0 or 1 (mod 4), there uniquely

exists an element ¢q of Jo,1 with principal part

1 if N =—d,
a¢>d(N): ]
0 if N<O0and N # —d.

(ii) For ¢ € Jo,1, we have

and hence .

506(0) = 3 ag(~N)C*(N).

N>0
PrOOF. This fact is essentially due to Borcherds ([[4]]; see also [[6]], page 1721). For com-
pleteness, we give a sketch of the proof. For k € Z, denote by J,: , and Jlj’ ’ICUSp the space of
skew-holomorphic Jacobi forms of weight k and index 1 and its subspace consisting of cusp forms,
respectively (for the definition, see [[25]]). For an odd integer k, we also denote by M. ,;2(F0(4))
and S,:F/Q(Fo(ll)) the Kohnen plus space on I'g(4) of weight k/2 and its subspace consisting of
cusp forms, respectively. It is known that J,;':l = M,j;l/Q(Fo(él)) and Jl:’lcusP = Sp_12(To(4)) if
k is odd (see [[25]]; see also [[16]]). By [[4]], the obstruction space for Jp 1 is J;iCUSp. The first
assertion of the proposition follows from the fact J;HC“SP = Sgr/Q(Fo(él)) = S4(SL2(Z)) = {0}.
Next observe that Jgf = MJ/Q (T'o(4)) and that the latter space is one-dimensional and spanned
by Cohen’s Eisenstein series
> C(2,N)e(N7).
N>0

The second assertion follows from this. O

Remark 4.9. Proposition 4.8 implies that, if ¢ € Jy 1 satisfies the assumption of Theorem 2.1,
the weight k4 of the Borcherds lift Wy is an integer.

Remark 4.10. The Borcherds lift ¥y is holomorphic if and only if
oo
> ag(—f*d) >0
f=1

holds for any positive integer d with d =0 or 1 (mod 4).

Theorem 4.11. (i) For each positive integer d with d = 0 or 1 (mod 4), there exists an
Fy € My, (I'2,v%) with g € {0,1} satisfying div(Fy) = Hg.

(ii)) We have kq = c*(d).

(ZZZ) We have Fy € M5(F2,U),F4 S Mgo(rg,v) and Fy € Mkd(rg) if d > 4.
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(iv) A Borcherds lift F' € My(T'2,v") (o € {0,1}) is a constant multiple of [, Ff(d), where
d runs over the positive integers with d = 0 or 1 (mod 4), and A(d) is a nonnegative
integer (A(d) = 0 except for a finite number of d) satisfying A(1) + A(4) = a (mod 2).
Furthermore we have

k=Y A(d)c(d).
d>0
PROOF. Set

vai= Y pu(f) b2

£>0,f2|d
and let Fy be the Borcherds lift of 14. By Theorem 2.2 (iii), we have div(F;) = Hy and hence
Fy is holomorphic. The weight of Fj is equal to

Yo O = (d)
£>0,f2|d
by (4.3). By Lemma 2.1, the character of Fy is equal to 1 (respectively v) if d > 4 (respectively

if d =1 or d = 4). The remaining assertion of the theorem is easily verified. O

Proposition 4.12. The weight kg of Fy is divisible by 24 if and only if d > 4 and d # 8. If
d>9, kg s divisible by 120.

PRrROOF. The proposition is a direct consequence of Theorem 4.11, Lemma 4.7 and Remark
4.1. O

Proposition 4.13. The Borcherds lifts in My (I'2) with k < 60 are listed as follows:

’ Borcherds lift ‘ weight ‘ divisor ‘
F?* (1<a<6) 10a 2aH;
F2H U (1<a<2)|10a+35 | (2a+1)Hy + Hy
FF5 (1<a<3) | 10a+ 24 2aH, + Hj

F? 60 2H,
F? 48 2Hs
Fy 60 Hg

Remark 4.14. The above table shows that every Borcherds lift of weight less than or equal to
60 is a monomial of Fy, Fy, F5 and Fg. We also see that there is no holomorphic Borcherds lift
of weight 12, which proves the second assertion of Theorem 1.4. This also gives another proof

of the fact that xi2 is not a Borcherds lift, which was proved in [[17]] in a different way.
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