A POSTERIORI ERROR ANALYSIS FOR CONFORMING MITC
ELEMENTS FOR REISSNER-MINDLIN PLATES

C. CARSTENSEN* AND JUN HU?

ABSTRACT. This paper establishes a unified a posteriori error estimator for a
large class of conforming finite element methods for the Reissner-Mindlin plate
problem. The analysis is based on some assumption (H) on the consistency of the
reduction integration to avoid shear locking. The reliable and efficient a posteriori
error estimator is robust in the sense that the reliability and efficiency constants
are independent of the plate thickness ¢. The presented analysis applies to all
conforming MITC elements and all conforming finite element methods without
reduced integration from the literature.

1. INTRODUCTION

This paper is devoted to the finite element approximation for the Reissner-Mindlin
plate problem: Given g € L*(Q) find (w, ) € W x © := H}(Q) x H}(2)? with

(11) a(qb, 'lb) + (’7, Vv — Q/J)L2(Q) = (g, U)LZ(Q) for all (’U, 1/)) e W x @,

and the shear force
(1.2) v =M2(Vw—¢).

The bilinear form a(-,-) models the linear elastic energy while (-,-).2(q) denotes
the L? scalar product. Here and throughout this paper, ®, C © and W,, C W
denote some finite element spaces over some regular partition 7;, while R;, denotes
the reduction integration operator in the context of shear locking with values in the
discrete shear force space I',. Some lower order examples of finite element spaces
Wy, ©y, and the operator R;, : ©, — I', are depicted in Table 1. We refer to
Section 5 for further descriptions and for other discrete schemes.
The discrete problem reads: Find (wy, ¢) € W), x O, with

(1.3)  a(en, ) + (yn, Vo — Rpp) = (g,v)  for all (v,7p) € W), x Oy

and the discrete shear force

(14) Yh = )\t_2(th - Rh¢h>-
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Wi, O, r, R;  Name. Ref. Description
i i i i A A7 MITC3 [34]  §§5.2.1
i i A A %7 DL [26] §6 5.2.2
!&D & A IR MITCT [11]  §§ 5.2.3
@ ) -
Y i T MITC4 [12]  §§5.3.1
C, S >
(p Q —~
\ i [FT  DHHLR [27] §§ 5.3.2
C, S >
(P Q -
Y ‘ i HéBF Hu [29] §§ 5.2
G ) -
= -~
0 0 1; Y jt [IBPFMMITCO [10]  §§ 5.3.3
&——95 —
o= -~
O O O :; PP jt [IET MITC12 [43] §§5.3.3
&——95 —

TABLE 1. Lower Order Examples of Finite Element Spaces W), , ©y,
and the Reduction Integration Operator Ry, : @5, — I'y, in (1.3)-(1.4)

with (H), namely R,®; C Hy(rot, ).
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This paper aims at a unified reliable and efficient residual-based a posteriori error
analysis for a class of conforming elements for the Reissner-Mindlin problem under
the hypothesis (H): For any 1), € @}, there holds

(H) Rypy, € Hy(rot, Q) ,

with the Sobolev space Hy(rot, §2) defined in Section 2.1. In fact, (H) is satisfied for
all the examples in Table 1 with detailed proofs given in Section 5 below.

With the notation specified below, the main result of this paper implies that the
error

16 — Dullzr o) + lw — wallip @) + 17 — mllz2 )
+ Y[ rot(y — va) 1 22(q) + H’)’ — Wl E-1 (0
can be controlled by the error estimator

= Y he(lCe(@n)] - velee + (2 + Bl - velia )

EeE(Q)

+ Z h? (|| div Ce(n) + Ynll 72y + (£° + h%)||g+div7h||%2(K)>

KeT,
+ ||¢h - Rh(th%{(rot,Q) + uh(7h)2
up to the data oscillation osc(g). Here and throughout this paper,

(Y, (I — Rp)n) 120
1 (Yn) = sup
Yre(S3(T1))?\{0} [9nl ()

The operator C is defined in Subsection 2.1, and the lowest order conforming finite
element space S§(75) is defined in Subsection 2.2.

The estimator 7, is robust in the sense that the reliabilty and efficiency constants
are independent of the plate thickness .

Remark 1.1. A different a posteriori error estimate was proposed for the DL el-
ement of [26] in [36]. Instead of the norm with the term ||v — Yullm-1() here, the
term ||y — Ynllg—1(giv,0) was analyzed in [36]. It is unsatisfactary that no a priori
convergence is lmown for ||v — wullg—1@iv,) for conforming MITC methods. This
drawback motivated this paper with focuses on ||y —llu-1. The convergence in
this norm is shown, for instance, in [18, Corollary 3.1] and [29, 30] for all examples
(except MITCS3) of this paper.

Remark 1.2. Compared to the analysis in [36], the analysis in this paper is based on
three key arguments: an error representation formula, some mesh dependent norm,
and some refined approximation of the Clément-type interpolation operator.

Remark 1.3. The last two terms of ny concern the consistency error from the
reduction integration; they vanish for R, = I. Hence Theorem 2.1 and 2.2 below
apply to any conforming finite element methods without reduction integration.

Remark 1.4. As we shall see in examples of Section 5, pn(yn) = 0 for high-order
(triangle or quadrilateral) schemes. For the lower-order schemes, this term can be
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bounded by
()’ S Z he(t® + h)|| [yl - VEH%?(E)
EE(Q)
(1.5) + Y R+ hi)llg + divyull e+ hoot.
KeT,

up to computable high-order terms h.o.t.

Here and throughout, an inequality a < b replaces a < C'b with some multiplica-
tive mesh-size independent constant C' > 0 that depends only on the domain €2 and
the shape (e.g., through the aspect ratio) of elements (C' > 0 is also independent
of crucial parameters as the plate thickness ¢ below). Finally, a =~ b abbreviates
a<b<a.

Remark 1.5. For the MITC methods under consideration, one has the following
decomposition [18, 29, 30]: There exist unique r € H}(Q), a € Hy(rot,Q), r, € Wy,
and oy, € T'y, with

¥=Vr+a, and (Vr,a)rq) =0,
= Ve, and (Vi @)y = 0.

Therefore, the a priori convergence of || rot(~y —n) || L2(0) s assured by the conver-
gence of t*||rot(ae — )| 12() proved, e.g, in [18, Theorem 3.2] for the MITC7,
MITC9 and MITC12 element; cf. [29, 30] for the remaining elements (except
MITCS).

Remark 1.6. Although the MITC3 element in Table 1 is unstable in the sense that
there is no uniform a priori convergence with respect to the plate thickness t, the
estimator ny, 1s still reliable and efficient. At first glance this might surprise, but is a
consequence that an a posteriori error analysis depends on the continuous operators
and not on the stability of some discrete scheme.

Other a posteriori error estimators for the finite element methods of the Reissner-
Mindlin plate problem can be found in [21, 22, 37]. The paper [21] concerns the
nonconforming Arnold-Falk element [4], and the paper [22] works on the stabilized
method initialed in [3, 23]. Due to the lacking of the convergence of ||y —~ | z-1(div)
both frameworks of [22] and [21] are inapplicable herein for the MITC methods. In
[37], the authors discuss the a posteriori error estimator for the schemes based on the
linked interpolation technique. The result is derived therein under some unproven
saturation assumption which our work abandons . In addition, the norm analyzed

in that paper contains the term > (hx +¢)7*[[V(w — wn) — (¢ — @) |72k The
KeTy,
convergence of which is open for the MITC methods without stabilization.

The remaining part of the paper is organized as follows. We first introduce some
notations and present main results in Section 2 in detailed forms. The reliability
of ny will be proved in Section 3, with the efficiency in Section 4. In Section 5, we
present some examples covered by our analysis, and provide a reliable and efficient
computable upper bounds of ji; () for them.
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2. NOTATION AND MAIN RESULTS

This section introduces necessary notations and states the main results of this
paper.

2.1. Sobolev Spaces and Differential Operators. We use the standard differ-
ential operators:

Vr = (0r/0x,0r/dy), Curlp = (0p/0y ,—0p/0zx) .

The linear Green strain e(¢) = 1/2[V¢ + V] is the symmetric part of gradient
field V. Given any 2D vector function ¥ = (¢1,1)9), its divergence reads div 1y =
Oy /0x + Oy /Dy. With the differential operator rotp = Oy, /dx — 0y /0y for a
vector function @ = (11, 15), the space Hy(rot, () is defined as

Hy(rot, Q) := {v € L*(Q)*|rotv € L*(Q) and v - 7 = 0 on 9N}
endowed with the norm
1/2
ol sory = (ol 2y + [0t llzz) .
The dual space for Hy(rot, (2) reads
H™(div, Q) == {v € H'(Q)*|dive € H'(Q)},
with the norm
. 1/2
lolla-say = (ol + | divelfag)
We define the following mesh dependent norm, for any (¢, v) € H}(Q)? x H}(Q),
1
(2.1) @, T s = IVl + D 5 1YY = Pl -

2
KeTht + hy,

For any functional F over HJ(Q2)? x H}(2), we define its dual norm with respect to
the norm (2.1) by

F(y,v
22 W= sp
(ah,0)EHE (Q)3\{0} |H(¢7U)H\1,h
The linear operator C is defined by
B 1)
C12(1 —v?)

for all 2 x 2 symmetric matrices. Here and throughout this paper, ¢t denotes the
plate thickness with the shear modulus A = Fx/2(1 + v), the Young’s modulus F,
the Poisson ratio v, and the shear correction factor x. The bilinear form a(¢, 1) is
defined as

(2.3) a(@, ) = (Ce(P), () 12 for any ¢, € © := H;(Q)?

which gives rise to the energy norm

(2.4) [4]12 := (3, ) for any ¥ € ©.

Cr: (1 —v)T 4+ vtr(r)]]
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2.2. Triangulations and Discrete Spaces. Suppose that the closure Q is covered
exactly by a regular triangulation 7, of € into (closed) triangles or quadrilaterals in
2D or other unions of simplices, that is

(25) QIU% and ‘KlﬂKﬂ =0 for Kl,KQ EZL with Kl#KQ,

where | -| denotes the volume (as well as the length of an edge and the modulus of a
vector etc. when there is no real risk of confusion). Let £ denote the set of all edges
in 7, with £(2) the set of interior edges, and N () the set of interior nodes. The
set of edges of the element K is denoted by £(K). By hx we denote the diameter
of the element K € 7;,. Also, we denote by wx the union of elements K’ € 7;, that
share an edge with K, and by Wg the union of elements having in common the edge
E. Given any edge E € £(Q2) with length hp = |E| we assign one fixed unit normal
vg = (11, 1») and tangential vector 75 := (—1», 11). For E on the boundary we
choose the unit outward normal v = v to 2. Once vg and T have been fixed on F,
in relation to vg, one defines the elements K_ € 7, and K, € 7;, with £ = K, NK_
and Wy = K, UK_. Given E € £(Q) and some R%-valued function v defined in €,

with d = 1,2, we denote by [v] := (v|k, )| — (v|x_)|E the jump of v across E.
Let K be a reference element. In the case of triangles K := {({,7) € R? : 0 <
£ <1,0<n<1-—¢}, and quadrilaterals K := [—1,1]%2. The invertable linear

(resp. bilinear) transformation K — K is denoted by Fx for any triangle (resp.
quadrilateral) K € 7, with the Jacobian matrix DFy and its determinant Jg.

Let S}(7;,) denote the lowest order conforming finite element space over 7;, which
reads

SUT,) = {v e HXQ) : VK € Tj, ,v|x o Fx € Q(K)}.

Given any non negative integer k, the space Q(w) consists of polynomials of total
degree at most k defined over w in the case w = K is a triangle whereas it denotes
polynomials of degree at most k in each variable in the case K is a quadrilateral.

With the first order conforming finite element space Si(7), we consider the
Clément-type interpolation operator or any other regularized conforming finite ele-
ment approximation operator J : H}(Q) — S3(7;,) with the properties

(2.6) IVT @l 2y + 1hi (0 — T)l 2y S IVl rzy) and

(2.7) 185" (0 = Tlram) S IV lli2en)
for all K € T, E € £, and ¢ € H}(2). The existence of such operators is guaran-
teed, for instance, in [25, 41, 20, 19].

Given g € L*(Q), let g, € Qx(73) denote its projection on the (possibly discontin-
uous) piecewise polynomial space of degree k with respect to 7,. We refer to osc(g)
as oscillation of g

2.8 osc? = h2 +t*)h%2  min — 2 .
23 ()= 3 W+ P90 i, o = ol

2.3. Main Results. The main results concern the reliability and efficiency of 7.
It is stressed that ny, is the first a posteriori error estimator which estimates an error
norm in which a priori convergence is guaranted.



A POSTERIORI ERROR ANALYSIS FOR REISSNER-MINDLIN PLATE 7

Theorem 2.1. (reliability) Suppose that ©y, Wy, Ty, along with the reduction inte-
gration operator Ry, satisfy (H) and (S3(7,))?*On. Then, the estimator ny, is reliable
in the sense that

1 = dnlltn o) + lw = wnlliny + LY = Ylliz@)
+ | vot(y — ) 720y + 7 = llE-10) S 7 -

Theorem 2.2. (efficiency) Suppose that @, Wy, Ty, along with the reduction in-
tegration operator Ry, satisfy (H) and (S3(7,))? C ©y. Then, the estimator ny, is
efficient such that

m Sl — ¢h||%{1(9) + flw — Wh||§11(9) + 2]y — ')’hH%?(Q)
+ Y rot(y = )72y + 17V = Wl F-1(q) + 0sc(g)?.

3. PROOF OF RELIABILITY

This section is devoted to the proof of Theorem 2.1 which is divided into six steps.
3.1. Splitting of (I — Ry)¢y,. Assume with (H) that (Ry, — I)¢, € Ho(rot, ).
Then there exist w € H} () and B € H}(Q)? with
(3.1) (R, — I)¢p, = Vw — B and
(3.2) lwllzve) + 1Blla@) S IRy = 1)@l aor.0)-

The proof of (3.1)-(3.2) can be found in Lemma 3.2 of Page 298 of [17].

3.2. Error Representation Formula. The residuals Res;(-) and Resy(-) are de-
fined by

Res1(v) = (9,v)r20) — (. V) 12(q)  for any v € Hi(Q);
Resy(¥) = —a(@n, ) + (Yh:Y)12¢)  for any @ € H(Q)?.
Notice that (1.1)-(1.3) imply
(Y =Y (By — 1)@n)2(0) = (Y — Yn: Vw — B) 12(0
= (9, w)r2(0) — al@, B) — (vn, Vw — B)12(0)
= —a(¢ — dn, B) + (9,w) 12(0) — al(bn, B) — (v, Vw — B) 12 -
Therefore,
I — dalle + A7 ]y = Yall 72y
=a(p—bn, & — o) + (v = (Vw = Vwy) — (¢ — é1)) 121
+ (¥ =, (B — 1) 220
= Resi(w — wp, + w) + Resa (¢ — @y, + B) — a(d — ¢, B) -
It follows from the definitions of v and =, and (3.1) that
Y = = M A(Vw — Vw, — ¢+ Rugpy)
=M"*(Vw — Vw, — ¢+ ¢n + Ry — dn)
=M 23(Vw — Vuw, — ¢+ ¢ + Vu — B).
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Recalling that ||¢ — ¢ + B2 = a(¢d — ¢n + B, d — ¢y + 3), we deduce

1 1 1. _
—’|¢—¢h+5||g+—||¢— énllz + AT Y — Wl

2
A
+35 Z Eey IV(w = wn+w) = (¢ = o+ B)ll72x)
2 ket
(3.3) <l — dnlle + Ay = lliz@) + §||ﬁ“% + a(¢ — ¢, B)

< Resi(w —wp +w) + Resa(d — ¢p + B) — ald — ¢n, B)
+ 51812+l — 61.8)

— Resy (w0 — w+ ) + Resa( @~y + 8) + 311813

3.3. Estimate for A\~'¢?|| rot(y — 44)||. Since

A rot(y — i) = —rot(Pp — @) — rot(dy — Ryy),
there holds

AT rot(y — W)z S 1@ — dullimo) + || rot(dn — Rudr)|| 12

3.4. Estimate for ||y — ~;||. For any 9 € ©, there holds
(Y = Y )2 = al(d — On, Y)r2) + al@n, ¥) — (Vn, ) -

This proves

(3.4) 1Y = Yullz—1) S || Resz |[a-1) + (| — bnllar (@)

3.5. Abstract a Posteriori Error Estimate. Suppose that ©,, W), I', along
with the reduction integration operator Ry, satisfy (H). Then,
o — ¢h||%{1(9) + [lw — Wh”%{l(ﬂ) + 2]y — ’Yh||2L2(Q)
+ 4 rot(y = )72y + 17V = Yl F-1(0
(3.5) S M Resi 121, + | Resz [[5-1) + 100 — Radnllirgon) -

In fact, given any 0 < & < 1/2, and 0 < a < 1 < t~!, there holds

ATy = llZa 0

= A\t7? - )HV(W —wp) — (¢ — Rupn)|72(0
+ 20 ([[V(w = wi)l729) + 1@ = @nll72(0))
+ A% pn — Ruopnl|i2(0) + 2207 (P — dn, &1 — Riudbn) 2@
— 22 (V(w — wy), ¢ — ¢h>L2(Q) —2X*(V(w — wh), @, — Rudn)r2a) -
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Some Young inequalities prove
ME2 = 02)[V(w — wn) — (& — B[220y + Aa*(1 — 26)[V(w — ) 2o
S ATy = llTa ) — AP (1 - §>||¢h — Ryuglliz o)
—Aa?(1— % —e)llé - ¢h||%2(ﬂ) :

An appropriate choice of a and ¢ and the Korn and Young inequalities, the preceed-
ing inequality, (3.3), and (3.2) yield

| — &nllm) + llw — wallmr@) + Y — 2@
Sl Resq [[|—1,n + || Resg [ a-10) + [[@n — Ru®nl| H(rot,0) -

Together with Subsection 3.3 and 3.4 this proves the assertion (3.5). O

3.6. Refined Approximation of the Clément Interpolation. Following the
idea of [22], we have the refined approximation property for the Clément interpola-
tion. Given any v € H}(Q), set v, = Jv, such that there holds, for any K € 7, and
P € HY(Q)?, that

(3:6) hitllv = vill 2o + b Pl = vnll2e) S 1V0 = Bl 2w + il Ve 22

in the sense of Remark 3.1, for any £ C 0K. To prove (3.6), suppose in the first
case that one vertex of K belongs to the boundary. We assume that the intersection
of Owg with 0 contains at least one edge. So a Friedrichs inequality shows

1]l 2@y S IVl 2w -
Together with a triangle inequality this yields (3.6).

Remark 3.1. In case Owg does not contain one edge, one can enlarge wg to Wiy
so that 0wy contains one edge. Then (3.6) holds for wy. The analysis herein is
equally valid for this small modification.

In the second case, the vertices of K are interior nodes and so (v — vy)|x remains
the same if we change v to v — z for an affine function z on wx when we change vy,
accordingly; the Clément approximation operator locally preserves affine functions.
We choose the constant vector A := Vz as the integral mean of ¥ on wg. As a
consequence, (2.6)-(2.7) can be recast as

hi o = vll 2y + g llo = vnllzze) < 1V0 = All 2o -
Hence a Poincare inequality shows
1% = All 2wy S bl VL2 -
This concludes the proof of (3.6). O
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3.7. Proof of Reliability. The proof is based on (3.5)-(3.6) of Subsections 3.5-3.6.
For any v € H}(Q), let v, = Jv in (1.3), and ¥ € H}(Q)? as in Subsection 3.6. An
integration by parts shows

Resi (0) = Resi(v —on) S (Y W (® +hi) g + divyall gy
KeT,

1/2
+ > he®+ W)l - velliam) 1, 0) s
EcE(Q)

Let v, = J1 with (1.3), then
Resy () = —a(en, ¥ — n) + (0, ¥ — ¥n) + (0, ¥ — Rptn) -
An integration by parts and (2.6)-(2.7) imply

Resy (1) S (1) Wil divCe(ebn) + vl 72

KeTy,
1/2
+ 2 helC(on)] - vellia) bl
EcE(Q)
(Yn, (I = Rp)n) 120
T S Dl O
Pn (S} (Th)2\ {0} %m0

Remark 3.2. In this paper, we use the norm ||| Resy ||| -1, instead of ||| Res; ||| z—1(q)
to get a factor t* + h3, (Resp. t* + h% ), which is essential for the efficiency of the
estimator in the next section.

4. EFFICIENCY OF 7

This section is devoted to the proof of the efficiency of 7, from Theorem 2.2. The
contributions are analyzed seperately and even locally.

4.1. Efficiency of ||g + divy,[|. We choose
W = B%(gh + le’Yh)

Here and throughout this section, g, = Il,g, and By denotes the standard element
bubble function with the following properties [47]:

supp B C K, 0< Bg <1, ma%BK =1,
xe
/ BK dx =~ h%{, and ||VBK||L2(K) 5 h]_{1||BK||L2(K) .
K
An integration by parts shows

lgn + divan g < / (gn + div yn)wic de dy
K

= (9n, Wi )r2(k) — (Yn, VWEK) L2(k0)

= (Y = Y Vwg) 2x) + (9 — 9, WK) 12(k)-



A POSTERIORI ERROR ANALYSIS FOR REISSNER-MINDLIN PLATE 11

The sum over all elements leads to

Z i (R + )]l gn + div a7z )
KeT,

N Z tly = Yl 2o thic | Vwse | 22 )
KeT,

vy =z @l D hkVuklme
KeT,

+ > (W42 Phicllgn = gl 1hic (B + £2)Pwic || 2 -
KeT,

An elementwise inverse estimate yields
IVwic|| 2y + hic | Vs || ey S higllgn + div sl 2 -
This implies

Z (W + )]l gn + div ynlZ2 ()
KeT,

41 Sy =l + Iy = WllEre) + D+ g llgn — gl
KeT,

4.2. Efficiency of || divCe(¢n) + vnl|. Recall Bi from the previous section, and
set

/BK = BK(dIVC€(¢)h) + "Yh)
An integration by parts leads to
| div Ce(pn) + Yl Z2(x) S (div Ce(bn) + v, Brc) L2 (x)
= —(Ce(én),(Bx)) 20y + (Yn, B ) £2(x)
= —(Ce(Pn — ¢),£(BK)) + (V0 — 7. Br) 12(10)-

The arguments of Subsection 4.1 allow the proof of

(4.2) Z h%{” div Ce(¢pn) + '7h||%2(K) S llon — ¢||12r11(9) + [lv — '7h||%{*1(9) :
KeT,

4.3. Efficiency of ||[vg - 4]||. Given any interior edge E' = 0Ky NOK_, let by €
HZ(wg) denote the edge bubble function from [47], and set

wg = bp(ve - Y.
One can prove bg satisfies the following properties

suppbg =wg, 0<bp<1= maéch,
jAS]

(4.3) / bg dx ~ h% and / bpds ~ hg,
wWE E

(4.4) IVbEl 2y S hp' 1bell 2 - V0Bl we) S P 10E L2 -
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For any E € £(12), there holds
Ve -l 72 m) S (Ve -1l we) 2
= (divyn, WE) L2@we) + (Yh VWE) 12(wp)
= (divyn + 9, WE) L2wp) + (Yo — 7, VWE) L2(wp)-

The sum over interior edges, the Cauchy inequality plus the shape regularity show

Y helhh+O)ve -l

Bes(Q)
S Z (divyn + g, he(hy + )we) 2wy + (90 = ¥, Vh(hE + ) we) 12y
Beg(Q)
SO h(hie + ) divan + gll720) (Y- (0 + ) |welF2gp)
KeTy, Ee&(f)
v = Yla@ll Y. hEVwslme + i — Yol D theVwelle

EcE(Q) Ec&(Q)
The elementwise inverse estimate implies
~1/2
IVwslliswe) + helVwplues < g e -l
Since Y. hiVwg € H}(Q)?, we use the finite overlapping of the supports of Vwg

E€&(Q)
with £ € £(Q2) and the above estimate to derive as
Z h%vwEH%l(Q) < Z ||h?}3VwE||§{1( Z h wllve - ||L2(E
Ee&(9) Be&(Q) EGS(Q
< Z hi(t® + hip)ll[ve - mlllizs)
Be&(Q)

A similar argument leads to
I Y theVupliag S Y hel®+hE)ve - wlliam
Ee€E() Eeg(Q)
A patchwise Poincare’s inequality gives

Y (g O)lwellta, S Y (i + )hpIVesliae,

Ee£(9) Ee&(Q)
Z h(t® + hp)|[ve - ylll72 (s
Ee&(Q)
A summary of these estimates yields

> he(hy + O)lve -l
Eec&(Q)

Sy - ’)’h||%2(9) + [lv - ’YhH%rl(Q) + Z (hi; + t*) P llgn — 9”%2@() :
KeT,

Remark 4.1. Note that compared to the usual linear elliptic problem, the edge bubble
bg € H*(wg) is of high reqularity for the proof of the efficiency of ||[ve - Y]l L2(s)-
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4.4. Efficiency of ||[vg - Ce(¢yp)]||- For any E € £(Q), Br € H(wg) denote the
usual edge bubble function [47] with

supp B Cwg, 0< Bg <1, maxBg=1,

zeE
Ki wWE

/ Bpds ~ hp, and |[VBg|r2wp) S he' | Bellr2ws) -
E

Set
Br = Bglve - Ce(dn)).
Standard arguments verify
llve - Ce(dn)llliz(e) < (lve - Ce(en)], Br)r
= (divCe(Pn) + Yn, Br)12(wr) + (Ce(dn — @),€(BE)) 12 (wr)
+ (Y = Y, BE) 12(wp) -
This, (4.2), and an elementwise inverse estimate yield

Z hel[ve - Cf((ﬁh)]”%?u;) S e — 7”?{*1(9) + [|¢ — ¢h||§{1(ﬂ) :
Ees(Q)

4.5. Efficieny of ||¢n — R,¢n|| and py, (7). By the definitions of ~, and ~;,
bn — Rupr, = =22 (v — ) — (¢ — o) + V(w —wi) .
Therefore,
In — Rudnll ror0) S IV(w = wn)llzz) + 16 — @l ) + ] rot(y = va)l|z2(0)-
We remain to estimate the last term. For any b, € (S3(73))?, there holds

(Yn, (I = Ry)¥n) = (Y, Y1) — (Y, Rphn)
= (7h -7, ’l/)h) + a(d)h - ()b? ’l/)h)
S Uy =l + 1@ — dullar @) vnll @) -

Consequently,
(Yn, (I — Rp)bn) 120
L = Sy =wla—r@ + ¢ = onllao - O
Pn€(SY(T))2\{0} [%nl ()

5. EXAMPLES

This section presents a list of examples from Table 1 which allows the computable
upper bound for p,(7;), namely

pn()® S Y he(hh + )l - veliags
BeE(@)

(5.1) + Y hi(h5 + )| divy, + gll32 ) + Dot
KeT,
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up to some computable high order terms h.o.t. The previous section shows its effi-
ciency.

Remark 5.1. The list of Table 1 is not comprehensive. In fact, we conjecture that
all known conforming MITC elements could be analyzed in the present framework.
(Only the triangular DL element has been considered with a different a posteriori
error estimator in [36], c¢f. Remark 5.2). The present theory leads to a new reliable
and efficient error control for all elements. Because the MITC procedure is used the
condition (H) is satisfied in all of those examples.

Remark 5.2. Compared to the a posterior error estimator of [36] for the DL ele-
ment, the estimator n, here is different in two points. First the shear force norm is
different; second the estimator for the shear force is different.

5.1. Conforming elements without reduction integration. The first example
is the conforming (triangle or quadrilateral) element without reduction. Since R, =

I, pn(yn) = 0.

5.2. Triangle MITC elements. This subsection discusses triangle MITC elements
from literature.

5.2.1. The MITCS element. For a triangulation into trianglar elements, let
W, = {veHyQ):v|lx € Q(K),K €T},
O, = {Be€H)(Q)?:Blx € (Qi(K))* KeT},
Ty = {o € Hy(rot,0) : ol € (Qo(K))* & Qo(K)(y, —2)T, K € T}

and define the reduction opertator R;, by
/(Rha — o) - Teds =0 for every edge F of K .
E

This FEM is unstable and is not encouraged in practise. However, there holds (H),
and 7y, is a reliable and efficient a posteriori error estimator. With this choice, there
exists ¥ € H}(Q) with ¢|x € Qo(K) and

Vi =8 — R,0 for any 3 € ©y.
It is proved in [26, 38] that 1 vanishes at all nodes. Consequently,

(5.2) lllzz0m) S i IV 2y -
Since div -y, = 0, an integration by parts with (5.2) gives

(Y, B = RiB)rzey S Y, il lllvn - velll e 18 — BBl
EeE()

1/2
SCS Il vellZegs) " 18llm @
Ee&(Q)

1/2
SO b+ )l velll2am) 18] e for any B € (S3(T1))?.
EeE(Q)



A POSTERIORI ERROR ANALYSIS FOR REISSNER-MINDLIN PLATE 15

This proves (5.1). In the second inequality we use the following approximation for
the operator Ry,

(I — Ry)Bll2x) S hcllBllm ) for any B € HY(K)?.

5.2.2. The Durdan and Liberman element. This modification of the MITC3 FEM
adopts all notations W), , 'y, , Ry, from the previous subsection, therefore there holds
(5.1). The rotation space reads

0, = (5(7))*® Bu.

Therein, the edge bubble function space By, is defined as following. Given an element
K € 7T, its barycentric coordinates and unit tangential vectors are denoted by
{2, and {7;}2_,, respectively. Define

Y1 1= X AsT1, P2 1= AT, P53 1= A ATy

By, :={B € H)(N)*: B|x € span{epy, o, 3}, K € Tp} .

The Duran and Liberman FEM is a locking free element for the Reisner-Mindlin
plate problem with robust a priori error estimate established in [26].

Since the proof of Subsection 5.2.1 also covers this case, there holds (5.1) for this
DL element.

5.2.3. High order triangle MITC' elements. This subsection presents three families
of high order triangle MITC elements. These elements are proposed and analyzed
in [18]. The lowest element among them is the usual MITC7 element appeared in
[11].

Family I. We define for k£ > 2

Wy, = {v e Hy(Q) :v|g € Qu(K), K € Tp,} .
0, = {,3 S Hé(Q)z : ,B‘K S @k(K),K S ZL},

where

Q K))? fOIk’Z4>
0utt) = { (SK N onk~2,

and
Sk(K) = {w € Qps1(K) : w|p € Qi(£) for evey edge E of K} .
For the shear force space I';, we take the rotated Raviart-Thomas space

T}, :={o € Hy(rot,Q) : 0 € (Qu-1(K))* ® Qr-1(K)(y, —2)", K € Tp.},
with the reduction operator Ry defined through

/(Rha —0) -1pvds =0,v € Qr_1(F) for every edge E of everyK € Ty,
E

/ (Ryo — o) - Bdxdy = 0 for every B € (Qr_2(K))?.
Family II. Let SIZ be as in Family I, and define
Wy = {ve HyQ) :v|x € Si(K),K € T,,} .
We choose the BDFM space
Ty, = {o € Hy(rot,Q) : 0|k € (Qr(K))? o-Tr € Qp_1(E) for every edge E of K € T;,}
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as the shear force space I'j, with the reduction operator defined as

/(Rha —0) -Tpvds = 0,v € Qr_1(F) for every edge F of K,
E

/ (Ryo — o) - Bdx =0 for every B € (Qr_o(K))?,
K

/(Rha—a)-V¢jdx:0foreveryj20,~-~,k—2,
K

where t, -+, 9y_o are arbitrary polynomials in Qr(K), chosen once and for all,
with Vip; = 29y*72 j = 0,--- ,k — 2. The rotation space is the same as in Family
L

Famaly I11. In this case let

Wy ={ve HyQ) :v|x € Qu1(K), K € T;}
and use the BDM space
Ty, = {o € Hy(rot,Q) : 0|k € (Qn(K))* K € Tp,}.
The reduction operator Ry, is defined through

/(Rha — o) -Tpvds = 0,v € Qr(FE) for every edge E of K,
E

/ (Ryo — o) - Bdxdy = 0 for every B € (Qr_2(K))?,
K

/(Rha—a)~V1pjdxdy:0foreveryj:0,~-,k—2,
K

with 1; and the rotation space Oy, from Family II. Since (S5(75,))? C Ty, when k > 2,
it holds for all of those element that

fn(vn) = 0.
5.3. Quadrilateral MITC elements. This subsection discusses quadrilateral MITC

elements.

5.3.1. The rectangular MITCY element. In this case, we restrict ourselves to the
rectangular mesh, and define

W, = {ve H&(Q) vk € 1 (K),K € T,},

O, = {BeHj(Q): Blk € (Q(K))* K €T},

I, = {o€ Hy(rot,Q) : ol € (Qo(K))* ® Qo(K)(y,0)" ® Qo(K)(0,2)", K € T},
with the reduction operator Ry defined as, for any K € 7y,

/(Rha — o) - Trds =0 for every edge E of K.
E

This element is locking free under the condition that the mesh 7}, is obtained from
a coarser mesh 7y, through bisectioning [27, 29]. It is well-known that

(O'h, Rh’l,bh — ¢h)L2(Q) =0 for any oy € Fh and ’l,[ih S (Sé(,];l))2 .
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Therefore

(5.3) pn(vn) = 0.

5.3.2. The rectangular DHHLR element. This is a modification of the MITC4 ele-
ment with

O, = (5,(74))*® By.

The edge bubble function space By is defined as following. For each edge E; of K,
i =1,2,3,4, let 1; denote the cubic functions vanishing on E; when j # 7. Then
we define ¥; = ;o F' I;lTEi and set

By, :={B € Hy(Q)* : Bk € span{p1, 9o, P53, s}, K € T} .

With the displacement space W), the shear force space I';, and the reduction operator
R, from the MITC4 element, this is a locking free element for the Reisner-Mindlin
plate problem. Robust a priori error estimate was obtained in [27]. Also, It holds
(5.3).

Remark 5.3. Another variant for the MITCY element is the Hu element [29]. In-
stead of the rotated Raviart-Thomas element, the quadrilateral ABF element from
[6] is employed to approximate the shear force in this element and four interior bub-
ble functions yield stability. Compared to other lowest quadrialteral elements, the
convergence of this method is independent of the mesh disstortion parameter o; c.f.
[29] for further details. For this element, one can also prove pp(7y,) = 0.

5.3.3. High order quadrilateral MITC elements. We first introduce some notations.
The distance between the midpoints of two diagonals of K is denoted by dx and 7},
is supposed to satisfy the (1+ «)-Section Condition [39], i.e., dj is of order O(hi®)
uniformly for all elements K as h tends to zero for 0 < a < 1; the 2-Section
Condition is also called Bi-Section Condition [42].

Given any quadrilateral K € 7, with four nodes p;(z;,y;),j = 1,-- - ,4 numbered

counterclockwise, let p;(&;,m;),j = 1,---,4 be the nodes of K. Then the bilinear
transformation Fy takes the form

4
r=> x;N;j(&n) y—Zyg (&), (Em) ek
j=1

with the bilinear basis functions N, (&, n) deﬁned by

N6 = -0 —n), Nofm) = 1(1+E)(1 ),

Nyem) = 01+, Nifen) = 1(1-6)(1+n).

Define some coefficients c¢q, c1 , ¢o, ¢12, dy , dy , do , dis through

Co d() 1 1 1 1 1 Y
o d | 1 -1 1 1 -1 Ty Y
(54> Co dg o 4 -1 -1 1 1 T3 Ys

cig dya r -1 1 -1 Ty Ya
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Then the Jacobian matrix of Fx reads

DF. — Oz /0§ Ox/On\ _ [ ca+tcion co+ciné

K dy/0& Oy/on dy + dion  do + di2€
with the determinant Jx(&,71) = Jo + J1£ + Jon and its inverse
DF-1 — 0¢/0x  9¢/0y _ 1 dy+ di12§  — ¢ — 12§
K on/ox  In/dy J(&m) \ —di—dian ca+can )7

Here and throughout this paper Jy = c¢idy — cody, J1 = c1dis — ¢12dy, and Jy =
C12dy — cadia. In terms of the aforementioned mesh parameters, dx = O(h};ro‘)
implies
(5.5) \VJi| + ht || + Bt | Jal + |era] + |dio] < BRI
For S C R?, we let P(S) denote the set of polynomials of total degree < k, and

Q;(S ) denote the ”trunk” or ”serendipity” space of polynomials. The spaces W),
and O, are defined as

Wy, = {v € HHQ) : v |g= 00 Fgl,o € Wy(K), K € Tp},

O == {B € (H)(V)*: B |x=Bo F',B € O(K), K € T,},

where Wy (K) and O (K), which will be specified in the sequel, are polynomial
spaces on the reference element K. The space I'y, is defined differently by
Iy, :={o € Hy(rot,Q) : o |k€ T(K), K € T;,}

A

for the space T'y(K) defined from the space I'y(K) on the reference square through
the following Piola transformation for the operator rot,

TW(K):={o:0=DF"60F &ecTy(K)}.

The reduction operator Ry, is also defined locally on each element from the reduction
operator Ry defined on the reference element with the same transformation:

Ryo |x= DF;"R;.6 0 Fi!, with & = DFf-6 = DFfo o Fy.

We consider four families of quadrilateral MITC elements for the Reissner-Mindlin
plate problem. The rectangular version of these elements are proposed and analyzed
in [43]. We refer to [29, 30] for the a priori error analysis of the general case.
Family I. In this family, the displacement and the rotation spaces read, respectively,

~ ~

Wk(K) = Qf( N Pk+1(K)-

O(K) := [Qu(K) N Pypa(K)P.
For T'j,, we choose I'y(K) as the following BDFM space [17]
Ty (K) = {& | & € [P(K)\{#"} x P.(K)\{9"]}}.
The reduction operator ﬁK is defined by

[[(ﬁka — &) Fliwds =0 forall € P,_1(F) and for every edge F of K,
B
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K
Theorem 5.4. With a = 1, there holds

. k
(56) ()< D BB A ) divan + gldegn + O B gl
KeT, KeT,

/ (Rpo — &) - 9didj=0, Vo€ [Py(K)?.

Remark 5.5. Since the a priori convergence rate is of order k in the energy norm,
the second term on the right-hand side of (5.6) is always a high order term provided
that g € L*(Q).

Proof. For k > 3, we have
DFT3 e T (K) for every B € (Q1(K))?,
which implies

fn(vn) = 0.
It remains to prove (5.6) for the case k = 2. By the definitions of v, and Ry,

R\B—Blx = M (RzMB — MB)| ,

with M = DFE and 8 = (ao, bo)”+ (a1, by) 2+ (a2, bs) TG+ (as, bs)T#§. The definitions
of T (K) with k = 2 and DFY lead to

with ¢15 and dy5 from (5.4). Define
J _ a3 + bzdi2

TR (L0 g ).
Then there holds

Vi =R, MB— MB.

It follows from the mesh parameter estimate (5.5) that

(5.7) IVl oy S R IV B L) -
Let ¢ be defined through the following relation
wK = {D\O Fgl .
Note that tx € HY(K) and Vip = M1V, With ¢ = Y ¢k € HE(Q), The
KeT,
Poincare inequality and (5.7) elementwise, one proves
(Yn, BB — B)r20) = Z (Yn, M_l(ﬁf(Mﬁ - Mﬁ))LQ(K)
KeTy,
= (Y, V) 1200y = Z (divyn + g, VK )2y — Z (9, %K) L2y
KeTy, KeTy,
SO hilldivan + gl o I Vel a0 + hrcllgl oo IV x| 22
KeT,

SO e divan + gllaaolIBllm o + N9l a0 18l o)
KeTy,
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This implies

. 1/2
() S (O B + ) divyn + gl )
KeT,
1/2
+ (32 Bellgla) . O
KeT,

Family II. In this method, W), and I', are the same as in Family I. with the
different choice of the rotation space, which reads as

O(K) = [Q(K)).
For these elements, the estimate (5.6) holds equally.

Famuly II1. The spaces for the rotation are chosen as in Family I. However, we take
the following BDM space [17]

TW(K) = {o | & € [A(K) @ V(@Eg*) @ V(E**g)),

as the shear force space with the reduction operator defined by

/[(EK& — &) - Flids =0, Vi € Py(E) for every edge E of K,
B

/ (Rpo — &) - bdidj =0, Vo € [Pos(K)]
K
Therefore, the deflection space has to be selected as

Wi(K) = Q1 (K).
Theorem 5.6. With a = 1, there holds that

2(k+1
(58) () S D Wik + ) divayn + gldog0 + > b lglEaue
KeT, KeT,

Proof. Arguing in the same way as for (5.6) shows the asserted result; the details
are omitted. O

Famuly IV.  The rotation space reads

Ok(K) = {9 € Q1 (K))* | ¥ | € [Pu(K)]? for every edgeE of K}.
The corresponding space for the shear is the following rotated Raviart-Thomas space
over quadrilaterals,

Th(K) ={6 | 6 € Qr1x(K) x Qri1(K)},
with the reduction operator defined by

/[(I?Bka — &) Flwds =0, Vi€ P_1(E) for every edge E of K,
B

/(ﬁka—a)~ﬁdidﬁzo, Vo € Qp-1p—2(K ) X Qk—2.k— 1(K)
K
The space for the deflection is selected as

Wi(K) = Qu(K).
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Since ) A
DFLB € Ty (K) for every B € (Q1(K))?
for k > 2, there holds p,(vy,) = 0. O
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