FRACTIONAL WHITE NOISE PERTURBATIONS OF
PARABOLIC VOLTERRA EQUATIONS

STEFAN SPERLICH AND MATHIAS WILKE

Abstract. Aim of this work is to extend the results of Clément, Da Prato
& Priiss [3] on the fractional white noise perturbation with Hurst parameter
H € (0,1). We will obtain similar results and it will turn out that the regularity

of the solution u(t) increases with Hurst parameter H.

1. INTRODUCTION AND NOTATIONS

We are given a separable Hilbert space H with norm |-|3 and inner product (-]-).

Let A be a closed linear densely defined operator in H, and b € L;(RR4) a scalar

kernel. As in [3] we consider the integro-differential equation

a(t) +/0 bt — ) Au(r)dr = (1), &3>0,

u(0) = uyp.

(1.1)

Here the initial value ug is assumed to be an element of H and the forcing
function f shall be of the form

F(t) = h(t) + Q2B (1),

with deterministic part h € Lj 1oc(R4;H) and B" is a standard cylindrical frac-
tional Brownian motion in H with Hurst parameter H € (0,1) (e.g. Grecksch and

Anh [7]) with corresponding fractional white noise B".

Because problem (1.1) is motivated from applications of linear viscoelastic ma-
terial behavior, we consider G C R” to be an open and bounded domain and the
operator —A to be an elliptic differential operator like the Laplacian, the elasticity

operator, or the Stokes operator, together with appropriate boundary conditions
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(e.g. Priiss [10, Section 1.5]). In the following we are particulary interested in the
case H = La(G).

Hypothesis (A). A is an unbounded, selfadjoint, positive definite operator in H
with compact resolvent. Consequently, the eigenvalues p, of A form a mondecreas-
ing sequence with lim, o i, = 00, the corresponding eigenvectors (en)neny C H

form an orthonormal basis of H.

Hypothesis (e). There is a constant C > 0 such that
len(© SO and  |Ven(§)] < Opy/?,

where n € N and € € G.

Hypothesis (b). b € Li(Ry) is 3-monotone, i.e. b and —b are nonnegative,

nonincreasing, convex; in addition,
1 rt
.3 fo Tb(T)dT

(1.2) =0 fg —7b(r)dr

< 0.

Priiss proved in [10, Section I.1] that if (A) and (b) are valid, the integrated
version of problem (1.1) admits a resolvent S(¢) (which is strongly continuous,
uniformly bounded by 1, with lim; .o |S(t)|(3) = 0 and S € L1 (R4 ;B(H))) such

that the unique mild solution of (1.1) is given by the variation of parameters formula

t

(1.3) u(t) = S(t)uo +/ St —7)f(r)dr, ¢>0,
0

whenever uy € H and f € L1 10.(R4; H).

By means of the spectral decomposition of A, the resolvent family S(¢) can be

written explicitly as

(1.4) S(t)x = isn(t)(ﬂen)en, t>0, xz€eH,

n=1

where the scalar functions s, (t) are the solutions of the scalar problems

(1.5) Sn(t) + n /Ot b(t — T)sn(T)dr =0, t>0, s,(0)=L1.

Next we want to give an abstract formulation of the assumptions on the covariance

Q and the fractional white noise B".

Hypothesis (B). Q € %21 (H) is selfadjoint, positive semi-definite and commutes
with the operator A, i.e. there is a sequence (7v,) € 1(R4), such that Qe,, = Ynen
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for alln € N. BH(t) is of the form
(1.6) (BA(t)|z) =) Bl(t)(xlen), teR, zeH,
n=0

where BH(t) are mutually independent real valued fractional Brownian motions with
Hurst parameter H € (0,1) on the probability space (Q, F,P).

It is well known that B(¢) (as in (1.6)) is not a well defined H-valued random
variable. However, due to BY(t) : Q@ — H-1/2, where Hg-1/2 is the completion of
‘H with respect to the norm |ac|22,1/2 = |Q ™' %x|y, © € H, the forcing function f
is well defined since Q'/2BH(t) is a mapping with values in H.

In the sequel an upper index (t), t > 0 at a function f : R, — R means

£ () = fe=7) 7<t;

0 T >t

Moreover, we will make use of the theory of integration with respect to fractional
Brownian motions, which is provided by Pipiras and Taqqu [9]. Hence we denote

the fractional integral of order o > 0 of a function ¢ by Z%¢, precisely this means
1
T0)0) = g [ o= Nan reR

where (z)y = 0if x < 0, and (z); = « if £ > 0. By means of the Marchaud
fractional derivative we introduce the left inverse of Z% as D for a > 0, i.e. for

appropriate functions ¢ it holds that

(1.7) D(I¢) = ¢.

Next we want to characterize the class of integrands f with respect to a fractional
Brownian motion, such that the integral [, f(7)dB"(7) is well defined. In order to
study the most general case, we consider the space Ay for integrands in the time

domain which arises as
L 2
(1.8) Ap = {f : /]R [(foHf)(r)] dr < oo} for 0<H<3,

or alternatively as

2
(1.9) Ay = {f : / [(IH_%f)(r)} dr < oo} for I <H<L.
R
In both cases Ay is a linear space with inner product

_PHHE ) [ it Do (s
ne= gty [ @ NO@ e



4 S. SPERLICH AND M. WILKE

or accordingly

=

M?(H+ %)

(fl9)an = ICED)

/R (@4 ) () (@ Eg)(r)ar,

[V

where

1/2

oo 1
H) = 1 H_ H12 g T
C(H) [/O [(A+7)"—7"] T+ T
Pipiras and Taqqu proved in [9, Proposition 3.2], that the embeddings

hold true for H € (3,1).
In the spectral domain we are interested in integrands being a member of the

homogeneous Bessel potential space of order % — H,

i} H(w) = {f € 5*(R): [ FAPIr 2 ar < oo},

where &* is the space of tempered distributions. It is well known, that for f €

HéfH(I[{) the Fourier transform of ZH=2 f or Dz Hf is
(1.11) Vpoy (@) (F)@)[z]2 ™ = (F ) (@) (i) ",
where

Ya(®) = e X aso) + €™ X(acoy, TER.

Here x s denotes the indicator function of the set M. Hence by Plancherel’s The-
orem it holds that

(1.12) [y

An easy calculus shows that the identity

(113) o, =2]( [ 10050 ([ striaso))

holds for all f,g € £ , where £ denotes the set of all elementary functions. Since
€ is dense in Ay (see [9, Theorems 3.2 resp. 3.3]) equation (1.13) holds for all

f7geAH~
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Remark.

(i) Since by (1.11) F(Z=*f) = F(D*f) and by Plancherel’s Theorem the norm

in H5(R) can be rewritten as

D flpymy 620

(1.14) s =
2 T flpymy 16<0

(ii) Observe that equation (1.13) also holds on an arbitrary set M C R. This can
be seen by replacing f and g by fxar and gxas, respectively.

The plan of our paper is as follows. In Section 2 we state the main results
about fractional white noise perturbations of equations in linear viscoelasticity,
i.e. equation (1.1), assuming the Hypotheses (A), (b), and (B) explained above.
These results are proved in Section 3 by means of the methods introduced in the
monograph by Da Prato and Zabczyk [5], adapted to evolutionary integral equations
in Clément and Da Prato [1], [2]. The required estimates were already available
and taken from Monniaux and Priiss [8] and Clément, Da Prato & Priiss [3].

Section 4 is devoted to a study of the equation
U+ go * Au = gg « QY2 BM

on the halfline, where g, (t) = t*71/T'(x), t > 0 for & > 0 denotes the Riemann-

Liouville kernel of fractional integration.

2. MAIN RESULTS

Concentrating on the stochastic case we let h(t) = 0, i.e. f(t) = QV/2BH(t);
w.lo.g. we set up = 0. This means that we have to investigate the stochastic

convolution
(2.1) u(t) = /O S(t = P)A(QV2BH)(7), t>0.

In virtue of the spectral decompositions of A and ) we may rewrite
oo t

(2.2) ut) =YV / sn(t — T)en,dpli(r), t>0.
n=1 0

Our main result on problem (1.1) reads as follows.

Theorem 1. Let H € (0,1). Assume that Hypotheses (A), (b), (B) are valid and

suppose

2H

(2.3) S qugin * < o,
n=1
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where
2 ~

(2.4) p =1+ —sup{|argb(\)| : Re A > 0}.
T

Then the series (2.2) converges in La2(Q;H), uniformly in t on bounded subsets of
R+ and u € Cy(Ry; La(H)). u(t) is a Gaussian random variable with mean zero

and covariance operator Q:, defined by

(2.5) Q=)

2
sfﬁ,/’yn (zlen)en, x € H,

An

and we have Tr[Q;] < cy Tr[QA—2H/7].
If in addition, there is 6 € (0,1) such that

2H(9—1)

(2.6) Zvn,un < oo,
n=1

then for each o € (0,0H), the trajectories of u(t) are almost everywhere a-Hélder-
continuous, i.e. u € Cf'(Ry; La(QH)).
In case H = Lo(G) and Hypothesis (e) as well as

6—2H

(2.7) D Anbn© < o0,
n=1

are met, the trajectories of u(t,£) are almost surely a-Hélder-continuous in &, for
each exponent o € (0,0), i.e. u € Cp(Ry; C*(G; L2(Q))).

Here and in the sequel we denote by ¢y > 0 a generic constant depending on H.

Remark.

(i) A, is isometrically isomorphic to Ly(R). In this sense Theorem 1 is a gener-
alization of [3, Theorem 2.1].

(ii) Note that by Hypothesis (A) and (b) the problem under consideration is
parabolic, i.e. p € [1,2).

3. PROOF OF THE MAIN RESULTS

The idea of the proof is, of course, similar to Clément et al. [3] and follows the

arguments for the Cauchy problem presented in Da Prato and Zabczyk [5].

Let us cite a useful lemma which was proven in [3, Lemma 3.1]:

Lemma 3.1. Suppose the kernel b(t) is subject to Hypothesis (b), and let p € (1,2)
be defined by (2.4). Then for every n € IN it is

(i) Jsn(t) <1 for allt, i > 0;
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(ii) [8nlr, () < C for all pu, > 0;
(iii) [ténlr, (By) < Cugl/p for all py, > 0;
(i) |8nlL, (ry) < C’uﬁl/p for all u, >0,

where C' > 0 denotes a constant which is independent of i, > 0.

Now, let the hypotheses of Theorem 1 be fulfilled. Observe that for H € (%, 1)
by (iv) and (i) of Lemma 3.1 the functions st belongs to L1 (R)N La(RR) and hence
by embedding (1.10) to Ay. So by identity (1.13) we obtain

(3.1)  Elu(t) H_CHZ%/[ és;w)(r)]?dr:c,,i% H

As a result of [11, Theorem 5.3] the operator Z"~2 is bounded from Ly /4(R) into
Ly(R). Thus we have by (i) and (iv) of Lemma 3.1

7%57{?)

L2(R) .

(32) Elu(t)lf < cn Yy valsi (7, ) < v D mlst [Fmy < cm D vumn >

n=1 n=1 n=1

which is finite by assumption. In the case H € (0, ) one may argue as in the latter

situation to obtain

HZ’Yn‘S

o0
(33) BB =cnd v [P0

n=1

N w\»a

"®)
and hence by interpolation and Lemma 3.1

(1—-H
(34)  Elu(t)l3 < CHZ%|5 12 - s ), < CHZv [kl

n=1

holds.

Thus u(t) is a zero mean H-valued Gaussian random variable. Let Q. be its

covariance operator, then for H € (3,1)

(@Quelyhe = E [(w(®]) (D))
- Z% calo)(eali)E [ (P10t

2

= Eg,ﬁ'f)) éenm(eny) [ a0 ) ar
- wf; f_oj ( /R (@25 v (Pdr(eala)en y) ,

and with help of (3.1) and (3.2) Tr[Q;] < cy Tr[QA~2H/?] follows. Replacing IH-2
by D2~ yields the claim for H € (0, ).
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Concerning Holder-continuity we will use the following two estimates with the

convention s, (7) = 0 for 7 < 0.

Lemma 3.2. Suppose that the kernel b(t) is subject to Hypothesis (b) and let
€ (1,2). Then for each 6 € (0,1) there is a constant Cy > 0 such that

t
(3.5) / |sn(t —7)|"dr < Could= /Pt — 2|, 0<z<t,

and

(3.6) / (sn(t — 7) — sn(@ — T)|Fdr < Cop® D/t — alf, <t

— 0o

The proof of Lemma 3.2 follows exactly the lines of [3, Proof of Lemma 3.1].

Therefore we omit it.

For H € (3,1) we use the identity (1.13) to obtain
Elu(t) — u(@)f3; = E(u(t) — u(x)|u(t) N = Z% = si s = s )a,
e 2
= CHZ% 7" 2(87@ - SW)L ®) < CHZ’MS w>‘%1/H(]R)
n=1 n=1

and we have

x t
|s<t —s ILI/H: [/ |8n(t—T)—Sn($—T)|1/HdT+/ |Sn(t—7')|1/HdT:|

For H € (0, 3) it is

H

Rl 2
Elu(t) = u(@)f; = eu>_ o |DE M2 — 50

el L2(R)
and the estimate
2
1_ T x x
(37)  [PEAGH s <els =Sl gy < AsE) = s oy

holds for sufficient large n € IN, by interpolation and Lemma 3.1. Thus by employ-
ing Lemmata 3.1 and 3.2 this yields

Elu(t) — u(2)]3, < CH\t*x\zeHZ’Y pn 001,

n=1
for H € (0,1) and we may conclude Holder-continuity of w(t) as in the proofs
given in Clément and Da Prato [1] or [2]. Similarly, in case (e) holds, we obtain

Holder-continuity in space from the identities

o | (© = et

Mwoﬂwn—wz%

Esn
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for He (5,1) and

1
2

pi-Hn [
" Ly (R)

Elu(t,€) = u(t,n)|* = cu Yy len(€) — en(n)]?
n=1

for H € (0, 3) respectively.

4. FRACTIONAL DERIVATIVES AND FRACTIONAL WHITE NOISE

In the remaining part of this paper we take up a different viewpoint to equations

with fractional noise. We consider the problems
(4.1) U+ go * Au = gz * QY/?BY

in the Hilbert space H, where the operator A is subject to Hypothesis (A) and also
to (e) if appropriate, the covariance @ and the fractional Brownian motion B are
subject to (B), and g, denotes the fractional integration kernel

=1

g (t) = m, t>0,

where £ > 0. Note that if we set 8 =1 and a = g,, for a € (0,1] equation (4.1) is
a special case of problem (1.1).
For a € (0,2), B > 0, define the scalar fundamental solution of (4.1) by

(12) A=Y X

= — = , ReA>0, A=#£0, n >0,
1+ 'U'ngoz(/\) AB()‘Q =+ ,LLn) # :

where 7, denotes the Laplace transform of r,. Furthermore with the convention

rn(7) = 0 for 7 < 0 we have by the Paley-Wiener Theorem

2| |1-2H
n|.1_ = ¥, n )\ P P d
‘T |H2% H(]R) / |( r )( )l | | P

lp|* 2 1-aH
<o [ [t Il
r PP (o™ + 1)
> P 2 1 on
:26,/ [7} p—dp
“Jo LoP(p™ + pn)

2(1—B—H) o] Ta—ﬂ—H-i-% 2d
=2c « {7} T,

(4.3)

and the right integral is finite if and only if 1 — H < 8 < 1 — H+ «. Thus by
isomorphism (1.12) r,, belongs to Ay whenever « € (0,2) and 8 € (1—H,1—H+a).

The solution of (4.1) can be rewritten as

(4.4) u(t) => \Vn /O ot —7)dBH(T)en, t>0,

n=1
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and therefore as in Section 3 it is by means of representation (1.14)

(4.5) Elu(t) CHZ’Yn"’" W 3
2
as well as
o0
4.6 Elu(t) — u(z)|?, = ¢ | — ol 2
(4.6) u(t) = u(@)|F = cu D el —rf |H§_H(R)
and in case H = L2(G) and (e) is valid
(4.7) Elu(t,§) — = CHZ%W\ |en &) —en(n)*.
Moreover
(t) < | — [,-(0) —
|Tn |H2%_H(]R+) > |Tn ‘HE_H(]R) ‘Tn |H2%_H(]R) |Tn|H2%_H(]R+)

holds ¢ > 0, as soon as 7, € HQ%_H(RQ. Identities (4.5) and (4.6) show that the
solution u(t) of (4.1) exists and is continuous in Ly (€2; H) if and only if

(4.8) o1 = 'yn|rn|2. 1 < 0.
,;1 i3 ")
Next observe that we have for H € (3,1)
M3 () — pio)) / ] (T3 — (@) (r )\ZdT
2
:/ ](z”*ar;@)(fft) — @O - )| dr
2
_ IH §T<) T —t+ IH—1<) .
— ¢ Yo —t+) = 0],
< ‘IH*%HO) ’ It — 2|2
N "B L)
and analogue for H € (0, 1)
D57H(T’<t> - <m>) 2 < ’D%7HT(0) = x|29
" La(R) "t B ) ’

where By (R) denotes a Besov space. Now we have the embedding
H3(R) < Bj . (R),
cf. [12, Theorem 2.3.2 (c¢)], and the apparent relation

|D“f|H29 ik >0,

(4.9) |F gy + L gonmy =
2( ) H2 (]R) |-’Z-7Kf‘H29 TR < 0
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So the condition

o0 2
(4.10) 7 ,;% [T"Hé”mn Tl gersong,,| <o
implies Holder continuity of u(t) in time of order §. Finally from (e) we obtain by
interpolation
lea(€) = en(n)] < Cl& —nl"w5/?,
hence
(4.11) 03 1= ;VMLZ'T"‘;%*H(]R” < 00

yields Holder-continuity of u(t, £) in space £ of order 6. Therefore the goal is to esti-
S o4l
mate the Hg+2 H(

solutions of the scalar problems

R )-norms of r,,, where the functions r,(¢) are the fundamental

(4.12) Tn + tnGa * Tn = g3

This will be done by the following Lemma.

Lemma 4.1. Suppose a € (0,2), >0, 0 € [0,1], and let r,(t) denote the solution
of (4.12). Then
i 2(1-6+0—H)
Tnl| ", 1_ S Ca,ﬁﬁp‘ “ 9 22 > 07
iy T Ry "

whenever 3 € (1—H+6,1—-H+ a).

Proof. Again we extend the functions r, trivially on negative halfline. Let
He (%, 1). We first consider the case § = 0. Then by the Paley-Wiener theorem,
IH=2r, € Ly(R) if and only if Ii%\Tn € 4% (C,), the Hardy space of exponent
2 and |IH*%7",L|L2(]R) = (1/\/%)|I@n|%(@+). Applying the Paley-Wiener theo-
rem one more time, it suffices to show that F(ZH2r,) € Ly(R). Now we may use
(1.11) to compute

H-3 2 DO P ? —2H+1
/]R‘f(f ““n)(p)) dp S/O [pﬁ(pa +,un)} p~2dp
and we have seen in (4.3) that the right integral converges if and only if 8 €
(1-H,1—-H+ ). In case § # 0, observe that |- |r,®) + |D? - |L,(r) defines
an equivalent norm in H§(R), hence replacing 3 by 3 — 6 the result follows by
Plancherel’s Theorem. For H € (0, %) one may proceed as above with replacing
IH-3 by DM, O

Now we are in the position to state our result on (4.1).
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Theorem 2. Let o € (0,2), 8> 0, 0 € [0,1] such that € (1—H+6,1—H+ «).
Assume that (A) and (B) are satisfied.
(1) If

2(1—B—H)

Z%un ¢ <
then the solution u of (4.1) exists and belongs to Cyp(Ry; La(Q;H)).
(i) If

2(1-B+0—H)

Z%un " <o
then u € CY(Ry; Lo (S H)).
(iii) If H = Lo(G), (e) holds, and

2(1—B—H)+ab

Z%un <o

then u € Cyp(R4; CY(G; La(2))).

Proof. Use Lemma 4.1 to estimate the quantities o;, i = 1,2, 3. (]

Example. Let H = Ly(0,7), A = AJ', where Ay = —(d/dx)? with domain
D(Ap) = H2(0,7) N }0121 (0, 7). It is obvious that A is subject to Hypothesis (A)
and it is well known that eigenvalues of A are uy = k?™ for k € IN. The covariance

@ is given by its spectral decomposition

Qr =Y (wler)er,

with (v )ken C (0,1] such that >y, & < co. For our example we choose v, = k',

[ > 1, and we obtain

2(1—B—H) l_l
Z%“k E <00 <= 6>1—H—a( );
4m
2(1—B+6—H) -1
ZW”I@ T <o = ﬂ>1—H+0—a(Tn);
2(1—B—H)+af 049 l—l
ZWCMI@ « <o = ([>1—-H+—-— o )
2 4m

Obviously the latter series converge for all 5 € (1 — H+ 6,1 — H+ «), hence Theo-
rem 2 applies independently from the choice of [ and m. Observe that the spatial
regularity is better than in time and that for H € (%, 1) the regularity in space and
in time is better than in case H = 1. On the other hand regularity degrade for

2
H e (0,3).
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