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UNIVERSAL INTEGRABILITY OBJECTS

HERMAN BOOS, FRANK GOHMANN, ANDREAS KLUMPER,
KHAZRET S. NIROV, ALEXANDER V. RAZUMOV

ABSTRACT. We discuss the main points of the quantum group approach in the theory
of quantum integrable systems and illustrate them for the case of the quantum group
Uy(L(sl2)). We give a complete set of the functional relations correcting inexactitudes
of the previous considerations. A special attention is given to the connection of the
representations used to construct the universal transfer operators and Q-operators.

1. INTRODUCTION

The modern approach to a wide class of quantum integrable systems is based on the
concept of a quantum group introduced by Drinfeld and Jimbo [17, 20]. Here all the ob-
jects describing the model and related to its integrability are obtained from the universal
R-matrix of the underlying quantum group. For the first time this approach was used by
Bazhanov, Lukyanov and Zamolodchikov [5, 6, 7], see also the paper [2].

The universal R-matrix is an element of the tensor product of two copies of the quantum
group under consideration. The objects related to integrable systems are obtained by
fixing representations of the factors of the tensor product. By historical reasons, it is
customary to call the representation space of one of the factors the auziliary space,
and the representation space of the other one the quantum space. For definiteness, we
assume that the auxiliary space is associated with the first factor, and the quantum
space with the second one. In fact, fixing the representation for the auxiliary space we
define an object related to integrability, while the choice of the representation for the
quantum space defines a physical model. For example, a square lattice vertex model
and the related spin chain arise when we take for the quantum space a tensor power of
finite-dimensional representations of a quantum group. The basic example here is the
six-vertex model and the XXZ spin chain. If the quantum space is the representation
space of a certain infinite-dimensional vertex representation of the quantum group, we
have a two-dimensional quantum field theory.

If we fix the representation for the auxiliary space only, we obtain universal objects
which do not depend on the physical model. It appears that it is possible to derive for
these objects the universal functional relations responsible for the integrability, see, for
example, [2, 8]. The functional relations for a concrete physical model can be obtained
then by fixing the representation of the quantum group in the quantum space.

In this talk we shortly discuss the main points of the quantum group approach and
illustrate them for the case of the quantum group U,(L(sl2)). We give a complete set of
the functional relations correcting inexactitudes of the previous considerations. A special
attention is given to the connection of the representations used to construct the universal
transfer operators and the universal Q-operators. Additional details can be found in the
paper [11].
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2. QUANTUM GROUP APPROACH
2.1. General remarks.

2.1.1. Quantum groups. Let g be a Kac-Mody algebra [23]. A quantum group U,(g)
determined by g is a Hopf algebra of a special type. As a Hopf algebra, it is supplied
with an associative multiplication with a unit, a coassociative comultiplication with a
counit, and an antipode.

The quantum group U,(g) can be considered as a ’deformation’ of the enveloping
algebra of the Lie algebra g. Depending on the sense of g, there are at least three
definitions of a quantum group. According to the first definition, ¢ = exp h, where A is an
indeterminate, according to the second one, ¢ is an indeterminate, and according to the
third one, ¢ = exp h, where h is a complex number such that ¢ # 0, +1. In the first case
a quantum group is a C[[A]]-algebra, in the second case a C(q)-algebra, and in the third
case it is just a complex algebra. For our purposes, it seems that it is most convenient to
use the third definition. Therefore, we define a quantum group as a C-algebra, see, for
example, the books [22, 15, 18].

For any Hopf algebra A with the comultiplication A we can define the opposite comul-
tiplication:

AP =Tlo A,
where II is the element of End(A ® A) defined by the equation’
(e ®b) =b® a.

A Hopf algebra A is said to be almost cocommutative, if there exists an invertible element
R € A® A such that

A®(a) = RA(a) R
An almost cocommutative Hopf algebra A is called quasitriangular, if

(A ®id)(R) = R¥R?, (id® A)(R) = R¥R™. (2.1)

In this case the element R is called the wniversal R-matriz. The universal R-matrix
satisfies the Yang-Baxter equation for the universal R-matrix

R12 R13 R23 — R23 Rl?) RIQ. (22)
Any quantum group U,(g) is a quasitriangular Hopf algebra.
2.1.2. Spectral parameter. Assume that a quasitriangular Hopf algebra A is endowed with
a family of automorphisms ®,, v € C*, satisfying the equation
b, 00, =0,,,. (2.3)
The spectral-parameter-dependent universal R-matrix is defined as
R<C1|C2) = ((I)Cl ® (I)Cz)R?

and the Yang-Baxter equation for the universal R-matrix (2.2) gives the Yang-Baxter
equation for the spectral-parameter-dependent universal R-matrix,

R¥Z(C1lG) R¥(GIG) R*(GlG) = R (Cal¢s) R (GilG) R¥ (Gl )- (2.4)

In the case when
(¢, P, ) R=TR (2.5)
one has

R(C1V|C2V) = R(C1|C2)

n general, if A; and Ay are two algebras, we denote by II the element of Hom(A; ® As, As ® Ap)
defined by the equation II(a; ® ag) = as ® ay.
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for any v € C*. Here it is possible to define the universal R-matrix depending on only
one spectral parameter

R(¢) =R(¢[1).
Then one has
R(C1|C2) = R(C1C2_1)7

and the spectral-parameter-dependent Yang—Baxter equation reads

RZ(GGHRP (GG RP(GEG ) = RP(GGHRP(GEG ) RP(GE .

A simplest way to construct a family of automorphisms ®,,, satisfying equation (2.3),
is to assume that the Hopf algebra A is endowed with a Z-gradation,

A= An
meZ
It is easy to see that the grading automorphisms
Oy(a) =D v, (2.6)
meEZ

where a =)y, an € A, satisfy equation (2.3).
2.2. Universal integrability objects from the universal R-matrix.

2.2.1. Preliminaries. Let U,(g) be a quantum group. Note that the universal R-matrix
for U,(g) is in fact an element of U,(b;) ® Uy(b_) C U,(g) ® U,(g), where b, and b_
are the standard Borel subalgebras of g [30, 25, 28, 31, 24]. Therefore, to construct
universal integrability objects we need representations of U,(by). One can obtain repre-
sentations of U,(by) from representations of U,(g) by the restriction, however, we need
also representations which cannot be obtained by this procedure.

Below ¢ is a representation of U,(g) in a vector space V, and p is a representation
of U,(b4) in a vector space W which cannot be extended to a representation of the full
quantum group Uy(g).

We assume that a family of automorphisms ®,, v € C*, of U,(g), satistying equation
(2.3), is fixed and define the families of representations

o = o P, pc = po P,

parametrized by the spectral parameter (.

2.2.2. R-operators and R-matrices. For any (y, (s € C* we define

R, (G]¢2) = (9 @ 9)(R(G]¢2)) = (v ® 9e,)(R).

It is clear that R,((1/C2) is an element of End(V) @ End(V) = End(V ® V). We call it an
R-operator. If V = C* one can identify R,((1|¢2) with the corresponding k? x k* matrix
called an R-matrix. The Yang-Baxter equation for the universal R-matrix (2.2) or for
the spectral-parameter-dependent universal R-matrix (2.4) give the usual Yang—Baxter
equation

R (Gile2) R (GIG) B (CalGs) = RY (Gl Gs) RPHGIG) B (Gl Ge)-

If equation (2.5) is valid, one can define the R-operator with one spectral parameter

Ry (C) = Ry(C[1)

which satisfies the Yang—Baxter equation of the form

RZ(GGH) RA(GGT) RP (GG ) = R (GG ) R (GG ) R GG ).



4 H. BOOS, F. GOHMANN, A. KLUMPER, KH. S. NIROV, A. V. RAZUMOV

One can also define an R-operator using two different representations of U,(g), say
¢1: Uy(g) = End(V1) and s : U,(g) = End(V3). In this case we use the notation

Ry, 0, (G1lG) = (010, ® 02¢,)(R).

It is clear that the operator R, ,,(¢1|¢2) is an element of End(V;)®End(V2) = End(V;®
V5). It is useful to introduce the linear mapping

R 2(GilG2) = P 0 Ry 0 (G1]2),
where the mapping P is the element of Hom(V; ® V5, Vo, ® V1) defined by the equation
P(v1 ® v9) = v9 ® vy.
The mapping R, ,,((1]¢2) is an element of Hom(V; ® Vi, Vo ® Vi) which serves as the

intertwiner for the representations i, ®a @a¢, and o, ®a @1, of U,(g) in the vector
spaces Vi ® Va and V, ® V; respectively.? To show this, first write

pac; @ P15, = o (p1e, ® pag,) o I1.
Note that the first II at the right hand side of the above equation is an element of
Hom(End(V;) ® End(V2), End(V2) ® End(V1)), and the second one is an element of
End(U,(g) ® U,(g)). Since U,(g) is an almost cocommutative Hopf algebra, we come
to the equation

(926, @ 910)(A(a))) = (016 @ P2, ) (R A(@)RTH).
Taking into account that
(M, ® M) = P~ o (M; ® My) o P
for any M; € End(V}) and M, € End(V3), we obtain

(QOQCQ N QDICl)(a) = R<P1,<P2 (<1|C2) o ((901{1 XA 902C2>(a)) o (R5017<P2 (Cl|<2))_1‘
Thus, the representations @i, ®a pa¢, and par, @A @1, are equivalent and the mapping

Ry, .0,(C1]G) is the corresponding intertwiner.

The explicit forms of R-matrices were obtained from the corresponding universal R-
matrices for some representations of the quantum groups U, (L(sl2)) [24, 27, 32, 14, 13, 9],
U,(L(sl3)) [32, 14, 13, 9] and U,(L(sls, 1)) [24, 10], where p is the standard diagram

automorphism of sl3 of order 2.

2.2.3. Universal monodromy operators and universal transfer operators. We define a uni-
versal monodromy operator M,(¢) by the equation

My (C) = (pc @id)(R).
It is clear that M, (¢) is an element of the algebra End(V) ® U,(g).

The transfer operators are obtained via taking the trace over the representation space
V' of the representation ¢ used to define the monodromy operators. We denote by tr the
usual trace on the algebra of endomorphisms under consideration.

In general, if try is a linear mapping from an algebra A to C, satisfying the cyclic
property

tra(ajas) = tra(asay),
we say that try is a trace on A. It is useful to have in mind that a linear combination of
traces on an algebra A is a trace on A.
If ¢ is a representation of an algebra A in a vector space V', we denote

tr, =trop.

2We use the notation ®a to distinguish between the tensor product of representations and the usual
tensor product of mappings, so that (¢ ®a ¥)(a) = (¢ ® ¥)(A(a)).
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It is evident that tr, is a trace on the algebra A. Due to the cyclic property of a trace,
if two representations ¢, and ¢, of an algebra A are equivalent, then tr,, = try,.
Let t be a group-like element of A. This means that

Alt) =t @t (2.7)

Starting with the universal monodromy operator M, ((), we define the corresponding
unwversal transfer operator as

To(€) = (tr @ 1d)(My(O) (e (t) @ 1)) = (try, @ 1d)(R(t @ 1)).

It is common to call t a twist element.

An important property of transfer operators is their commutativity. Let ¢; : U,(g) —
End(V}) and ¢, : U,(g) — End(V%) be two representations of U,(g). Using the definition
of the universal transfer operator written as

To(¢) = (try, @ id)(R™tY),
we obtain
Tor (G755 (C2) = (try,, @ trg,, @id)(RPRZ ).
Now rewriting equation (2.7) as
A(t) = t't?
and having in mind (2.1), we see that
(A®id)(R(t® 1)) = RPR*t!#.

Thus, we have

To1 (1) T2 (G2) = (11, @aae, @1)(R(E @ 1)).
In a similar way we determine that

T2 (C2) 1 (G1) = (trpc, 0000, @1)(R(ED 1)),
Since the representations ¢, ®a Ya¢, and pae, DA P1¢, are equivalent, we have

Tor ()T (C2) = T (C2) T (G1)- (2.8)

Let us prove one more useful property of the universal transfer matrices. Let a be a
group-like element of U,(g). Since

Ala) = A%(a),

we have
R20102 — ala?R12.
If @ commutes with the twist element ¢, then
R 102 — ala2R12L
Assuming that a is an invertible element, we can rewrite this equation as
(a))H((R2tY) a?) a! = a2(R124Y).

Now applying to both sides mapping (tr o p.) ® id, we see that

To(C)a = aT5(C)

for any invertible group-like element a € U,(g) commuting with the twist element ¢.
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2.2.4. Universal L-operators and universal Q-operators. L-operators play in the construc-
tion of -operators the same role as monodromy operators in the construction of transfer
operators, and the definition of L-operators is very similar to the definition of the mon-
odromy operators. The main distinction here is that to define L-operators we use the
representation p of U, (b, ) which cannot be extended to a representation of U,(g). In fact,
to obtain some useful objects one should choose representations p defining L-operators
and @-operators to be related to representations ¢ used to define the monodromy oper-
ators and the corresponding transfer operators. Presently, we do not have a full under-
standing of how to do it. It seems that the representation p should be obtained from the
representation ¢ via some limiting procedure, see [3, 19] and the example below.
We define a universal L-operator by the equation

L,(¢) = (p¢ ® id)(R).
It is clear that £,(¢) is an element of End(W) ® U,(b_).

The corresponding universal QQ-operator is defined by the relation
() = (tr @id) (L, () (pc(t) © 1)) = (try, @ id)(R(t @ 1)).

Since Rp,¢(§1, (2) is the intertwiner of the representations pe, ®a ¢¢, and @, ®a p¢, they
are equivalent. Therefore, one has

Qp(C)Tp(C2) = To(G2) o (G), (2.9)

where we assume that the same twist element is used to define both the universal Q-
operator and the universal transfer matrix. As well as for the case of universal transfer
operators, one can show that any group-like element commuting with the twist element
commutes with QQ-operators defined with the help of this twist element.

Using only the definition of Q,(¢), one can not prove the commutativity of Q,(¢) for
different values of the spectral parameter because p cannot be extended to a representa-
tion of the whole algebra U,(g) and the corresponding intertwiner cannot be constructed
in a direct way. However, as for the case of universal transfer matrices, also here we can
obtain the equation

Q1 (€1) Qs (C2) = (871, @apa, ® Id)(R(E@ 1)) (2.10)

valid for any representations p; and ps of U,(by). Analysing the tensor product of the
representations p; and py one obtains information about the product of the operators
Q,,(¢1) and Q,,(¢2). In this way one can prove the functional relations.

3. ExaMPLE. UNIVERSAL INTEGRABILITY OBJECTS

We consider the example of the quantum group U,(L(slz)). The necessary represen-
tations of U,(L(slz)) and of the corresponding Borel subalgebra can be constructed by
using the homomorphisms to the quantum group U,(sly) and to the g-oscillator algebra
Osc, respectively. Therefore, we start with a discussion of the simplest representations
of these algebras.

3.1. Quantum group U,(sl>).

3.1.1. Definition. Let h be a complex number such that ¢ = exph is not equal to 0
and +1. We assume that ¢, v € C, means the complex number exp(fir). The quantum
group U, (sly) is a unital associative C-algebra generated by the elements E, F', and ¢"7,
v € C, with the following defining relations

qo — 1’ qlllqusz — q(V1+V2)H7 3.1

qVHEq—VH — qZVE, quFq—uH _ q_ZVF, (32)
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[E,Fl=r"(¢" — ¢ ") (3.3)

Here and below x, = ¢ — ¢~'. Note that ¢"¥ is just a notation, there is no an element
H € Uy(sly). In fact, it is constructive to identify H with the standard Cartan element
of the Lie algebra sly, and vH with a general element of its Cartan subalgebra h = CH.
Using this interpretation, one can say that ¢“f is a set of generators parameterized by
the elements of the standard Cartan subalgebra of sls.

The quantum group U,(sly) is also a Hopf algebra with the comultiplication

A(qVH) — ql/H ® ql/H’
AE)=Eo1+¢oE, AF)=Fo¢d +10F,
and the correspondingly defined counit and antipode.
The monomials E*F¢"" for i, j € Z>o and v € C form a basis of U,(sly). There is one
more basis defined with the help of the quantum Casimir element C which has the form
C=EF+r(¢" " +q ") = FE+x(¢"" +¢7").

Here and below we use the notation ¢*#*# = ¢*¢"", v, € C. One can verify that C

belongs to the center of U,(sly). It is clear that the monomials of the form E™1CY¢"H,
FHCIig" ! and Cig"H for i,j € Zso and v € C also form a basis of U,(sly).

3.1.2. Simplest modules and representations. The simplest U,(sly)-modules have a basis
consisting of eigenvectors of the operators corresponding to the elements ¢“*’. Let v be
such a vector. It follows from (3.1) that?
qVHU — qu,u,U
for some p € C. The number p is called a weight, and the vector v a weight vector of
weight .
The defining relations (3.2) immediately give
¢ T Ev = ¢"W A By, ¢ U Fy =" 2.

These relations suggest us to consider a free vector space generated by the vectors v,,
n € Z, such that

Fu, =v,41.
If ¢"Hvg = ¢"*vy, then we have

o, = "2y,

As for the action of E¥ on v, it is natural to assume that

Ev, = c,vn-1
for some complex constants ¢,. Now the defining relation (3.3) gives

Cnt1 = Cn + [0 — 2n]q,

and, therefore,
e = A+ [nlg[p —n+ 1]
for some constant A € C. Here and below

=1/ v _V_qu_q—l/
g =r, (¢ —q )—W
for any v € C.
We obtain a U,(slz)-module determined by the equations
qVHUn — qy(u—Qn)vn’ (34)

3Here and below considering representations we use the module notation.
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EU" = <)\ + [n]q[u —n+ 1]q)vn—17 FUn = Up41- (35)

We denote this module by VA and the corresponding representation by 7. The action
of the quantum Casimir operator on the vectors of the module V#*
Cv=r, A+ g g .
Introduce for the U,(sly)-module Vi a new basis formed by the vectors

Up = VUptk
for some k € Z. Simple calculations give
¢, = /=22
Eu, = (A + [klgp — k+ 1], + [n]glp — 2k — n + 1)) up—1, Fu, =ty .
Thus the modules V" with
A=Xo+ [Klglpo =k + 1], p=po—2k

are isomorphic for all £ € Z and fixed py and Ag.

un>

3.1.3. Highest weight modules. Consider the U,(sly)-module Ve and assume that
At [nfglp—n+1];=0
for some n € Z. Shifting the basis we see that up to an isomorphism we can assume that
this equation is valid for n = 0, so that A\ = 0. Hence, we have
Evy=0.

It is clear that the vectors v, n € Zs(, form a basis of a U, (slz)-submodule. We denote it

by V# and the corresponding quotient representation by 7 . The module Viisa highest
weight module with highest weight p.
If 4 equals a non-negative integer m, the linear hull of the vectors v, with n > m is a

U, (sly)-submodule of V™ isomorphic to the module V=2 We denote the corresponding

finite-dimensional quotient module ym / y-m-2 by V™ and the corresponding quotient
representation by 7™.

3.1.4. Traces. The trace defined by a representation 7 for a general \ is singular.
However, for A = 0, using the representation 7* and denoting
ﬁ'“ = tr%u,
we obtain that
tr,u(Ei-‘rlcrquH) — 0’ tru(Fi+1quVH) _ 0’

and that
q"

1— q—21/
for |¢] < 1. If |¢=?| > 1 the trace of C7¢"* can be defined by analytic continuation.
Using the finite-dimensional representation 7™ and denoting

tNI,“(quVH) — H;Qj(unrl + qf,ufl)j

tI‘m = trﬂ-m7
we obtain

trm(Ei+1qul/H> — 0’ trm(FZ'Jrlequ/H) — 07

0 (CIg) = k2 (g™ g i+ L
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One easily obtains the equation
tr,, = Ei'm — Ei',m,Q (36)

which actually follows from the definition of the representation 7.
One can define
tr, = tr, —tr_, o (3.7)

for an arbitrary p € C. The mapping tr,, is a trace on U,(sl,), however, it is not generated
by a representation of U,(sls).

3.2. g-oscillators.

3.2.1. Definition. We start with reminding the necessary definitions, see, for example,
the book [26]. Let i be a complex number such that ¢ = exp i # 0, £1. The g-oscillator
algebra Osc, is a unital associative C-algebra with generators b', b, ¢*V, v € C, and
relations

q0 — 1’ ququugN _ q(U1+V2)N’ (38)
quNb’[qfuN — qbe, qzszqu/N — qfub, (39)
o =r '@ =), 00 =R =, (3.10)

It is easy to understand that the monomials (b7)" g™ b+1g"N and ¢“V for i € Z>o and
v € C form a basis of Osc,.

3.2.2. Simplest modules and representations. The simplest Osc,-modules have a basis
consisting of eigenvectors of the operators corresponding to the elements ¢*V. If v be
such a vector, then it follows from (3.8) that

qZ/NU — qu)\,U

for some A € C. In turn, the defining relations (3.9) give
qVNbTU _ qy(/\+1)bTU7 qVNbv _ qu()\—l)bv'

Having these equations in mind, let us consider a free vector space generated by the
vectors vy, n € Z, and try to endow it with a structure of an Oscy-module assuming first
that

bio, = Upt1-
Now, if we assume additionally that ¢"Nvy = ¢" v, then

vN v(A+n)

q Un=4¢(q Un,

and it is natural to expect that the action of b on v, is given by the equation
b'Un = CpUn—1

for some complex constants ¢,. It follows from the defining relations (3.10) that ¢, =
[A + n],. Now one can verify that the relations

qVN,Un _ qy()\+n)

blv, = Unit, bv, = [N+ n|vn-1

Uy

endow the vector space under consideration with the structure of an Osc,-module. We
denote this module by W* and the corresponding representation by x*. It is quite evident
that the modules W* with A\ = Ay + k are isomorphic for all £ € Z and fixed ).
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Now consider the Osc,-module W* and assume that [\ + n], = 0 for some n € Z. Up
to an isomorphism of Osc,-modules one can assume that n = 0 so that [\, = 0. It is the
case if A =0 or A = wi/h. Here we have

bUO =0.

It is clear that the vectors v,, with n > 0 form a basis of an Osc,-submodule of W, In
the case where A = 0 we denote it by W and the corresponding representation by x*.
Explicit expressions for the action of the generators on the basis vectors v,, n € Zx, of
the Osc,-module W are

¢Non = ¢y, (3.11)

blv, = Uy, bv, = [n]qUn_1, (3.12)

where we assume that v_; = 0.
Let W~ be a free vector space generated by vectors v,,, n € Z>o. One can see that the
relations

¢"Nvp =g "y, (3.13)
bv, = Upy, biu, = —[n]qvn-1, (3.14)

where we again assume that v_; = 0, endow W~ with the structure of an Osc,-module.
We denote the corresponding representation of Osc, by x~. One can show that this
Osc,-module is isomorphic to the quotient Osc,-module W0/ .

3.2.3. Traces. The trace on the algebra Osc, defined with the help of the representation
x* for a general \ is singular. Using the representation y* and denoting

tr+ = trx+,
we see that
tr+((bT)Z+1qVN) = Oa tr+(bi+1qVN) = 07
and that .
t Z/N —
r+(q ) 1 _ qV7

for |¢q| < 1. For |¢| > 1 we define the trace tr; by analytic continuation. One can also

define
tr_ = trxf .

however, one can easily show that tr_ = —tr.

3.3. Quantum group U,(L(sl2)).

3.3.1. Definition. It is convenient to start with the definition of U,(L(sly)). Remind that

L(sly) is the loop Lie algebra of the simple Lie algebra sly, and L(sly) is its standard
central extension, see, for example, the book by Kac [23].

The Cartan subalgebra of £(sl,) is
H = CH & Cec,

where H is the standard Cartan element of sls and ¢ the central element. Define the
Cartan elements

h[):C—H, hle
so that one has N
h = Chy @ Chy.
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The simple positive roots ayg, a; € H* are given by the equations

a;(hi) = ai;,

(ai) = ( _; _3 )

Let, as before, i be a complex number, such that ¢ = exph # 0,%1. The quantum
group U, (ﬁ(s[Q)) is a C-algebra generated by the elements ¢;, f;, ¢ = 0,1, and ¢*, z € h,
with the relations

where

¢'=1,  ¢"¢"=q""" (3.15)
geq =" Wei, ¢ fig " =g, (3.16)
leis f5] = w03 (g —a7™) (3.17)
satisfied for all 7 and j, and the Serre relations
eje; — [3lgeie,e; + [3lgese,ef — ;e =0, (3.18)
F1 = Blafififi + Blofififf = 1,7 =0 (3.19)

satisfied for all distinct ¢ and j.
The quantum group U,(L(sly)) can be defined as the quotient algebra of the quantum

group Uq(E(5[2)> by the two-sided ideal generated by the elements of the form ¢"¢ — 1,
v € C*. In terms of generators and relations the quantum group U,(L(sly)) is a C-algebra

generated by the elements e;, f;, i = 0,1, and ¢*, z € b, with the relations (3.15)—(3.19)
and the additional relation®

g’thoth) = 1. (3.20)

The quantum group U,(L(sly)) is a Hopf algebra with the comultiplication A defined
by the relations

Alg") =q"®¢", (3.21)
Ale)=e;@1+¢ " @e,  Alf)=fiod" +1af, (3.22)

and with the correspondingly defined counit and antipode.
Below we denote the standard Borel subalgebras of the Lie algebra L(sly) by b, and

b_. The Borel subalgebra U,(b;) is the subalgebra generated by ey, e; and ¢*, = € b.
The Borel subalgebra U, (b_) is generated by fy, fi and ¢*, = € b.

3.3.2. Jimbo’s homomorphism and universal transfer operators. Following Jimbo [21], we
define a homomorphism

@ 1 Ug(L(slz)) — Uy(slz)
by the equations
pl@™) =", ple)=F  ¢(fo)=E

™) =¢",  ple)=E  o(fi)=F

Let 7 be the highest weight infinite-dimensional representation of U,(sly) with highest
weight p described above. We define a representation ¢ of U,(L(sls)) as

ot =7 o .

4Note that ho + h1 = ¢, so that g*(hothi) = gve,
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Slightly abusing notation, we denote the corresponding U,(L(sl;))-module by V# and the
representation by 7. We see that for this module one has

quho Uy = q—u(u—Zn) Un,s quh1 v, = qu(u—2n) Vns (323)
€0 Un = Un+1, e1 vy = [n]g[p —n + 1]gvp—1, (3.24)
Jovn = [nlglu — n+1]g vy, J10n = V1. (3.25)

In the case when p equals a non-negative integer m we again abuse notation and denote
the corresponding U, (L(sly))-module and representation by V™ and 7.

To introduce the spectral parameter we endow U, (L(sly)) with a Z-gradation assuming
that the generators ¢*, x € E, belong to the zero-grade subspace, the generators e; belong
to the subspaces with the grading indices s;, and the generators f; belong to the subspaces
with the grading indices —s;. Then for the mapping ®,, defined by equation (2.6), we
have

®V(q$) = qa:7 (I)l/(ei) = VSieiv q)u(fz) = V_Sifi-
Below we use the notation s = sq 4+ s;. Note that with this definition of a Z-gradation
equation (2.5) is true. It is useful to assume that the actual spectral parameter is a
complex number u, such that
¢ =q" =™ (3.26)
This assumption allows us to uniquely define arbitrary complex powers of (.
Using the mapping ®,, we come to the U,(£(sly))-module V/* for which we have

quho vy = qfl/(uf2n) Un,s quh1 v, = qzx(,uf2n) U, (327)
eo Uy = ("1, e1 vy, = (M nly[p —n + 1], v, (3.28)
Jovn = ¢ nfglp —n 4+ 1] vn1, fron = Mo (3.29)

The corresponding representation is denoted by %éf . When g equals a non-negative in-
teger m we use for the corresponding finite-dimensional module and representation the
notations V™ and 7"

Now we define the universal monodromy operators

M,(Q) = (F @id)(R),  Mu(C) = (¢ @id)(R)
and the universal transfer operators
T.(0) = (tr@id) o (P @ id)(R(t @ 1)) = ((tr, @ id) o (e @ i) (R(t @ 1)),
Tm(C) = ((tr ®id) o (p" ®1d))(R(t @ 1)) = ((try, ®@id) o (¢ ®id))(R(t @ 1)).

Here y is an arbitrary complex number and m is a non-negative integer. From the explicit
expression for the universal R-matrix [31] it follows that

To = 1.

Taking into account equation (3.6), we see that

Ton(C) = Tonl€) — Tom2(€).

This equation suggests a definition for any complex number p of the universal transfer
operator

Tu(Q) = TulQ) = Toua(Q) = ((try @ id) 0 (o ©1d)(R(t @ 1)), (3.30)
where tr,, is the trace on U,(sly) defined by equation (3.7). The universal transfer oper-
ators 7,(¢) possess the evident property

Tp—2(C) = =Tu(Q)-
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In particular, one has 7_1(¢) = 0.

3.3.3. Representations of the Borel subalgebras and universal @QQ-operators. As we noted
above, to construct universal L-operators and universal ()-operators we need represen-
tations of the Borel subalgebra U,(b) which cannot be extended to representations of
the total quantum group U,(L(sly)). We consider two methods to obtain such represen-
tations. _

First note that if ¢ is a representation of U,(by) and & € h*, then the mapping ¢p[¢]
defined by the equations

pl)(e) = wler),  0lEl(d) = ¢ Wo(d”)
is a representation of U, (b, ) called a shifted representation. It follows from (3.20) that
we have to assume that
§(ho) = =& (ha).

One can show that for £ # 0 this representation cannot be extended to a representation
of U,(L(sly)). It follows from the formula for the universal R-matrix given by Khoroshkin
and Tolstoy [31] that the universal L-operator defined with the help of the representation
©[¢] is connected with the universal monodromy operator defined with the help of the
representation ¢ by the relation

Lig(Q) = My(¢) gt tt2072, (3.31)
Here and below we assume that the twist element is of the form
t=q"M, (3.32)

where ¢ is a complex number. As follows from (3.21) the element ¢ is group-like. We see
that the use of shifted representations does not give anything really new.

Let us now start with the representation QZ’C‘ and try to consider the limit y© — oo.
Looking at relations (3.27) we see that we cannot take it directly for {5‘5 . Therefore, we
consider first a shifted representation @y [¢] of Uy(by.) for which we have

¢, = g m=Eho),, ¢, = gmntEh))y, 3.33)

eoUp = CVpy1, e1vn, = M nlglp — n + 1]gun_1. (3.34)

Assume that
§(ho) = —&(M1) = p, (3.35)

and introduce a new basis
w, = q—n(,u—l—l)so/sl)n‘

The relations (3.33) take the form
¢"ow, = ¢ w,, M, = ¢,
and instead of (3.34) we have
CoWn = (CI(“H)/SOSO Wn+1,

eqw, = (q(u-l-l)/sc)slﬁl;l(q—n _ q—2u+n—2)[n]qwn_1.

Denote by pzr’“ the representation of U, (b ) determined by the equations

vho _ 2un vhq _ _—2un

eoUn = (% Uny1, €1Un = Cslfc;l(q_” - q—2u+n—2)[

n]qvn—la
and by pf its limit as ;4 — oo given by the relations

quhovn = qzynvn7 thlvn = q_Qynvna (336)



14 H. BOOS, F. GOHMANN, A. KLUMPER, KH. S. NIROV, A. V. RAZUMOV

eoUn = C*° Upy1, e, = Qsll-ﬁq_lq_"[n]qvn_l. (3.37)

The used notation is justified below where we consider an interpretation in terms of
g-oscillators.
It is clear that there is an isomorphism

pz_’# = 65—(;@1)@4[5]7

where ¢ is defined by (3.35), and if we define a universal QQ-operator by the equation
Q(¢) = M ((tr®id) o (pf ®id))(R(t @ 1)), (3.38)

we have the equation

Q(C) _ C8h1/4 lim <ﬁ(qf(u+1)/s<—>qu(h1+2¢>)/2) '

=00

A few remarks on the definition of Q(() are in order.
The element ¢*/4 is introduced to have a simple form of the universal T'Q-relations.
In fact, this element is defined as

C5h1/4 — qush1/4
see (3.26). Since the elements ¢"", v € C, are invertible group-like elements commuting
with the twist element (3.32), they commute with the universal transfer matrices and
(Q-operators, see sections 2.2.3 and 2.2.4.

One can also consider the limit © — —oo. Here one defines the mapping £ by the
relations

§(ho) =p+2, &) =—p—2 (3.39)
and introduces a new basis in \74“ given by the equation

W, = KGO 2l Do /5y,

The relations (3.33) take now the form

vh 2v
q w, =q

and instead of (3.34) we have

eqw,, = _(q—(uﬂ)/sosl(l B q2(ﬂfn+1))[n]qwn_1_

(n+1)wn’ quhl w, = q72u(n+1)w

mny

Denote by ,BC_’“ the representation of U,(by) determined by the equations

quhovn — q2u(n+1)vn’ quhlvn — q—QV(n+1)Un’
€oUn = soﬁq—lqn+1vn+1, €1Up = _C81(1 - q2(u_n+1))[n]qvn—lv
and by p, its limit as y — —oo given by the relations
quhovn — q2u(n+1)vn7 quh1vn _ q—2l/(n+1)vn’ (340)
eovn = (kg "o, e1vy = —C* [n]gn 1. (3.41)

There is an evident isomorphism
PR ]
with £ defined by (3.39). Introducing a new universal @Q-operator
Q) = ¢ ((r®id) o (p; @ id))(R(t @ 1)), (3.42)
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we see that

Q(Q) = ¢ lim (T g0/ e 2020/2)

It is instructive to compare the consideration given in the present section with the
formulae of the paper [4].

3.3.4. Interpretation in terms of q-oscillators. Return again to relations (3.36) and (3.37)
describing the representation pé. Assume that the operators ¢“"V, b' and b act in the

representation space in accordance with (3.11) and (3.12). This allows us to write (3.36)
and (3.37) as

vh 2UN vh —2uN
q"v, = q7 p, ¢, =q Un,

eqUy, = CSObTvn, e1v, = slﬁglb g Nu,.

These equations suggest a homomorphism p : U,(b;) — Osc, defined by

llho) — QQVN’ l/hl) — (]721/N7

pla plq
pleo) = b, pler) = kg bg ™.
Using the representations x* and x~ of Osc,, we can now define the representations
pr=x"op,  p =xop

of the Borel subalgebra U,(b,). We denote the U, (b, )-modules corresponding to the
representations p and p; by W and W . It is easy to see that relations (3.36) and

(3.37) describe the representation pzr as it should be in accordance with the notation
used.
It is evident that the equations

o(ho) = hu, o(h1) = ho,
o(eo) = ex, o(e1) = eo, o(fo) = f1, o(f1) = fo
define an automorphism of U,(L(slz)) and, via the restriction, an automorphism of
U,(by). Therefore, the mapping
p=poo

is a homomorphism from U,(£(b.)) to Osc,, and the mappings

pr=x"op, P =X op
are representations of U, (b, ). We denote the U, (b )-modules corresponding to the rep-

resentations ﬁzf and p; by Wzr and WC_ One can be convinced that relations (3.40) and
(3.41) describe the representation p .

3.3.5. On generalized Q-operators. The authors of the paper [29] introduced the so called
generalized QQ-operators. To this end they tried to find more general representations of
U,(b.). The idea was to consider a free vector space generated by vectors u,, n € Z, and
to use the ansatz

vh _ 2un+vd vh __—2un—vé
g un =¢q Up, g Mu, =¢q Un,

S S
eoln = (™ Up41, ey, = ("l eplin_1,

where 0 and ¢, are some complex constants. To obtain a representation of U,(b.) one
should satisfy (3.15), the first equation of (3.16) and the Serre relations (3.18). It is clear
that only the Serre relations are not satisfied yet. To satisfy them one has to assume that

Cn—s — [3]qCn—2 + [3]qCn-1 — ¢ = 0.
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The general solution for this recurrence relation is

Cn =0 = Nq " = g™,
where 7, 71 and v, are arbitrary complex constants.

In a general case the trace defined with the obtained representation is singular. Let,
however, ¢, = 0 for some n. Up to equivalence of representations we can assume that
co = 0, or equivalently

Y =7 + e (3.43)
In this case the vectors u,, n € Z>( form an invariant subspace. We denote the corre-
sponding U, (b, )-module by Ug"”’”.

Consider the case when v; # 0 and 9 # 0. Here it is convenient to introduce new
parameters §; and d, such that

n=4¢""  n=¢",
and a new basis formed by the vectors

v, = H(]—Qnso/sq—n(él—ﬁ—ég)so/sun‘

One easily obtains that
eoUy, = (Kz/sq(éﬁéz)/sos%wrb e, = (Hg/sq(éﬁréz)/som [n]4[61 — J2 — n)gvn_1.

Remembering equation (3.33) and (3.34), we see that in the case under consideration
there is the isomorphism

Uem = Voo lE]

K2/ 2 q(01+62)/5¢
with the element ¢ € E* determined by the equations
E(ho) =640 —0—1,  &h)= —0—6+6+1

Now assume that v = 0 and v; # 0. Here 7y = 71, and introducing the basis formed
by the vectors
v, = Kqunso/sq72nélso/sun7
we determine that
eoln = (K "¢V vr1,  ervn = (K °¢*°C) ™ ¢ " [n]qvn_1.
Having in mind equations (3.36) and (3.37), we conclude that

U =W )

K;/SquSl/sC

where ¢ is defined by the equations
§(ho) =0, &) =—6

The last nontrivial case is when 77 = 0 and 5 # 0. Here defining a new basis by the

relation
v, = RZH(;Znso/squnJQso/sqfn(n+l)/2un’
we obtain

eovn = (K2 kg, e, = —(K2°¢77°) " [n]gvn1.

Taking into account equations (3.40) and (3.41), we see that there is the isomorphism
5,0, ~ T/
UC 72 = W’ig/sq262/sc[€]7

where
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In fact, one can show that even in the case when (3.43) is not satisfied there are
isomorphisms of U, (b, )-modules defined in this section with U, (b, )-modules defined in
sections 3.1.2 and 3.2.2 for A # 0. However, in this case we meet the problem of the
singularity of the trace. Thus, the generalized @Q-operators introduced in the paper [29]
are equivalent either to usual transfer operators or to usual Q-operators. Nevertheless,
the additional representations considered in the present paper and in [29] can be used to
establish the integrability of some interesting quantum systems, see, for example, [1].

4. EXAMPLE. UNIVERSAL FUNCTIONAL RELATIONS

4.1. Commutativity relations. It is worth to remind that since ¢*" for any v € C is

an invertible group-like element of U,(L(slz)) and commutes with the twist element ¢,
it commutes with the universal transfer operators 7,(¢), 7,(¢) and with the universal

Q-operators Q((), Q(().

There are functional relations which are due only to the fact that the universal transfer
operators and the universal (Q-operators are constructed from the universal R-matrices.
These are the commutativity relations for the universal transfer matrices

(70 (C1), T (G2)] = 0, (701 (C1), Tpa (G2)] = 0, (73 (C1), T (G2)] = 0

see relation (2.8), and the commutativity of the universal transfer operators and the
universal ()-operators

7.0, Q&) =0, [Tu(¢1), Q&) = 0],

[7:(6), Q) =0, [Tu(61), Q&) =0/,

see relation (2.9).

Another set of commutativity relations follows from the properties of the represen-
tations used to define the universal transfer operators and the universal (Q-operators.
Having in mind that the universal Q)-operators are obtained from the universal transfers
operators by limiting procedure and that the universal transfer operators commute, we
obtain

[Q(¢1), Q(¢2)] = 0, [Q(¢1), Q(&)] =0, [Q(¢1), Q(¢2)] = 0.

4.2. Universal TQ-relations. We see that the universal Q-operators Q(¢) and Q(()
commute for coinciding and different values of the spectral parameters. More detailed in-
formation on their product can be obtained from relation (2.10). Analysing the structure
of the representation p! @A 7, [6, 12, 11], one can see that the Uy (b, )-module W/ @ W,
has an increasing filtration

{0} =WteoW,) , c(WieW,)yc(WieW,), C...,

where (W ® WQTQ) . are U, (b, )-submodules with the quotient modules
(W @ W)/ (W @ We )y = VE [l (4.1)
Here the elements &, € H* are determined by the relations

Ek(ho) = p+ 2k + 2, Ep(h1) = —pp — 2k — 2, (4.2)

The parameters ¢ and p are connected with the parameters ¢; and (, as

C=(GG)Y? ¢ = (G G) e, (4.3)
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The inverse transformation to the parameters (; and (s is

G =g g, =g I
It follows from relations (3.38), (3.42), (4.1) and (3.31) that

(w+1)/s (wt)fspy = F VI
Qg™ C) (¢~ (v ()= 7;(0 qm+20)/2 _ g=(m+29)/2°

Hence, we have
Ta(Q) = g% Qg /() Qg /), (4.4)

where
C = q(h1+2¢)/2 _ q—(h1+2¢)/2‘

Rewriting (4.4) as

Tald"*¢) = g +9°C Qg+ /3¢ Qg /() (4.5)
and introducing new parameters
a=p+l+v,  B=-(u+1)+v, (4.6)

we come to the equation

7~Ea7,3)/271(q(0‘+5)/25§°) — q(a—ﬁ)qﬁ/QC Q(qa/SC)é(qﬁ/SC).
Using (4.4), we easily determine that

T Tap) 2 (@20 QG ) = 4Ty pa (72O Qa ) (A7)

and that
g 2 'T 8)/2— 1(q(a+ﬁ)/2so@(qv/so — q_ﬁ¢/27~fa77)/271(q(aﬂ)/QSC)@(qﬁ/sC)- (4.8)
It follows from (3.30) and (4.4) that for the universal transfer operators 7,(¢) we have

T.(Q) =C [q(u+1)¢Q(q(u+1)/sog(q—(uﬂ)/so g~ BHDSQ(g= /YD (V5| (4.9)
In particular, for 4 = 0 we come to the Wronskian type relation
Cla*Q(a"*O)Qa¢) — 4 *Qa )2 ¢)| =1
From (4.9) it is easy to obtain the equation

Tap)/2-1(g“T/2¢) = C[q(a_ﬂ)¢/QQ(qa/5C) 0(¢%/5¢) — ¢B=912Q9(¢/5¢) Dq a/so]
which implies that

P Tia)2-1(d ") Q7 C) + ¢** T (g o1 (¢ T7%°¢) Q(q*/%¢)

+ ¢ T2 (@70 Q(¢70) = 0, (4.10)

and that
¢ P Ty 21 (6“0 Q(@°C) + 4P sy 21 (677220 Q(g/°C)

+ 4P T2 (00 Qg7 °¢) = 0. (4.11)
We call the equations (4.10) and (4.11) the universal T'Q-relations. Putting
Q=7 — 2a 6 =7+ 27



UNIVERSAL INTEGRABILITY OBJECTS 19

we obtain the relations of more usual form,

T()Q() = ¢°Q(¢**¢) + ¢°Q(q7¥*¢) |,

T()Q(S) = 4 *Q¢”°0) +¢°Qa*¢) |,
where we denote 7(¢) = T1(¢).

4.3. Universal T'T-relations. Using relation (4.4), we obtain from (4.7), or from (4.8),
the equation

Tiamp)/2-1(4“TP22 ) T(, 5y jo1 (g0 +D/2()
= Ttr-5)2167 2 O Ta5) 21 (¢F7%0).
For the universal transfer operators 7,(¢) defined by (3.30) we obtain
Tiam/2-1 (02 Tt 22 (0F22¢)
- T(Oé*v)/%l(q(aﬂ)/%f)fr(ﬁfa)/zfl(q(ﬁ+5)/QSC)

— Tia-/2-1 (@2 Tiasy 21 (qT/25¢).

We call these relations the universal TT-relations. There are two interesting special cases
of these relations. In the first case we put

oa=ry+2, B=0+2

and obtain

Tu(a*O)Tula°¢) = 1+ Tuat (O Tua(Q) |
where p = (v —9)/2 — 1. In the second case we put
a=7v+2, 5 =v—2

and obtain

T(OTulg ") = Tasa(a™°¢) + Tumalg™"H2720) |,
where again y = (y—4)/2 — 1.

5. CONCLUSION

We gave and discussed general definitions and facts on the application of quantum
groups to the construction of functional relations in the theory of integrable systems. As
an example, we reconsidered the case of the quantum group U,(L(sly)) related to the six-
vertex model and the XXZ spin chain. We gave the full set of the functional relations in
the form independent of the representation of the quantum group in the quantum space.
The specialization of the universal T'Q-relations and universal TT-relations to the case
of the isotropic six-vertex model is obtained by other methods in the papers [16, 4].
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