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Abstract

The aim of the paper is to derive approximate saddle point assertions for a general class of
vector-valued approximation problems using a generalized Lagrangean. We derive neces-
sary and sufficient conditions for approximate saddle points, estimate the approximation
error and study the relations between the original problem and saddle point assertions
under regularity assumptions.

1 Introduction

In our paper we consider a general class of vector-valued approximation problems which
contains many practically important special cases and introduce the concept of approximately
efficient elements of this problem. Approximate solutions of optimization problems are of
interest from the numerical as well as the theoretical point of view. Especially, numerical
algorithms only generate approximate solutions if we stop them after a finite number of
steps. Moreover, the solution set may be empty in the general noncompact case whereas
approximate solutions exist under very weak assumptions.

Valyi [8], [9] developed Hurwiz-type saddle point theorems for different types of approx-
imately efficient solutions of vector optimization problems. The aim of the present paper is
to derive approximate saddle point assertions for vector-valued location and approximation
problems using a generalized Lagrangean.

We introduce a generalized saddle function for the vector-valued approximation problem
and different concepts of approximate saddle points. Furthermore, we derive necessary and
sufficient conditions for approximate saddle points, estimate the approximation error and
study the relations between the original problem and saddle point assertions under regularity
assumptions.

2 Terminology and notations

All topological linear spaces that will occur throughout the paper are over the field R of
real numbers. If U and W are topological linear spaces, then £(U, W) denotes the set of all
continuous linear mappings from U into W. The topological dual spaces of a topological linear
space U is denoted by U*. If U is a locally convex Hausdorff space, then we write U, and
U, for U under the weak topology o(U,U*) and the Mackey topology 7(U, U*), respectively.
Furthermore, o — int S denotes the interior of a set .S C U, etc.



A nonempty subset Ky of a linear space W is said to be a conver cone if
Kw+ Kw C Ky and aKwy C Ky forall « € [0,00].

A convex cone Ky is called pointed if Ky N (—Kw) = {0}. If Kw is a convex cone in a
topological linear space W, then the set

Ky ={\e W*|Vk e Kw: \k) >0}

is called the dual cone of Kyy.

Given a convex cone Kyy in a linear space W, a binary relation < can be introduced in
W by setting x < y if y — x € Ky . It is easy to see that this relation < is an ordering on
W with respect to which W is an ordered linear space. A mapping f of a linear space U into
the ordered linear space W is called sublinear if

flaur) = af(uz) and  f(ur +u2) < f(u1) + f(u2)

for all uy,us € U and all « € [0, oo].

Given two topological linear spaces U and W, where W is ordered by a convex cone Ky, we
say that the pair (U, W) has the Hahn-Banach extension property if for each sublinear mapping
f : U — W the following assertion holds: For each ug € U there exists an Y € L(U, W) such
that

VueU : f(u) € Y(u)+ Ky and  f(up) = Y (uo).

In the following we list some sufficient conditions ensuring that the pair (U, W) has the Hahn-
Banach extension property (cf. [13]): Assume that U and W are locally convex Hausdorff
spaces and

(A1) U is a weakly compactly generated space,
(A2) the convex cone Ky of W is closed and 7 — int K7, # 0,
(A3) the sublinear map f is continuous at 0 as a map from U to W.

Remark. (i) The assumption (A1) holds if, for example, U is a separable Banach space or a
reflexive normed space. Furthermore, it is easily verified that (A3) holds if (A2) holds and f
is order bounded above in some 0-neighborhood of U.

(ii) For example, the assumptions (A1), (A2) and (A3) are satisfied in the special case
that U and W are finite-dimensional Euclidean spaces and Ky is any pointed closed convex
cone in W. Indeed, if Ky is pointed, then the dual cone K7, has nonempty interior and,
since each sublinear functional A o f with A € Kjj,, is continuous on the finite dimensional
Euclidean space U and int K7j, is nonempty, f must be continuous itself.

Let M be a subset of a topological linear space W, and let wg be a point in W. Given
a subset K of W and an element e € W, the point wy is called a (K,e)-minimal (resp.
(K, e)-mazimal) point of M if wg € M and

(wo—e—K)NM C{wy—e} (resp. (wo+e+ K)NM C {wy+e}).



The set consisting of all (K, e)-minimal (resp. (K,e)-maximal) points of M is denoted by
Min(M, K,e) (resp. Max(M, K,e)). If e is the origin of W, then the (K, e)-minimal (resp.
(K, e)-maximal) points of M are simply called K—minimal (resp. K—mazximal) points of M
and their set is denoted by Min(M, K) (resp. Max(M, K)).

Given a function A € W* and an element e € W, the point wy is called a (A, e)-minimal
(resp. (A, e)— mazimal) point of M if wy € M and for all w € M it holds A(wp) — A(e) < A(w)
(resp. Yw € M : AM(w) < Mwo) + A(e)).

The set consisting of all (A, e)-minimal (resp. (A, e)-maximal) points of M is denoted by
Min(M, A, e) (resp. Max(M, A, e)). If e is the origin of W, then the (A, e)—minimal (resp.
(A, e)— maximal) points of M are simply called A-minimal (resp. A—mazximal) points of M
and their set is denoted by

Min(M,\) (resp. Max(M,\)).

Let M and N be nonempty sets, let W be a topological linear space, and let ® be a mapping
from M x N into W. Given a subset K of W and an element e € W, a point (xg,yp) € M x N
is said to be a (K, e)—saddle point of ® with respect to M x N if the following conditions are
satisfied:

®(x0,90) € Min({®(z,y0) |z € M}, K,e); (1)
B(row0) € Max({®(ro,y) |y € N}, K c). @)

Given a function A € W* and an element e € W, a point (zg,y9) € M x N is said to be a
(A, e)— saddle point of ® with respect to M x N if the following conditions are satisfied:

®(z0,y0) € Min({®(z,y0) |z € M}, A e); (3)
®(z0,y0) € Max({®(wo,y) |y € N}, Ase). (4)

3 Formulation of the vector-valued approximation problem

In the whole paper we suppose that W is a locally convex Hausdorff space partially ordered
by the closed, pointed and convex cone Ky C W; X, U and V are reflexive Banach spaces;
the pair (U, W) has the Hahn-Banach extension property; A : X — U, B: X — V and
C: X — W are continuous linear mappings; f : U — W is a continuous sublinear mapping;
ACU, X C X and Ky C V are closed, pointed and convex cones and b € V. Defining
F: AxX — W by

F(a,z) := C(z) + f(a — A(z)),

and

S:={(a,z) eUxX|aceAxze X Blx)—be Ky},

we consider the following vectorial approximation problem

(P(Kw)) Compute the set Min(F[S], Ky ).



4 Approximate saddle point theorems
Proceeding as in [6] and [1], we define the mapping L : U x X x L(U, W) x L(V,W) — W by
L(a,z,Y,Z) :=C(z)+Y(a— A(z)) + Z(b — B(x)).

When three of the four variables a € U, z € X, Y € L(U,W) and Z € L(X,W) are fixed,
then the corresponding partial mappings

L(.,xY,2),L(a,..Y,Z),L(a,z,., Z), L(a,z,Y,.)

are affine. This property distinguishes our mapping L from the Lagrangean mapping usually
associated with the problem (P(Kyw)) (see e.g. [9]).

In what follows we consider L as a function of two variables (a,z) and (Y, Z), and inves-
tigate approximate saddle points of L with respect to (A x X) x () x Z), where ) and Z are
given by

YV={YeL(UW)|VuelU : f(u)€Y(u)+ Kw}. (5)

and
respectively. For short, we set D := (A x X) x (Y x 2).

Theorem 1 Let X be a functional in Ky, \ (—Kjy), let e be an element in Ky, and let
(a0, xo, Yo, Zo) be an element in D. Then (ag,xo, Yo, Zo) is a (A, e)—saddle point of L with
respect to D if and only if the following conditions are satisfied:

(i) L(ao,xo, Yo, Zo) € Min({L(a,z, Yo, Zo) | (a,z) € Ax X}, A e);
(ii) B(zo) —be Ky;
(iii) Ao Yo(ap — A(zo)) + Ao Zo(b— B(zo)) > Ao flag — A(zg)) — A(e).
The proof can be found in [1]. |

Theorem 2 Let (W, ||||) be a Banach space, L(U, W) be reflexive, A € Ky, \(—Kjy), e € Kw,
and let (ag, zo) € S be a (A, e)-minimal point of F[S]. If {(a,z) € S| B(Z)—beint Ky} # 0
and Y is bounded, then there exist mappings Yy € ¥ and Zy € Z such that (ag, xg, Yo, Zo) is
a (A, e)=saddle point of L with respect to D.

Proof. We consider the scalarized Lagrangean defined by
Ly(a,z,Y,v*) :=XoC(z)+ AoY(a— A(z)) +v*(b— B(z))

over D' := (Ax X) x (Y x K{,). We show that for this scalarized Lagrangean the assumptions
(H1), (H2) and (H3*) of Theorem 49.B.(3)(ii) in [12] are fulfilled. Obviously, the assumptions
(H1) and (H2) of this theorem are true. In order to show (H3*), we consider a sequence
{(Y™,vp)} C Y x Ky, with |[(Y",v})|| — oo if n — co. Since Y™ € Y for all n and Y is
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bounded, there is a constant o > 0 such that ||Y"|| < « for all n. Thus we have ||v}| — oo if
n — oo. Next we choose a point (a,z) € S with B(Z) — b € int Ky

From B(Zz) — b € int Ky it follows the existence of a § € (0, 00) such that v*(b— B(Z)) < —¢
for all v* € K, with |[v*|| = 1. So, we have

L@z, Y"v) = AoC(z)+AoY™a— A®)) +v:(b— B(z))
< Ao C(2) +alAlla — A@)[| — Sl[vpll
nj)o — 0,

which proves (H3*). By applying the above mentioned theorem, we conclude that there exist
Yy € Y and v € K5, satisfying

inf Ly(a,z,Yy,v)) = su inf Ly(a,z,Y,v"),
(a,x)eAxX )\( 0 0) (Y,v*)ejI))xK;} (a,x)€EAXX A( e )
and
inf sup Ly(a,z,Y,v*) = sup inf  Ly(a,z,Y,v").
(0,2) EAXX (Yu*)eYx K7, T (Yo*)eYx Ky, (@) €AXX Y

With aid of the Hahn-Banach extension property we conclude that

sup  Ly(a,z,Y,v*) = Ao F(a,z) whenever (a,z)€S.
(Y ) eV x K,

From this we deduce that

sup L)\(CL[),ZUQ,K’U*) = )\OF(CL(),LL‘())
(Yo )eVx K3
< inf Ao F(a,z)+ Ae)
(a,x)EAXX
= inf sup Ly(a,z,Y,v") + A(e)
(0,2)€AXX (Y o*)eYx K},
= sup inf  Ly(a,z,Y,v") + Ae)

(Yo )eyx K7, (a,2)eAXX
= inf L)\(a,l',YQ,vé) —|—)\(e)

(a,x)e AxX
This yields the following inequalities:
VY, v") e Y x Ky : Ly (ag, xo,Y,v*) — Ae) < Lx(ag, zo, Yo,v5); (6)
V(a,z) € Ax X : Ly(ag, xo, Yo,v5) < Ly(a,z, Yo, v5) + A(e). (7)

Finally, we have to show that for vj € K{;, v € V and A € Kj, \ (—Kj;,) there is a mapping
Z € Z such that vj(v) = Ao Z(v). Since A € K, \ (—Kjy,) we can choose k € Ky such that
A(k) > 0. Define the mapping Zy : V. — W by




Then we have Zy € L(V, W). Since vj(v) > 0 for all v € Ky, we conclude that Zy[Ky] C Ky,
i.e., Zy € Z. Furthermore, we obtain

WweV: AoZo) = 2 Ak = ui(v).

Consequently, (6) and (7) yield the desired assertion. |

Remark. In Theorem 2 we assume that £(U,W) is reflexive. In order to give sufficient
conditions for this assumption we use the following assertion given by [2, VIII,4, Theorem
4]: If U and W are Banach spaces and one of them has the approximation property (cf. [2,

VIIL,3, Definition 1], then L(U, W) is reflexive if and only if U and W are reflexive and each
member of L(U, W) is compact. For example, L(U, W) is reflexive in the following two cases:

(i) U is a reflexive Banach space and W is a finite dimensional Euclidian space;

(i) U=1yand W =1,,, where 1 < p < ¢ < oo (compare [2, VIIL,4,Corollary 5]).

Let us discuss sufficient conditions for the boundedness of the set ) in Theorem 2. There-
fore we recall the concept of absolute-monotone norms (cf. [11]). Let (W, <) be an ordered
normed space. The norm [|.||, is said to be absolute-monotone on W if for w,w’ € W,
—w < w' < w implies ||w'|] < ||lw]]. The set Y is bounded (with respect to the norm in
L(U,W)) if the following conditions are satisfied:

(i) The norm ||.|| of W is equivalent to an absolute-monotone norm ||.||, on W.

(ii) There exists some continuous sublinear map g : U — W with
VueUacR: g(au) = |alg(u), (8)
such that f(u) < g(u) for all w € U.

Indeed, let us show that the assumptions of the Banach-Steinhaus Theorem (e.g. [Werner(1995)])
are satisfied. Since U is a Banach space and W is a normed space it remains to show that
the following pointwise boundedness assumption is satisfied

Vue U : sup ||Y(u)| < oo. 9)
Yey

Indeed, for arbitrary u € U we have —g(u) < —f(u) < =Y (u) =Y (—u) < f(—u) < g(—u) =
g(u). Hence, [|[Y(u)lle < |lg(w)]lq for all Y € Y. Since g is continuous in zero, we have
llg(w)|| < oo, hence (9) holds. The Banach-Steinhaus theorem yields the boundedness of V.
For instance, if W has finite dimension and the ordering cone Ky C W is closed convex
and pointed, then the first condition (i) is satisfied. Indeed, in this setting we can find a cone
Kw D Ky, which is again closed convex and pointed but additionally has nonempty interior.
Let B be a base of Ky, in particular, B is closed, bounded, convex, 0 ¢ B and Ky = [0, oo[-B.
Thus we can find € > 0 such that by adding the closed (and compact) ball B(0, ) we obtain
a closed, bounded and convex set B. := B + B(0,¢) with 0 ¢ B. Define Ky := [0, 00| B..



Taking k € int Ky we can construct a neighborhood U of zero by U := (k— Kw )N (=k+ Ky ).
The norm ||.||, defined by ||w|| := inf{a > 0: w € aU} is absolute-monotone. Indeed, let
—w < w’ < w be given. Then we can find some o > 0 such that w € aU. It follows
w € —w+ Ky C a(—k+ Ky) + Ky C —ak + Ky + Ky C —ak + Ky C a(—k + Ky ).
Analogously we obtain w’ € a(k — Ky). Hence w’ € aU. Taking the infimum over a > 0
the norm ||.|| of W.

Condition (ii) is satisfied in many applications because f itself often satisfies property (8).

yields ||w'|lq < ||w||q. Of course in a finite dimensional space the norm ||.||, is equivalent to

Theorem 3 Let Ky be a pointed convex cone in W satisfying Ky O Ky, let e be an element
in Ky, and let (ag, xo, Yo, Zo) be an element in D. Then (ag, xo, Yo, Zo) is an (KW, e)-saddle
point of L with respect to D if and only if the following conditions are satisfied:

(i) L(ao,xo, Yo, Zo) € Min({L(a,z,Yy, Zo) | (a,z) € A x X}, Ky, e);
(ii) B(xo) —bc Kv,'
(iif) Yo(ao — A(zo)) + Zo(b — B(wo)) ¢ f(ao — A(zo)) — e — (Kw \ {0}).

Proof. Necessity. Condition (i) follows from (1) in the definition of a (K, e)-saddle point.
In order to prove (ii) and (iii), we argue similarly as in the proof of necessity of Theorem 1.
First, we suppose that B(xzg) — b ¢ Ky. Then we apply the strict separation theorem and
conclude that there is a functional p € Ky, such that u(B(xz¢) —b) < 0. Let k be a point
chosen from Ky \ {0}. By means of u and k we define the mapping Z : V' — W by

o pl) y
Z) = gy e H B + 2o

Obviously, Z belongs to Z. Taking in account that Ky C Ky, we also see
(Z = Zo)(b— B(xo)) = e+ k € e+ (Kw \ {0}) C e + (Kw \ {0}).
This result implies that

L(a07$07}/0vz) = L(CLO,.’L‘O,%,ZO)'F(Z—Zo)(b—B(.ID))
C L(ao,xo,Yg, ZQ) +e+ (KW \ {0}),

which contradicts
L(ag, z0, Yo, Zo) € Max({L(ag, z0,Y, Z) | (Y,Z) € Y x Z}, Kw,e). (10)
Therefore, condition (ii) must be satisfied. Next we apply (10) again and conclude that
L(ag, x0,Y, Z) ¢ L(ao,z0, Y0, Z0) + € + (Kw \ {0}) (11)

for every (Y, Z) € Y x Z. By specializing (Y, Z) in (11), we obtain (iii). Indeed, from (11) it
follows that for any mapping Y € Y with the property Y (ag — A(xo)) = f(ao — A(zo)) and
for Z = 0 the relation

flao — A(z0)) ¢ Yo(ao — A(z0)) + Zo(b — B(o)) + e+ (Kw \ {0})



holds. This means that (iii) is true.
Sufficiency. (i) is equivalent to (1) in the definition of a (K, e)— saddle point. We have to
proof that (2) also holds. To this end we suppose that there is a pair (Y, Z) € ) x Z such
that

L(ao, z0, Y, Z) € L(ao, 0, Yo, Z0) + e + (Kw \ {0}).

Then we have
Y (ag — A(xo)) + Y (b — B(x0)) € Yo(ao — A(wo)) + Zo(b — B(o)) + e+ (Kw \ {0})
which implies that

Y(ap — A(zg)) + Z(b— B(xo)) + Kw
Yo(ao — A(zo)) + Zo(b — B(xp)) + e + Kw + (KW \ {O})

-
C Yo(ao — A(zo)) + Zo(b — B(xp)) + €+ (f(w \ {0})

But on the other hand, from (5) f(ag— A(xg)) € Y(ag— A(xo))+ Kw and (ii) Z(B(xzg) —b) €
Ky it follows that

f(ao — A(xo)) Y (ao — A(x0)) + Z(b — B(wo)) + Z(B(wo) — b) + Kw
+Z(b— B(xo)) + Kw + Kw

Y(ao — A(wo)) + Z(b— B(zo)) + Kw.

NN m
=

)

o

|

=
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Consequently, we have
fao — A(wo)) € Yo(ao — A(x0)) + Zo(b — B(x0)) + e + (Kw \ {0}),
which contradicts (iii). |

Corollary 4 Let Ky be a pointed convex cone in W satisfying Ky 2 Ky, let e be an
element in Ky, and let (ag, zo, Yo, Zo) € D be a (KW, e)—saddle point of L with respect to D.
Then the following assertions are true:

(j) (ag,x0) € S;
(i) Yo(ao — A(zo)) & flao — A(z0)) — e — (Kw \ {0});
(i1i) Zo(b— B(zo)) ¢ —e — (Kw \ {0}).

Proof. Obviously (j) results from (ii) in Theorem 3. In order to prove (jj) and (jjj), we note
that (11) implies

YWWeY VZeZ: Y(ag— Axo)) + Z(b— B(x))

¢ Yo(ao — A(wo)) + Zo(b — B(wo)) + e + (Kw \ {0}). (12)
By setting in (12) a Y € ) with the property Y (ag — A(zo)) = f(ap — A(xo)) and Z = Zj,
we obtain (jj); while by setting Y = Yy and Z = 0 in (12), we obtain (jjj). |



Remark. Item (jjj) in Corollary 4 can be interpreted as a condition of approximate com-
plementary slackness for Zy and b — B(xg). Namely, we have Zy(b — B(xzg)) € —Kw
and Zo(b — B(xo)) ¢ —e — (Kw \ {0}). Hence, Zo(b — B(xg)) is contained in the set
(—Kw \ [-e — Kw]) U{—e}. In the case of a finite dimensional space W this is a bounded
set if we claim Ky D (#) Ky . Putting e = 0, this relation implies the well-known condition

Zo(b - B(a?o)) =0.
Theorem 5 Let Ky be a pointed convex cone in W satisfying Ky DO Ky, let e be an element
in Ky, and let (ag,x0, Yo, Zo) € D be a (Kw,e)-saddle point of L with respect to D. Then
(ag, x0) is a (Ky,&)-minimal point of F[S], where
e:=e+ f(ao — A(zo)) — Yo(ao — A(z0)) — Zo(b — B(xo))
is the approximation error.

Proof. According to property (j) in Corollary 4, we have (ag,xo) € S. We suppose that
there is a (a,x) € S such that

F(a,z) € F(ag,z0) — & — (Kw \ {0}).
This means that
F(a,z) € L(ag, zo, Yo, Zo) — e — (Kw \ {0}).
Hence we have
F(a7$) - Kw C L(CL(),ZL‘(], Yo, ZO) —€— (KW \ {0})
But, on the other hand, in view of
fla—A(x)) — Yo(a — A(x)) — Zo(b— B(x)) € Kw + Kw C Kw,
we have
L(a,x,Y0, Z0) = Fla,x) —[f(a,x) = Yo(a — A(x)) — Zo(b— B(x))]
€ F(a,z)— K.
Consequently, it results that
L(a,ﬂf,%, ZO) S L(CLO,I‘O,}/Q, ZO) —€— (KW \ {O})u
which contradicts condition (i) in Theorem 3. |
Theorem 6 Let (W, |||) be a Banach space and let L(U, W) be reflexive. We assume the
existence of a feasible point (a,x) € S with B(Z) — b € int K. Moreover, we suppose that )
is bounded. Let Ky be a pointed convex cone in W satisfying int (Ky ) U {0} D cl Ky, let e
be an element in Ky, and let (ag,z0) € S be a (Kw,e)-minimal point of F[S]. Then there

exist operators Yo € Y and Zy € Z, such that (ag, xo, Yo, Zo) is a (Kw,e)-saddle point of L
with respect to D.

Proof. Under the given assumptions there exists some A € int Kjj, (cf. Theorem 5.11 in
[3]) such that (ag,zo) belongs to Min(F'[S], A\, e). Theorem 2 implies the existence of a pair
(Yo, Zo) € Y x Z such that (ag, xo, Yo, Zo) is a (A, e)—saddle point of L with respect to D. From
the strict Ky—monotonicity of A, we can conclude that (ag, xo, Yo, Zo) is also a (K, e)—saddle
point of L with respect to D. |
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