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1 Notation

By G = (V, E) we denote a graph G with vertex set V = V(G) and edge set
E = E(G). The orderof G is |V(G)| = n and the size of G is |E(G)|. For z €
V(G) we denote by Ng(x) the set of neighbours to x and Ng|z] = {x}UNg(z).
Analogously for a subset D of V(G) we define Ng(D) = |J{N¢(x) | x € D}

and Ng[D] = |J{N¢g[z] | x € D} = DU Ng(D). Let d be a positive integer.
We let Ngc)(x) denote the set of vertices in V' \ {z} having distance at
most d to x, and we define N q)[z] = Ngg)(z) U {z}. We let Ny (D) =

U{Nwe)(z) | © € D} and Ny g)|D] = U{N(dG [] | © € D}. Indices may

be omitted if clear from context. The degree of z is dg(x) = |Ng(x)|, the
number of neighbours to x. We let §(G) = § denote the minimum degree
in G and A(G) = A the mazimum degree. A corona graph G, denoted by
G = H o Ky, has order 2n and is obtained from a graph H of order n and n
new vertices, one corresponding to each vertex of H, by joining each vertex
of H to its corresponding new vertex. Analogously G = H o P; denotes a
Py-corona graph G of order n(d+1) obtained as the disjoint union of a graph
H of order n and n disjoint paths P, each of length d — 1, by joining each
vertex of H to an end vertex of its corresponding path P;. In G a set S
of vertices is called distance d independent if the distance between any two
vertices of S is at least d+ 1. For S C V(G) we denote by G[S] the subgraph
of G spanned by S.

A set S C Vin a graph G dominates G if every vertex in G'\ S is adjacent
to some vertex of S. The minimum number of vertices needed to dominate
V' is the domination number v(G).

A set S C V in a graph G distance d dominates G if every vertex in G\ S
has distance at most d to some vertex of S, i.e. if V C (J,.q Nalx].

The minimum number of vertices needed to distance d dominate V' is
the distance d domination number ~v4(G). For d = 1 we have the ordinary
domination, v, (G) = v(G).

For V; C V we define 74(G;V;) to be the minimum cardinality of a set
S C V such that each vertex v € V; \ S satisfies that N NS # 0.

A partition (V1,Va, ..., Vi) of V.= V(G) into k disjoint sets, k > 2, has
V=, Vi with V;nV; =0 for all 1 <4 < j < k. For an integer k > 1 and
a partition (Vi, Vs, ..., Vi) of V, we define for distance d = 1 the following.

H(G VL, Vo, Vi) = 9(G) +9(Gs Vi) + (G Va) + .. +9(G; Vi)
9(G5 VL, Vo, Vi) = (G VA) + (G5 Vo) + ..+ (G5 Vi)

f(k,G) = max{f(G; Vi, Va,..., Vi) | V4, Va,...,V}) is a partition of V'}
(,

g(k,G) = max{g(G; V1, Va, ..., Vi) | (V1,Va,..., Vi) is a partition of V'}
We observe that f(k,G) = v(G)+ g(k, G). For distance at most d, d > 1,
definitions of f4(G; Vi, Va, ..., Vi) etc. are analogous. For further notation

we refer to Chartrand and Lesniak [5].
Since v4(G; Vi) < 7a(G) and hence g4(k, G) < kgq(G) always holds, we



have

gd(ka G) < k+1 fd(ka G)

for every graph G and all integers £ > 2 and d > 1.

2 Introduction

Half a century ago Ore [15] defined domination and proved that a connected
graph G of order n has v(G) < n/2. Payan and Xuong [17] and Fink, Jacob-
son, Kinch and Roberts [6] proved that equality, v(G) = n/2, holds precisely
for C4 and corona graphs. Obviously, for connected graphs of fixed order
n the domination number will decrease with increasing size as illustrated in
Table 1.

Table 1: Bounds under minimum-degree conditions.

| Bounds for 7(G) when G is connected and has order n. |

0 = Extremal

4(G) Result Reference graphs
known

d>1 | ~v(G)<n/2 Ore [15] yes

d>1 | v(G) < %5(6) Payan [16]

0>2 | v(G) <2n/5 McCuaig and Shepherd [13]

n>8

>3 | v(G) <3n/8 Reed [18]

§>1 | v(G) < % ‘n Arnautov [2], Payan [16]

d>1 | v(G) < (1 — 5(G)(W)H%> -n | Caro and Roditty [3, 4]

d>1 | ~(G) < 5G)TT j(ﬁ)ﬂ % Arnautov [2], Payan [16]

Several variants of domination in graphs have been surveyed in two books
by Haynes, Hedeniemi and Slater [9, 10]. We shall here be concerned with
distance domination in partitioned graphs.

A graph G has its various domination numbers bounded above by the
corresponding domination number for any one of its spanning trees T, e.g.
f(2,G) < f(2,T), and if we search for an upper bound holding for all con-
nected graphs of order n it suffices to search among all trees of order n, e.g.

f(2,G) < f(2,T) < 2. As exhibited in Table 2, several tight results are

known for 2-partitioned graphs, and in most of them the extremal graphs are
characterized, too.



Table 2: Results for 2-partitioned graphs.

‘ T denotes a tree of order n and G a connected graph of order n ‘

Extremal
d=94(G) graphs
known
f2,T)<2.n d=1,n>3 Hartnell and Vestergaard [8] | yes
g(2,T) < %-n d=1,n>3 Tuza and Vestergaard [20] yes
f(2,G) <n d=1,6>2 Seager [19]
9(2,G) < é ‘n d=1,0>2 Tuza and Vestergaard [20] yes
92,6) <% n [d=16>1 Tuza and Vestergaard [20]
fa(2,T) < zdcﬁ n|d>2n>d+2 | Fuand Vestergaard [7] yes
gd?,T)Sﬁ-n d>2,n>d+2 | k=2in Theorem 4 below

Our main concern in this paper is to prove tight estimates on 3-partitioned
graphs, as summarized in Table 3. The graphs attaining maximum will be
determined in all cases considered.

We also investigate the other extreme, where the number of partition
classes is very large. The results of Section 4 show that the best possible
universal upper bound on g,4(k, G) is the trivial one, (namely n), for all n, d,

and k > (d + 1)%; and for such large k, the best bound on f4(k, G) is %n.

Table 3: Results for 3-partitioned graphs.

Extremal
graphs
known
fBT)<In d=1,n>3 Hartnell and Vestergaard [8] | yes
f2(3,T)<n d=2,n>4 Fu and Vestergaard [7] yes
f2(3,T) < % -n d=2,n>5 Theorem 2 below yes
T ¢ {Ps, Pr, Ps,G1o}
92(3,T) < % n d=2,n>5 Theorem 2 below yes
T # Ty
f3(3,T) < % -n d=3,n>6, Theorem 2 below yes
T & {Py, Pro}
fa(3,T) < % n|d>4,n>d+ 3, Theorem 2 below yes
T # Padya
94(3,T) < Gdlfm n|d>3,n>d+3 Theorem 2 below yes
T # Pogya

At the end of this introduction we prove that Ore’s theorem v(G) < n/2
generalises from d =1 to d > 1.

Theorem 1 Let d > 1 be an integer and let G be a connected graph with

diameter at least d. Then ~v4(G) < 7 where equality holds if and only if

n=d+1, G=Cyys or G= H o P, for a connected graph H.



Proof. Let d be a fixed positive integer. A connected graph G with diameter
less than d has 74(G) = 1 and 1 = 7,4(G) = 715 can occur for any connected
graph with n = d+1. So assume G is connected and has diameter at least d.
The inequality was proven by induction by Henning, Oellermann and Swart
[11]. We give a short, direct proof, which also leads to a characterization of
all graphs satisfying equality. Choose v to be an endvertex of a diametrical
path in G and let T" be a spanning tree rooted at v. Consider distance classes
from v

A ={zeV(T) |dr(z,v)=1i}, i=0,1,2,...
Each of the d + 1 sets B; = U;’io Aitjsny, ©=0,1,...,d, distance d domi-

nates G' and as U;l:o B; = V(T') we can among the d+1 sets choose a smallest
set B;, and obtain 74(G) < |Bj,| < 75

Henning [10, Prop. 12.4] proves that there exists a minimum distance d
dominating set D such that each vertex x € D has a private neighbour x’ at

distance exactly d from z, i.e.,
Vee D 32’ € V(G)\ D: Neg(2') N D = {z} and dg{x, 2"} = d.

Assume next that 74(G) = 5 and let D be such a minimum distance d
dominating set with |D| = ;#;. Let D’ denote the set of distance d private
neighbours to D,

D'={2'" € V(G) |3z € D: Ney(2') N D = {a} and dg{z,2'} = d}.

Thus from each x € D emanates a path P, : zoz129...24 With 2o = x and
rg=2a'. lfx,y € D,x # y, we have V(P,) UV (P,) =0, as 2/, y’ are private
neighbours to x, y, resp. Since |D| = 7 and each path P,z € D, has d+1
vertices we see that V(G) = J,cp V(P:) and |D| = |D'| = J5.

If two of the paths, say P, and P, were joined by an edge whose end-
points are not the endpoints of both P, and F,, then the subgraph induced
by V(P,) UV(P,) would be distance d dominated by just one vertex of the
connecting edge. Moreover, for |D| > 2, if neither D nor D’ were indepen-
dent, then three of those paths would induce a subgraph containing Psg. 3,
admitting distance d domination with just two vertices. These situations
contradict the assumption 74 = 5. Hence, for [D[ = |D'| = 2 the circuit
G = Cy442 may occur, but for |D| # 2 every edge either is on a path P, or
has both its ends in precisely one of the sets D, D’. That implies by connec-
tivity of G that one of the sets D, D', say D', is independent. Consequently

G = H o P;, where V(H) = D. O

From Theorem 1 we immediately obtain the following universal bounds
on fy and gg4.

Observation 1 If G is a graph and k,d > 1 are integers then gq4(k,G) <
|[V(G)| and if G is a connected graph such that |V (G)| > d+1 then fy(k,G) <
vl

d+1



3 Bounds for f;(3,7) and ¢4(3,7)

By the remark preceding Table 2, the worst-case behavior of f;(k,G) and
ga(k, G) over connected graphs occurs when G is a tree. Moreover, the case
[V(G)| <d+1is trivial.

In the following we prove optimal bounds for f4(3,7") and g4(3,7") when
T is a tree with at least d 4+ 2 vertices. First some families of graphs are
defined.

For each integer d > 2 let Q4 be the family of trees consisting of Pogy4
and all trees with d + 2 vertices. Let G19 denote Py with a pendent vertex
attached to its center, i.e, the graph with 10 vertices illustrated in Figure 1.

Figure 1: Illustration of the graph Gi.

A neighbour ¢ to the center of the path vy, v9,v3, ¢, vs5,...,v9 in Gy is
called a connection-vertex in Gig. Let further Q) = Q2 U {Fs, Pr,G1o},
Q5 = Qs U{Py} and let Q) = Q4 for d > 4.

For d > 2 let T,; be the tree with the smallest diameter, 2d + 6, that can
be obtained from 3P54.4 U K7 by adding three edges all incident with the
isolated vertex which will be called the central vertex in T;. For d > 2 we
define F,; as the family of trees that can be obtained from graphs isomorphic
to Ty by adding edges between their central vertices. Let T be the tree
obtained from 3G 19U K7 by adding three edges all incident with the isolated
vertex (this vertex will be called central in 73) and a connection-vertex from
each of the three Gjp-components. Define F), = F, for d > 3 and F;, as the
family of trees that can be obtained from isomorphic copies of T; by adding
edges between central vertices.

Lemma 1 Let d > 2 be an integer and let T' be a tree with n > d-+2 vertices
such that for each edge e € E(T') a component of T — e has fewer than d+ 2
vertices. Then

e 3.3, T) = di—2n if T € Qq and if T & Qg then gq(3,T) < %n.

o If d=2then f4(3,T)=nif T € Q) and if T & Q% then f4(3,T) <

30
3170

o If d>3then f4(3,T) = “nif T € Qqandif T & Q') then f4(3,T) <

04 T d+2
6dr13 'Y




Proof. Equality for the specific graphs can be verified by the following
summary of parameters. Double separation indicates the examples for d = 2
and the last one for d = 3, respectively.

graph |V(T)| =d+2 P2d+4 G10 P@' P7 Pg
94(3,T) 3 6 71455
~a(T) 1 2 3 121022

To prove the estimates in general, let (Vi, V5, V3) be a partition of V(T')
such that g4(3,7T) = Z?Zl va(V;) and let P :v1, ..., Vgiam(r)+1 be a diametri-
cal path in T'. By the assumptions for 7" we have that diam(T) < 2d+2. In
the following we consider three cases.

diam(T) < 2d:

Since v4(T) = 1 in this case g4(3,7) = 3 < d+2n and fy(3,T) =4 < d+2
Equality holds if and only ifn=d+2. If n > d+2then g4(3,7) =3 <
and f4(3,T) =4 <

6d+13

6d+13n < ﬁn'

diam(T) = 2d + 1:

In this case it can be assumed that the vertices vgio,. .., Usq1o only are
adjacent to vertices from V' (P). Hence {vg411, v412} is a distance d dominating
set for T" and if voqyo € V; then {vg11} is a distance d dominating set for V;.

Thus ga(3,T) = 4 < 535 Bon and if d > 3 then f4(3,T) = 6 <

sl < 6d2+413n. If d = 2 then f4(3,7) = n when n = 6 and otherwise

fa(3,T) =6 < &n < ¥
7 31

diam(T') = 2d + 2:

In this case the condition on 7" implies that the vertices from V (P)\{vgyo}
only are adjacent to vertices from V (P). Let U be the vertices in T" at distance
d+1 from vy o. Let D; := (V;NU)U{vgy2} then D; is a distance d dominating
set for V;. Let D' := {v411,var3} U (U\{v1,v2443}) and let D := D" if no
endvertex in 7" has distance d to v442 and otherwise let D := D' U {vgyo}.
Then D distance d dominates T and v4(T) < |D| < 2 + "=243)  we

AN

combine this with g4(3,T) < S°0_, |D| < 5+ %, and obtain f4(3,7T") <
n—(2d+3)
T2/

For d > 2 we have 5 < 6d1f13 (2d 4 3) which together with d+1 6d1f13

gives
(3.7) < (2d4+3)+ —2 (- (2d43) = —2—n  (d>2)
R T 64+ 13 ~ 6d+ 13 =

Analogously for d > 4 we have 7 < 6d+13 (2d +3) and 7 < 6d+13 giving

24

(n—(2d+3)) = 6d—|—13

fa3,T) < (d>4).

(2d+3)+ ——— 2
6d + 13 6d + 13



Finally if d € {2,3} and n > 2d + 3 then

2 n—(2d+4)
sy < (" (2de3) s )y 2dtd)
Ja(3, )—(2d+3( + )+d+1)+ d+1
24 24 24
- 2 1 4 _(2d + 1)) = .
a3 dt Yt i Qd+4) =gman

O

Remark For d > 4 we have that @y = @/, and the last statement of Lemma 1
includes all trees of order n > d + 2. For d = 3, however, @, = Q3 U {Py},
and Py, where f3(3, Py) = 7, is not included in the statement since 7 > djlr—Qn
(third bullet) and consequently f5(3, Py) will not be included in the statement

of Theorem 2 below (second bullet).

Observation 2 If G is a graph from Q! and (Vi, Vs, V3) is a partition such
that go(3,G) = 320 7a(G; Vi) then for each vertex v € V(G) there exists an
index i € {1,2,3} such that v4(G;V;) = v4(G; Vi — Ng_1[v]) + 1 and a vertex
x € N[v] such that x is contained in a v4(G)-set. Further each vertex in
V(Gio) is contained in a vy2(Gho)-set.

Lemma 2 Let d > 2 be a integer. If Gy and Gy are contained in Q! and
G is a connected graph that can be obtained from G1 UG5 by adding an edge,
but G & @), then fa(3,G) < fa(3,G1) + fa(3,G2).

Proof. Assume that there exists a graph G obtained by adding an edge
uv between two graphs Gy (u € V(Gy)) and G2 (v € V(G2)) from @), such
that f4(3,G) = fa(3,G1)+ fa(3,G2). Let (Vi, V4, V3) be a partition of G such
that fu(3,G) = va(G) + 327, 7a(G; Vi). Tt follows by the assumptions that
Ya(G1; ViV (Gh)) +74(Ga; VinV(Ga)) = va(G; V;) for i € {1,2,3}. Assume
that Gy € Qq. If G1 2 Py or w is not an endvertex then u is in a v4(G1; V;N
V(G1))-set in Gy for i € {1,2,3}. Thus by Observation 2 there exists an index
i € {1,2,3} such that 7(G; V;) < 7a(G1; V,NV(G1)) +7a(Ga; ViNV(G2)) — 1
which gives a contradiction. It can therefore be assumed that G & Q4 (and
G & Q4). This implies the theorem for d > 4 since Qq = @, when d > 4. In
the case where d € {2,3} the lemma can easily be verified for the graphs G
obtained when G; and G belongs to Q)\@Qq by examining a small number
of specific graphs. O

As a consequence of Lemma 2 we note

Observation 3 Let d > 2, {G1,G2} C F); and G = G U Gy + uv where
u € V(Gy) and v € V(Gs). Then G € Fyif fa(3,G) = fa(3,G1)+ fa(3,G2).

Theorem 2 Let d > 2 be a integer and let T be a tree with n > d + 2
vertices. Then

o If d=2then fy(3,T)=nif T € Q) and if T & Q; then f4(3,T) <
%n where equality holds if and only if T € F).

8



o [f d>3then f4(3,T) = d+2n if T € Qqandif T & Q) then f4(3,T) <

6d2+413n and equality holds if and only if T € F).

e For all d > 2: ¢4(3,T) = d+2n if T € Qq and if T & Qg then
94(3,T) < 6d+13n and equality holds if and only if T € Fy.

Proof. The theorem is proven by induction on n. The assertion follows
from Lemma 1 if we are in the case where T is a tree such that 7" — e has a
component with at most d + 1 vertices for each edge e € E(T).

Thus it can be assumed that there exists an edge e € E(T) such that
both components of T'— e have at least d + 2 vertices. Let Ej be the set of
edges having this property.

Case 1. If there exists an edge e € Ej such that neither of the components
Ty and Ty in T — e is contained in @, then for i € {1,2} the induction
hypothesis gives that

< gl nazs
and
18 .
94(3,T;) < mW(TiN ifd>2. (2)

Further, equality holds in (1) if and only if 7; € F, and equality holds in (2)
if and only if T; € Fy.
It follows that

2 ifd >3

fa(3,T) < Ja(3,Th) + fa(3,T2) < {6d+13 (3)

n if d =2

and
18

~ 6d+13

If equality holds in (3) it follows from Observation 3 that 7' € F; and if
equality holds in (4) then analogously 7' € Fy.

9a(3,T) < ga(3,T)) + ga(3, T0) < V() ifd>2.  (4)

Case 2. 1If there exists an edge e € Ej such that both (7" — e)-components
Ty and T are in @)}, i.e., unless d = 3 and one or both of T1,T5 equals Py,
they satisfy f4(3,7;) = + Z5Mi, © = 1,2, then the induction hypothesis gives
that n <4d+8ifd >3 andn <20ifd=2. Ifd=3 and {11, T} N{Po} # 0
we can verify Theorem 2 by inspection. Since Theorem 2 is easily verified
if T € Q) we may assume that 7" ¢ @)/, and Lemma 2 then implies that
f4(3,T) < f4(3,T1) + fa(3,T5) — 1 and calculations give that

s < n ifd>3.
3.7 < 18" Gat13 =
Jal )_{£n<—n if d =2,




For d > 2 we have g4(3,T) < 3f4(3,T). For d = 2 that implies g4(3,7) <

3. 8n =3n < En. Also, for d > 3 analogously g4(3,T) < 3£n

Case 3. Thus it can be assumed that for each edge e € F exactly one of the
two (1" — e)-components belongs to Q.

Let T be the (partially) directed graph such that V(T) = V(T) and the
arcs of T are

A(T) = {ud | uv € Ey A the component of T — uv containing u is in Q/,}.

Since T' is a tree and Ey # ) it follows by takmg a longest directed path of
FEy-arcs in T that there must exist a vertex x € T with in-degree at least one
and out-degree zero. An edge e from E'\ Ey incident with = has a component
of T'— e with at most d + 1 vertices. From these observations we see that
each component in 7' — x has at most d + 1 vertices or is in @/,. Further,
T — x must contain a component from @’,. Let degg,(z) be the number of
components of T'— x contained in @)/, and let H be the induced subgraph of
T containing x and the vertices from these components.

Let (V1, Va2, V3) be a partition of V(7). From Observation 2 it can be seen
that there exist sets D} and D’ such that

o Y01 |Dil =3~ degg, () + ga(3, H — @),

e V(H)NV; C Nug[Di], V(H) C Nuc)[D'], |D'| = va(H — z), v € D;
and Np.g)(z) N D' # 0.

If d = 2 and at least one of the components in H — z is isomorphic to
G the set D' can be chosen such that N(x) N D" # (.

Let U), denote the endvertices from T'— H at distance k from z. It follows
that D; :== D, U (Ugyq N'V;) distance d dominates V;.

Further define I := 1 if there exists a vertex v in a component C' of T'— H
such that d(v,z) = maxuecyv(c) d(u, ) < d and d(v, D) > d and otherwise
let I := 0. If I = 0 then define D := D" U Uy, and if I = 1 then define
D := D" U Uy U{z}. Now D is defined such that it distance d dominates
T. Therefore

3 3
fa(3,T) <|D|+ Y |Djl = I +~va(H — z) + [Usa| + Y _ |Dj].

i=1 =1

First assume that d = 2. By the induction hypothesis it follows that
fa(3,T) < n and thus the theorem easily follows if n < 30 since fy(3,7T) <
n—1andn—1 < n for n < 30. Thus it can be assumed that n > 31 in
this case.

10



If degg,(x) < 2 we obtain that

fd(gaT) S 3 — degEo(x) + gd(gaH - 'T) + ’Yd(H - .T) + 2|Uvd-i-1| +1
<3+ fa(3, H — x) + 2[Ug1]

<34 SuBH — 1) 4 (0 — [V(H)])

d+1
2 2
< — — —
<3+ |V(H m)|+d+19—|—d+1(n \V(H)| —9)
29 2
< = “(n —
_3030+3(n 30)
Pl
31"

If degg,(z) > 3 the following is obtained:
fa(3,T) <3 —degg,(x) + fa(3, H — x) + I + 2|Ug1|

< VU] + 1)+ (n = (V)] + 1)
30

< —n.

— 31

Further, equality holds if and only if n = |V(H)| = 31 and in this case we
have that T = T.
Assume that d > 3. If degg,(z) < 2 and n > 6d + 13 then

2
d+1

fa3,T) <3 = degg, () + 9a(3, H — ) +va(H — ) + (n—[V(H)])

<24 fal3 H — ) + T (n— V()

(V(H) = 1) + ﬁ@w 5)

(n = [V(H)[ - (2d + 4))

<24+ —
=2t a2

+

d+1

2 2
<9 Ad+8) + —=—(2d +4) + —=—(n — 6d — 13
24 a8+ g QA+ )+ (e )

2
<2 —6d—1
<2+ (0 —6d—13)

24 24 24
6d+ 13 _ (6d+13)) =
6a 1300+ 18) + g (n — (6d+13))

T 6d+ 13
If degp,(x) > 3 then

<

2
d+1

fd(?’vT) <3- degEo(x) +gd(37 H— :L‘) + 7d(H - .l’) + (n - |V(H)|)

2
VE) + o7 (= IVH)D

11



Here equality holds if and only if degg,(z) = 3 and n = |V(H)| = 6d + 13.
Thus it follows that equality holds if and only if T = T,. (T, defined in
beginning of section.)

Assume that n < 6d + 12 and degg,(x) < 2. By the choice of z it
follows that the graph G' = G — V(H — z) has diam(G’) < 2d + 2. Assume
that degg,(x) = 1 then it follows from the assumptions for the set Ey that
V(G| >d+3.

If diam(G') < 2d then f;(3,G") =4 < -5 (VG —1) and fu(3,G) <
fa(3,G") + fa(3,G = V(@) < 75 (IV(G )| ) sz |V (G)]. Assume that
diam(G') = 2d + 1 and |V(G")| > 2d + 3. It follows that f4(3,G') = 6 <
%H(|V(G’)| — 1) and from this we obtain that f;(3,G) < 6d+13|V( ). If
this is not the case then G’ = Py, and x is a central vertex in G’ and it
follows from Observation 2 that f4(3,G) < fa(3, H — z) + fa(3,G') =1 <
sV -1 < 75(V(G)] - 1) < 525IV(G)]. Thus it can be assumed
that diam(G’) = 2d + 2. In this case it was proven in Lemma 1 that for
each partition (V7,Vy,Vy) of G’ where f4(3,G") = 7a(G") + S0_, 7a(G; V)
the vertex « is in a y4(V/)-set. From this and Observation 2 it follows that
fd(3 G) < fd(3 H — l‘) + fd(37 G,) —-1< 6d+13|v( )l

Thus it can be assumed that degg,(z) = 2 and |V(G)| < 6d + 13. If
|[V(G")| = 1 then let C' be a component from G —z and let C’ be the induced
subgraph of G containing V (C')U{z}. It follows by the induction hypothesis
that fu(3,C") = fa(3, C) and thus f4(3,G) < fa(G — 1) < F5(V(G)]-1) <
6d+13|V( )|. Thus it can be assumed that |V (G')| > 2.

First we assume that the two components of H—x are not both isomorphic
to Pyyo. Thus it can be assumed that D; N N[z] # 0 for each i € {1,2,3}.
It follows that fq4(3,G) < 75|V(H —2)| + 25 |V(G - H)| < :25IV(G)].
Thus the theorem has been proved in this subcase and it can be assumed
that both components of H — x are isomorphic to Pyys.

If |V(G")| < d—11it can easily be seen that f4(3,G) < fu4(3, H —x) + 2
and the theorem follows since |V(G’)| > 2. If this is not the case we obtain
that

Jal3,T) < JalH =)+ 1+ (0 = V()

2 2
S04+ (d—D 4+ —(n—(2d+5) —(d—1
b2 (A1) o (n— (20 45) — (A1)
« 2 Bit )+ -2 (n—(3d+4))
6d + 13 d+1""
.o
= 6d+ 13"

The last inequality is true for n > 3d+ 4 and for n < 3d 4+ 3 we have that
|[V(G")| < d— 1, which was treated above.
Thus the theorem has been proved in this subcase, too.

We shall now consider g4(3,7). If T' € @), then the theorem easily follows
by verification and if d > 3 the results follow since gq(3,T) < 2 f4(3,T). Thus

12



it can be assumed that d = 2 and T' ¢ @/, It follows that f,;(3,7) < n—1and
since g4(3,T) < 2f4(3,T) we obtain that g4(3,7) < [2(n —1)]. From this
inequality it follows that gq(3,7) < 3n if n < 25. Thus it can be assumed
that n > 25. Since D; is a distance d dominating set for V; we have that

92(3,T) < Z |Dil <3 —degp, () + 923, H — ) + di (= [VH))).

=1

If degp,(z) < 2 then |V(H)| <2(2d+4) + 1 =17 and it follows that

023, ) < 3 degi, (2) + 92(3, H — 2) + ——(n — |V (1)
§2+§17+di18+di1(n—17—8)
<§25+§(n—17—8):§n.

If degg,(z) > 3 then

$23.T) <3 = degr () + 923, H — ) + = (n = [V ()

< S V)| + 50— [V(H)) = on.

and if equality holds then degg,(x) = 3 and n = |V(H)| = 6d + 13 = 25.
From the observations done so far we obtain that H = T5 if equality holds.
(I

4 Many partition classes

Lemma 3 Let k and d be positive integers and let 'T' be a tree with n vertices.
Then ga(k,T) = n if and only if |Nam(v]| <k for each vertex v € V(T).

Proof. For v € V(T') the subgraph of T" induced by N4g)[v] is denoted T,.
Let T be the graph where V(T") = V(T') and E(T") = {uv | V(T,,)NV(T,) #
0}. Since T is a tree T" is a chordal graph. Clearly the chromatic number of
T" equals the minimum number of 2d-independent sets into which V(T can
be partitioned. Since 7" is a chordal graph it is perfect and we have that its
chromatic number equals its clique number, x(7") = w(T").

Now let {vy,...,v,} be a clique in T”, i.e., a subset of V(T) such that
V(T,,)NV(T,,) # 0 foralli,j, 1 <i < j < a. It then follows that there must
exist a vertex v such that v € V(T,,) for i € {1,...,a}. Let namely S denote
the subtree of T" spanned by the union of paths connecting the vertices of
{v1,...,0.}. Let v be a central vertex for a longest path in S, then v has

distance at most d to all v;, 1 <i < a, and v € (_, T,,.

13



From this observation we have the following sequence of equivalences:

ga(k,T)=n

)
there exists a partition (Vq, Vo, V5, ..., Vi) of V(T') such that for: = 1,2,... K,
V; is a 2d-independent set

i
X(T") <k
(i
w(T) <k

0

|Na[z]| < k for each = in V(7). O

Lemma 4 Let H be a connected graph with at least 2d + 1 wvertices and
let G = H o Py be the Pj-corona graph of H. Then there exist vertices
vg € V(H) and vg € V(G) such that

|Na,mylvu]| > 2d + 1 and |Nwoylval] > (d +1)2

Proof.  Let H be a connected graph such that |[V(H)| > 2d + 1 and
let G = H o Py, i.e., G is obtained by joining each vertex of H to an end
of its own copy of a P;, and G has order |V(H)|(d + 1). Let vy be a
central vertex (a vertex with minimum eccentricity) in H. If y4(H) = 1 then
Na,mve) = V(H) and we obtain that |Ngmlvy]| > 2d + 1. If vq(H) # 1
then there must be a path P : vy,...,v4, v, Vgs2,...,02441 in H and since
V(P) C N(g,mvy] it can be concluded that |N(qmvg]| > 2d + 1.
Let a; denote the number of vertices in H at distance 7 from vy. Then

INueylvnll = (d+1)+> (d+1-i)a;

i=1
If a; > 2 for each i € {1,...,d} then

d
INueylvn)l = (d+1)+ > 2(d+1—1i) = (d+1)°.
i=1
If ap < 1 for an index k € {1,...,d} then a; = 0 for i > k since vy is a
central vertex. Since 3% | a; > 2d it follows that

k
(d+1—i)a;=(d+1)+ Y (d+1—1i)a
> (d+1)+22(d+1—i)+(2d—2(1f—1))(d+1—k)
> (d+ 1) :

]~

INa)lvall = (d+1) +

14



From Theorem 1, Observation 1, Lemma 3 and Lemma 4 the following
result is easily obtained.

Corollary 1 Let d > 1 be a integer and let T be a tree with n vertices.
Then
Ofd(d+1) PF”IOPd) d+2n@f(d+ )|

d+1

e gi(2d+ 1, P,) =n for each n > 1.

o gi(d®+2d,T) <nif T is a Pj-corona graph and |V (T)| > 2d(d+ 1).

d+1

o fo(d®+2d, Pyyo Py) = S0,

(
(
(
o fu(d®+2d,T) < 2n if |V(T)| > 2d(d+1).
(
(

o 9424, T) <nif |V(T)| >2d+ 1.

Lemma 5 If T isatree, X CV(T) and d > 1 is an integer then there ezists
a set X' C X such that X' is 2d-independent in T and |X'| = v4(T; X).

Proof. This result is proven by induction on v4(X). If v4(7; X) < 1 the the-
orem is trivially true. Assume that v4(7; X) > 2. Let P = x1,v1,. .., U4, T2
be a path in 7' of maximum length when {z,z,} C X.

Since vq(T'; X\Na,r)[va]) > 74(T; X) — 1 the induction hypothesis gives
that there exists a 2d-independent set X' C X\ Ny 7)[va] in T — N1 [vd]
with cardinality v4(X) — 1. By the choice of P it must hold that X’ U {z;}
is a 2d-independent set in 7" and the result follows. O

Theorem 3 Let d > 1 be a integer and let T be a tree with n > 2d* + 2d

vertices. Then Q49
& +2d,T "
Jold®+24,T) < G-3n = 57y

Proof. Let T be a tree with n > 2d* 4 2d vertices. If diam(T) < 2d then

7a(T) = 1 and so fa(d® +2d,T) = d* + 2d + 1 < 50 — @iz Thus it can

be assumed that diam(T) > 2d+ 1 and further we assume that the theorem
does not hold for T. Denoting k = 2(d + 1)® it means

d+2 n
n——.

d+ k

fa(d* +2d,T) >

> 777 — 1 and there must

—a? and gq(d® +2d,T) >

From the inequality above g; < n implies 74

exist a constant a € [0, 1] such that v4(T") >
—(I—a)}.

Let Xy, ..., Xg2,04 be a partition of V(T') such that

_n_
d+1

d?4-2d

ga(d® +2d,T) = > 7a(T; X)).

i=1
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From Lemma 5 it follows that for each i € {1,...,d* + 2d} there exists a set
X! C X, such that v4(T; X;) = |X/| and X] is a 2d-independent set in T

Hence
d?+2d

> IXI = gald? +24,T) 20— (1 - ).

i=1
Let H := {v € V(T)|deg(v) > (d +1)*}. Then we shall prove below that
> (deg(v) = (d+1)*) < (1—a)

veH

e

Root the tree T at a vertex z € V(T') and let ¢(v) denote the set of
children of a vertex v in the rooted tree T'. For v € H then ¢(v) contains at
least deg(v) — 1 vertices and since each set X/ can contain at most one vertex
from c(v) we have that

(U XD = deg(v) — 1 — (d” + 2d) = deg(v) — (d + 1),

i=1

Since ¢(v1) N e(ve) = 0 if vy # vy and Zd PUX) > n—(1— a)y it must
hold that

d2+2d
(1—a)+ >Z| U |>Z deg(v) — (d+1)?).
veH =1 veEH

This proves the inequality.

Let S be a maximum 2d-independent set in 7. From Lemma 5 it follows
that [S| = 7a(T) > 5 —ay. Consider for each s € S the tree T := T [Ny][s]]
spanned in 7" by Ny|s]. Slnce S is 2d-independent no vertex from 7' is in
more than one of these trees. From the assumption that diam(T") > 2d + 1
it follows that there must be a path P, = s,v9,...,0441 in Ts. It follows
that > o |V(P)| = [S|(d+1) >n — (d+1)af. Let F':=J,.qV(Ps) and
let A= V( ) — V(F'). Let B be all vertices from those paths Ps for which
P, Z Ud 24 X7 and let B’ be the set of endvertices not in S from these paths.

In the following we examine the number of vertices and components in
the induced subgraph of 7" with vertex set F' := F' — B. We observe that
both T'[F| and T[F'] are P;-corona graphs, as they are obtained by adding
edges between some endvertices, not in S, of the P, paths Each P, € B
contains a vertex of V(T )\Ud +2dX’ so from |V (T )\Ud X< (1- a)y
and |V (Ps)| = d+ 1 we get |B| < (d+ (1 —a)2

By the assumptions we have that

F| = |F'|=|B| > |P'|—(d+1)(1=a)2 > (n—(d+1)a2) —(d+1)(1—a)2 =
n—(d+1)%.

k*
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From the following calculations we obtain an upper bound on the number
of components in F':

w(F) <X eaup deg(v) = Zve(AuB’)\H deg(v) + Zye(AuB')mH deg(v)

< (d+1°[(AUBN\H[+(d+1)*[(AUB) N H|+ 3y (deg(v) — (d+1)?)

< (@4+1PAUB |+ (1—-a) <2E(1—a)+(1—a)(d+1)*+a(d+1)%),

where the last step follows from |A| < (d+1)a} and |B'| < yj‘l < (1—-a)%.

Since V(F) C Uf:lqd X! we have that F' is a Pj-corona graph which
satisfies g4(d* + 2d, F) = |V(F)|. By Corollary 1 this can only hold if each
component of F' has at most 2d(d + 1) vertices and we obtain that

nold¥ )12 < 2d(d+1).

k
#(1=a) + (1 =a)(d+1)* +a(d + 1)°)
From this equation we easily obtain the contradiction that k < 2(d+1)°. O

The following result generalizes Theorem 1.

Theorem 4 Let G be a tree with n > d + % vertices. Then

2k

<n—— .
9ak, G) < ngo =

Proof. The theorem easily follows when k > 2d + 1 since gq4(k,G) < n <
n#’;ﬂ in this case. For k < 2d+1 the theorem is proven by induction on n.
Note that the case n = [d + %] is immediate because then ~4(G) = 1 and
hence gq4(k, G) < k. If the graph G has an edge e such that both components,
G and G, of G — e have at least d + % vertices, the induction hypothesis
can be used on both components to obtain the inequality.

Thus it can be assumed that the removal of each edge in G gives a com-
ponent Gy with fewer than d + k“ vertices, i.e., with at most 2d vertices,
such that g4(G1) = 1 and gq4(k, Gl) <k.

Let e be an edge in G such that one of the components, Gy, in G — ¢
has a maximum number of vertices when the other G5 must contain d + %
vertices or more. Let u be the vertex from G5 incident to e. By the choice of
e it follows that the maximum distance from v to a vertex in G5 is at most
d—+ % By using the induction hypothesis on (G5 it can be observed that to
each partition Vi, ..., V, of G5 there are related dominating sets Dy, ..., Dy
such that gq(k,G) < >._, |D;| < |V(G2)|2d+k+1 and each set D; contains

a vertex from NL%J[ u]; moreover, if A : ﬂi:l Na,e[Di] N V(Gq) then
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|Al > [d — 5517 and gq(k, G) < S5 |Dy] +|V(G1)| — |A]. Calculation now

gives:

V(G| = 4] < V(G| —[d—51] d+ 5L —(d— D) o
k

< = .
V(G|  — V(Gh)| d + kL 20+ k+1

Thus it follows that gq(k, G) < ga(k, G2) + |V (G1)| — 4| < |V(G2)|% +

V(G g2y = ngg2 o

2d+k+1 2d+k+1"

From Theorem 4 we obtain

Corollary 2 A graph G with n > 2d + 1 vertices satisfies that gq4(2d,G) <
n— 17

In [20] it has been proven that this bound is optimal when d = 1.
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