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Abstract

The construction of s-stage explicit two- and three-step peer methods of order
p = 2s and p = 3s is considered for the solution of non-stiff second order initial
value problems where the right-hand side does not depend on y’. By additional
conditions superconvergence of order p + 1 can be achieved. Further criteria for
good methods are large stability intervals and small error constants. Numerical
tests of these peer methods in MATLAB and comparisons with a Runge-Kutta-
Nystrom method show the efficiency of the proposed methods.

Keywords. Explicit peer methods, non-stiff second order ODE systems, parallel meth-
ods for ODEs, Runge-Kutta-Nystrém methods

1 Introduction

In this paper we consider explicit two- and three-step peer methods for the solution
of second order differential equations where the right-hand side does not depend on 3/’
Second order differential equations appear in many applications particularly in physical
problems. For problems with negligible friction, like celestial mechanics problems, one
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often has to solve those special second order differential equations.

Explicit peer methods for the solution of first order differential equations demonstrated
their efficiency in [1], [8], [9] and [7]. The peer property means that all stages of the
method have similar properties, for instance, the same order. Hence, these methods may
easily provide dense output. A subclass of these methods also allows parallel implemen-
tation. In this paper we will consider peer methods for second order equations.

This paper is organized as follows: In Section 2 we formulate the classes of explicit
two- and three-step peer methods.

In Section 3 we consider the theory of multi-step peer methods, addressing order condi-
tions, stability and convergence. We construct methods which are optimally zero stable
and present a condition for superconvergence.

Implementation issues are discussed in Section 4, for instance, how to avoid regularity
difficulties which arise in the implementation of high order peer methods.

In Section 5 we present eight peer methods and their properties like error constants and
stability intervals. We test these peer methods on widely accepted test problems and
compare them with a Runge-Kutta-Nystrom method.

Finally we give some conclusions and an outlook for future work.

2 Formulation of the methods

Explicit two-step peer methods for first order problems were considered in [1] and [8], in
parallel form also in [9] and [7]. The second order differential equation

"= f(t7y)a te [t07te]7 y(tO) = Yo € Rn7 y/(tﬂ) = y(/) € R™ (1)

may be replaced by a system of first order. Applying a standard peer method to this
first order system we obtain

)= (8 ) ) em (0 ) () e (8 2) (7))

The method uses time steps of length h,,, = t,, —t,,_1 and its s stages are associated with

solution values at offstep points t,,; = t,, + hpci, i = 1,...,s. We used the notations
Yo = (Ymi)izy € RT with Yimi 2 y(tmi ),
Z = (Zi)i—y € R¥" with Zmi = Y (tmi),

Fo = (f(tm, Ymi))i=1 € R



and A, B, R € R*** where R is a strictly lower triangular matrix. Putting Z,, into the
equation for Y,, we obtain the equivalent formulation

Yy = BY,; 1 + hy(A+ RB)Z,, 1 + h2, RAF,, | + h2 R*F,,
Zm = BZy 1+ hpnAFy 1 + h,RE,

Evidently, we can gain additional degrees of freedom in this scheme by considering a
partitioned method of the form

Y = BY, 1+ hpAZy o+ h2,QF, 1 + h2 RE,,
Zm = B\Zm—l + hm@Fm—l + hméFm

with A = (ay)), B = (b;), Q = (a), R = (r3), Q = (@), B = (byy), R = (7)) € R™".
With a strictly lower triangular matrix R an explicit method is obtained.

Remark 1:

This formulation of peer methods has more degrees of freedom than the formulation
of peer methods for first order differential equations: The matrices @, Q, B and R are
independent of A, B and R, R has s — 1 non-zero entries more than R? has. The most
important advantage is the fact that the matrix R can be dense because Z,, is not needed
to compute F,.

Remark 2:

The choice R = 0 leads to parallel methods where the s stages for Y,, and those for Z,,
can be computed in parallel. However, we did not consider the case R=0 leading to
methods with 2s parallel stages. So, the sequential methods use more information only
in the computation of Y;, and we expect that parallel methods (in a sequential imple-
mentation) perform almost as well as sequential methods.

In this paper we will also consider the generalization to partitioned three-step peer
methods

Yo = BYy 1+ hyAZy 1+ B2 PE, o+ h2QF, 1+ h2 RF,, (2)
Ty = BZp1 + hinPFp—g + hynQFn_1 + hyy RF),. (3)

This is the general form for theoretical investigations but in Section 5 we will also present
two-step peer methods with P = P = 0.



3 Order and stability

Consistency of the peer methods is discussed by considering the local residuals obtained
by substituting the exact solution y into the method:

A = y(tmi) — Z bijy(tm-17) = hm Z @iy (tm-1,5) — hr, Zpijy"(tmfzj)
j=1 j=1 J=1
S i—1
— 15 > @y (bnry) = B2 iy (b)),
=1 i=1
Ai = (tmi) = > bt/ (tm13) = Bn D Dty (bm-25) = b Y @59 (t15)
j=1 j=1 J=1

_hmz?\ijy”(tmj)y 7= ]_,...,S.
j=1

Definition 1 A peer method has order of consistency p, if

max A,,; = O(hPH) and max A = O(hPHY).

Taylor expansion at t,, leads to the following theorem.

Theorem 1 A peer method has order of consistency p, if
AB(k) =0, k=0,1,...,p,
AB(k)=0, k=0,1,....p

G-l 1)1%2

~ (g —DF ~ (gD ~ (%
ABZ(]{Z) = Cf — sz]]— — k‘ZaijjaT — k?(k? — 1) ZPUT
T j=1

7=1 7j=1
s k s c;j—1 k—1 s k—1
— P (- D) (- (-1
ABi(k) =) = ) b= —— —k ijT_kZ%]UT
7j=1 7j=1 7=1
s
—k ﬂjcf_l, 1=1,...,8



An important source of difficulties for the rest of the paper is the dependence of these
conditions on the two step size ratios

for three-step methods. -

The collected order conditions AB(k) = 0, AB(k) =0, k = 0,...,p can be written in
compact matrix form. With the aim of obtaining order p < 3s we introduce the diagonal
matrices C' = diag(cy,...,cs) € R D = diag(1,2,...,p), S = diag(1l,0,...,0771) €
RP*Pand the rectangular s x p-matrices

1 ¢ --- &7 01 - 72
Vo=1: + . |, Vo=1|:: . |,

1 ¢ -+ &1 01 - b2

1 =1 -+ (¢ —1)p? 01 -+ (c1—1)r2
Vi=|: - : 7 Vi=|: : - : ,

1 cg—1 -+ (cg—1)p1 01 -+ (co—1)P2

The first conditions AB(0) = AB (0) = 0 are very simple

Bl=1,
Bl=1, (4)



where 1= (1,..., 1)T. The other conditions 1 < k£ < p < 3s lead to the matrix equations

ViDS1
~ 1 ~
(A Q@ P)|oViD(D-1DS| =CVy——=B(C—-1V;S™' = RV,D(D —1)
oVaD(D — )5 7
~ ~ ~ VlDSil 1 ~
(@ & P)| wb |=cvi-—BC-nus
VaDS1 7

Note, that DS~! is a common right factor on the left hand side of these equations.
Depending on the required order of the methods we have to discuss the regularity of
parts of the matrices

Vi
Vi= | Vi(D-1)| e R®, (5)
Va(D = 1)
Vi
V=[S | € R¥*P (6)
Va

Order p = s can be obtained by solving for the matrices A and @, if V; is regular.
For order p = 2s we additionally need ¢ and R and the regularity of the first two
blocks in (5,6). And for order p = 3s all matrices A, @, P, @, R and P are used by
requiring the regularity of the full matrices V, V. In the next section we will see how
to reduce the computational effort and avoid possible singularities. More information on
the Vandermonde structure of the matrices V,V follows in Section 4.

Applying the peer method with constant step size to the test equation

y' = —wy
gives the recursion
Ym—l Ym—2
Yoo | =M(2) | Y
h,Zm th—l

with 2z := thw and the stability matrix

0 I 0
M(z) = 22(I —22R)~'P (I —22R)~1(B+ 2%Q) (I -—22R)"1A .
2P+ 2*R(I — 2°R)7'P 22Q + 22R(I — 2?2R)"Y(B + 2%Q) B+ 2?R(I — 2’R)"'A
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0 7 0

M@O)=10 B A (7)
0 0 B

has block triangular form and its eigenvalues are those of B, B and zero with multiplicity

s. In analogy to the definition of zero stability of general linear methods for second order
problems in [6] we define zero stability for peer methods.

Definition 2 A peer method is zero stable, if the eigenvalues \ of B and A ofé satisfy
the following conditions:

Al <1 and {IA\l=1 = Xissimple,}
m <1 and {]X| =1 = Ais simple. }

We note that this condition is weaker than power boundedness of M (0) since one is an
eigenvalue of M (0) with multiplicity 2 due to (4).

Definition 3 The stability interval of a peer method is defined by
S:={z€iR:p(M(z)) <1 Verlz| <|z|}.
We now come to the main convergence result and we denote the global errors by

Em =Y (tm) — Y with Y (tm) := (y(tmi))izy
Em = Z(tm) — Zm with Z(tm) == (¢ (tmi))i—y

Definition 4 A peer method has order of convergence p, if there is a constant C' with

|leml] < CHP,
|[Emll < ChP

where h := max,, h.,.
Theorem 2 Let the following conditions for the peer method (2) be satisfied.

e The peer method has order of consistency p.

e The peer method is zero stable.



e The initial values have order p, i.e. e = O(hE), e = O(hY), & = O(hf) and

e 5,0 € (1—-6,1+49) for a sufficiently small 6 > 0 and the matrices B, B and R are
constant.

Then this peer method has order of convergence p.

Proof: For simplicity of notation we consider the scalar case. With the notation

s

F(Y (tn)) = (f(tmi,y(tmﬁ)). .

1=

the local residuals are given by

Am = Y(tm) - BY<tm—l) - hmAmZ(tm—l) - h%szF(Y<tm—2)) o hganF(Y(tm—I»
— B RF(Y (1)),
A = Z(tm) = BZ(ty 1) = hn P F (Y () = honQu F (Y (tn 1)) = B B (Y (1))

and therefore in the m-th the global errors in y and 3’ satisfy

Em =Y (tm) — Yn
- Y(tm> - BYm,1 - hmAmZm,1 - hzanFm,Q - hganFm,1 - hanFm

= Bey1 + hnApE1 + 12, Py, <F(Y(tm,2)) . Fm,Q)
2@ (F(Y (b)) = Pt ) + B2 R(F(Y (b)) = F) + D,
Em = Z(tm) — Zm
= Z(tm) — BZp 1 — huPnFr2 = hQuFin 1 — hi R Fo
= Bt + P (F (Y (t2)) = Frna ) + Qo (F (Y (tn1)) = Fonr )
+ ho R (F(Y(tm)) . Fm> + A,
Differences of function values can be replaced with the mean value theorem by
f(tmis Y(tmi)) = Foni = Tni€mi
with

Imi = /01 Ty (y(tmi) + 0(Yomi — y(tmi>)>d9'

8



Therefore it holds:

P, <F(Y(tm_2)) - Fm_Q) = G with Gy, i= Pdiag(Jp_o.)
On <F(Y(tm_1)) - Fm_1> = Hpem with  H,, = Qdiag;(J_1,)
R(F(Y(tm)) - Fm> = Knem with K, := Rdiag;(J,u:)
P, (F(Y(tm,g)) - Fm,Z) = Gnems with Gy, i= Pydiag,(Jp_2.)
O <F(Y(tm_1)) - Fm_1> = Hpems with  Hy, = Ondiag;(J_14)
R, (F(Y(tm)) - Fm) = Roénm with K, i= Rydiag;(Jy)

This leads to the recursion

P~ 2 2 2 2 2 2
€m = Bem_1 + hm—10mApEm_1 + hm_gam_lamegm—Z + hm_lamHmsm—l + thmsm + A4,

Em = BEm,1 + hm720mflame5m72 + hmflamHmEmfl + thmEm + A'rn

By repeated substitution we obtain

m—2 m—2
m 2 : j ~ 2 : 2 j 2 2
Em = B €o + hm_l_jBJO'm_jAm_jEm_l_j + hm—Q—jB]Um—l—jam—ij—jgm—Q—j
J=0 Jj=0
m—2 m—2 m—2
2 J 2 ) 4 2 4 . J .
+ E h‘mflij Umfme,]ém,l,j + E hm,ijfgé‘me + g B Ay,
j=0 Jj=0 Jj=0
m—2 m—2
N S ~. ~ ~. ~
Em = B"e0 + hm—ojB' 0 1-j0m—jGm_jEm—a—j + E him1-jB 0 jHpyjEm—1-
j=0 Jj=0
m—2 m—2
+ E hm—ij—jgm—j + E B]Am_j
j=0 j=0

By assumption the matrices o;A;, UJZ-_IUJZPj, O'JZ-QJ', crj_lajf’j,/\aj@j and }A%j with o; €
(1—0,1+9) are uniformly bounded. Since the matrices B and B are also power bounded
there is a constant ¢ > 0 such that we have for all 0 < j < m — 2:

1BI0mj Amll < e, |1BIo2 0% ;Guill < 1B jHuojll <e. Koyl <o,

m—1—3Ym—j

1B 0m1-j0m—iGmjll < € ||B0m—j | <e, (1Kl < e



Using this fact leads to the inequalities

m—2

m—1

1> b1 B0 jAm— 15| < chal &l + ¢ Y hylIE,

Jj=0

j=2

m—2

1Y s ;B0 10 ;G em—anil| < ehilleol| + chiller]] + ¢ D Billesll,

7=0 =2
m—2 m—1
1D b Blon jHojem il < chllaa]| +¢ Y h3lleyll,
7=0 j=2
m—2 m—1
1D o Ko jemjll < Y R3llegl + chlllemll,
7=0 j=2
m—2 m—2

1D 2 iBlom 1 j0miGmjem-24l| < cholleol| + chulleall + ¢ D hyllesll,

J=0

=2

m—1

m—2
1D b Blom jHojemagll < challedl| + ¢ Y byllell,
=0

J=2

m—2 m
1Y b B el < €D hyllesl
j=0 J=2

Since the peer method has order of consistency p and is zero stable, it holds

-

O(h;) = O(h?)

m—2 m
1Y B Al =c)  On) = o)
= j=2

o

2

<

J

3
N

1Y B Aw =Y O = 0(h)

Jj=2 J

O(hy) = O(h?)

o
ngh

<.

By using these inequalities and the fact that the initial values have order p we obtain

m—1 m—1
(1= ch2 ) llemll < 3" R2llesll + ¢ hylIEs] + d?.

j=2 j=2

10



For sufficiently small step sizes the final relations for the global errors are

m—1

l|em]| gaz llesl| +2> hyllg]] + dh,
7j=2

7j=2

Enll <3¢ 3 hylles ||+ i,

7j=2
m

<N hyllej|| + dne.
j=2

We note that now the error &, is explicitly bounded by ¢; and d only and may be used
to replace €; in the estimate for ¢,

lleml] < CZW&JH +e Zh-l\%H +dh?
j=2

For X; € R the relation

VAN

IN

| /\

oS wel+ 7 Zthmwﬁp

=2 =2
m—1
c ||€y||+022hkzh||5k||+dhp
Jj=2 Jj=
m—1 m—1
ngu(h +thk> + dh?
Jj=2 =j
m—1 "
X hylles (1 + Dt — to)) + db?
=2
m—1
hillejl| + dh? (8)
=2

11



is verified easily. Using this identity with X} := chy we will prove the inequality

m—1

lemll < TT 1+ Xi)dh? (9)
k=2

by induction. We start the induction for m = 2 with (8), i.e.
leal| < dh?.

Now using (9) for 2 < j < m — 1 with m > 3 we get at step m:

-1
lemll < ) chylle;|| + dh”
J

3

Il
)

—1 1
1+ e [+ Xk)) dh?
k=2

<.
|

IA
A/~
I 3

J
-1

3

(1+ Xy)dh?

2

k

Since [TZ5(1 + Xi) < [0S, X+ = € the global error in the y variable has order p,

m—1
lemll < JT (0 + Xp)dh? < eftemto)dh? = dnr.

k=2

For the global error in the derivative 3’ it holds

[1Ell < 3¢ hille;ll +dn”

j=2
< (1+3eY " hy)awr
j=2
< (1 + 3e(t, — to))ahp.
This is convergence of order p. |
Remark 3:

The assumptions of the theorem required the boundedness of the matrices oA, 6202 P,

12



o?Q, U@, GoP and R for 0,0 € (146,14 0) with a sufficiently small 6 > 0 only. This is
a severe restriction for practical implementations and we allow smaller and bigger step
size ratios in Section 4 with additional precautions.

There are many free parameters left for a zero stable explicit three-step peer method.
Our strategy to find good methods is based on choosing coefficient matrices B and B
with the following properties:

e B and B are independent of the step size ratios o and o.
e Band B satisfy the preconsistency conditions B1 = 1 and Bl=1.

e The method is optimally zero stable, i.e. both B and B have only one single non-
zero eigenvalue 1.

The following theorem gives a suitable ansatz which satisfies all of these aims, see [9].

Theorem 3 Let B given by
B=1w"+QwQ™*

where

o v (W -W1 (U -BTQ (1+d7QNH1-Q1
“"(1—5”)’ W“(oT 0 ) Q'_< —7Q 1+07Q1 )

with @ a reqular and W a strictly upper triangular matrix.
Then B has only the single non-zero eigenvalue 1 and furthermore it holds:

Bil=1
Bl = " for j >s—1

Using matrices B and B having the structure used in this theorem a peer method can
even have superconvergence of order p + 1. The vectors v and v are the left eigenvectors
of B resp. B.

Theorem 4 Let the peer method (2) satisfy the following conditions:

e The peer method has order of consistency p.

e The conditions v AB(p+1) =0 and @T@(p +1) =0 are fulfilled.

13



e The initial values have order p+1, i.e. g = O(RX™), 61 = O(WY™), & = O(hF™)
and & = O(h™).

o The matrices B and B are chosen according to Theorem 3, R is constant and
0,0 € (1—0,1406) for a sufficient small § > 0.

Then this peer method is superconvergent of order p + 1.

Proof: Due to v AB(p + 1) = 0 we obtain

m—2 -2 m—2
B Ay :Z Amoj+ > B,
j=0 j=0 j=s—1

_ Z 1" A + O(RPH)

=8—

(hp“)
Analogously it holds
Z BIA,_; = O(h"t).
=0

From order of convergence p (all assumptions of Theorem 2 are satisfied) the rest of the
proof is analogous to the proof of convergence with p + 1 instead of p. |

4 Implementation

The proof of convergence required the uniform boundedness of all step size-dependent
matrices. In order to achieve this goal we must prevent three cases in practice:

e 0 —0

® 00— O

e Specific step size changes may lead to singular matrices (5) or (6).
The first two cases are avoided by bounding the step size ratios

02<0<2

14



But this alone is not sufficient to bound the step size proposals of the step size control
since repeated step rejections could lead to arbitrary small step size ratios. In this case
our implementation does not only repeat the actual but also the previous step. And in
the step after a failed step increase of step size is forbidden. This strategy was proposed
in [4] for ROW-methods.

It is also necessary to avoid matrix singularities. For example we need the regularity
of the o-dependent matrix V in (6) which for p = 3s essentially is a Vandermonde
matrix with the nodes

gc;, Ci—l, Ci—l—(/f\, izl,...,S.

Since step size ratios are positive this matrix is regular if the nodes satisfy the condition
0 < ¢; < 1. Unfortunately, the conditions for the regularity of V' are not so easy to
determine since it is equivalent to the regularity of the following incomplete Hermite
interpolation problem:

Determine a polynom ¢ of degree 3s — 1 with

Q(Ci - 1) = dqi, q/(Cz’ - 1) = (s+i;, q/(Ci —1- 5) = Qasyi fori=1,...,s.

For the methods presented in the next section we specify the intervals for o and o in
which both matrices are regular.

In practice we do not want to restrict the choice of the nodes ¢; or the step size ratios too
much (with the exception of the condition 0.2 < ¢ < 2). So far, it is also very expensive
to solve the order conditions for the coefficients A etc. in each step since the matrices V'
and V' depend on . These two problems, singularity and expensive computations, are
avoided by allowing only specific step size ratios, namely

o €{0.2,05,08,1,1.2,1.5,2} (10)

The step size proposal of the step size control will be rounded to the nearest o from
the above set (10). The matrices for these values were computed once with quadruple
precision and stored. For the step size ratios from this set (10) all V-matrices are regular
for the methods considered in Section 5.

Figure 1 shows the influence of round-off errors on error constants which should be

zero in exact arithmetic. The solid curve represents error constants for the peer method
v3-s2-p6 where the step size-dependent matrices were computed for each step size on

15



AB,__ (k<=p)

-14

error constants

-15

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
step size ratio

10

Figure 1: Influence of roundoff errors on error constants

the o axis with a resolution of 0.002 in double precision. The dotted curve shows the
same error constants for this peer method where the step size-dependent matrices were
computed only for the step sizes from the set (10) with quadruple precision. The error
constants were computed with double precision for both curves. Obviously the dotted
curve shows less rounding errors.

The advantages of higher accuracy and of saving time outweigh the disadvantage by
the restriction to only 7 distinct step size ratios. In our tests there were no big dif-
ferences between a numerical solution computed with arbitrary step size ratios and a
numerical solution with ratios from the set (10). The main advantage is the effort reduc-
tion. Therefore all methods presented in the next section use this kind of implementation.

By an starting procedure analogous to [8] we avoid function evaluations for t < .
Step size control is based on an embedded solution of order 2s — 2.

16



5 Numerical tests

We will present the results for eight peer methods. The first set contains four two-step
methods of order 2s, where P = P = 0, and the second set four three-step methods of
order 3s. The following table gives a survey of their properties. p is the order of consis-
tency, interval denotes the size of the stability interval on the positive imaginary axis.
The error constants are the maximal values for y and 3’ with o = 1. reqularity gives the
intervals on the axes o x & where the matrices (5) and (6) are regular. The suffix -par in
the methods’ names means that these methods are parallel methods with R = 0.

method s p interval v'AB(p+1) maxAB;(p+1) regularity
v2-s3-p6 3 6 0.72 3-107° 3-1071 [0.52, 2]
v2-s3-p6-par | 3 6 0.50 810716 6-10" [0.46, 1.57]
v2-s4-p8 4 8 0.45 3-1076 3-10° [0.64, 2]
v2-sd-pSpar | 4 8  0.53 2.10 2.10? [0.38, 1.65]
v3-52-p6 2 6 105 2107 1-10° [0.17, 2] x [0.17, 2]
v3-52-pb-par | 2 6  0.72 2.10712 210! (0, 2] x (0, 2]
v3-53-p9 3 9 060 9.10~° 510 (0, 2] x (0, 2]
v3-s3-p9-par | 3 9  0.35 4-10° 2102 [0.27, 2] x [0.36, 2]

The peer methods are compared with RKN64 which is a 6-stage Runge-Kutta-Nystrom
method of order 6 using 5 function evaluations per step. Its coefficients are taken from
the floppy disk attached to [2]. For step size control it uses an embedded solution of order
4. RKN64 is also used for the computation of the initial values of the peer methods.

The test examples ARES, AURO, CPEN and PLEI are from [6], Kepler and Solar are
from Chapter 1.2. of [5].

All methods are implemented sequentially in MATLAB. The dotted lines show the the-

oretical potential of the parallel methods when implemented on s processors. Here the
number of function evaluations was divided by the number s of stages.

17



ARES

\ \ —o— RKN64

107 | —+— v2-s3-pf

—¥— v2-s4-p8

—%— v3-s2-pf

v3-s3-p9
10t 1
210"} 1

(]
10° | .
10 1
10° 10*
FCN

Figure 2: Sequential peer methods for the Arenstorf orbit problem

ARES
—o6— RKN64
102 —+—— v2-s3-p6-par
—%— v2-s4-p8-pal
——%—— v3-s2—p6-pal
v3-s3-p9-pa
10° .
2 10°} 1
[}
10° | 1
Y AN
10’10 - v i
10° 10

FCN

Figure 3: Parallel peer methods for the Arenstorf orbit problem
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AURO

—6— RKN64
—+— v2-s3-p6
—¥— v2-s4-p8
—%— v3-s2-pf
v3-s3-p9 |

-2

10

10°

10°

error

-8

10
-10 |

10

10

10_14 1 1 1

10 10 10
FCN

AURO
—O— RKN64
—+— v2-s3-p6-pal
—¥k— v2-s4-p8-pa
——%—— v3-s2—p6-pal
v3-s3-p9-paf |

error

-10

10

10712

-14

10 10 10

Figure 5: Parallel peer methods for the aurora borealis problem

19



CPEN

—©6— RKN64

10 —+— v2-53-p§
—¥— v2-s4-p8
—%— v3-s2-pf
v3-s3-p9
10 |
2 10°}
[}

10710 | i

10 10 10
FCN

Figure 6: Sequential peer methods for the nonlinear coupled pendulum problem
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Figure 7: Parallel peer methods for the nonlinear coupled pendulum problem
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Figure 8: Sequential peer methods for the Pleiades problem
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Figure 9: Parallel peer methods for the Pleiades problem
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Figure 10: Sequential peer methods for the two body problem
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Figure 11: Sequential peer methods for the two body problem with CPU time plot
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Figure 12: Parallel peer methods for the two body problem
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Figure 13: Sequential peer methods for the solar problem
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Figure 14: Sequential peer methods for the solar problem with CPU time plot
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Figure 15: Parallel peer methods for the solar problem
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6 Conclusions and outlook

In the numerical tests the sequential peer methods require far less function evaluations
than RKN64 in all problems except CPEN. On the other hand the overhead of the peer
implementation is much larger. In order to get realistic estimates we also considered the
computing times for two examples (see Figures 11 and 14). Here, for a simple equation of
low dimension (n = 2) like the Kepler problem the clear advantage of the peer methods
over RKN64 on an error versus function evaluations plot (Fig.10) shrinks a lot on an error
versus CPU time plot (Fig.14). This difference decreases for more complicated systems
like the Solar test (n = 18, Fig.13, Fig.14). Since the peer methods perform well even for
these very simple test equations on error versus CPU time plots we think that for more
realistic problems the greater overhead of the peer methods is a negligible disadvantage
compared to RKN64.

The numerical solutions are not very accurate for very sharp tolerances for all considered
methods due to the limited precision in the double format. The complicated computation
of the coefficients of the peer methods makes them more sensitive to rounding errors than
RKNG64. Therefore the achievable accuracy is in general better for RKN64 than for the
peer methods. This behaviour changes when a higher machine precision is used.

The best sequential peer method is v3-s3-p9 and the best parallel method v2-s4-p8-par.
The latter one is more efficient than RKN64 even in a sequential implementation showing
the potential of these peer methods.

The search for good coefficient sets is a difficult problem due to the very different aims.
We think that the methods from the tests are by far not optimal yet but they show the
potential of the considered class of methods.

A point for further investigations are fast solvers for the Vandermonde systems with the
matrices (6,5), see [3]. Here it might help to extend the scheme (2) by additional terms
with Z,,_2. Another interesting field may be four-step peer methods. Using the matrices
B and B from Theorem 3 results like zero stability and superconvergence carry over and
with the additional coefficients methods of order 4s are possible.

Our numerical tests here give only a first impression on the potential of parallel peer
methods, tests on parallel computers are planned. Such parallel tests were performed in
[7] for first order differential equations showing that the speed-up can be nearly s if the
evaluation of the right-hand side is expensive.
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