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THE LINEAR KALMAN-BUCY FILTER WITH
RESPECT TO LIOUVILLE FRACTIONAL

BROWNIAN MOTION

PHILIPPECARMONA AND LAURE COUTIN

ABSTRACT. Wesuggestalinearfilteringmethod
that involvespreprocessingof dataandpostpro-
cessingof estimations.Themainadvantageof this
procedureis that it requiresonly ordinarylinear
Kalman-Bucyfiltering. The main disadvantage
is that it doesnot give the bestestimationof the
datagiventheobservation,sinceit is optimal for
a non-classical°(± criterion.

The problemof linearfiltering with fractionalBrownian
motion noise, in the signal and/orthe observationshas
alreadybeensolvedon the onehandby CoutinandDe-
creusefond[3, 4], andon the other handby Kleptsyna,
KloedenandAnh [6, 7]. However, it doesnot seemto
bevery easyto determineexplicitly theweightfunctions
and/orto solve theFredholm/Volterraintegral equations.
This paperis anattemptto give a moreexplicit (numer-
ical) scheme(moreunderstandableby a computerengi-
neer). The price to pay is that we do not have the best
estimationof the stateof the systemgiven the observa-
tions. The following archetypalexampleshallgive more
insightinto themachineryinvolved.
Assumethat the state ² of the systemandthe observa-
tions ³ canbemodelledasthesolutionsof thelinearsto-
chasticdifferentialsystem´Pµ ²Q¶u·r¸G²Q¶ µº¹�»+µ3¼=½¶µ ³(¶u·r¾o²Z¶ µº¹¿»+µ]ÀS½¶(1)

where
¼ ½DÁ À ½

denotetwo independentLiouville frac-
tionalBrownianmotionsof sameHurstparameterÂ . We
shallusetherepresentationÀ ½%Ã ¹ÅÄ ·rÆ ½ªÇLÈÉ ÃªÊÀLÄ Ã ¹ÅÄ ·rË ¶Ì Ã ¹vÍÏÎ�Ä ½ÑÐ ÈÉÒ Ã Â »�ÓÔ Ä µ]ÀPÕyÖ
¼=½ Ã ¹ÅÄ ·rÆ ½ªÇ ÈÉ Ã Ê¼0Ä Ã ¹ÅÄ · Ë ¶Ì Ã ¹yÍ;Î�Ä ½ÑÐ ÈÉÒ Ã Â » ÓÔ Ä µ�¼ Õ Ö

Accordingly, the naturaldefinition of a solution of the
system(1) is to considerthat ²#·0Æ ½PÐ ÈÉQ×² ,³�·=Æ ½ÑÐ ÈÉ?×³
where

Ã ×² Á ×³ Ä is thesolutionof´Ñµ ×²Q¶u·r¸ ×²Z¶ µº¹�»bµ�¼ ¶µ ×³(¶u·r¾ ×²Q¶ µ�¹�»bµ]À ¶(2)

where
¼ Á À

areindependentBrownianmotions. Indeed,
wehave then ×³Ø·0¾�Æ Ó Ã ×² Ä�»bÀ , andthus
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Æ ½PÐSÈÉ Ã ×³ Ä ·rÆ ½ÑÐSÈÉ Ã ÀKÄ�» ¾«Æ ½ªÇLÈÉ Ã ×² Ä· ÀS½�» ¾�Æ Ó Ã Æ ½ÑÐSÈÉ Ã ×² ÄÙÄ
The filtering processwe proposecanbe decomposedas
in thefollowing diagram

Observations³Ú
Fractionaldifferentiation(diffusiverep.)Ú×³Ø·rÛ ½PÐ ÈÉ ³Ú

Kalman-Bucy linearFilterÚ
Estimation Ü ×² of ×²#·0Û ½ÑÐ ÈÉ ²Ú

Fractionalintegration(diffusiverep.)Ú
Estimation Ý² Ã ¹ÅÄ ·rÆ ½ÑÐ ÓÙÞ Ô Ã Ü ×² Ä Ã ¹ÅÄ

FIGURE 1. The Liouville fractional
Brownianmotionfilter

We needto explain the termdiffusiverep. (seesection1
andthe generalreferences[1, 5, 9, 8, 2]). Fractionalin-
tegrationof order ß;à Ã�á Á�â Ä hasthediffusiverepresenta-
tion: Æäã�å Ã ¹ÅÄ · Ã ¾�æ�ç Îè¹�Ö Ä Ë+éÌ�ê Ð ã(å�ë Ã ¹ÅÄ3µ ê Á
wherefor ê0ì á , the function å ë is the solutionof the
linearordinarydifferentialequation

í ¶ å�ëP· Í ê å�ë » å Ö
This leadsto thefollowing iterative scheme– alsocalled
memorylessor Markovianscheme– the ¾ ë denotingsuit-
ablecoefficientsand î afinite partition,

Æ ã å Ã ¹ÅÄ ·rïë�ðGñ ¾èë�å�ë Ã ¹ÅÄ Áå ë Ã ¹�»+òK¹ÅÄ	Í å ë Ã ¹ÅÄ · Í ê å ë Ã ¹ÅÄ	» å Ã ¹ÅÄ�Ö
Theaim of therestof this paperis to give precisemean-
ing to eachof thestepsof theproposedfiltering scheme.
We first recallwhat is the diffusive representationof the
fractional integration of a deterministicfunction. Then
we show how to apply this to Liouville fractionalBrow-
nianmotion. We thenshow how to dealwith thecaseof
differentHurstindexesin thesignalandin thenoise.
Eventually, we show that the proposedfilter is optimal
with respectto a nonclassicaló Ô criterion.



1. DIFFUSIVE REPRESENTATIONS OF FRACTIONAL

INTEGRATION

Given ßôà Ã�á Á�â Ä anda locally integrablefunction å onõ Ç , thefractionalintegralof å is

ÆGã(å Ã ¹ÅÄ · Ë ¶Ì Ã ¹yÍ;Î�Ä ã Ð ÓÒ Ã ß Ä å Ã Î�Ä3µ]Î Ã ¹ ì á Ä�Ö(3)

Classicpropertiesof fractional integrals may be found
in [10].
Thediffusiverepresentationof Æ ã is basedontheidentityâö · Ë$éÌ êU÷ Ð ÓÒ Ã ¸ Ä?ø Ð ëÙù µ ê Ã ö ì á Á ¸ ì á Ä�Ö(4)

Injectingthis relationinto (3) gives

ÆGã�å Ã ¹ÅÄ · Ë ¶Ì µ]Î âÒ Ã ß Ä Ò Ã â Í ß Ä Ë+éÌúê Ð ã ø Ð ë�û ¶ Ð Õýü å Ã Î�Ä3µ ê· Ë éÌ ê Ð ãÒ Ã ß Ä Ò Ã â Í ß Ä å ë Ã ¹ÅÄ3µ ê Á
with å ë Ã ¹ÅÄ ·rþ éÌ ø Ð ë«û ¶ Ð Õýü å Ã Î�Ä3µ]Î solutionofí ¶Ùå ë · Í ê å ë Ã ¹ÅÄ�» å Ã ¹ÅÄ�Ö
Remark1. It is easyto seethatFubini'sTheoremapplies
if either å is locally in ÿ�� for some� ì â , or å is contin-
uousat

á
.

Thetermdiffusiverepresentationhasits origin in theequiv-
alentrealizationÆGã(å Ã ¹ÅÄ · Ë Ü��� µ�� Á í ¶ � · í Ô� � »
	�� å Á
where � is theimageof themeasure
 Ã µ ê Ä ·0¾ ½ ê Ð ã µ ê
underthetransformationê�� �

with ê ·��Uî Ô � Ô (wehave
usedtheFouriertransformin therealvariable

�
).

2. APPLICATION TO L IOUVILLE FRACTIONAL

BROWNIAN MOTION

From the introductionwe can infer that we needa dif-
fusive representationof the operator�#· Æ ½ÑÐ ÈÉ anda
diffusive representationfor its inverse � Ð Ó . This raises
thefollowing questions:

1. How can we apply theseintegrodifferentialoper-
atorsto stochasticprocesses(and in particular to
Brownianmotion)?

2. DependingonwetherÂ�� â����
or not,either � , ei-

ther � Ð Ó is not a fractionalintegraloperator. What
is thediffusiverepresentationof fractionaldifferen-
tiation?

We aregoing to answerthesetwo questionssimultane-
ously. Thebasicingredientof our proof is thecommuta-
tion relation

ÆGã(Æ Ó Ð ã(å Ã ¹ÅÄ ·=Æ Ó å Ã ¹ÅÄ · Ë ¶Ì å Ã Î�Ä3µ]Î Ã�á �+ß
� â Ä Á(5)

whichcanbeprovedbycombiningFubini'sTheoremwith
theidentityvalid for ß9à Ã�á Á�â Ä
Ë ¶Ì�� ã Ð Ó Ã â Í � Ä Ð ã µ � · Ò Ã â Í ß Ä Ò Ã ß Ä · î��� � Ã ßuî Ä Ö

(6)

We shall

1. definetheprocesses
Ã ��! Ã ¹ÅÄ#" ¹%$ á Ä

and
Ã � Ð Ó'& Ã ¹ÅÄ#" ¹($ á Ä

wher ! is oneof theprocesses
¼ Á À Á ×² Á ×³ (defined

in the introduction),and
&

is oneof theprocesses² Á ³ Á � ¼ Á � À .
2. Establishtherelation � Ð Ó �%!=·)! .
3. Exhibit diffusive representaitonsfor the processes��! and � Ð Ó*&

.

2.1. The case
á � Â+� ÓÔ .

Step1: defining�%! . Formally �%!=·rÆ ½ÑÐSÈÉ !=· Æ ½ªÇLÈÉ Ã Ê! Ä .
This leadsnaturallyto thedefinition

�%! Ã ¹ÅÄ def· Ë ¶Ì Ã ¹vÍÏÎ�Ä ½ÑÐSÈÉÒ Ã Â » ÓÔ Ä µ ! Õ Ö(7)

We first checkthat ��! is well definedfor ! a brownian
motion since

Î � Ã ¹|Í+Î�Ä ½PÐ ÈÉ is in ÿ Ô Ã�á Á ¹ÅÄ . To define²*·,� ×² and ³ , weusetheexplicit expression×²Z¶y· Ë ¶Ì ø ÷ û ¶ Ð Õýü µ3¼ Õ Á
whichshowsthat ×²Q¶ is a centeredGaussianrandomvari-
ablewith variance - É/.�0 Ð ÓÔ ÷ . Therefore

132 Ë ¶Ì Ã ¹vÍÏÎ�Ä�½ÑÐSÈÉ#444 ×² Õ 444 µ]Î65 � »87
Step2 : the diffusiverepresentationof ��! . We now in-
ject into (7) theidentity (4). Fubini'sStochasticTheorem
yieldsthen

��! Ã ¹ÅÄ · Ë ¶Ì ê Ð û ½ªÇSÈÉ üÒ Ã Â » ÓÔ Ä Ò Ã ÓÔ Í Â Ä ! ë Ã ¹ÅÄ3µ ê Á
where !yë Ã ¹ÅÄ · þ ¶Ì ø Ð ë«û ¶ Ð Õýü µ ! Õ is thesolutionof the lin-
earstochasticdifferentialequationµ ! ë Ã ¹ÅÄ · Í ê ! ë Ã ¹ÅÄ3µº¹¿»+µ ! ë Ã ¹ÅÄ�Ö
It is easyto checkthat Fubini's StochasticTheoremap-
pliessince

ËbéÌ µ ê�ê Ð û ½|Ç ÈÉ ü 1�9#: Ë ¶Ì ø Ð ë�û ¶ Ð ÕÙü µ3¼ Õ6; Ô=<
ÈÉ ·

Ë$éÌ µ êuê Ð û ½ªÇSÈÉ ü : â Í ø Ð Ô ë ¶� ê ; ÈÉ � »87úÖ
and

Ë éÌ µ ê�ê Ð û ½|Ç ÈÉ ü 1 2 Ë ¶Ì ø Ð ë«û ¶ Ð ÕÙü 444 ×² Õ 444 µ]Î 5 ·
Ë+éÌ µ êyê Ð û ½ªÇ ÈÉ ü Ã ¾�æ�ç Îè¹ÅÄ Ë ¶Ì ø Ð ë«û ¶ Ð Õýü : ø Ô ÷

Õ Í â� ¸ ; ÈÉ µ]Î � »87*Ö
Step3 : defining � Ð Ó>&

. � Ð Ó>& ·�Æ ÈÉ Ðn½ &
is just an

ordinarypathwisefractionalintegration:

� Ð Ó & Ã ¹ÅÄ · Ë ¶Ì Ã ¹vÍ9Î�Ä Ð û ½ªÇ ÈÉ
üÒ Ã ÓÔ Í Â Ä & Ã Î�Ä3µ]ÎwÖ

Fubini'sTheoremshowsthatthis is well definedfor
& ·² Á ³ Á � ¼ Á � À , andthatwe have theusualdiffusiverep-

resentation(seesection1).



Step4 : checking that � Ð Ó ��!Ø·?! . It is anotherappli-
cationof Fubini'sStochasticTheorem.� Ð Ó ��! Ã ¹ÅÄ · âÒ Ã ÓÔ Í Â Ä Ò Ã Â » ÓÔ ÄA@

Ë ¶Ì Ã ¹yÍÏÎ�ÄoÐ û ½|Ç ÈÉ ü : Ë
Õ
Ì Ã Î Í ö Ä�½ÑÐ ÈÉ µ ! ù ; µ]Î

· âÒ Ã ÓÔ Í Â Ä Ò Ã Â »�ÓÔ Ä @
Ë ¶Ì : Ë ¶ù Ã ¹vÍ9Î�ÄèÐ û ½ªÇ ÈÉ ü Ã Î?Í ö Ä ½PÐ ÈÉ µ]Î ; µ ! ù· Ë ¶Ì µ ! ù ·)!y¶ Ö

2.2. The case
ÓÔ �#ÂB� â

. Thereis a total symmetry
with the case

á ��ÂC� ÓÔ . Now �*· Æ ½ÑÐ ÈÉ can be
defineddirectly

��! Ã ¹ÅÄ · Ë ¶Ì Ã ¹yÍ;Î�Ä ½ÑÐED Þ ÔÒ Ã Â ÍØÓÔ Ä ! Ã Î�Ä3µ]ÎvÖ
Theinverseoperatoris now� Ð Ó & Ã ¹ÅÄ · Æ ÈÉ Ðn½QÃ & Ä Ã ¹ÅÄ ·0Æ D Þ Ô Ð(½ZÃyÊ& Ä Ã ¹ÅÄ

· Ë ¶Ì Ã ¹uÍbÎ�Ä ÈÉ Ðn½Ò ÃGF �H� Í Â Ä µ & Ã Î�Ä�Ö
Fubini'sStochasticTheorementailsthat � Ð Ó hasthedif-
fusiverepresentation

� Ð Ó & Ã ¹ÅÄ · Ë éÌ ê ½PÐID Þ Ô µ êÒ ÃGF �H� Í Â Ä Ò Ã Â Í ÓÔ Ä & ë Ã ¹ÅÄ�Ö
Eventuallyweshow, usingthesamecommmutationrela-
tion andFubini'sStochasticTheorem,that � Ð Ó �%! ·J! .

3. DIFFERENT HURST INDEXES IN THE SIGNAL AND

THE OBSERVATION

Assumethat the state ² of the systemandthe observa-
tions ³ canbemodelledasthesolutionsof thelinearsto-
chasticdifferentialsystem´ µ ² ¶ ·r¸G² ¶ µº¹�»+µ3¼=½¶µ ³ ¶ ·r¾o² ¶ µº¹¿»+µ]ÀS½�K¶(8)

with
¼ ½

and
À ½ K

Liouville fractionalBrownianmotions
of respective indexes ÂML·�ÂON . We just needto replace,
in ourmodel,theclassicalKalman-Bucy linearfilter with
thelinearfilter ´ªµ ×² ¶ ·r¸ ×² ¶ µº¹¿»$µ�¼ ¶µ ×³ ¶ ·r¾6P ×² Ã ¹ÅÄ3µº¹�»bµ]À ¶(9)

with ³�·[Æ ½�K Ð ÈÉ ×³ , ² ·.Æ ½ÑÐ ÈÉ ×² , and the operatorP8!�·�Æ ½ÑÐn½ K ! defined,as seenin the precedingsec-
tions,by

ÆGãI! Ã ¹ÅÄ · Ë ¶Ì Ã ¹yÍbÎ�Ä ã Ð ÓÒ Ã ß Ä ! Ã Î�Ä�µUÎ if
â ì ß ì á(10)

Æ ã ! Ã ¹ÅÄ · Ë ¶Ì Ã ¹vÍÏÎ�Ä ãÒ Ã ß » â Ä µ ! Ã Î�Ä if
á ì ß ì Í â(11)

4. COMPARISON WITH THE OPTIMAL FILTER

In the classicaloptimal filter, we find for every time
¹

a
randomvariable Ü² ¶ whichrealizesthefollowing infimum13Q Ã Ü² ¶ Í ² ¶ Ä Ô'R · � ��SUT 1WV Ã ! Í ² Ä Ô*XZY !rà!ÿ Ô Ã\[ ¶ Ä�] Á
where

[ ¶ is thesigma-fieldgeneratedby
Ã ³ Õ Á Î_^+¹ÅÄ

(the
informationcontainedin theobservationsup to time

¹
.

In ournon-classicalfilter, wefindaprocess
Ã Ý² ¶ Ä ¶a` Ì which

is optimalin thefollowingsense: for any
¹ ì á ,1 V ÃýÃ � Ð Ó ² Ä Ã ¹ÅÄ£Í Ã � Ð Ó Ý² Ä Ã ¹ÅÄÙÄ Ô X ·� ��S T 1 V Ã ! Í Ã � Ð Ó ² Ä Ã ¹ÅÄÙÄýÔ>X Y ! à ÿ Ô Ãb[ ¶ Ä ] Á

where� denotestheoperatorÆ ½ÑÐ ÓÙÞ Ô .
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