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ABSTRACT. Wesuggesalinearfiltering method
thatinvolvespreprocessingf dataand postpro-
cessingf estimations. Thenainadvantagef this

procedurds thatit requiresonly ordinarylinear

Kalman-Bucyfiltering. The main disadwantage
is thatit doesnot give the bestestimationof the

datagiventhe obsenation,sinceit is optimalfor

anon-classical ? criterion.

The problemof linearfiltering with fractionalBrownian
motion noise, in the signal and/orthe obsenrations has
alreadybeensolved on the onehandby Coutinand De-
creusefond3, 4], andon the other handby Kleptsyna,
Kloedenand Anh [6, 7]. However, it doesnot seemto
bevery easyto determinexplicitly theweightfunctions

and/orto solve the Fredholm/\blterraintegral equations.

This paperis an attemptto give a moreexplicit (numer

ical) schemeg(more understandabley a computerengi-
neer). The price to pay is that we do not have the best
estimationof the stateof the systemgiven the obsena-
tions. Thefollowing archetypakxampleshall give more
insightinto the machineryinvolved.

Assumethatthe state X' of the systemandthe obsenra-
tionsY canbemodelledasthe solutionsof thelinearsto-
chasticdifferentialsystem

dX, = aX,dt + dW}H
1)

dY; = ¢X; dt + dBH

whereW BH denotetwo independentiouville frac-
tional Brownianmotionsof sameHurstparametetf? . We
shallusetherepresentation

B = o = [ o

s -

WH (1) = I"+3 (W)(t) = /t (L= 57 dw; .

o T(H+1)

Accordingly, the natural definition of a~solution of th~e

system(1)isto considethatX = /-3 Xy = [1-3Y

where(X,Y) is thesolutionof

(2) dXt = &Xt dt + th
dY; = X, dt + dB;

whereW, B areindependenBrownianmotions. Indeed,
wehavethenY = ¢I'(X) + B, andthus
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I"=3(Y) = I"=3(B) 4+ cI"*3(X)
=BT 4 cI' (1" 3(X)

Thefiltering processwe proposecanbe decompose@s
in thefollowing diagram

ObsenationsY
1

‘ Fractionaldifferentiation(diffusive rep.)‘

‘ Kalman-Buy IinearFiIter‘
1
EstimationX of X = D7-3X
1

‘ Fractionalintegration(diffusiverep.) ‘

EstimationX () = I"~1/%(X)(t)

FIGURE 1. The Liouville fractional
Brownianmotionfilter

We needto explain the termdiffusiverep. (seesectionl
andthe generalreference$l, 5, 9, 8, 2]). Fractionalin-
tegrationof ordera € (0, 1) hasthediffusive representa-
tion:

1 1(0) = (const) | ety de

wherefor £ > 0, the function f; is the solution of the
linearordinarydifferentialequation

Oife = =Cfe + 1.

This leadsto thefollowing iterative scheme- alsocalled
memoryles®r Markovian scheme-thec, denotingsuit-
ablecoeficientsandr afinite partition,

If(t) = eefe(t),

gem

fe(t+ At) = fe(t) = =Efe(t) + [ (1)

Theaim of therestof this paperis to give precisemean-
ing to eachof the stepsof the proposediltering scheme.
We first recallwhat s the diffusive representationf the
fractionalintegration of a deterministicfunction. Then
we shav how to apply this to Liouville fractionalBrow-
nianmotion. We thenshav how to dealwith the caseof
differentHurstindexesin the signalandin thenoise.
Eventually we show that the proposedfilter is optimal
with respecto anonclassical? criterion.



1. DIFFUSIVE REPRESENTATIONS OF FRACTIONAL
INTEGRATION

Givena € (0, 1) andalocally integrablefunction f on
R, thefractionalintegral of f is

_ S)Oc—l

@ 0= [

Classicpropertiesof fractional integrals may be found
in [10Q].
Thediffusiverepresentatioof 7 is basentheidentity

1— Ooga—l _tu
hall A P

Injectingthisrelationinto (3) gives

t [e%s)
o« rlp) = ! —ag=E(t=5)
I f(t) _/0 ds T l_a)/o g8l f(s)d¢

00 E o
= | i 0.
with f¢ (t) = [;7e=¢=%) f(s) ds solutionof

Onfe = —Efe(t) + f(2).-

Remarkl. It is easyto seethatFubini's Theoremapplies
if eitherf is locallyin L? for somep > 1, or f is contin-
uousat0.

Thetermdiffusiverepresentatiohasits originin theequiv-
alentrealization

wherem is theimageof themeasurg:(d¢) = cg&~* d¢
underthetransformatiot — ¢ with ¢ = 472¢? (wehave
usedthe Fouriertransformin therealvariable().

(t>0).

(u>0,a>0).

2. APPLICATION TO LIOUVILLE FRACTIONAL
BROWNIAN MOTION

From the introductionwe caninfer that we needa dif-
fusive representatiomf the operatorA = /-7 anda
diffusive representatiofor its inverseA~!. This raises
thefollowing questions:

1. How canwe apply theseintegrodifferential oper
atorsto stochastigprocessegand in particularto
Brownianmotion)?

2. DependingonwetherH < 1/2 or not, eitherA, ei-
ther A—1 is notafractionalintegral operator What
isthediffusiverepresentationf fractionaldifferen-
tiation ?

We are going to answerthesetwo questionssimultane-
ously Thebasicingredientof our proofis the commuta-
tion relation

()

IO([l—ocf( _ Il

/ (s
whichcanbeprovedby combiningFubini'sTheorenmwith
theidentity valid for @ € (0, 1)

O<a<l),

(6) t
/ro‘_l(l—r)_o‘dr:F(l—a)F(a): T
0 sin(ar)
We shall

1. definetheprocessefA Z(t) ;¢ > 0) and(A='V (¢);t > 0)
wher Z is oneof theprocesse$V, B, X, Y (defined
in the introduction),andV” is oneof the processes
X,Y,AW, AB.

2. EstablishtherelationA='AZ = 7.

3. Exhibit diffusive representaitonfor the processes
AZ andA~1V.

2.1. Thecase0 < H < 1.

Stepl: definingAZ. FormallyAZ = I7-37 = [7+3(7).
This leadsnaturallyto the definition

@ def/ H“ 7.

We first checkthatA 7 is WeII defmedfor Z abrownian
motionsinces — (¢ — s)7=3 isin L2(0,t). To define
X = AX andY, we usetheexplicit expression

t
f(t:/ e®t=3) dw, |
0

which shavsthat X; is a centeredsaussiamrandomvari-
. . 2at
ablewith varlance%. Therefore

E[/Ot(t—s)H_%

Step2 : thediffusiverepresentatiorof AZ. We now in-
jectinto (7) theidentity (4). Fubini's StochasticTheorem
yieldsthen

)?5 ds] < 400

B ¢ g( +1)
Az = [ T+ DU )

whereZ (t) f e~¢(t=3) 47 is the solutionof the lin-
earstochastidifferentialequation

Ze(t) d¢

dZE(t) = —52& (t) dt + ng(t) .

It is easyto checkthat Fubini's StochasticTheoremap-
pliessince

| deemimey

and

/oodé’g—(f”-)E
0

0 1 t e2as _
/ 455—<H+5)(60n5t)/ e—w—s)(
0 0 2[1

Step3 : definingA~'V. A=V = I3-HV s just an
ordinarypathwisefractionalintegration:

tp — gy (H+3)
A_IV(t):/O %V(s)ds.

Fubini's Theoremshawsthatthisis well definedfor V' =
X,Y, AW, A B, andthatwe have the usualdiffusive rep-
resentatior{seesectionl).

) ds < +o00.



Step4 : chekingthat A='AZ = Z. It is anotherappli-
cationof Fubini's StochasticTheorem.
1

TE—mrH+1)

A_lAZ(t) =

2.2.Thecase { < H < 1. Thereis atotal symmetry

with thecase0 < H < L. Now A = 7"~3 canbe
defineddirectly

t(p _ g\H~3/2
AZ(t):/O %Z

Theinverseoperatofis now
ATV () = W) (1) = PP (V) (8)

_ / (L=5)s"

~ Jo T(3/2—H)
Fubini's StochasticTheorementailsthat A~ hasthedif-
fusive representation

(s)ds.

dV(s).

. B =S} £H—3/2 df
ATV = /0 r(3/2 - H)'(H - 1) Velt)-

2

Eventuallywe shaw, usingthe samecommmutationela-
tion andFubini'sStochastiTheoremthatA=1AZ = 7.

3. DIFFERENT HURST INDEXES IN THE SIGNAL AND
THE OBSERVATION

Assumethatthe state X' of the systemandthe obsena-
tionsY canbemodelledasthesolutionsof thelinearsto-
chasticdifferentialsystem

dX; = aX;dt + dW}
8

dY, = cX, dt + dBI"

with W andB*" Liouville fractionalBrownianmotions
of respectie indexes H # H'. We just needto replace,
in ourmodel,the classicaKalman-Bug linearfilter with
thelinearfilter

d}?t = Clj(;t dt + th
(9)

dY, = cAX (t) dt + dB;

with Y = 17'-3y, X = 17-3X, andthe operator
AZ = I"-H 7 defined,as seenin the precedingsec-
tions,by

(10) I°Z(t) = /

¢ (t—s)>-t

Ta) 7Z(s)ds

ifl>a>0

if0>a>-—1

(1) 1°Z(t) = /tu dZ(s)

4. COMPARISON WITH THE OPTIMAL FILTER

In the classicaloptimalfilter, we find for every time ¢ a
randomvariableX; whichrealizeghefollowinginfimum

E[(X - x)?| = inf {E[(Z - X)*] : 2 € L’ W)},

where); is the sigma-fieldgeneratedy (V;,s < t) (the
informationcontainedn the obserationsupto timet.

In ournon-classicdilter, we find aprocesg X ):> o which
is optimalin the following sense for ary ¢ > 0,

E[(AT'X)() — (AT1X)(1)?] =
inf{E[(Z - (A7'X)(0))°] : Z € L*(0)},
whereA denotesheoperator7—1/2,
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