Mixed Finite Element Methods of Higher-Order for Model
Contact Problems

Andreas Schroder

Abstract This paper presents mixed finite element methods of higher-order for a
simplified Signorini problem and an idealized frictional problem. The discretization
is based on a mixed variational formulation proposed by Haslinger et al. which is
extended to higher-order finite elements. To guarantee the unique existence of the
solution of the mixed method, a discrete inf-sup condition is proven. Approximation
results of the p-method of finite elements and some inverse estimates for higher-order
polynomials are applied. Numerical results confirm the theoretical findings.
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1 Introduction

The aim of this paper is to derive mixed finite element methods of higher-order for
contact problems which play an important role in mechanical engineering, [6,7,11].
Here, we consider a simplified Signorini problem and an idealized frictional prob-
lem as model problems. The discretization approach is based on mixed finite ele-
ments for contact problems introduced by Haslinger et al. in [8—10]. This approach
is originally developed for lower-order finite elements. In this paper, we extend it
to higher-order finite elements. The approach relies on a saddle point formulation
where the geometrical contact condition and the frictional conditions are captured
by Lagrange multipliers. The restrictions for the Lagrange multipliers are sign con-
ditions or box constraints and are, therefore, more simple than the original contact
conditions. However, the Lagrange multipliers are additional variables which also
have to be discretized. Whereas the unique existence of a saddle point is ensured
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for the non-discretized problem, we can not generally ensure this for the discretized
Lagrange multlipliers. In many mixed formulations, unique existence follows from a
inf-sup condition associated to the discretization spaces. But its verification is often a
crucial point. For lower-order finite elements, the inf-sup condition for the introduced
contact problems is proven in the above mentioned references. In this work, we prove
the inf-sup condition for higher-order finite elements using approximation results for
the p-method of finite elements, and recently published inverse estimates for higher
order polynomials, [1,5].

An important assumption of the proof is that the used approach allows for the dis-
cretization of the Lagrange multipliers on boundary meshes with a larger mesh size
than that of the primal variable. In pratice, this leads to a high implementational ef-
fort. We refer to [2] for a mixed finite element scheme which avoids different meshes.
In general, higher-order discretization schemes for contact problems are rarely stud-
ied in literature, especially for mixed variational formulation. For discretization tech-
niques based on a primal, non-mixed formulations, we refer to [12, 13].

This paper is organized as follows: In Sections 3 and 4, the mixed variational formu-
lations are introduced for the simplified Signorini problem and idealized frictional
problem. Higher-order finite element discretizations based on the mixed formulations
are presented in Section 5. The main part of this work, the derivation of the inf-sup
condition for higher-order finite elements, is proposed in Section 6. Numerical results
confirming the theoretical findings are presented in Section 7.

2 Notation

Let Q C R¥, k € N, be a domain with sufficiently smooth boundary I" := 9. More-
over, let I, C I be closed with positive measure and let I C I'\I}, with T'c ;Cé N\Ip
and Iy := [\(Ip UT ¢). L2(R), H'(R),1 > 1, and H'/?(I¢) denote the usual Sobolev
spaces and

H'(2,Ip):={ve H' (Q)| y(v) =0onIp}
with the trace operator y. The space H !/ 2(I) denotes the topological dual space
of H'/2(I¢) with the norms || - 121z and || -[[1/2,r.» respectively. Let (-,-)o.w,
(*»-)o.rr be the usual L?-scalar products on @ C Q and I'" C I', respectively. We
define ||v||3 , := (v,v)0.» and omit the subscript @ whenever ® = Q. Moreover, we
state 7

VT = (Vv Wv)o,  IIT = IvIG+IvIE

as the usual, equivalent H'-norms on H'(Q,Ip) with the gradient operator V in the
weak sense. We denote the usual Laplace operator likewise in the weak sense by A.
Note, the linear and bounded mapping

Yo=Yt H'(Q,Ip) — H'*(I7)

is surjective due to the assumptions on I¢, [11]. As these assumptions are fulfilled
in most cases, we can avoid the introduction of complicated H&éz(l“c)—spaces. For
functions in L?(Q) or L?(I), the inequality symbols > and < are defined by means

of “almost everywhere”.



3 Mixed variational formulation of a simplified Signorini problem

A simplified Signorini problem is to find a function u € H'(Q,Ip) NH? (L) such that

—Au=f inQ,
d,u=0 only, ()
M2g7 anMZO7 anu(u—g):O Onl—ba

where f € L*(). The function g € H 1/ 2(I) represents an obstacle on the bound-
ary I¢. It is well-known, that u € H'(Q,Ip) N H?*(Q) is a solution of the simplified
Signorini problem if and only if u € K := {v € H'(Q,Ip) | y(v) > gonI¢} and

YweK: (Vu,V(v—u))o > (f,(v—u))o. ()

Moreover, u € H'(2,1Ip) fulfills (2) if and only if u is a minimizer of the functional

E(v):= %(VV, V)o—(f,v)o

in K. The functional E is strictly convex, continuous and coercive due to Cauchy’s
and Poincare’s inequalities. This implies the unique existence of a minimizer u.

In order to derive a mixed formulation, let
H'*(I2) = {we H'X(Iz) | w<0},
H VA (I0) = {u e HV(I2) | vw e HP(I2) « (,w) > 0}

Using the Hahn-Banach theorem it can be proven that

0, ifvek
sup  (Ho,¥e(v) —8) =1 _ olse
poeH~ (1) ’ '
Therefore, we obtain
E(u)= inf sup  Zp(v, o)
veH (Q’FD)[J()GH:I/Z(F(;)

with the Lagrange functional
2o (v, o) = E(v) + (to, e (v) — &)

on H'(Q,Ip) x H-"*(I¢). This states, whenever (1, Ao) € H'(Q,Ip) x H/*(I¢) is
a saddle point of %, then u is a minimizer of E.
The existence of a unique saddle point is guaranteed, if there exists a constant ¢&¢ > 0
such that

allull o < sup (1, 7e(v) 3)

veH ! (Q.Ip)
vl =1

is fulfilled for all u € H~Y/ 2(I7), [11]. In fact, it follows from the closed range theo-
rem and the surjectivity of 7y, that (3) is valid.
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Let &5, « H'(Q,Ip) — (H'(Q,Ip))" and £, : H™V/(I2) — (H'2(I¢))" =~
Hl/z(l"c) be the Fréchet derivatives of .7} 5, := (-, A0) and L, := Lo(u,-), re-

spectively. Then, (u,) € H'(Q,Ip) x H:I/Z(FC) is a saddle point of %, if and
only if the stationary conditions ﬁo’%(u) =0 and (o — Ao,-Z, (o)) <0 for yy €

H'? (It) are fulfilled. Thus, (u, Ag) is equivalently characterized by the mixed vari-
ational formulation

We H' (Q,1p) : (Vu, Vv)o = (f,v)o — (Ao, 1e(v)),

. @)
Vo € H-'2(I2) = (o — Ao, ye (1) — g) < 0.

4 Mixed variational formulation of an idealized frictional problem

An idealized frictional problem is to find a function u € H'(Q,Ip) N H?*(L2) such
that

“Au=f inQ,
du=0 only,

|Opu| <s=u=0,
|Ou| <'s With{a,,u :s:>u>0,}onFC
—Oht=5s=u<0

for f € L*(Q) and s € L*(I¢), s > 0. Here, u € H'(2,Ip) NH*(R) is a solution if
and only if

weH (Q,Ip): (Yu,V(v—u)o+ (s, [y0)| = [y@))or = (f,v—u)o. (5

It is well-known, that u € H'(Q,Ip) fulfills (5) if and only if u is a minimizer of
the (non-differentiable) functional E + j in H'(Q,Ip) with j(v) := (s,[%c(v)|)o.1z»
[7]. Since j is strictly convex, continuous and coercive, the unique existence of a
minimizer u is guaranteed.

We define
L3(1) == {m € 2(I2) | |m| < 1 on supps, y =0 on It supps}

For u; € L%(Fc) andve H'! (.Q,FD), there holds (‘ul,s’)/c(v))()‘rc < (|,u1 |,S|')/C(V)|)()71"C <
Jj(v). Furthermore, we have

j0) = [ uswe@)dr < s (uswe(or:
Ie meLi(Ie)

with fi; :=sign(yc(v)) on supps and fi; := 0 on I¢-\ supps. In conclusion, we obtain

jv)=sup (u1,5%(v))or:
meL(I)



and

(E+j)(u)= inf sup .Z (v, 1)
Ve (QTD) yy er3 (1t

with the Lagrange functional

LA, ) = EW)+ (11,5%(v))or

on H'(Q,Ip) x L3(I7). Thus, whenever (u,A1) € H'(Q,Ip) x L3(I¢) is a saddle
point of Z], then u is a minimizer of E + j. Due to the boundness of L% (It), the
existence of a minimizer is guaranteed, [4].

In analogy to the simplified Signorini problem, the pair (u,4) € H'(Q,Ip) x L2(I¢)
is equivalently characterized by the mixed variational formulation,

WeH' (Q,Ip) : (Vu,Vv)o = (f,v)o — (A1, s¥c(v))o.1z.»

(6)
Vi € LY(IE) : (t — Ay, s¥e(u) o < 0.

Since H'/2(I¢) is dense in L2(I¢-), we conclude from (6) that the Lagrange multiplier
is unique, too.

An alternative mixed formulation for the idealized frictional problem is given through
the definition of

LA(I7) = {w € A(I) | || < s}
‘We obtain

Jv)= sup (w1, %(v))or
meL3(Ir)

by similar arguments as above. Therefore, we have

(E+)() = _inf  sup Zi(npm)
veH!(Q,Ip) weL2(Iy)

with the Lagrange functional

L) = EW)+ (w1, ())or:

on H'(Q,Ip) x L2(I7). In this case, the pair (u,41) € H' (Q,Ip) x L2(I¢) is equiv-
alently characterized by

¥ e H'(Q,Ip) : (Vu, Vv)o = (f,v)o — (A1, % (V) o,

2 @)
Yu e Li(Ie) : (11 — A1, Ye(u))o: <O0.



5 Higher-order discretization of the mixed variational formulations

We propose a higher-order finite element discretization based on quadrangles or hex-
ahedrons as follows: Let .7, and J¢ g be finite element meshes of  and I with
mesh sizes h and H, respectively. Let ¥ : [~ 1,1/ = T € %, Y g : [ 1,11 —
Tc € J¢c,u be bijective and sufficiently smooth transformations and let pr, pc 7. € N
be degree distributions on 7}, and J¢ y, respectively. Using the polynomial tensor
product space S} of order ¢ on the reference element [—1, 1]*, we define

SP(F) = {ve H (Q,Ip)| VT € F,: viro¥r e ST}
and
M7 (Te) i= {p € LI | VT € Ten: g oW € S1C |-
Moreover, we define

MP(Ten) = {ton € MP(Tcm) | ton <0},
MY (Ten) = {tu €MP(Ten) | |tm| < 1on supps, py g =0 onI¢\supps},
MPC(Ten) = {mpm e MP(Tenm)| |Min| < s}

The discrete saddle problem of the simplified Signorini problem consists in finding a
discrete saddle point (uy, Ao i) € SP(Fh) x MP(F¢ u), such that

zO(”haﬂO,H) = inf sup fo(vh,[.l,oﬂ). (8)

€SP (Th) to,neM™ (T 1)

It is easy to see, that the first component of the discrete saddle point is the unique
minimizer of the minimization problem

E = min E
(un) = min E(vi)
with Ky := {vi € S"(Jh) | Yo € M*(Ten)  (Hou, Ye(vi) — g)orz < O} By
the stationary condition, we conclude that the discrete saddle point is equivalently
characterized by

Y € SP(Fh) « (Vup, Vvp)o = (f,vi)o — (Ao, Ye (Vi) )ore»

)
Yo € MY (Te ) : (Mo — Ao, Ye(un) — 8)or < 0.

Following the approach of Oden et al., [11, Remark 3.4.3] and [15], we conclude

Theorem 1 Let g € Yo (SP(F})), then there exists a discrete saddle point of the sim-
plified Signorini problem.

Proof. Due to the closeness of 1-(S7(.7;)) in H'/2(I¢), we obtain from the closed
range theorem, [17], that there exists a constant ¢ > 0 such that

af W< sup (1,7 (va)) (10)

V€V, [lvpl|=1



7

for all [u] € H*I/Z(I"C)/ker}{jls,)<%) where [u] := i +Ker Y gp( 7> and ||[u]] ==
infkekem/qsp(%) |4 +xlli /2,1 and VCIS,,(%) : H™V/2(It) — SP(Z,)' denotes the trans-
pose of Ycsr(7,)- We define

.,?(vh, [1]) == E(vi) + {1, ¥ (vi) — 8),

which is well-defined due to g € % (SP(.,)). Using (10), we conclude by standard
arguments (e.g. [11, Lem. 3.2]), that

Hﬁl/z(lﬂc)/ker?/qsp(%) >[ul—  sup  —ZL(v,[u])
VhGSP(Zl)

is coercive. We set
W (Tear) = { o] € H™V2(IE) [ KerYg 5 | Hous €M™ ()}

which is a closed and convex set. Due to [4, Prop 1V.2.3 and Remark 1V.2.1], there
exists (upn, (o)) € SP(Th) x MP (T ) with

L(up,[Moy)) = inf sup 2 (v, [Ho])-
€SP (h) to.neM’C (T )

Thus, (up, Ao g) fulfills (8). O

Remark 1 Theorem 1 is an alternative to the existence result established by Hlavacek
et al. [10, Lem. 5.6], where K}, # 0 instead of g € Yo (S (%)).

Theorem 1 does not imply the uniqueness of a saddle point. Furthermore, the exis-
tence of a saddle point depends on the assumption g € ¥ (S”(.7;,)) which is not ful-
filled in general. Condition (10) is based on the closeness of ¥ (S” (7)) and requires
to consider a saddle point problem in S”(.7;) x H~'/?(I¢) / ker }{jl sp(z;,)- Hence, it is
more natural to directly claim the inf-sup condition for S”(.%,) x MP¢ (T u).

Theorem 2 [f there is a constant o > 0 such that

alluall-1 o < sup (Ma,Ye(Vi))ores (11)
v, e8P ()
[lvalli=1

for all uy € MPC (¢ i), then there exists a unique discrete saddle point of the sim-
plified Signorini problem.
Proof. Analogously to the proof of Theorem 1, we conclude that

MPC (T ) up —  sup  —Lo(vi, Ua)
v ESP(T)

is coercive. This implies the existence of a saddle point. The uniqueness is a direct
consequence of (11). O



The discrete saddle point problem of the idealized frictional problem is to find a pair
(up, M 1) € SP(Fy) x MY (T p) such that

A up, o) = inf’ sup (Vi U1 H)- (12)
Vhesp(‘%’)lil,HGMfC(gc,H)

The first component is the unique minimizer of the minimization problem

E(uy) = vhe%ER%)E(Vll) + jne (va),

where juy(vy) == SuPH]‘HeM{’C(%‘H)(”LH’SVC(Vh))O,Fc' The discrete saddle point is
equivalently characterized by
Y, € SP(Th) : (Vu, Vvp)o = (f,vi)o — (A, sYe (Vi) )o 1
Vg € MY (Ten) : (M — Aa, s¥e(un))o < 0.

Alternatively, we may seek a discrete saddle point (up, A1 i) € SP(F3) x MY (Te n),
such that

13)

Bl = inf sup L (Vi im)- (14)
viE€SP () h HEMYC (T )

Again, the first component u, is the unique minimizer of

(E+ juu)(up) = min_ E(v) + jar (va)-
v €SP ()

where ji; 1= Supul,HEMfC(%.H)(”I’H’ Yc(vi))o,1z.- Hence, the discrete saddle point is
equivalently characterized by

Yo € SP(Fh) : (Vup, Vvp)o = (f,vi)o — (A, Ye (Vi) )ore»
Vg € MPC(Te ) (a —Moa, Ye(un) o < 0.

Theorem 3 There exist discrete saddle points of (12) and (14). The discrete saddle
point of (14) is unique if (11) is fulfilled.

Proof. The sets M (¢ i) and MEC (¢ i) are bounded. The existence of a discrete
saddle point of (12) and (14) is guaranteed by [4, Prop IV.2.3 and Remark IV.2.1].
Let (u, A1), (u, A} ) € SP(Th) x MY (T i) be discrete saddle points of (12). From
(11) we obtain || A1 5 —A{ g || -1 /2. = 0. Since H~'/2(I¢) is dense in L?(I¢-), we have
th = AI*,H' O

(15)

Remark 2 The uniqueness of the discrete saddle point of (12) is not a direct con-
sequence of (11). We refer to the end of Section 6 for a proof of uniqueness under
further assumptions.

We call the discretization schemes (9), (13) and (15) stable, if there exists a unique
discrete saddle point independently of the discretization level. In other words, to guar-
antee the discretization schemes (9) and (15) to be stable, the constant in (11) has to
be independent of i, H, p and p¢. In [10], the discrete inf-sup condition (11) is proven
with an A- and H-independent constant o for uniform meshes and p =1, pc =0. The
essential assumption is that the quotient 2/H is sufficiently small. In the next sec-
tion, we will show, that these results can be carried over to the proposed higher-order
schemes.



6 The inf-sup condition for higher-order discretizations

In this section, we show condition (11) for discretization schemes of higher-order. In
particular, we show that the constant & can be chosen independently from 4, H, p and
pc- Therefor, we make use of an approximation result for higher-order finite element
methods (Lemma 2) and for an inverse inequality for negative norms (Lemma 3)
which was recently pubished by Georgoulis, [5]. Furthermore, we follow the proof
of Lemma 3.1 in [9] where this condition is derived for discretization schemes of
lower-order.

The interpolation spaces H'*?(Q) and H~'/29(I¢) are defined via
H'"%(Q) = [H'(Q).H}(Q)]o,

and
HVPHO (1) i= [V (1), HY(12) o

with norms || -[[14¢ and || - [} /216,1;., respectively, where 0 < 6 < 1, [14,16].

In this work, we focus on the two-dimensional case (k = 2) and assume that .7}, is a
quasi-uniform parallelogram mesh. For the mesh J¢ y consisting of line segments,
we assume

VTc € Jen: kH < Hy, (16)

with a constant ¥ > 0 which is idenpendent of H. Here, Hr,. denotes the length of
the line segment T¢. Moreover, we assume that p and p¢ are constant degree distri-
butions.

Lemma 1 For u € HV/2(I), there exists a function u* € H'(Q,Ip) such that
(Vut, Vv)o + (", v)o = (1L, e (v)) a7

forallv € H'(Q,Ip). Additionally, there holds C |l =1 /2, < |lut[|1 for a constant
C>0.

Proof. The existence of u* € H'(Q,Ip) is guaranteed by the Lax-Milgram Lemma.
The mapping fc : H'(,Th)/kerye — H2(I) with fc(v]) := ye(v) and ] ==
v+ keryc is bijective and continuous. Since H'(£2,Ip) and H'/>(I¢) are Banach
spaces, the inverse lis continuous, too. Let

&=L . o5—1
Ifc l:="sup |7 (w)
weH/2(1-)
HWH1/2.FC:1

with [|[v]|| := infyekerye ||V +wl|1 for [v] € H'(Q,I})/ker yc and let

vi={ven@.re) | v < I el )

In order to show that V is a non-empty set, let w € H'/?(I¢:) and v € H'(2,Ip) with
9" (w) = [V]. If Z € ker yc such that ||v — Z||| = infeeery. ||V — 2|1 and v := v —Z, we

obtain
re(V) =1(v—2)=rW) = () =w (18)
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Therefore, we have

*Il, = inf _ — |51 < o—1 — |51 *
M= dnf llv=zlh = lI%c )l <l THiwlar = e e 2

which implies that v* € V. Moreover, there is a v* € V for each w € H'/2(I) such
that (18) is valid, i.e., Yo (V) = H 1/ 2(I¢). Using these preparations, we conclude from
the definition of the dual norm and Cauchy’s inequality, that

ww e

liel-1y2ze = WGHIZ‘L%)\{O} wlhjore  vevyioy eM i j2r
Vub,Vv)o + (ut,v ut || ||v
‘é%flmmémhﬁﬁmmwué
S 72 (17
Setting C| := H?gl |l, we obtain the assertion. O

Lemma 2 Let u € L*(I¢) and u* € H'(Q,Ip) NH'*9(Q) be the solution of (17),
then there exists a function uﬁl € SP(F,) and a constant Cy > 0, independent of u*, h

and p, such that
6

h
|t —uf || §C2F”Mu”1+9'

Proof. See [1, Thm. 4.6]. o

Lemma 3 There exists a constant C3 > 0 which is independent of H and pc, such
that

2
a1 240, < CBTHNHHA/LFC

for all ug € Mrc.
Proof. See [5, Thm. 3.5., Thm. 3.9] and (16). O

We call the variational problem (17) regular, if u € H'(Q,Ip)NH'™%(Q) and
[l l[1+0 < Callttll -1 /20,1 (19)

for all u € H~'/>*9(I) and a constant C4 > 0. Using Lemma 1, Lemma 2 and
Lemma 3 as well as the regularity assumption (19) on u*, we are able to prove the
main theorem.

Theorem 4 Assume the variational problem (17) to be regular for 6 < 1/2 and

_ 1,0 _
I(h,H,p,pc) := (hH 'max{1,pc}?’p')" <e <Ci(C:GCh)™" (20)

for some € > 0, then (11) holds for a constant o0 > 0 independent of h, H, p und pc.
Proof. Let uy € MP¢ (¢ g) and uZH € SP(Z},) be uniquely determined by

(VuﬁHvV"h)O + (“gﬁavh)o = (ua, Ye(vi))o.r
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for all v, € §P(7},). Using the Galerkin orthogonality, Lemma 2, the regularity as-
sumption and Lemma 3, we obtain

h h°
[k — ||y < [k — |y < C2?||M”H||1+e < C2C4ﬁ||#H||—1/2+9,FC

h® max{1, pc}*¢
< GGGy (pew ||IJ—H||_1/2,rC

= CGCII(h, H, p, pe) ||t || -1 /2,17

From Lemma 1, we obtain

(ks Ye ) )ote (a, Yo (uh™))o 1z

v,,eSl’S(l,l?IZ)\{O} [[vallx - ™ 114 = Il
2> [lut ||y — [l — " |1 = Coll ]| -1 jo . — e — [y
> (C1 = CC3CuII(h,H, p, pe) ) e || -1 j2.1
> (C = CC3Cq€) | ua || -1 j2. 1.
Setting o := C; — C,C3C4€ > 0 yields the assertion. O

From the pratical point of view, the result of Theorem 4 seems to be nonsatisfaying as
it is not clear when IT(h,H, p, pc) is small enough such that (20) is fulfilled. Further-
more, it is often unclear whether the regularity assumption (19) holds. For convex
domains, this assumption is fulfilled. Nevertheless, Theorem 4 justifies the modifi-
cation of the discretization scheme by coarsening the mesh J¢ i or by decreasing
the polynomial degree pc to obtain a stable scheme. In Section 7, numerical results
confirm this theoretical observation.

It remains to show that the discrete saddle point of (12) is also unique. Unfortunately,
the inf-sup condition (11) does not fit to this problem. However, we can proceed in a
similar way.

Lemma 4 Let [*(I7) := {u € L>(It) | u = 0 onI¢\supps} and C,C' > 0. There
exists a X > 0, such that for h, H, p and pc satisfaying I1(h,H, p, pc) < K there holds
Clispa |l =12, — C'T(h,H, p, pe)||pa || -1 2.1 = Kllkwll -1 2,1z

for all uy € MPc N L*(I7).
Proof. Assume that for all k¥ > O there exist /i, Hy, px and pc , such that
HK = H(hKvHKapKvpC,K') <K
and there exists a function u € MPCx(Je ) NL*(I7), such that
Clistucll -1 /2.0 — C' Tl pacll —1 j2.r- < %l tticl| -1 /2,12 2y

Obviously, fx # 0. Defining fix := ||tk (o . x € L*(IT), we obtain ||fic[lor = 1.
Due to the reflexivity of L?(I¢) and the convexity as well as the closeness of L (I¢),
there exists some fi € L?(I¢) such that fi,, — fi for a sequence k, — 0. This also
implies fl, — [ in the norms || - |lo.rz. and || - || /2 1;.. Therefore, ||ft]jorz = 1 and
ft # 0 on supps. From (21), we have C|[sfi, ||-1 /2. < (1 +C')%, which implies
llsit||-12,;. = 0 and therefore, sft = 0, which is a contradiction to fi # 0 on supps.0
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Theorem 5 Let the variational problem (17) be regular for 0 < 1/2 and s € L*(I¢).
Furthermore, let II(h,H,p, pc) be sufficiently small. Then, there exists a constant
a > 0 sucht that

allum|l-120 < sup (ta,s¥e(va))or (22)
vheSP ()
valli=1

for all py € MPc( T ) NL*(IT), where o is independent of h, H, p und pc.
Proof. Let yiy € MP(J¢ i) NL*(I7). Furthermore, let )" € SP(.7,) be uniquely
determined by

Vv € SP(Th) + (Vi Vvg)o+ (uh™ vi)o = (s, Ye (Vi) o 1.

Thus, in analogy to the proof of Theorem 4, we obtain

h® h
[l —uH | < C2C4p79Hs:u“H”71/2+9,FC < C2C4P*GHS|

oo 1| [ || -1 /21 0.1
< CCCy||s)leo i TT (1, H, p, po) s || -1 /2

and

sup (SUm, Yo (Vh))o,rc
wese(zingoy  lvalh
> Cil[stall-1/2, — C2C3Ca|$l|oo 1. I (B H, p, pe) | e[| -1 2-

The appliance of Lemma 4 completes the proof. O

Corollary 1 The discrete saddle point of (12) is unique, if II(h,H,p, pc) is suffi-
ciently small.
Proof. The assertion follows analogously to the proof of Theorem 3, using (22). O

7 Numerical results

In our numerical experiments, we study the simplified Signorini problem and the ide-
alized frictional problem with Q := (—1,1)%, I¢:= (=1,1) x {=1}, I :=[-1,—1] x
{1} U{1} x [0,1] and f := —1. For the simplified Signorini problem, we define the
obstacle function as g(xg,x;) := fx%. In Figure 1, the finite element solution u of
the simplified Signorini problem is depicted. In addition, the obstacle function g and
the Lagrange multiplier Ay are sketched in. We observe, that the condition u > g is
fulfilled. For u € H'(Q,Ip) NH?(Q), there holds Ay € L*>(I¢) and Ag = —d,u. Thus,
we have Ao (u —g) = 0 on I¢. This condition can also be seen in Figure 1. In Figure
2, Ao is depicted for p = 1, pc = 0 and different quotients of the mesh sizes / and
H. In Figure 2(a) the quotient is chosen as i/H = 1. The Lagrange multiplier seems
to oscillate. This oscillation phenomena can be interpreted as an one-dimensional
checkerboard instability, which suggests that the Lagrange multiplier is not unique. In
this case Ao g is not a reasonable approximation of —dy,u. As suggested by Theorem
4, the uniqueness of the Lagrange multiplier is obtained by reducing IT(h,H, p, pc).



Fig. 1 Solution u of the simplified Signorini problem with obstacle function g and Lagrange multiplier
A on the boundary.

0 0 T 4
R
R
0.2 - 0.2
0.4 N * 0.4
+ s + N
06 N 0.6 .
g - - g ’
g 08 N . 2 -08f N *
< -+ + < +
£ = +
R
atk - + al N +
o + +
s AR t +
12 b o S 12+ . -
+7 + * + *
+* + o+ + N
-1.4 e ST 14 +, K
Pt gt
1.6 -1.6

-1

-0.8-06-04-02 0 0.2 04 06 08 1
x0

()

-1 -08-06-04-02 0 02 04 06 08 1
x0

(b)

Fig.2 Aoy for(@)p=1,pc=0,h/H=1,(b)p=1,pc=0,h/H=0.5.

Indeed, for h/H = 0.5 the described patterns of instability do not occur, see Figure
2(b). It is noted that the use of meshes .7, and I, with different mesh sizes  and H
lead to high complexity in implementation. For the edge grid .J¢ y which is inherited
from 7}, the implementational effort is essentially smaller. However, this enforces
sizes h and H with h/H = 1. In order to keep II(h,H, p, pc) small in this case, we
can vary p and pc. In Figure 3(a), Ao g is depicted for p = 2, pc = 1. Obviously,
there are no instability patterns for this combination, whereas the combination p = 3,
pc =2 and h/H =1 leads to a Lagrange multiplier with instability patterns, cf. Figure
3(b). The use of h/H = 0.5 or pc = 1 avoids these patterns, see Figures 3(c) and (d).
Further experiments show that the combination #/H = 1, pc = p — 1 for even poly-
nomial degree p leads to Lagrange multipliers without instability patterns. For odd
polynomial degree p we have to choose i/H = 0.5 in order to avoid such patterns.
It is noted that the presence or absence of instability patterns do not strictly verify
or falsify the unique existence of the Lagrange multliplier. However, such patterns
can be seen as an indication for the non-uniqueness of the Lagrange multiplier. The
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Fig.3 Aopfor(@) p=2,pc=1,h/H=1,(b) p=3,pc=2,h/H=1,(c) p=3,pc=2,h/H=0.5,
@p=3.pc=1h/H=1.

effects resulting from varying IT(h,H, p, pc) confirm this observation. For the ide-
alized frictional problem, we set s := (1 — xo)2. The solution u is depicted in Figure
4. The constant function 1 and the Lagrange multiplier A; are also sketched in. For
uc H'(Q,Ip)NH*(Q), we obtain sA; = —d,u which implies |4;| < 1. Furthermore,
|A1] < 1 yields u = 0. For |4;| = 1, we find that u < 0. These relations can also be
seen in Figure 4.

In Figure 5, the Lagrange multiplier A; g is depicted for various qoutients 2/H and
polynomial degrees p und pc. We obtain similar results as for the simplified Signorini
problem. In Figure 6, the solution u of the alternative formulation of the idealized
frictional problem is depicted. Moreover, the function s and the Lagrange multiplier
A1 are sketched in. We obtain A = —d,u for u € H'(Q,Ip) NH? (L) and, therefore,
|A1| <s.Here, |A1| < s implies u = 0 and |A;| = s implies u < 0. These relations can
be seen in Figure 6.

Since the discrete inf-sup condition (14) has to be considered for this problem, we
obtain the same results as for the simplified Signorini problem. In Figure 7, the La-



Fig. 4 Solution u of the idealized frictional problem with function 1 and Lagrange multiplier A; on the
boundary.
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grange multiplier A; g is depicted for various quotients /H and polynomial degrees
pund pc.

Remark 3 From the practical point of view, it is crucial to ensure higher-order finite
element functions to be in M’ (I ) and MY (T ) for pc 1. > 2. For MY (Te i)



-
VR

Fig. 6 Solution u of the alternative formulation of the idealized frictional problem with function s and
Lagrange multiplier A; on the boundary.
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it is already cruical for pc 7. > 0. It is reasonable to replace these sets by

M (Ten) = {n €MP(Ten) | VT € Toy : Vx €6« wyr(¥er(x)) <0},
MY (Ten) = {n €MP(Ten) | VT € Toy - Vx € C : |upr (Fer(x)] <1

on supps, fyr(¥e,r(x)) =0 on I\ supps},
MY (Ten) = {n €MP (T ) | VT € Ton : x € C : |upr (Yo (x)] <s(x)}
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where € C [—1, l]k’l is a sufficiently large set of discrete points. We use Cheby-
cheff points to ensure the additional error to be small. We refer to [3] for a further
justification of this approach.
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