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hp-Adaptive Finite Element Methods for Variational Inequalities

Andreas Schroder*

Department of Mathematics, Humboldt Universitéit zu Berlin, Unter den Linden 6, 10099 Berlin, Germany

In this work, we combine an hp-adaptive strategy with a posteriori error estimates for variational inequalities, which are
given by contact problems. The a posteriori error estimates are obtained using a general approach based on the saddle point
formulation of contact problems and making use of a posteriori error estimates for variational equations. Error estimates are
presented for obstacle problems and Signorini problems with friction.

Numerical experiments confirm the reliability of the error estimates for finite elements of higher order. The use of the hp-
adaptive strategy leads to meshes with the same characteristics as geometric meshes and to exponential convergence.
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1 Introduction

Variational inequalities play an important role in many fields of mathematical modelling. In this note, the main focus is on
contact problems. A natural starting point of modelling unilateral contact problems in structural mechanics is to consider an
energy minimization problem over a convex and closed subset K of a reflexive Banach space V. The set K contains the
admissable displacements of a body being in contact with an obstacle. In linear elasticity, the energy functional is given by
E(v) := 3a(v,v) — (¢,v) + j(v) with a symmetric, continuous, and V-elliptic bilinearform a and a convex and continuous
functional j. The bilinearform a represents the constitutive law describing the material behavior. The functional ¢ is an
element of the topological dual space VV* and describes volume or surface forces. The functional 5 models friction conditions.
According to the principle of minimum potential energy, the body is in a stable, static equilibrium whenever the total potential
energy is a minimum. That is, a static equilibrium is characterized by the solution v € K fulfilling E(u) = min,cx E(v).

Under these assumptions, it can be shown that the solution « is equivalently characterized by the variational inequality

Problem 1.1 Find v € K such that: Vo € K : a(u,v —u) + j(v) — j(u) > (£, v — u).

Problem 1.1 and its various discretisations are widely studied in literature. We refer to the monographs of Kikuchi, Oden

[1], Haslinger, et al. [2], and Glowinski, et al. [3] for an overview. In this note, we present a general framework for deriving
a posteriori error estimates for contact problems which are included in Problem 1.1. The approach is based on the discreti-
sation via a saddle point formulation. Finite element methods are used to discretise the space V. The key point is to reduce
the error estimation for Problem 1.1 to an error estimation for variational equations. The advantage of this approach is that in
principle each error estimator known from literature of variational equations can be used in order to obtain an error estimation
for Problem 1.1. This technique goes back to Braess [4] who presented it for static obstacle problems. The extension to the
general problem 1.1 is presented in [5] and represents the basis of this note.
The note is organised as follows: In Section 2, we briefly introduce a saddle point formulation of Problem 1.1 and its discreti-
sation. This approach allows a proper extension to finite elements of higher order. The general framework of error estimation
is presented in Section 3. The techniques are applied to simplified Signorini problems, model friction problems, Signorini
problems with given friction and obstacle problems. The results are stated in Section 4. Whenever a posteriori error estimates
are used in adaptive schemes, one has to deal with an appropriate refinement strategy and, in the case of hAp finite element
methods, one has to decide, whether the local polynomial degree should be increased. In Section 5, an hp-adaptive strategy is
proposed which is based on the estimation of the local regularity determined by two estimation steps. This strategy goes back
to Siili et al. in [6]. Eventually, numerical experiments shows the reliability of the error estimates and their applicability to h-
and hp-adaptive schemes.

2 Saddle Point Formulation and its Discretisation

Geometric contact conditions modelled by the set K are typically resolved by either introducing a Lagrangian multiplier or
by using an additional penalty term in the definition of E. The penalty method has the disadvantage that the solution is
strongly affected by the penalty parameter. In this sense, the Lagrangian method based on a saddle point formulation is often
preferable. However, in many cases it is difficult to ensure the stability of discretisation schemes based on it. Here, we use the
saddle point formulation, since it is the basis of the error estimation approach of Section 3.

Let Uy be a reflexive Banach space. We define linearised geometric contact conditions by setting K := {v € V | g — o (v) €
G}, where G C Uy is a closed and convex cone, g is in Uy and 3y € L(V, Up) is a surjective mapping. We assume that the
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functional j is given by j(v) = sup,,, ca, (1, B1(v)) for a surjective mapping 31 € L(V,Uy). Here, U; is a Banach Space
and A; is a closed and bounded subset of U;*. The definition of j generalises the friction condition based on reduced friction
problems or problems with given friction (see, e.g., [1]). An extension to Coulomb friction can be made by using a fix point
method. By introducing Ay := G* as the dual cone of GG, we obtain the following saddle point problem:

Problem 2.1 Find (u, A\g, A1) € V X Ay x A; such that

Yo eV a(u,v) = (£,v) — (o, Bo(v)) — (A1, B1(v)),
V(kos p1) € Mo X vt (o — Ao, Bo(u) — g) + (1 — A1, Bi(u)) < 0.

It can be proven by standard arguments of convex analysis, that a unique solution (u, Ag, A1) of Problem 2.1 exists. Fur-
thermore, the first component « is the solution of Problem 1.1 (cf., e.g., [1], [7], [8]).
As usual, a discretisation is obtained by introducing finite dimensional linear subspaces V;, C V and Uy C U, 1 = 0, 1.
Here, the subscripts h and H denote the discretisation level. In finite element discretisations, h and H are the mesh sizes. By
setting A; r := A; N Uy, the discretisation is given by

Problem 2.2 Find (uh, )\(),H7 )\LH) e Vp X AO,H X AI,H such that

Vop € Vi, + alup,vn) = (G on) — (Mo, Bo(vn)) — (A, Br(vn)),
V(po,m, t1,m) € Mo X A1 gt (o, — o,u, Bo(un) — g) + (i, — A g, B1(un)) < 0.

It is well-known that a unique solution (up,, Ao, i, A1, i) of Problem 2.2 exists if the discrete Babuska-Brezzi-Condition is

fulfilled: 3o > 0 (indep. of the discret.): a(||po,m|| + ||11,1]]) < Supvhevh\{o}(woﬂ,ﬁo(vh» + (w1, B (o)) lon 1
For simplicity, the norm symbols always denote the norms of the corresponding Banach spaces.

3 A Posteriori Error Estimation

The general problem of a posteriori error estimation is to find a number > 0 which only depends on the computable
parameters up, Ao, g, A1,m such that [[u — ug||® + Ao — Mo.m||* + A1 — A u > < Cn?, where the constant C' > 0 is
independent of the discretisation level. The number 7 is called error estimator.

The key for error estimation based on a saddle point formulation is the observation that the discrete solution uy, is also a
discrete solution of the following auxiliary problem:

Problem 3.1 Find u, € V such that: Vo € V' : a(u,,v) = (£,v) — (Ao, a1, Bo(v)) — (A1,m, F1(v)).

The discretisation error of Problem 3.1 can be estimated by a standard error estimator 7, > 0 for variational equations,
that is |Ju, — up|* < Cyn? with a constant C,, > 0. The essential approach is to prove the following estimation, which is a
consequence of Lemma IV.2 in [5]:

luw—un|®+ Ao — Xo,m I> + A — A u||? < C'nf + C"((Xo, Bo(un) — g) + (M — Aim, Ba(un))). 6]

On the basis of (1) we state the main result (Theorem IV.3 in [5]):
Theorem 3.2 Lerd € K := {v € V | g — fo(un +v) € G} and n* := 02 + ||d||> + |(No.1, Bo(d))| + |5(d) —
M, B1(@d)| + |7 (un) — (M, Br(un))|), then, there holds

llu = unl® + Ao = Ao,m [I* + A — A m || < Cn? 2

with a constant C' > 0 independent of Vy,, U§ f and UT ;.

We point out, that the a posteriori error estimation in Theorem 3.2 is a general estimation for arbitrary reflexive Banach
spaces and discretisations. By specifying 7, in the context of finite element discretisations, we obtain a concrete error estima-
tion for the Problems 1.1 and 2.1. All terms in the error estimation (2) can be interpreted as typical sources of errors in contact
problems. The term ||d||> measures the error of the geometric contact condition. The remaining terms measure the violation
of the geometric complementary condition and of the friction condition.

4 Application to Various Contact Problems

The general result of Theorem 3.2 can be applied to various contact problems. In this note, we consider simplified Signorini
problems, idealised friction problems and obstacle problems, which can be seen as model problems. Furthermore, we apply
our results to linear elastic Signorini problems with given friction. Extensions to dynamic contact problems are studied in [9]
and [10].

Let 2 C R", n € {2,3}, be a domain and let Ty be a closed subset of the boundary T := 992 with [T'y| > 0. Moreover,
let I'; be a (sufficiently smooth) subset of I' with T, CcTy:= I'\Iy. In the following, the Banach space V is defined as
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Vo= (H}(Q,To)k, k € {1,2,3}, where HZ (2, Ty) is the closure of {v € C=(Q) | v(x) = 0, & € Ty} with respect to the
usual Sobolev-norm || - ||;. The mapping v : V' — (L?(T"))* denotes the trace operator. The Banach spaces Uy and U, are
defined as Uy := H'/?(T'y) and U; := (HY?(T';))!, 1 € {1,2}. The finite element discretisation is based on finite element
meshes 7, and 77 y of Q and I'y, respectively. Let Wr : [-1,1]" — T € 75, ¥1 7 : [-1,1]""* — T € 7q y be bijective and
sufficiently smooth transformations, and let pr, p1 + € N be degree distributrions. By using the polynomial space S{ of order
q on areference element [—1, 1], we set Vj, := (SP(7))*, U yy := MP*(Ty i) and U5 y := MP*(Ty )" where SP(7;,) :=
{ve HY(Q,To) |VT €Ty : vyro ¥y € S5} and MP (11 ) := {v € L*(T1) |[VT € Ty, : vr o ¥1p € Spr7}. This
discretisation is based on the finite element schemes proposed by Haslinger et al. in [11] and [12]. For uniform meshes
and pr = 1 and p; r = 0, it can be proven that the discrete Babuska-Brezzi-Condition is fulfilled, if the quotient h/H is
sufficiently small.

The simplified Signorini problem is given by the variational inequality Vv € K : (Vu, V(v —u))o > (f,v—u)o+ (g, y(v—
u))o,r,, where K := {v € H'(,T) | v(v) > ¢} and (-, -)o,r, denotes the L?-scalar product on I';. The problem decribes
the deformation of a membrane restricted by an obstacle at the boundary I';. In Figure la, the solution of the simplified
Signorini problem is depicted for 2 := (—1,1)%, I'y := (=1,1) x {1} U{-1} x (=1,1), f := —1, g(zp, 1) := — 327} and
g(zo,21) := —xd. The two curves are the obstacle g and the Lagrangian multiplier A\ = ¢— ,,u. The saddle point formulation
isVo € H'(Q,To) : (Vu, Vo)o = (f,v)o + (¢,7(v))o,r, — (Ao, 7(v)) and Vpo € Ao = {110 — Ao, ¥(u) — g) < 0. Applying
Theorem 3.2, we obtain the a posteriori error estimation

lu=unll + 120 = Ao, l21 j2r, < COZ+ (g = ¥(un))+ 112 j2r, + 1(Aorr, (9 = v(un))+)ory )

where (+)+ denotes the positive part of a function. We choose the harmonic extension d € W := {v € H*(Q,Ty) | v(v) =
(9 — v(up))+ on Ty} in Theorem 3.2.

The idealised friction problem is described by the inequality Vo € H'(,T¢) : (Vu, V(v — u))o + (s, [v(v)])o,r, —
(s, Iv(w)o,r, > (f,v —u)o + (¢,7(v — u))or,. The problem models a membrane with the idealised frictional contact
conditions: |¢ — Jpu|l < s = ~(u) =0, (¢—0hu) =s = v(u) >0, —(¢g—0u) =s = v(u) <0 (see, e.g., [3]).
In Figure le, the solution of this problem is depicted where the two curves are the function s and the Lagrangian multiplier
A = q — O,u. Here, we set s(xg,71) := 1 — 22. The saddle point formulation reads Vv € H'(Q,Tg) : (Vu,Vv)y =
(f,0)o 4+ (@:7(©)or, — (A, 7(v))or, and Vur € Ay o (1 — A, y(w))or, < 0with Ay := {pn € L*(Ty) | || <
s a.e. on supp(s), u1 = 0on T\ supp(s)}. Theorem 3.2 leads to the a posteriori error estimation

lu—unll + A = ALal® 1 jor, <COF+ [i(un) — Ara,v(un))or, |)-

The variational inequality of the Signorini problem with given friction is given by Vv € K : (o(u),e(v — u))o +
(s, 8:0)oury — (5,0 o, > (frv — u)o + (4,0(v — w))or, with K = {v € HI(QTo)® | g— 3,(v) < 0}
and 6 := (d,,0:) as the normal and tangential components of . The usual stress and strain tensors of linear elasticity
are denoted by o and e, respectivily. The saddle point formulation reads Vo € H(2,T9)% : (o(u),e(v))o = (f,v)o +
(¢,6(v))o,r, = (Ao, 0n(v)) = (A1, 8¢ (v))o,r, and V(po, 1) € Ao X Ay = (1o — Ao, 0n(v) = g) + (1 — A1, 6¢ () Jo,r, < O with
Ay := {p € L3(T1)? | |u1| < sae. on supp(s), p1 = 0onT'y\supp(s)}. From Theorem 3.2, we obtain the a posteriori
error estimation

[ = un||F+ Ao — )‘O,HH2—1/2,F1 + A = /\1,H||2—1/2,F1 <O + (g = 0n(un)) 1 ll1/2,r,
+ (Ao, (9 = n(un)+)or, | + 17 (un) = (A, a, 0e(un))o,r, |-
The obstacle problem is given by the same variational inequality as the simplified Signorini problem is, but with K := {v €
HY(,Tg) | v > g}. It models a membrane with an obstacle in the interior of the domain. Also, the saddle point formulation

is similar to the formulation of the simplified Signorini problem. Here, the set Ay is the dual cone of G := {v € H}(Q,T) |
v < 0}. Eventually, Theorem 3.2 gives the following a posteriori estimation

lu = unll¥ + Ao = Ao, l21 < COG + (g = un)+ 11 + [N,z (9 — un)+ o).

We choose Uy :=V and Ug 5 := {v €L |VT € Thm: vroV¥yr € Sﬁl'T}for the finite element discretisation.

5 An hp-Adaptivity Strategy and Numerical Results

For an hp-adaptive strategy, we consider the contributions of two error estimators (%)% := >, (n})? and (n')* :=
> rer,(np)? on the same mesh, but for different degree distributions p° and p'. By assuming n} ~ Cr(p}) 7!
and nt ~ Cp(ph)=P7+ for T € T;, with pJ < pk, we can approximately calculate the local regularity by or =
log(nt./n%)/log(p%./p¥) + 1. If or < pk, the mesh element T should be divided, otherwise the local polynomial de-
gree should be increased. The complete strategy is given as follows: (1) Determine (7°)? and sort %, < 79, < ....(2) With
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Fig. 1 a-d: simplified Signorini problem: deformed membrane, h- and hp-adaptive meshes, estimated convergence. e-h: idealised friction
problem.

k* o= [(1=5)|Tal 41,0 <k < L define K :={T € Ty, [ n > 07, and W :={T € T,\K | 3Tp € K: 0 #TNTy ¢ V}
(V is the set of all nodes in 75). (3) Set pk. := p% + 1 forall T € KUW and p}. := pY forall T € T,\ (K UW) and determine
(nY)2. (4) Divide T' € K, if o7 < pk and set pOT~ := pY. for the new elements 7', otherwise set p%. := pk. By increasing the
local polynomial degree for the neighbouring elements 7' € W, we ensure that the complete local polynomial space is used
for all T € K to determine n'.

In Figures 1c and 1g, hp-adaptive meshes are shown for the simplified Signorini problem and the idealised friction problem
specified in Section 4. The grey values represent different local polynomial degrees (white=high polynomial degree). In
Figures 1c and 1g, the estimated convergence is plotted for h- and hp-adaptive refinements. As mentioned in Section 3, an
a posteriori error estimator for variational equations is needed to establish the estimation for variational inequalities. Here, we
use the a posteriori error estimator proposed by Melenk [13]. The corresponding constant C, is independent of the mesh size
as well as the local polynomial degree, making it suitable for Ap-adaptive schemes.

As we can see in the pictures, we obtain an optimal algebraic convergence order, using an h-adaptive strategy (here, we use
a simple fixed fraction strategy) and exponentiell convergence using the hp-adaptive strategy, described above. As expected,
the contact zone is refined. Moreover, the use of the hp-adaptive strategy leads to meshes with the characteristics of geometric
meshes.
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