MAXIMAL L,-REGULARITY OF PARABOLIC PROBLEMS
WITH BOUNDARY DYNAMICS OF RELAXATION TYPE

ROBERT DENK, JAN PRUSS, AND RICO ZACHER

ABSTRACT. In this paper we investigate vector-valued parabolic initial bound-
ary value problems of relaxation type. Typical examples for such boundary
conditions are dynamic boundary conditions or linearized free boundary value
problems like in the Stefan problem. We present a complete Ly-theory for such
problems which is based on maximal regularity of certain model problems.

1. INTRODUCTION

In the present paper we study the vector-valued parabolic initial boundary value
problem of the general form

ou+ A(t,z,D)u = f(t,x) (teJ, ze€q),
Op + Bo(t,x, D)u+ Co(t,x, Dr)p = go(t,x) (t € J, x €T),
(1.1) Bj(t,z,D)u+C;(t,z,Dr)p=g;(t,x) (ted, ze€l,j=1,...,m),
u(0,2) = uo(z) (x € G),
p(0,2) = polx) (2 €T).
Here J = [0,T] is a finite interval or J = Ry := [0,00), and G C R" is an

open connected set with compact smooth boundary G = I'. The function u is
E-valued and p is F-valued, where E and F are Banach spaces of class HT; by
definition, a Banach space E is of class H7 if the Hilbert transform is continuous
in Ly(R; E). The coefficients of the differential operators A and B;, j = 1,...,m,
are B(E)-valued, while those of C; are in B(F,E), j = 1,...,m. The coefficients
of the differential operator By are in B(E, F') and that of Cy in B(F'). A precise
formulation of the assumptions on the operators can be found in Section 2.

Problems of this type arise as suitable linearizations in several contexts. So in
case of problems with dynamic boundary conditions one of the steady boundary
conditions would be p = u|r, say B, = 1 = —Cp, gm = 0. In reaction-diffusion
problems, u would be a vector of concentrations, and p a vector of surface concen-
trations which are related by a steady or unsteady adsorption-desorption process.
This leads to relations of the form p = Qu|r. In another context arising in the
theory of moving boundaries, p is the position of the moving boundary while u
is the interior variable, like a concentration or the temperature. These examples
should give a rough idea of what we have in mind, see Section 3 for other examples
and applications. Generally speaking, whenever we encounter a (nonlinear) para-
bolic problem on a fixed or time-varying domain with dynamics on its boundary,
linearization will lead to a problem of type .

Key words and phrases. Maximal regularity, parabolic initial boundary value problems, dy-
namic boundary conditions, vector-valued Sobolev spaces.
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Here we want to establish a general L,-theory for problems of this type, which
is intimately connected to the concept of maximal regularity of L,-type. This is
well-known for classical parabolic initial-boundary value problems, but seems to
be new for problems of the form . Since the boundary conditions do not act
instantaneously but involve a coupling with a dynamics on the boundary, we call
them Parabolic Problems with Boundary Dynamics of Relazation Type.

We are not aware of any papers dealing with general problems of the form ,
although some results are known in special cases. We comment on some of them
in Section 3.

The plan for this paper is the following. Section 2 contains the statements of the
main results of this paper, namely maximal L,-regularity of and a result on the
associated analytic semigroup in the autonomous case. Examples and applications
of the main results are presented in Section 3, to explain their scope for concrete
problems. The proofs of the main results are given in Section 4, while Sections[f|and
6 deal with the necessity of the relevant Lopatinskii-Shapiro conditions employed
in this paper. In particular, it is shown in Section 6 that these conditions are
necessary.

2. STATEMENT OF THE MAIN RESULTS
Let us consider (1.1) where

Alt,z,D) = Y aq(t,x)D,

o <2m
Bj(t,x,D)= Y bis(t,z)D",
|B|<m;
Ci(t,z,Dr) = > cjy(t,x)D}
[vI<k;

are differential operators of order 2m, 0 < m; < 2m, 0 < k;, respectively, with
m € N and m;, k; € Ng. The symbols D resp. Dr mean —iV resp. —iVr, where V
denotes the gradient in G and Vr the surface gradient on I'. We assume that all
boundary operators B; and at least one C; are nontrivial, and we set k; = —oo in
case C; = 0. The coefficients of these differential operators will be bounded linear
operators, i.e. aq(t,x),b;s(t,x) € B(E), ¢j,(t,x) € B(F,E), for j =1,...,m, while
bog € B(E,F), and cp,(t,z) € B(F'). The initial values ug and py as well as the
right hand sides f and g; are given functions.

We are interested in Ly-theory, i.e. we are looking for solutions (u,p) where
u€ X :=L,(J;L,(G;E)) (1 <p < o0) is such that

w € Zy = H)(J; Ly(G; E)) N Lp(J; H™(G; E)).

Here H;ﬁ stands for the standard (vector-valued) Sobolev space of integer order.
Trace theorems then imply that the initial value ug of v must belong to

T Ly = ng(l_l/p) (@),
provided 2m/p ¢ N, and the traces of the derivatives Du on I' belong to the spaces
Y == Wy (J; Lp(T; B)) 0 Ly (J; W™ (T3 E)),
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whenever |3 < m;, with
kj=1—m;/2m—1/2mp (j=1,...m);

here W denotes the vector-valued Sobolev-Slobodeckii space of non-integer order s.
Taking these spaces as the natural spaces for the boundary data g;, and observing
that C; is of order k;, p should belong to the spaces

p € Wya (Js Hy? (T3 1) N Ly(J; Wy 2 (D F)) (5= 1,...,m)

whenever k; # —oo0, i.e. whenever p is present in the boundary condition j. On the
other hand, the boundary space for gy this way becomes

Yo := W) (J; Ly(T; F)) N Ly(J; W (T F)),
where kg is defined analogously. Hence p should also satisfy
p € W, (J: Ly(T; F)) N Hy (J; W™ (T3 F)),

and
p € Wj°(J; Hy (T F)) N Ly (J; Wyetm5o(T; F)),

provided ko # —oo. Setting l; = k; — m; + mo and | = max;j—o,. . [;, this means
that we want p to belong to the boundary space

p € Zy =W, (J; Ly(T; F)) N Hy (J; W)™ (T; F))

2.1) N () Wit (J5 Hy (T3 F)) 0 Ly (J; W27 (T3 F)),
jeT

where J := {j € {0,...,m} : k; # —oo}. Note that k; + 2ms; = l; + 2msg <
l + 2mky, for each j € Jy. Observe that the points (k;, x;) and (k; + 2mek;,0) are
on the parallel lines 2mt + s = 2mx; + k; = 2mko + ;.

It is not so easy to determine the trace space 72, where the initial value pg of p
should belong to. Moreover, the time derivative of p may have a trace as well, we
call the corresponding trace space m Z,,.

To find these trace spaces for p and 0;p at time ¢t = 0, we proceed as follows. Take
the convex hull AP of (0,0) and the points corresponding to the indices appearing
in the spaces defining Z,, i.e. (0,1 + ko), (2mko, 1), (k;,K;), and (k; + 2mk;,0),
for j € J. This will be a polygonal set in R? with vertices (0,0), (0,1 + ),
(I + 2mky,0), and some of the remaining vertices generating N"P. The convex set
NP is called the Newton polygon of the problem, and the nontrivial part of the
boundary of NP, i.e. the polygon connecting (0,1 + kg) to (I + 2m#g,0) through
the vertices on the boundary of AP is called the leading part of NP. We then
define the set J as the set of those indices j € {0,...,m} such that either {; = or
(kj, k;) belongs to the leading part of AP which means that all other such points
are in the interior of NP or on the trivial parts of the boundary of AP. The basic
idea to find the time trace spaces is to look at the intersection of the lines (s, 1/p)
with the Newton polygon to find 77, and at (s,1+ 1/p) to get m Z,.

Now we have to distinguish three cases.

Case 1: 1 =2m.
In this case things are simple. Then the points (0, 1+kxo), (2m#ko, 1) and (I4+2m#kg, 0)
are on the same line, which means that the leading part of the Newton polygon is
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the line passing through these points. All other points are below or on this line. In
this case we have

Z, = Wp“'“"(J; L,(T; F)) N Ly(J; W§m+2mo(r; F)),

and we easily obtain 77, = me'("oﬁm(lf1/’7)(I‘;F)7 as well as mZ, =
W,?T'L(Ho_l/p)(F;F) provided kg > 1/p.

Case 2: | < 2m.

Here the leading part of the Newton polygon is formed by the three points (0, 1+£o),
(2mko, 1), and (I+2mko, 0), and none of the points (k;, k;) is on the polygon. This
implies

Zy = WEtro(J; Ly(Ty F)) N Hy (J; W2 (05 F)) N Ly(J; Wm0 (T F)).

Here we have 177, = Wﬁm”°+l(171/p)(F;F), and mZ, = ng(ﬁofl/p)(l";F) pro-
vided ko > 1/p.

Case 3: | > 2m.
In this case the point (2mko, 1) is interior for NP, so we may concentrate on the
points (kj, £;). We may write the space Z, in this case in the form

Z, =W,y (J; Ly(Ts F)) N () Wes (J; HE3 (D3 F)) 0 Ly, (J; WP (T F)),
jeT
a more complicated space than in the previous cases.

Let J = {Jj1,---,Jqua s be arranged in such a way that with growing ¢, the
spatial order kj; increases, hence time order k; decreases, [;, increases as well,
and l;, > 2m for ¢ = 1,...,qmaz- Thus the vertices of the leading part of the
Newton polygon are Py = (0,14 ko), P1 = (kj,, 55,), s Pppa = (Kjo s Kjo . )s
Pyct1 = (I +2mkg,0). It is convenient to define k_; := 0 and k_q := 1+ Ko, i.e.
m_q1:=mg—2m and [_1 = 2m.

We denote the edge connecting P, and P,1; by NPy, ¢ = 0,...,¢max- In the
following, we will need the set of indices corresponding to the vertices and edges of
the leading part of NP. Therefore, we set

qu = {jeju{_l}:(kjvﬁj):Pq} (q:()w-meax)a
Togr1 :={j € TU{=1} : (kj,k;) E NP} (¢=0,..., Gmax)-

To determine the trace space for 0;p choose the lowest spatial order k;,. The
resulting trace space is

7TIZp — W;jl (KO*l/p)/(lJ"NO*NJj)(F; }"V>7

provided kg > 1/p. In a similar way we determine the trace space of p. Find the
largest index ig € J such that x;, > 1/p and let i; € J be the smallest one such
that k;, < 1/p; we exclude the case k; = 1/p in the sequel. Interpolating between
the points (k;,, ki,) and (ki , ki, ) We obtain

k; —k;
kig+(kig—1/p) 7=

TZ, =W, Tt ).

This is the generic case, but there are two exceptions. The first one appears when
k; > 1/p for all i € J. Then we interpolate the points (k;,, ki,) and (I + 2m#g,0),
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where k;, is the largest k; of those i with 2mk; + k; =1 4 2mko, i.e. 1 € Jag,,..+1,
to the result

17, = WErEmso=1/p) ([, ),
This situation is encountered for large values of p. The second exception occurs if
kj < 1/p for all j € J, which corresponds to small values of p. Then we interpolate
the points (0,1 + ko) and (kj,, x;,) and obtain

7TZp — Wjjl (1+"'€0_1/p)/(1+”0_5j1)(11; F)

Actually, here we tacitly assumed that all exponents of the fractional Sobolev
spaces appearing are non-integer, otherwise we have to replace them by Besov
spaces B,,; observe that By, = W} in case s ¢ No.

One main purpose of this paper is to obtain necessary and sufficient conditions
on the data f, g, uo, po for the solvability of problem in the described class.
Obviously, for this, conditions on the coefficients are needed. We begin with the
coefficients in the interior of G. Here the subscript # means the principal part
of the corresponding differential operator. We set Cj» = 0if j ¢ J. The first
condition is normal ellipticity of A which is known to be necessary for solvability

in the L,-setting as explained above; cf. [4].
(E) (Ellipticity of the interior symbol.) For all t € J, x € G, resp. z € G U {oo} in
case G is unbounded, and for all £ € R"™, || = 1, we have

o(Ax(t,z,€)) CCy:={2z€C:Rez >0},
ie. A(t,z, D) is normally elliptic. Here o(Ax(t,z,§)) stands for the spectrum of
the bounded operator Ax(t,z, &) € B(E).
Next we turn to smoothness assumptions on the coefficients of A.

k

(SD) For |a| = k < 2m there are ro, 8o > P , So < 00, with i + 27;,11«@ <1-35=
such that

o € Ly (J; (Lr, + Loo)(G; B(E))).
For |a| = 2m assume
an € C(J x G;B(E)).
If G is unbounded, the limits a,(t,00) = lim|y| 00, ze @a(t, ) exist uniformly
with respect to t € J for all |a| = 2m.

Smoothness of the boundary coefficients should be such that they are pointwise
multipliers for the boundary spaces Y;. Hence we require

(SB) Let & = B(E,F), £ = B(E) for j =1,...,m. For each j = 0,...,m and

. o . 1 n—1
each 8 with |8] = k < m; there are s;3,rjg > p, s;3 < 00, with 55 T amrs S
Kj + such that

bis € BY, (i Ly (T36)) N Ly, (J; BAYS (T3 5),

SiB-P TiB-P

m;—k
2m

and in addition
bjg € C(J xT&;) for |B] =m;.

The assumptions on the coefficients of the boundary operators C; are of the same
nature.
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(SC) Let Fy = B(F'), F; = B(F,E) for j =1,...,m. For each j =0,...,m and

: _ X c c c : 1 n—1
each v with |y| = k < kj, there are s§ , 75 > p, s§, < oo, with o o

c X

I

mj—k'
2m

Kj + such that

Cir € B (i Ly (D3 F5)) N Ly (J5 BY (T3 F)),

and in addition
Cjy € C(J x T F;) for |y|=k;,j€ .

Of course ellipticity conditions on the boundary operators are also needed. These
are conditions of Lopatinskii-Shapiro type.

(LS) For each fixed ¢t € J and x € I" we rewrite the boundary value problem
in coordinates associated to xz. They are obtained from the original coordinates by
a translation and a rotation after which the positive x,-axis has the direction of
the inner normal to T at . Then for all ¢’ € R*~!, A € C; with |¢/| +|A| # 0, all
hj € E and all hy € F the ordinary differential equation in R} = [0, c0) given by

(A +Ag(t, 2,8, Dy))o(y) =0 (y>0),
(2.2) Bou(t,x, &', Dy)v(0) + (A4 Cox(t,x,&'))o = ho,
Bjy(t, 2,8, Dy)v(0) + Cin(t,x,8)o =h;  (j=1,...,m),
has a unique solution (v,0) € Cy(Ry; E) X F.

This condition is a natural one and in Case 1 this is it. However, it is not sufficient in
Cases 2 and 3, due to the inherent nonisotropy of the differential operators. Another
condition is needed, which we call the asymptotic Lopatinskii-Shapiro condition. We
have to distinguish these cases.

(LS,) Let I < 2m.

For all fixed t € J and x € T rewrite (|1.1)) | in coordinates associated to x. Then for

all h; € E, all hg € F, all ¢ € R"™!, X\ € C; with [¢/| + || # 0, the equations
Mo(y) + Ag(t,2,&, Dy)o(y) =0 (y > 0),

(23) Bj#(t7x>£lvDy)v(0) = hj (j = la""m)a

and for |¢/| =1 and \ € C,,
Agp(t, 2,8, Dyo(y) =0 (y>0),
(2.4) Boy (t, 2, Dy)v(0) + (A + Cox(t,2,£'))o = ho,
Bjy(t,x, &, Dy)v(0) + Cip(t,x, €)oo =h; (G=1,...,m),
admit unique solutions (v,0) € Co(R4; E) x F.

Note that the first condition in (LS_) means that the standard problem with
o = 0 and without the equation for o satisfies the Lopatinskii-Shapiro condition,
while the second one means that the quasi-steady problem is also subject to this
condition.

In Case 3 things are more involved.
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(LSL) Let I > 2m.
Foralte J, zel,allg e R=1\ {0}, all h; € E, hg € F and all A € C, the
ordinary differential equation systems in R

M(y) + Ax(t,z, &', Dy)v(y) =0 (y > 0),

2. )=
’ Bj#(t,x,f/,Dy)v(O) —l-(Sj’qumaerle#(t,x,f/)o’ = hj (j = 0,...7TTL)7

and for [¢/| =1 and A € C; \ {0}, ¢ =1,2,...,2¢max,
Av(y) + Ax(t,2,0,Dy)v(y) =0 (y > 0),
(26) BO# (t, z, 0, Dy)v(()) + 5,1"7q Ao+ 507‘7‘16'0# (t, x, 5/)0' = hy,
Bjy(t,x,0,Dy)v(0) +8;,7,Ciz(t,x,{)o =h; (j=1,....,m),

admit unique solutions (v,0) € Co(Ry; E) x F. Here 0; 7, = 1 if j € J; and zero
otherwise.

For another equivalent description of these asymptotic Lopatinskii-Shapiro con-
ditions, see Section 5. We remark that in the case of finite-dimensional F and F,
the LS conditions (LS) and (LSZ) are satisfied if the ODE system with h; = 0 has
only the trivial solution.

The asymptotic Lopatinskii-Shapiro conditions look quite complicated. However,
we show in Section 6 that they are necessary for maximal L,-regularity of ,
hence are unavoidable. Fortunately, in explicit examples it is not so difficult to
verify them, see Section 3.

After these preparations we can state our first main result of this paper which
shows that under the assumptions made so far the problem admits maximal
L,-regularity.

Theorem 2.1. Let J = [0,T], G C R"™ a domain with compact boundary I' = 0G
of class C*™+l=mo  Suppose the Banach spaces E and F are of class HT, let
assumptions (E), (SD), (SB), (SC), (LS) and for I < 2m condition (LS3), for
[ > 2m accordingly (LSL) be satisfied, and let 1 < p < oo be such that 2m/p ¢ N,
kj # 1/p, 7 =0,...,m, where k;, the spaces X, Z,, Z,, Y;, as well as the trace
spaces T2y, TZ, and T2, are defined as above.

Then problem admits a unique solution (u, p) € Z, x Z, if and only if the
data are subject to the conditions

feX uwenzy, poeni, gi€Y;, j=0,...,m,
and the compatibility conditions
B;(0,z)uo(z) + C;(0,z)po(z) = g;(0,z), =z €T, ifr; >1/p, j=1,....m
and

go(O, ) — BQ(O, ')UO — Co(o, ')/)0 S 7'&'1Z/,7 Zf Ko > l/p,

are satisfied.

There is also a semigroup formulation of problem (1.1) in the autonomous case
which works as follows. As a base space we choose Xo := L, (G; E) x Wy (I'; F), we
define an operator A in Xy by means of

(2'7) A(uv p) = (.A(CE, D)ua Bo(x, D)u + CO(x’ DF)ﬁ)? (u’ P) € D(A)a
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with domain
(2.8)
D(A) = {(u,p) € H2™(G; E) x W2t (T, F) :
Bj(x, D)u+Cj(x,Dr)p=0,5 =1,...,m, Bo(z, D)u+ Co(x, Dr)p € W;(T; F)}.

The number s is determined by the intersection of the line (o,1) with the Newton
polygon AP of the problem. In Cases 1 and 2 this obviously leads to s = 2mky,
while in Case 3 we obtain

s = kj,ko/(1+ ko — kj,) = kj, 2mko/(2m + my, — mo),

where j; is defined as before.

In the autonomous case, where the coefficients are time-independent, one would
like also to consider the halfline J = R instead of a finite interval. The regularity
conditions on the coefficients (SD), (SB), (SC) then should be read according to
5, = 00, with strict inequalities 27:% <1- %, 2:;; < Kj + m2j7;k
and similarly for 7.

We can state now the following result.

S = 83 =5

Theorem 2.2. Let G C R™ a domain with compact boundary T’ := 0G of class
C?mHl=mo - and assume that the coefficients of the operators do not depend on time.
Suppose the Banach spaces E and F are of class HT, let assumptions (E), (SD),
(SB), (SC), (LS) and for 1 < 2m condition (LSZ,), for 1 > 2m accordingly (LSL,) be
satisfied, and let 1 < p < oo be such that kj # 1/p, j =0,...,m. Define s = 2mrg
in case l < 2m, and s = k;,2mko/(2m+mj, —mg) forl > 2m. Assume that s ¢ N
in case | > 2m.

Then the operator —A defined by and (@ generates an analytic Cp-
semigroup in Xo = Lyp(G; E) x W7(T'; F') which has the property of mazimal L,-
regularity on each finite interval J = [0,T]. Consequently, there is w > 0 such that
—(A +w) has mazimal L,-reqularity on the halfline J = R,

The maximal regularity result in the semigroup setting can be stated as follows.

Corollary 2.3. Let the assumptions of Theorem be valid, J =[0,T]. There is
a unique solution (u, p) of such that u € Z,,

p € HY(J;Wi(Ls F) N () Wps (J5 HE (T3 F)) 0 Ly (J; WEHmeo (T F)),
jET
and
Bo(-, D)u + Co(-, Dr)p € Ly(J; W) (T'; F))

if and only if ug € 72y, po € 7Z,, f € Lp(J x G;E), g; € Y;, j =1,...,m, the
compatibility conditions

B;(0,z,D)ug +C;(0,z, Dr)po = g;(0,z), x €T, ifr; >1/p, j=1,...,m,
hold, as well as go € L, (J; W, (I'; F')), and
(s/w0) (<0~ 1/p) (. - 1
BO(vaaD)UO +(:'0(071‘7131—‘)/)0 € Wp (FvF) ZfK/O > 5

In the autonomous case this result is also true for J = Ry, in case 0y is replaced
by 0y + w, with some sufficiently large w > 0.
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Here the last compatibility condition for v(0) with v(t) := Bo(t, z, D)u(t) +
Co(t,x, Dr)p(t) comes from the regularity

v e Wyo(J; Lp(T; F)) N Ly (J; Wy (T F)).
In particular, v has a time trace at ¢ = 0 provided ko > 1/p which belongs to
Wés/ﬁo)(no_l/p)(F; F). Note that this space coincides with 71 Z,,.

3. EXAMPLES AND APPLICATIONS

In this section we want to present a number of prominent examples which can be
treated by our theory. This shows that the approach taken in this paper is general
enough to unify prior theory designed for special situations. We give also examples
which are not covered by known results.

In the analysis of problem 7 we will see that the symbol

s(€,N) = A+ e in Cases 1 and 2,
BN P Ejej €7 [F5 (X | €72y (mo—mi)/2m - in Case 3

plays a crucial role. We will call this the boundary symbol of the problem.

Our first example deals with dynamic boundary conditions for the diffusion equa-
tions, which has been studied e.g. in Escher [6].

Example 3.1. Dynamic boundary conditions for the diffusion equation
ou—Au=f (ted zedG),
ou+odu=g (ted zel),
u(0,2) =up(z) (x € Q).
Here v denotes the outer unit normal on I'. This problem fits into our setting by
taking F=F =C, A=-A,Cy=0,By=0,, B = —C; =1, gg = 0. Here we
have 2m =2, mg =1, kg = —o0, m; = k1 = 0,1 =1y = 1, hence this example is in
Case 2. We have J = {1}, and the system in (LS) with trivial right-hand sides is
given by
A+ €7 = a)u(y) =0 (y>0),
(3.1) —0yv(0) + Ao =0,
v(0) —o = 0.

Every stable solution of the first line in is of the form v(y) = e~*¥v(0) with
= /A~ [€|2. The boundary conditions yield (x4 A)v(0) = 0, and consequently
v =0 = 0. The first problem in (LS_)) is given by

A+ €77 = a)v(y) =0,
v(0) =0
and has only the trivial solution for |¢/| + |A| # 0. The second problem in (LSZ))
is obtained by taking A = 0 in the first line of (3.I). In this case we get (|¢'| +
Av(0) = 0, and again v = ¢ = 0. Note that the boundary symbol is given by
s(€A) = A+ (]
The next example is related to diffusion problems with surface diffusion as they

appear in the chemistry of surface active agents, so-called surfactants, like tensides;
cf. Bothe, Priiss and Simonett [I].
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Example 3.2. Dynamic boundary condition and surface diffusion for the diffusion
equation

Ou—Au=f (teld xze€q),
u+du—Aru=g (teJ zel),
u(0,z) =up(z) (x€q).
Taking E = F =C, A = —A, Cy = —Ar, the Laplace-Beltrami operator on the
manifold T, By = 8, By = —C; = 1, g1 = 0, this problem is of the form (L.1)). Here
we have 2m = kg =lp =1 =2, mg =1, m; = k; = 0, [; = 1, this example is in
Case 1. It is easy to verify (LS). Here the boundary symbol equals A + |¢'|? which
is the symbol of the heat equation.

Our third example is a problem from the theory of phase transitions; cf. e.g.
Racke and Zheng [11].

Example 3.3. Dynamic boundary condition and surface diffusion for the linear
Cahn-Hilliard equation

ou+A*u=f (tel req),

OAu=g (teJ zel),

ou+du—Aru=h (ted zel),
u(0,2) =up(z) (z € Q).

This problem is of the form (1.1) by taking £ = F = C, A = A2, Cy = —Ar,
By = (91,, B =-C =1, g1 = 0, By = (91,A, Co = 0. In this example 2m = 4,

ko = lo == 2, mop = 1, my = kl = O7 ll = 17 mo = 3, kg = —0Q0, hence it belongs
to Case 2. Here we have J = {0} and C14 = 0, and the system in (LS) is given by
(3-2) A+ (187 = 95)*)v(y) =0 (y > 0),

(3-3) =9,0(0) + (A + [¢'[)o =0,

(3.4) v(0) =0,

(3.5) (1€'1* = 05)9,v(0) = 0.

Every stable solution of (3.2) is of the form v(y) = 1Y 4 c2e*?¥ with ¢1 2 € C
where z1 2 := —1/|¢'|? £ vV —A. From (3.4) we get ¢; = —ca, and by (3.5) we see
0=ci[l¢'P(21 = 22) = (2} — 23)] = ea(z1 = 22) [|€'° = (2F + 23 + z122)]
= —c1(z1 — 2)(|€'P + VA+[E]4).

For (¢,\) € R"™1 x C, \ {(0,0)} this yields ¢; = co = 0, i.e. v =0 and, by (3.3),
o = 0. The first problem in (LSZ) is given by (3.2), (3.4), (3.5) and also has only

the trivial solution. To verify the second condition in (LS ) we have to study the
quasi-steady problem that is

(3.6) (€77 = 95)*u(y) =0 (y>0),

together with (3.3), (3.4), and (3.5). Every stable solution of (3.6) is of the form
v(y) = cre~ 1€y +czye*|5,|y, where ¢; 2 € C. From lb we infer ¢; = 0. Condition

(3.5) then implies that
0= (|¢'* — 92)8,v(0) = —2¢1¢'|%,
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hence co = 0 for |¢’| > 0. Finally (3.3) entails that o = 0. The boundary symbol is
now given by s(&',\) = A + |¢/|%.

An interesting example occurs in connection with the Stefan problem with sur-
face tension; cf. Escher, Priiss and Simonett [7].

Example 3.4. Linearized Stefan problem with surface tension

u—Au=f (teld xzeqG),
u=—App (tedJ, xzel),
Op+ou=g (teld zel),
u(0,2) = uolx) (€ G),
p(0,z) = po(z) (x€T).
This problem fits into our setting by taking E = F =C, A= —-A,Cy =0, By = 9,

B1=1,C, =Ar. Here 2m = k1 =2, m; =0, kg = —00, mg = 1, [ = I3 = 3, this
is a prominent example for Case 3. The problem in the (LS) condition is given by

A+ =07)o(y) =0 (y>0),
—0yv(0) + Ao =0,
v(0) — [¢'Pa = 0.
It is easily seen that there exists only the trivial stable solution. Now we have
max = 1, Jo = {-1}, J1 = {-1,1} and Jo = J3 = {1}, and for &' # 0 and

A # 0 all asymptotic (LS} )-conditions are satisfied. The boundary symbol is
A+ €12/ A+ [€]2, and here we have s = 2 — 2/p, while 2mkg =1 —1/p.

Linearization of the Stefan problem with surface tension and kinetic undercooling
leads to the following example.

Example 3.5. Linearized Stefan problem with surface tension and kinetic under-
cooling

du—Au=f (ted zeq),
u=0op—Arp+g (e xzel),
Op+ou=h (ted xel),
u(0,2) =up(z) (€ q),
p(0,2) = polz) (z€T).
Inserting the second boundary conditions into the first, this problem is of the form
(1.1) with E=F =C, A=-A,Cy=0,8By=0,, B =9, +1,C; = Ar. In this
example we have 2m = ki = 2, mg = m; = 1, kg = —o0, hence [y = [ = 2 and
so this is another example for Case 1. It is easily verified that condition (LS) is

satisfied. The boundary symbol reads A + |¢/|2, which is much simpler than that of
the previous example.

The following example cannot be treated by the operator sum method.
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Example 3.6. Dynamic boundary conditions and surface convection for the diffu-
ston equation

ou—Au=f (teld ze€q),
ou+du+alz) Vru=g (teJ, zel),
u(0,z) =up(z) (x€q).
Here a € CY(T;R™ 1) is a tangent vector field on the surface I'. This problem
fits into our setting by taking F = F = C, A = —A, Cyp = a(x) - Vr, By = 0y,
By = —-C; =1, gt = 0. Here we have 2m = 2, mg =1, kg = 1, m; = k; = 0,
I =13 =lp =1, hence this example is in Case 2. We have J = {0,1}, and the
system in (LS) is given by
A+ =07)oy) =0 (y>0),
—9yv(0) + A+ ia-E&)o =0,
v(0) —o =0.
Setting vo = v(0), the only stable solution of the ODE is v(y) = e "Yyy with
= +/&)>+ A. The boundary conditions yield (A + ia - ¢ + u)o = 0, hence
o = vg = 0. Similarly one verifies that (LS_) is satisfied. Note that the symbol

appearing in the second boundary condition cannot be treated by the operator-sum
method.

The next example is related to the free boundary value problem for the Navier-
Stokes equation; cf. Priiss and Simonett [9].

Example 3.7. Consider
ou—Au=f (ted, zeq),
u=—-Arp+g (ted zel),
Op—u=h (ted xzel),
u(0,z) = up(x) (z € qQ),
p(0,2) = po(z) (z€T).
Here we take E = F =C, m =1, mg =0, kg = —o0, m; = 1, ky = 2, hence

l =11 =1, i.e. this is another example for Case 2. The boundary symbol in this
example becomes s(&', ) = A + |¢'].

Our final example is more of academic nature. It shows that even for m = 1 the
maximum number m + 3 of corners on the leading part of the Newton polygon may
occur. It is not difficult to extend this example to arbitrary m > 1.

Example 3.8.
u—Au=f (teld xzeG),
u=A{p+g (teJ, zel),
Op—0u—Aip=h (teJ zel),
u(0,2) = uo(z) (v €G),
p(0,x) = po(z) (z€T).

Here we take E = F = C, m =1, mg = 1, kg = 6, m; = 0, k; = 4, hence
l=1y=26,1; =5, ie. we are in Case 3. The boundary symbol in this example
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becomes s(&',\) = A+ [€/|6 +|¢'|*\/A + |¢|2. In this example the nontrivial points

on the Newton polygon are (4,1 — ﬁ) and (6,% L), we have 2mrg = 1 — % and

- %
s=4-12
p

4. PROOF OF THEOREMS 2.1 AND 2.2.

Following a standard approach in parabolic theory, we will first prove Theo-
rems and for the model problem. So we assume that G = R} and that all
differential operators in question have constant coefficients and coincide with their
principal parts. In particular, C; = 0 if j ¢ J. The proof is carried out in several
steps.

4.1. Reduction to Time Trace 0. We first reduce the problem to uy = py =
0 = f and p; := Otp(0) = 0. For this purpose let w > 0, extend ug to all of R™

in the class ng(lfl/p)(R") and f trivially by zero. Then by [3] there is a unique
solution u, € Z, of the problem
Ou +wu + Au = f,  u(0) = up.

Restricting u, to R’} and subtracting u, from u shows that we may assume ug =
f =0 if we choose w = 0. In addition, in case w > 0, we obtain the estimate

(L, 8y x6) < Clltolyyzma-1rm gy + [ flL, @4 xa))/w-

It is more involved to remove the traces of p at ¢ = 0. For this purpose we

introduce the operator B on X := L,(R"~!; F') by means of
Bu(z) := (w? — A)*?v(z) (z e R*™Y),
with domain D(B) = H3(R""';F), s > 0, and w > 0. Here H} denotes the
vector-valued Bessel potential space of order s. It is well-known that B is sectorial
with angle 0 and invertible. The Cjy-semigroup generated by —B is analytic and
exponentially stable. The real interpolation spaces of B are given by
Dp(a,p) = Wy (R* 1 F),

for each a € (0,1) whenever sa ¢ N.

Now consider an initial value ¢ € X, and let the function o(t) be defined by

o(t)y=eBly, t>0.

Then elementary semigroup theory shows for a > 1/p, that o € W*(Ry; X) if and
only if ¢ € Dp(a—1/p,p) and then ¢ € L,(Ry; Dp(a,p)) as well. This implies for
a > 1/p with sa, s(a — 1/p) ¢ N the equivalence

0 € WO Ry LR S F)NL,(Ry; W (R F)) <= pe W ¥/P(R").

Let pg and p; be given where p; = 0 in case kg < % and p; = goli=o — Bo(0)ug —
Co(0)po in case kg > %. We set

pa(t) = (2700 — €720 p 4 (€77 — e 2P B py = p(8) + pi(B)-
Observe that p%(0) = po, 4p%(0) = 0 and pl(0) = 0, £p!(0) = p;. Here p; =0 in
case kg < 1/p, and p1 = golt=o — Bo(0)ug — Co(0)po in case ko > 1/p.
To obtain p. € Z, for po € 7Z,, p1 € T1Z, We set
Case 1: By = By = (w? — A)™,
Case 2: By = (w? — A)/2, By = (w? — A)™,
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Case 3 (i): By = (w? — A)™, By = (w? — A)ksm/(mtmy, —mo)
for minje 7 k; > 1/p,

ki —k;
Case 3 (ii): By = (w? — A)*™@io—"i) | By = (w? — A)ksm/@mdms; —mo)

for ki, > 1/p > K4, as in Section 2;
kj

Case 3 (iii): By = (w? — A)>0F0~%i0) | for maxjes i < 1/p.
Then in Cases 1 and 3 (i) we have py € Dp, (55 + Ko — %,p), hence

pY € WyoHtPm (R Ly (R F)) N Ly Ry Wy P2 (R F)),

which embeds into Z, since [ > 2m. Similarly, in Cases 1 and 2 we have Bflpl €
Dp, (14 ko — %,p), hence

pr € Wyt (Ry; Ly(R"™Y F)) N Ly(Ry s W H2meo (R 1)),
which also embeds into Z, since now 2m > [. In Case 2 we have pg € Dp, (2550 +
1-— %,p) hence

p) € Wit2meo YR Ly(R™Y; F)) N Ly Ry WEF™0 (R F)),

which again embeds into Z, since 2m > [. Next, consider Case 3 (i), (ii); here we
have By 'p1 € Dp, (1 + ko — %,p), hence with s = kj, ko/(1 + Ko — Kj,),

pr € Wyt (Ry; Ly(R"™Y F)) N Ly(Ry; Wm0 0= (R ),

which embeds into Z, since by construction NP is left from the line passing through
the points (0,1 + xo) and (kj,,k;,). In Case 3 (ii) we have (1 — A)kir/2p, €
Dp,(ki, —1/p,p) for r = 0,1, hence

Kip+ki M ) )
plew, T R LR F)) N W (Ry Hy (R F))

k k

- iy "Mag
Kig 7w,

. Fio T ig iy (myn—1,
mLP(RJMWP (R 7F>)’

r = 0,1, which implies p? € Z, since N'P is left from the line passing through the
points (k;,, k;.), r = 0,1. Finally, Case 3 (iii) is treated in a similar way.
This shows that p, belongs to Z, in all three cases. Moreover, the dependence
on w > 0 implies
lp<lvory) < Cllpolnz, +1p1lr z,) /@,
for some 7 > 0, depending only on the orders 2m, m;, k;. Here Yy(R,) stands for
the space Yy with J = R,.

4.2. The Boundary Symbol. We concentrate here on Case 3, Cases 1 and 2 can
be treated in a similar but simpler way. Denoting by £’ the Fourier variable in the
tangential direction z’, by X the Laplace variable in ¢, and with g = (A[€/|>™)1/2™,
the boundary symbol, i.e. the symbol corresponding to the space Z, reads

SE X)) =x+ Y gl (€ €RVL ATy
JjeT
The corresponding operator S given by

d d
_ - A kj/2L(m07mj)/2m L= — —_A™
5= 003w N

“ dt
jeT
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maps the space

02, = oWt (J; Ly(T; F)) 0 () W2 (J; HY# (T, F)) 0 Ly (J; Wm0 (T; F))
jeT
boundedly into the boundary space
0Y g = oW (I3 Lp(R" Y F)) N Ly(J; Wm0 (R F)).

Here the zero means that the traces at t = 0 of the function and its derivative w.r.t.
t vanish whenever they exist. We show that in fact S is an isomorphism.

For this purpose we employ the Dore-Venni theorem in Y, which belongs to
the class H7. Let G = d/dt with natural domain

D(G) = oW "™ (J; Ly(R"™ Y F)) N Hy (J; W2mso (R"™ 1 F));

G is sectorial, invertible and admits an H>-calculus in (Y of angle 7/2. Similarly
we let D,,_; = —A’ with domain

D(Dy—1) = oW (J; HL (R F)) 0 Ly (J; Wm0 (R F)).

Then D, is sectorial and admits an H*°-calculus in oY of angle zero, hence each
of its fractional powers Dﬁj /% has the same property. Further, L is also sectorial
and admits an H>°-calculus of angle 7, L is invertible and in fact, as an operator
in L,(J x R"™1; F) we have oYy = Dy, (ko,p). The domain of L in (Y is therefore
the space

D(L) = oW, (J; Ly(R™™ Y5 F)) N Ly (J; W20 (R F)).

The fractional powers L(m0—™3)/2m of I, have the same properties, with angles

W 5 < 5. Thus the Dore-Venni theorem for products and iterated sums
implies that S is an isomorphism between D(S) = ¢Z, and oYy, since all operators
commute and the parabolicity condition is valid; cf. [10].

If J =R, is the halfline we obtain the same result in case G = d/d¢t is replaced
by G 4+ w where w > 0, since G + w is invertible in oY ;. Then we obtain in addition

the estimate

s

G+w)S!
1S™ By < I w)w 5ry) <

C
—, w>0,
w

with some constant C' > 0 which is independent of w.

For the proofs of Corollary 2.3 and Theorem we also need the regularity
of the solution of the equation Sp = h when h € L,(J;W3(R"™'; F)), where
s =kj, ko/(1 + ko — Kj,) as in Theorem For such function h we obviously get

p € o H (WS (R™H F)) N Ly (J; W (R F)),
but also the mixed time-space regularity

pe () oHy " (J; Wtk (R F).
JjET
By the definition of s we then obtain via the mixed derivative theorem
oH (T Wy (RN F) N (7w (R )
— oW (5 Hy (R F)).
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Since the slopes
ki1 — kj.

Kjr = Kjrga
are positive and nonincreasing in r we obtain inductively the embeddings

oH i (J; Hym (R F)) N oHy ™!

r+1

,no(J; W;+k17~+1 (Rn_1; F))

< OW;J‘T+1 (J, HI]:J'TJrl (Rnfl; F))
Thus, for h € L,(J; W (R™~1; F)), the solution p of Sp = h belongs to the space
p € oH L (J; W (RS F) 0 () Wi (J; Hy (R™ F)) 0 Ly (J; W P (R F)).
JjeT
In Cases 1 and 2 the corresponding boundary symbol will be
s, =x+[¢" (€ eR" AeCy),
which is much simpler than that in Case 3.

4.3. Partial Fourier Transform. We follow here the presentation in [3], Section
6. Taking Fourier transform in the spatial variables 2’ and Laplace transform in ¢
we obtain the following ordinary differential equations.

M+ A€, D=0 (y>0,¢& R XeCy),

(41) BJ(EI,Dy)U(O) +CJ(§/)J = hj (E’ c Rn_l, j = 1, Ce ,m)7
Bo(¢',Dy)v(0) + A +Co(¢))o=ho (y>0, & eR" NeCy).
Here we assumed f = up = po = p1 = 0, h;, v and o denote the transforms

of g;, uw and p, respectively. The Lopatinskii-Shapiro condition means that for
each (¢,)) € R*1 x C4 \ {(0,0)} and for any given vectors h; (j = 0,...,m)
there is a unique solution v € C3™(R; E), o € F of ([.1). We obtain a suitable
representation of this solution as follows.

We have

2m mj
A€, Dy) =Y an(€)Di"F, Bi(¢,Dy) = b(¢)Dy,
k=0 k=0
where a(¢') and b;,(¢’) are homogeneous of degree k. Rewrite the ordinary dif-

ferential equation of order 2m as a first order system by introducing the matrix
operator

0 I o ... 0
0 0 I ... 0
A= 1 |
0 0 ... 0 I
Com Com—1 ... Co C1
where
¢j=ci(€)=—ay'a;(¢) (G=1,....2m—1)
and

Com = Com (€, N) = _aal(a2m(£/) + D).
Note that ag does not depend on £ and is invertible by ellipticity. It has been
shown in [3], Section 6, that the spectrum o (iAg(&’, \)) as an operator in E*™ does
not intersect the imaginary axis, hence splits into two parts S (&, A) located in
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the right resp. in the left half-plane. The associated spectral projections will be
denoted by Py (&', ).

It is convenient to introduce the scaling a = N/ p?™, b = |¢'|/u, ¢ = £'/|€|
with = (A + |€/|>™)/2™ . Then (a,b,¢) runs through a compact set. Note that
a + b*>™ =1, hence a is even redundant. Introducing the vector

w(y) = (00), 3 Dyl g DY)
we obtain the following differential equation of first order for w.
Oyw = ippAo(bC, a)w,
The solutions of this equation are given by

w(y) = et (y > 0)

where wg := w(0) still has to be determined in such a way that w(y) is decaying at
infinity, which means Py (b(, a)wy = 0.
Thus the pair (wg, o) € E?™ x F has to satisfy the following system of equations.

Bo(bC)wo + 1€/ 5™ Co(Q)o + ap™ ™00 = 0y,

(4.2) Bj(b¢)wo + [€'1* u™™Ci(¢)o = u™ ™ hy (G =1,...,m),
P, (b(,a)wy = 0.

Here B;(¢') = (bjm,(&'),-..,bjo,0...,0)T for j = 0,...,m. Note that by the
ellipticity assumption (E), the Lopatinskii-Shapiro condition (LS) is equivalent
to unique solvability of for all parameter values of & € R™!, ReA > 0,
such that X\ + |¢/|?™ = u®™ # 0, and for all given right hand sides h =
(W ™hg,...,p ™ hy,)T € F x E™. We denote the unique solution (wp,o) for
a fixed vector h € F x E™ by

Wo = Mw(bu Caﬂ)hv 0= Ma(b7 ¢ IU/)h

Next let h; be the Fourier-Laplace transform of the function g; € ¢Y;. Define
the space oY 5 as

oY 5 = oWEYAMP(J; Ly (R B)) 0 Ly (J; WEm P (R E)),

and similarly we define oY . Since p is the symbol of the operator L'/?™ where
L = G+ D;} has been introduced above, and ¢Y'; = D (k;,p) for L considered as
an operator in X = L,(J x R"™!; E), we see that 4~ is the symbol of L=™/?™
which maps oY ; onto oY g. Thus h is the Fourier-Laplace transform of a function
g€ oY pXx OYg

Assume that M, is a Fourier-Laplace multiplier from this space into OY%",
which means that wy belongs to this space, for each given g;. Then to obtain the
right regularity for the solution v we only need to know that the extension operator
defined by the symbol

7(5/7 >‘a y)w() = u2mep,iAo(bC,a)y(I - P+(b<7 a’))w()

maps oY 2" into L, (J x R™; E™). This has been proved in [4]. Therefore it remains
to study the symbols M,, and M,.

It is now convenient to introduce a scaling of o by o9 = s(£/, \)u~™0c, where the
boundary symbol s(£’; A) has been studied in the previous subsection. According
to the results obtained there, the operator S~! with symbol 1/s(£’, \) maps oY



18 ROBERT DENK, JAN PRI“JSS7 AND RICO ZACHER

isomorphically onto ¢Z,. Since on the other hand the operator L0/2m with symbol
1™ maps oY r isomorphically onto oY, we see that we need to obtain g € oY .
The problem for (wg, 0¢) reads now as follows.

o Co(b¢) + ap®™

Bo(bO)wo + ) 0" ho,
4.3 lj
( ) Bj(bC)w0+ﬁCj(b<)UO :hg (]: 1,...,m),

Py (b¢, a)wy = 0.

Here we have set h9 = =" h;. Note that s(&', A) can be rewritten as

(€N = ap®™ + > bl
reJ
for I > 2m and s(&',\) = p?™ if | = 2m and s(¢/,\) = (1 — b>™)p®™ + byt for
[ < 2m. Since B; and C; are polynomial and according to [3], Section 6, Py is
holomorphic, we see that MY (b, ¢, ) and M2 (b, ¢, u) are holomorphic, where

Wo :Mg(b7gaﬂ)h07 UOZMg(b7C,M)hO

denote the rescaled solutions. Now b and ¢ run through a compact set, ¢ € R™ 1,
(| =1 and b € (By2(1/2))"/?™. However p is not bounded, therefore we have to
study the asymptotic properties of M? and Mg as |p| — oo.

(i) Let us begin with the simplest case | = 2m. Then b¥ipbi /s(&', \) = b¥ for all
j € J,and \/s(€',\) = 1—b>™, since in this case we have [; = =2m for all j € J.
Thus in Case 1 there is no dependence of MY and M? on y, this is the homogeneous
case. To complete the proof in Case 1, we first invert the Fourier transform w.r.t.
¢ =¢/|¢|. The function & — MO(b,¢) = (M2(b,¢), M2(b,()) is homogeneous of
degree 0, and by the proof of Proposition 6.2 in [3], M? is holomorphic on Dy, x De,
with some open sets Dy O (B1,2(1/2))/?™, D¢ D {¢ € R*"!: [¢| = 1}. Therefore

(1€ MO(b,¢) : € € R"™L, € #£0, be Dy}

is R-bounded in B(F x E™; F x E?™), by [3], Proposition 3.10. Hence, there is a
family of linear operators {T'(b) : b € Dy} C B(L,(R" 1 F x E™); L,(R"™ 1 F x
E?m)) such that FT(b)(¢') = M°(b,¢) for all ¢ € R*~! and b € D,;,. Moreover, the
map b — T'(b) is holomorphic and uniformly bounded on Dy. This result also holds
with L, replaced by H, and then by real interpolation also for . By canonical
extension we therefore obtain

T € H®(Dy; BoY p X oY'5;0Y 5 X oY 2™)).

Define an operator B by means of its symbol b = |¢'|/u, i.e. B = (=A)}/2L~1/2m
which is bounded and has spectrum contained in the set Bi/2(1/2) C C. Then
the operator-valued Dunford calculus implies that 7 := T'(B) is a bounded linear
operator from oY p X oY to oY g X OYQEm. This completes the proof in Case 1.

(ii) Next in Case 2 we have for b = 1, i.e. A = 0 the relation b* i /s(&',\) = 1
for all j € J, since j € J if and only if [; = [. The corresponding problem is
uniquely solvable by (LS) by setting A = 0 and |¢'| = 1.
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On the other hand, if in this case b # 1 then b¥ipli /s(¢/,\) — 0 for all j € J,
i.e. for 4 — oo we obtain the limiting problem

Bo(bC)wo + og = hg,
(4.4) Bj(bQ)wo =h) (j=1,...,m),
Py (b¢,a)wy = 0.

This problem arises if we perform the same scaling for the first problem appearing
in the asymptotic Lopatinskii-Shapiro condition (LSZ).

If we let p — oo and at the same time b — 1, the corresponding limiting problem
is not unique, which shows that there is a discontinuity at (b, 1) = (1, 00). In fact,
choose a = ¢/p® with some fixed exponent s > 0 and some constant ¢. Then for
1 — 00 we obtain

L . 1 fors>2m—1
K = H — for s =2m —1
0 fors<2m—I.

_1
S(€/> )\) cu2m—s + blul 1+c

Thus the limiting problem for s > 2m — [ is the same as (LS) with A =0, |{'| =1,
and for s < 2m — [ it becomes again (4.4). However, for s = 2m — [ we obtain the
problem

Bo(Cwo +ColQ) 7 + o = by,
(45) B,(Cwo +C(Q) 17 =) (G =1,....m),
Py (¢, 0)wg =0,

where ¢ € C, is arbitrary. These are all possible limit problems since as i — oo
and a — 0 we see that b'u!/(ap®™ + bl u') stays bounded and belongs to C , hence
admits a convergent subsequence. Problem is uniquely solvable by the second
condition in (LS_)), note that it corresponds to the corresponding quasisteady
problem.

Since the limiting problems are uniquely solvable and holomorphic in ¢, b and
n = 1/(1 + ¢), applying [3] again, we obtain holomorphy of M (b,(,c0) for b # 1
and also of M(1,(,00,n), which implies as in (i) R-boundedness of the family
{M (b, 1) : [¢] =1, b€ Dy, p € Xy}, for some open set Dy D §1/2(1/2) and some
6 > (7/2)/2m. Then as in (i) we may invert the Fourier transform w.r.t. ¢ and
apply the Dunford calculus for B to obtain a family of operators 7 (u) uniformly
bounded and holomorphic from oYz X oY% to oY g X OY%m. To finish this case,
we employ a variant of the H*® calculus for L in the interpolation spaces Dy (1 —
1/p,p), cf. 2], Corollary 1. This yields an operator T'(L) linear and bounded from
OYF X OYZ—} to OYF X 0Y2Em

(iii) Similarly, in Case 3 we have for b = 0, i.e. & = 0 the relation b*i uli /s(¢/, \) = 0.
The corresponding problem is uniquely solvable by (LS) with ¢ = 0. If in Case 3
we consider b # 0 then

ﬁj(ba /’L) = bkjulj/s(§/7 )‘) - bkj5j7
where §; = 1if [; = [, and §; = 0 in case I; < I, and A/s({,A\) — 0. The

corresponding problem is uniquely solvable thanks to the first condition in (LSZ),
by the same scaling as above.
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As in Case 2 there is a discontinuity in the asymptotic problems, this time
at (b,p) = (0,00). Suppose that g — oo, b — 0; then §; are bounded, and
Zjeju{—l} B; =1 in the limit sense. Hence we may assume (§; — 87°. If 82 =
for all j € J then the corresponding limiting problem is that in (LS) with ¢ = 0.
If 7° # 0 and 37° =0 for all j # i € J then

gj=brpli kil — 0 for all j # .
We will show that (k;, x;) must be the left endpoint of some edge N'P,.. Suppose
the contrary, and consider first the case ; = I. Choose j € Jaq,..., that is (k;, ;)
is the left endpoint of the edge through (k;, ;). Then l; =1; =1 and k; < k;, and
thus ; = bki—Fi tends to oo as b — 0, a contradiction. Suppose now that I; < 2m.
Let 4 — 1 and i + 1 denote the indices corresponding to the left and right endpoint

of the edge through (k;, k;), respectively. Then ,i:::ﬁ% = ,iijj;, and since
h 1 Li—l;
b=c, (7) SR for all j £ 4,
1
k 1 k k L k
it follows that ;%" ™ = ¢ °7" . In view of k;_1 < ki < ki1 and g5 — 0,

7 =1—1,i+ 1, the left-hand side of the last equation tends to 0 while the right-
hand side goes to oo, a contradiction. Hence (k;, ;) is the left endpoint of some
edge N'P,..

Suppose on the other hand that 37 # 0 and 3;° # 0 for at least two indices
i #j € JU{-1}. Then we have

ok bl 355,
Assuming k; > k; this means that

b (85655 ()T e,

Observe that this situation cannot occur for 4,5 € Jaq,,..+1, because in this case
l; = l; = 1. We conclude that l; — k;s = 1; — kjs = max{l, —k,s:r € JU{-1}}.
Now consider the function

o(s) =max{l; —kjs: je JU{-1}}, s>0.

The function ¢ defines also a polygon, it is strictly decreasing and convex for
0 <s < (l;; —2m)/kj,, we have ©(0) = [ and ¢(s) = 2m for s > (I;, — 2m)/kj,.
Observe that I; — kjs = l; — k;s if and only if
=1 Kj — Ki
= L —142m-2 ¢
Tk kT R
hence the slopes of the Newton polygon correspond to the vertices of .

Now if s € (0,(l;, — 2m)/k;,) is not a vertex of ¢, then there exists ¢(s) €
{1,..., @maz} such that the maximum defining o(s) is taken at precisely those ¢ for
which 7 € Jo4¢5). Denoting the number of these indices by |Jaq(s)l, it follows that
B2 = 1/|Jaq(s)| for all j € Tay(s), and B5° = 0 for all j ¢ Jaq(s). This yields the
limiting problems

00 0 .
(4.6) ! I Tagl
P, (0, )wy = 0,
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where ¢ runs through the set {1,...,@naz}, and ¢ € R*! [¢|] = 1. For s >
(I, —2m)/k;, the limiting problem is that in (LS) with ¢ = 0.

On the other hand, if s > 0 is a vertex of ¢ then s corresponds to the slope
of one of the edges NPy, ¢ € {0, ..., Gmaz—1}, of the Newton polygon, say (x;, —
Kjopr)/(Kj, —kj,.r ), and then 55 = 0 for all j & Jag+1. Thus we obtain the limiting
problems

Bj(O)’LUo + 5j7j2q+1Cj(C<)O'0/ Z(Si7qu+lcki — hg) (] =0,... ,m),
P+(0, l)wo =0,

where ¢ runs through the set {1,..., ¢mae — 1}. Here 0; 7,.,, = 1if j € Joq41 and
m(mjg—mj, )
am(kjg—m; 4q)°

This covers all segments on the Newton polygon except for the first one which
connects the points (0, 14k¢) and (kj, , kj, ). For this segment we have the following
limiting problem.

zero otherwise, ( € R"™1 |(| =1, and ¢ € ii,q, where ¢, =

(14 60,7,Co(c(C))o0

By (0 = h{
s > 00,7,k .
47 5;.7.C;(cC)0 ,
(4.7) Bj(o)wo+7jz%6jjlckl =1 (j=1,...,m),
P.(0, )wo = 0,
where ((5{“71 22)1 if j € J1 and zero otherwise, ¢ € R"™!  |(| =1, and ¢ € Z4,, with
¢1 = 4mkj1

By the asymptotic Lopatinskii-Shapiro conditions (LSZ)) these problems are
uniquely solvable, and the solution operators M (b, (, 00, ¢, r) are holomorphic for
each r. These limiting problems resolve the discontinuity at (b, u) = (0,00). We
may then continue as in Case 2 to obtain R-boundedness of the family {M (b, ¢, )}
and then to derive a bounded operator T'(L) with symbol M (b, ¢, ). This completes
the proof in Case 3.

If we consider the halfline J = R, the results remain valid if G = d/dt is
replaced by G+w, i.e. A is replaced by A+w on the symbolic level. For the solution
(u, p) we then obtain the estimate

Clgl,y
[ulp, @ x) + 1ply, < |T|O’ w >0,

with a constant independent of w > 0.

4.4. Proof of Theorem 2.2 and Corollary 2.3. In a first step, we set gy = 0.
Since Wés/KO)(KO_l/p)(F;F) coincides with the space mZ, we know from Theo-
remthat there exists a unique solution (u, p) € Z,, x Z,, so we may assume that
ug=po=f=g;=0forj=1,...,mbut go € L,(W;R" 1 F)).

Proceeding as in subsection 4.3, this yields h§ € LFL,(J; Wlf“”o (R*=L: F),
hence wy and o belong to the same class, by the arguments given in subsection 4.3.
Here the notation LF refers to Laplace-Fourier-transform. But since s > 2mky,
this implies v € L,(J; Hgm(R”;E)), and then by the equation for w we obtain



22 ROBERT DENK, JAN PRUSS, AND RICO ZACHER

u € Z,. Similarly, we get

p € HY(J;WHR"™F)) () Wi (J5 HY (R F)) N Ly (J; W P2meo (R F)),
JET
by the results of subsection 4.2. This proves the maximal regularity assertion in
the semigroup case, i.e. Corollary 2.3.
Finally, in virtue of maximal L,-regularity, Proposition 1.2 in [§] shows that
the operator —A is the generator of an analytic Cp-semigroup in L,(R%; E) x
WS (R"™1; F) where s is defined in Theorem 2.2. O

4.5. General Domains. The general case will be proved by the result on the
model problem via localization coordinate transform and perturbation. Since this
method is well-known and worked in detail in [3] we shall be concise here, indicating
only the important steps and arguments.

Firstly, observe that the ellipticty condition (E) as well as the Lopatinskii-
Shapiro conditions (LS), (LSL), and (LSZL) hold uniformly for ¢t € J and z € G or
r € GU{oc} in case G is unbounded, and for € T, respectively, in the sense that
the maximal regularity constants, i.e. the norm of the solution maps for the model
problems, are uniform in (¢, ). Since maximal regularity is invariant under small
perturbations, the coefficients of the model problem a., b;jg and c¢;, can be per-

turbed by nonconstant a5, b7 and ¢57*! which are subject to (SD), (SB) and

« JY
(SC), respectively, and which satisfy in addition |as™!|, |b§g”“”|oo, |C§Zw”|oo <n,

where n > 0 is a small but positive and uniform constant.

Secondly, note that the ellipticity condition (E) as well as the Lopatinskii-Shapiro
conditions (LS), (LSy), and (LSZL)) are invariant w.r.t. coordinate transformations.
Together with perturbation we thus obtain maximal regularity also for so called
bended half spaces which come from transformations of the form (z,y) — (x,y +
@(x)) where |¢|oo + |0 |00 is small. Note that due to the assumed smoothness of the
boundary I' € C?™+ =m0 a]] of the relevant Sobolev spaces are invariant w.r.t. such
coordinate transformations, and the compatibility conditions are also preserved.

Now we employ the usual localization procedure. Let h > 0 be sufficiently small
and divide the time interval J into intervals J, = [kh, (kK + 1)h], k =0,...,N;. In
virtue of causality, it is enough to consider the problem on each of these intervals,
w.l.o.g. we consider only Jy. By arguments similar to those given in subsection 4.1,
we may assume w.l.o.g. initial values ug = py = 0. We let L denote the operator
defined by the left hand side of (1.1). L is a linear bounded operator from the
solution space Z = ¢Z,, X 0Z, into the data space Y = X x II7L oY ;. Accordingly
we define its principal part L.

Next, in view of the compactness of ' given r > 0 cover the boundary I' of the
underlying domain by finitely many balls U* := B,.(x}), withzy € T, k=1,..., No,
and set U° := {z € G : dist (z,T) > ro}. If 7o > 0 is small enough, then {U*}>,
covers G. Choose a partition of unity of class C° subordinate to this covering
{gpk}gio such that that each ¢* with k > 1 has compact support. We further
choose C'*°-functions * such that suppy* C U* and ¢* = 1 on supp¢*. Then
we form local differential operators A* by extending its coefficients from U? to
all of R™ such that |a!, — an(0,7;)|oc < 1. This is possible by continuity of a,
provided r > 0 is small enough. At the boundary we proceed in a similar way;
here we flatten the boundary near x; by a transformation to local coordinates,
extend the transformed coefficients to all of R"~! and invert the transformation, to
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obtain local boundary operators Bf and C} with coefficients subject to (SB) and
(SC), and |b§6 —b;3(0, 2k) | 005 |c§7 —¢j4(0,2%)|oc < 7. Then the local problems with
operators AF, B? and C;? have maximal regularity. We denote by S* = (L*)~! the
corresponding solution operators.

Now suppose we have a solution (u, p) of (1.1). Multiply each equation with the
cutoffs o* and define u* = p*u, p* = ©*p, and similarly f* = Q¥ f, g;-“ = pkg;. For
k > 1 this gives the problems on bended half spaces

opuf + ARk = fF R Alevy 4 [ Ay, o,
Oip* + Biub +Cop* = g5 — P (B u+ CEp) + [Bog, ¢*lu + [Cog, ¢"p,
(4.8) Biu* +Crp" = gf — (B u+Cp) + [Big, "+ [Cig, ©"lp,
uF(0) =0, p*(0) = 0.

Here Al°, B and Cl*" designate lower order terms, and [Ay, o"]u = Ay phu —
©* Ayu means a commutator. Observe that such terms are all of lower order or
zero. For k = 0 we have the parabolic problem on R"

8tUO +A0u0 _ fO o QDkAlowu-F [A#,ka}u, UO =0.

Denote the lower order terms on the right hand sides of 1) by T* resp. TJI“. Then
by maximal regularity we have

(ukapk):Sk(fk_Tkuagf_T]k(uap))v kZOv"'aNZa

here the p component for k = 0 is void. From this we obtain the following repre-
sentation of the solution.

No N2
(w,p) = Y F@Wh, pb) =D wrSH(fF — Thu, g — T} (u, p))
k=0 k=0

N2 N2
(4.9) = D _UFSE(fEgk) = Y R SH (T, T (u, p))
k=0 k=0

= (ulta, gty — R(u, p) = SU1(f, g;) — Rlu, p),

where (udat@ pdeta) helongs to Z(Jp) and is determined by the data f and g; alone,
and R is the remainder, a linear operator bounded from Z(.Jy) := 0Z,,(Jo) x0Z,(Jo)
into itself. Due to the fact that 7% and Tf are of lower order we obtain an estimate
of the form

|R|g(z,2) < MCh™,

where M denotes the uniform maximal regularity constant, and C' a constant de-
pending on the partition of unity and on the coefficients. Here 7 > 0 is determined
by the orders 2m, m;, k; and p € (1,0), only. Therefore choosing i small enough
we see that |R|p(z,z) < 1/2, say, hence the solution is unique and satisfies the
maximal regularity estimate on Jy. Therefore, L admits a left-inverse which we call
S = (Su,S,). Thus we have the identity

§ = §ete — RS.

On the other hand, if data f and g, are given, we may use (4.9) as a definition of a
function (u, p) € Z, inverting I + R by a Neumannn series. Applying Ly to (4.9),
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we obtain
LS =1 + Z[L#,wk]sk((pk - TkS?u gpk - T]k(Sua Sp)) =1 + RO'
k

This is an equation in the data space Y = Y (Jp), where due to the fact that the

commutators [L, ¢*] are of lower order, the operator Ry has norm less than 1/2,

say, provided h > 0 is small enough. Then another Neumann series shows that L

has a right inverse. As operators with left and right inverse are invertible, these

arguments prove Theorem 2.1, as well as Corollary 2.3 for finite intervals.
Theorem 2.2 follows by abstract theory; cf. Priiss [8], Proposition 1.2.

Finally, we comment on the autonomous case where J = R, is the halfline, i.e.
the last assertion of Corollary 2.3. In this case we do not localize in time. Instead
we use w and the estimate [SE|gy(r,)) < C/w of the solution operators S¥ in the
data space. By means of interpolation this allows to control the lower order terms
by C/w”, where C > 0 and 7 > 0 are uniform. If we choose w > 0 large enough
this way the lower order terms can be made small so that the same arguments as
above show invertibility of L also on the halfline.

5. REMARKS ON THE ASYMPTOTIC LOPATINSKII-SHAPIRO CONDITIONS

As mentioned above, the main difficulty in treating the boundary value problem
lies in the inherent inhomogeneity of the symbol. More precisely, the co-
variable A\ corresponding to the time variable, has no definite weight compared to
the space co-variables &.

To analyze boundary value problems with inhomogeneous symbol, the Newton
polygon approach was developed, see, e.g., [5] and the references therein. One way
of describing the inhomogeneity uses the r-principal part of the symbol where r > 0
denotes the weight of A\ with respect to . In the homogeneous case, the weight r is
given by the symbol, in the inhomogeneous case we have to take any » > 0. In the
following we will develop the notion of the r-principal part of a Lopatinskii-Shapiro
condition. This will allow us to find a unified description of the conditions (LSZ)
and (LS}) formulated above.

We fix t € J and € T and rewrite the boundary value problem in coordi-
nates associated to . We assume that the operators B; and C; have no lower-order
terms. In matrix form the Lopatinskii-Shapiro condition (LS) can be written as

0
L€, D, ) <v(y)) 90
P :
Im
with
A+ A, T) 0
Bo(&',m)  A+Col§)
LE 7N == (L (€, 7 A))ie—101,m = | B1ET) (€

j=1,2 . .

B (¢, 7) Cm (&)
In the matrix L(§’, Dy, A) the differential operators B; = B, have to be understood
as boundary operators where taking the trace at y = 0 is included. The coefficients



PARABOLIC PROBLEMS WITH BOUNDARY DYNAMICS OF RELAXATION TYPE 25

of L(¢',7,)\) are symbols of pseudo-differential operators with different weights of
A with respect to &'. Therefore, there is no natural order of these symbols, and we
have to consider their r-order for arbitrary r > 0.

For r > 0, we define ord, A := r and ord, ¢’ := 1. Now we consider the ordinary
differential equation

(A+Ax(€,Dy)o(y) =0 (y>0).

Its solutions are determined by the roots 7 = 7(¢’, A) of the equation A+ Ax (¢, 7) =

0. As 7(¢',\) is homogeneous in g = (A + |&[>™)'/?™ in the sense that 7(¢/,\) =

MT(%, uﬁm ), it makes sense to define

S L
ord, 7 := T := max {1, Qm}'

For the symbols of the differential operators appearing in (1.1]) we obtain
ord, Ay (&', 1) = 2m7,
ord, Bjx (&', 7) = myr,
OI‘dT Cj#(fl) = k‘j.
The r-principal part of a scalar operator with symbol P (&', 7, A) is defined as
POE 7, A) = lim R™P P(RE, R'7, R N).
For the operators in (1.1 we get

A&, T) if 0 <r<2m,
A+ A& = A+ A€, ) ifr=2m,
A+ A0, 7) ifr>2m,
” B¢, 1) if0<r<2m,
B ) =4 Ve
(0,7)  if r > 2m,
(€)= ¢(€).
The matrix L is an example of a mixed-order system (Douglis-Nirenberg system).
For every r > 0 we have

Ordr Lij (§/7 7, >‘) S S (T.) + tj (T)

with (s_1,50,...,8m) = (2m7, mo?,...,my,7) and (t1,t2) = (0,¢). Here
t = t(r) := max{r — mo7, ko — moF,. .., kyn — MmT}.

Following the general idea of mixed-order systems, the r-principal part of L is given
by
(LT, 7 N), = {LE? (€, 7,A) if ord, Lij = s; +t;,
b) b ZJ

0 if ord, Lij < 8; + tj.

The asymptotic Lopatinskii-Shapiro condition now means that for every r > 0 the
following r-principal Lopatinskii-Shapiro condition (LSSZ;)) is satisfied.
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(LSY)) For all h; € E, all hg € F, t € J, x € T, all ¢ € R"~1\ {0} and all
A € C4 \ {0} the initial-value problem

0
LO(t,2,€, Dy, N) ((py)) = h
i
has a unique solution <Z) € Co(Ry; E) X F.

Remark 5.1. By definition of the r-principal part of the scalar operators and of the
mixed-order system L, we have
R—me

R—mgF

- 1
LU, N L(R¢,R"1,R"\) (0 RO—E>

= lim
R—oo
R—mm'F
with # and ¢ being defined above.

It will turn out that in all cases the validity of (LS&Q)) for every r > 0 is equivalent
to the asymptotic LS-conditions formulated in Section 2. We start with some
elementary observations.

Remark 5.2. a) In Case 1 we have j € J if and only if {; = [. This is equivalent to
the condition k; — m; = max;—o,. m(k; —m;). The points (k;, k;) with j € J are
lying on the nontrivial edge of N'P.

b) In Case 2 again we have j € J if and only if I; = [, but all points (k;, x;),
j € J, are lying in the interior of N'P.

¢) In Case 3 there are two groups of indices in J. The first group consists of
all points (kj, ;) lying on the edge NP, ., this is equivalent to [; = [ and to
k; — m; = max;(k; — m;). The second group consists of all j for which the points
(kj, k;) are lying on another edge of N'P. This is the case if and only if there exists
an r > 2m such that
(5.1) k; —myT = i_r(r)laxm(k:i — myT).
For every fixed r > 2m the set of all j € J satisfying coincides with one of
the index sets Ji, ..., Jog,.ct1-

Theorem 5.3. In the situation of Theorem[2.1] let assumptions (E), (SD), (SB)
and (LS) be satisfied. Then the following statements are equivalent.

(i) In case | < 2m condition (LSL) and in case | > 2m condition (LSL)) holds.
(ii) For every r > 0 condition (LS((Q) holds.
Proof. a) We start with Case 1 where [ = 2m. For r < 2m we get ¥ = 1 and
t=2m—mg. As kj—m; =t iff j € J and because of C;x = 0 for j ¢ J, we obtain
Ap(E',7) 0
Boy(&',7)  Cox(E')

)

(5.2) LONE 7)) =

Bm# &6/7 T) Cm# (g/)
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i.e. condition (LS(()Z)) is equivalent to (LS) with A = 0. In the same way, for r = 2m
we get
At Ay (flv T) 0

By (&,7)  Crnp(E)
which equals (LS).

For 7 > 2m we have 7 = 5, t(r) =r —moF > kj —m;7, j=0,...,m, and
A+ Ax(0,7) 0
Bo#(O,T) A
(5.3) L0 r, A = | Bix07) 0
Bm#(O,T) 0

The corresponding condition is equivalent to (LS) with & = 0.

b) In Case 2 we have | < 2m, i.e. 2m —mg > max;(k; —m;). For r < 2m we
get 7 = 1 and ¢ = max{max;(k; — m;),r —mo}. If  — mg < max;(k; — m;), the
asymptotic LS condition is given by which again equals (LS) with A = 0.

For r < 2m and r — mg = max;(k; —m;) we have

Ay (€' 7) 0

L(r) (gl’ T, )\) _ BO# (.6,7 T) A + CO# (fl)

Buy(§ 1) Crnp(£)
which corresponds to the asymptotic (LSZ,)-condition (2.4). For r < 2m and
r —mg > max;(k; —m;) we get
Ag(€ 1) 0
Bog(E',7) A

LU, m,\) =

By (&', 7) 0
which equals (2.3 with A = 0.
For r = 2m we have r — mg = 2m — mg > max;(k; —m;) and

A Ag(€r) 0
B, ! A
Ly = | PO

By (&7) 0
This coincides with (LS,). For r > 2m we get again.

c) Finally, in Case 3 we have | > 2m, i.e. max;(k; —m;) > 2m—my. For r < 2m
we have r —mg < 2m — mg < max;(k; —m;) = — mg. Hence £(r) = — mg, and
so we obtain
A# (glv T) 0
BO# (g/a T) CO# (5/)60,J2qmax+1

Bm# (5/7 T) Cm# (6/)6m’J2qmax+1
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which is the first part of (LSL,), equation (2.5, with A = 0.

For r > 2m the second column of L(") contains all Cj# for which j satisfies (5.1)).
From Remark we see that the sets Jp,..., Jag,...+1 appear as index sets. For
r = 2m we have

A+ Ag(E,7) 0
Boy(€',7)  Cop(€)d0, Tagnin

LU 7N =

Bm# (£l7 T) Cm# (gl)émaJ%max+1
which is the first part of (LSZL)), equation (2.5)). In the case r > 2m and r(1—72) <

max;(k; — 5-) we have e
A+ Ax(0,7) 0
LOE 7. 3) = Bo#§077) Ao—1,7, + (?0#(5/)50,%
Bus0,7)  Cos(€)bm,
where ¢ runs through {1, ..., 2¢mnax }. Therefore, the corresponding condition equals
the second part of (LSY), equation (2.6). For r(1 — 22) > max;(k; — 52°), which

implies 7 > 2m, the corresponding condition coincides with (LS) with ¢ =0. O

In fact, the asymptotic LS conditions are in some sense more important than
(LS). This can be seen from the following result.

Theorem 5.4. In the situation of Theorem let assumptions (E), (SD), (SB)
and (SC) be satisfied. If the asymptotic Lopatinskii-Shapiro condition (LSEQ) holds
for all v > 0 then there exists a Ao > 0 such that (LS) is satisfied for all A € C,
with |A] > Ao.

Proof. In Case 1 we have seen in the proof of Theoremmthat (LS) and (LSS;))DO
are equivalent conditions. Therefore, we will restrict ourselves to Case 2, the proof
in Case 3 follows by the same arguments.

We first fix (t,z) € J x I'. If there is no A\p > 0 such that (LS) holds for
IA| > Ao, there exist sequences (A, )nen C C4 and (€))nen C R" ™! with |\,| — oo
such that (LS) with (A, &) = (A, &),) is violated for all n € N. We employ the
scaling from the proof of Theorem [2.I] and consider the corresponding sequence
by = ‘/%l € By/2(1/2). By compactness, we may assume b, — by € By /2(1/2).

If by # 1 we have seen in the proof of Theorem that (LS) is equivalent to
and that the limiting problem for A — oo (and, consequently,  — c0) is given
by (£.4). By assumption, (LS((Q)WO and therefore (LS_) holds, so the limiting
problem is uniquely solvable. But this implies that is uniquely solvable for
(A, &) = (A, &) with sufficiently large n which yields a contradiction.

In the same way, for by = 1 we obtain either (LS) with A = 0 or (LS_) as
limiting problems. But we have seen in the proof of Theorem that each of these
problems coincides with (LSEQ) for suitable » > 0. Again the unique solvability of
the limiting problems yields a contradiction for sufficiently large n.

Finally, as the coefficients in (LS) depend continuously on (t,z) € J x T, a
compactness argument shows that Ay may be chosen independently of t and z. O
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6. NECESSITY OF THE ELLIPTICITY CONDITIONS

In this section, we will prove that the ellipticity condition (E) as well as the
Lopatinskii-Shapiro conditions (LS) and (LS&?) are necessary. Condition (E),
i.e. normal ellipticity of the interior symbol, is known to be necessary from [4],
so the essential point is the asymptotic LS condition. The precise formulation
reads as follows.

Theorem 6.1. Let G C R™ be a domain with compact boundary T' of class
C?mtl=mo  Suppose the Banach spaces E and F are of class HT, and let as-
sumptions (SD), (SB) and (SC) be satisfied. Let 1 < p < oo be such that
Kj # % (j = 0,...,m). For an interval J, = [0,a] C J define the space
X, = Ly(Jo; Lp(G; E)), d.e. J in the definition of X is replaced by J,, and in
an analogous way the spaces Zy,q, Ly o and Yjq.

Assume that there exists a constant C > 0 such that for all (u,p) € Z, x Z,
satisfying w(0,-) = 0 and p(0,-) = 0 the inequality

[0l + 1912, < C(1(O0u+ Alt,, D))ulx,

pra —

+ (8¢ + Co(t, x, Dr))p + Bo(t, z, D)uly, ,

+ 7 1Bj(tw, Dyu + C(t,w, Dr)ply, )

j=1

holds for every J, C J. Then the ellipticity conditions (E) and (LS(()Z)) hold for any
r > 0. Consequently, for sufficiently large A € CL condition (LS) is satisfied.

Proof. The last statement follows from Theorem and the necessity of (E) was

already shown in [4], so we have to prove (LS&?). The proof is done in several
steps.

(i) Reduction to the model problem. Assume that there exists an r > 0, 29 € T,
to € J and &, € R"~1\ {0} such that the ordinary differential equation in (LSEQ) is
not uniquely solvable in Cy(Ry; E) x F. We write (LS&Q) in the coordinate system
associated to xg.

We can see in exactly the same way as in [4] that there exists an a € (0,7
and § > 0, Bs(a) C (0,7T), with the following property: For all (u,p) € Z, x Z,
with suppu C Bs(a) x (Bs(zo) NR%) and supp p C Bs(a) x (Bs(wo) NR*~1) the
inequality

|0sulx, + [(=An—1)"ulx, +|plz,..

6.1 ¢
(O < O(1flxa + 3 g5l + lulx + loli 0oty @)
=0

holds. Here the spaces X,,Z,q and Y, refer to the model problem in the half-
space, i.e. X, = L,(Ja; Lp(RY; E)) etc., and
f = (8t + A#(th Zo, D))U7
go ‘= BO#(t()a Zo, D)u + (at + CO#(tO7 Zo, D/))P,
95 = Bj#(t()ax()a D)U + Cj#(tva()v D/)p (.7 =1,... 7m)‘
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(ii) Choice of u and p. Consider the operator pencil T(A): L,(R4;E) X F —
Ly(Ry; E) x F x E™ being defined by D(T(\)) = H2™(R,; E) x F and

T)(!) = 200,80, ).

By assumption, the spectrum of 7" has a nontrivial intersection with C,\{0}. From
[], Lemma 5.1, we obtain that there exists a A\g € C4 \ {0} such that for every
n > 0 there exists (!7) € H2"(Ry; E) x F with

‘(ZZ)‘ =1 and |T(\) (ZZ)‘ <.

Following the idea in [4], we fix x € C°*°([0,a]),% € C>®(R""!) and ¢ € C°°([0, ))
with 0 < x, 1, < 1 and supp x C (a— 4, a], supp ) C Bs(xo) NR" ™! and supp ¢ C
[0,6). Additionally we assume x =0 in [a — §,a — %5], x=1in[a— %5, al, p=1
in [0, 36, and v = 1 in Bja(z0).

For R > 0 we define

u(t, @', y) = RPN () 00 (2!) O oy oy (RTy),
,D(t, :Z?/) — R(72m+1/p)FffX(t)eRTAot¢(xl)6inéz'O,n'

Here 7 = max{1, 7~} and ¢ = {(r) are defined as in Section 5.

(iii) Estimate of |u|z, ,. We start with some remarks. Fork € Nandj =1,...,n—1
we have

f ((a)e ™) = (iRgy,)Fap(a')e! 0™ + O(RMT),
and therefore

CLRM| o (1) < [0 | i gnry < CoRP || ooy

for sufficiently large R with constants C' » independent of R. From the interpolation
inequality we obtain

[ 0% |y g1y < CRF || Lo (1)

for k € (0,1) and large R. We will show that the last inequality is two-sided, too.
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Let kx = m + s with m € Ny, s € (0,1). Then

R
|¢el 50 Wkn(Rn 1)

— gm ' + h! eiR&é(J;’-‘rh/) _ ! ein()w' p
/ / | J (’(/}( ) T ’(/}( ) )| dh/dx/
B;5(0) /B5(0 |h!|oP

n 1 ! iRELR _ 1|p
Rmp|eh [Pk’ —
/ / |€01|, s,|,+n71 " i
Bs;4(0) /By /4(0) |P|

|eiR§()h’ —1Jp

> CRmP |€ ‘mp/ ldl‘// T dh/
Z By4(0) Bsa(0) P[P
7,'5' h 1P
_ cRmrte / le2” — 117 gy
Bre,4(0) |h![spHn=

igoh' _ q|p
> CRE / S 117
B0 |M[P

for large R. As the last integral is a positive constant depending on &), but not on
R, we obtain

(62) CleﬁlﬂJ(x/)eiR%x,|LP(R7171) < |¢($/)€iR§61/‘W§~,(Rn—1)

< CoRM |y (a")e 0% | L gnry.
In a similar way, one can estimate |X6RT>‘°t|W;([07aD, starting from the obvious
inequality

)xot|L RT)\O(a—(S/B) < |).(|oo|X€R

Ixe L([0,a) < [X]oo At L ([0.a])-

We get |X6RT’\0t\H;([O’a]) < C’RT|xeR“°t|LP([0’aD for sufficiently large R. By inter-
polation,

Xe™ 2y 0,0 < CR™xe™ M| 0,01

Using similar scaling arguments as above, we can see that this inequality is two-
sided again, i.e. we have

(6.3)  CLR™xe™ L, 0.0 < Ixe™ *wpo.a) < C2aR™ xe™ |1, 0,01

for 0 < k < 1 and sufficiently large R.
Finally, to deal with v,, we note that ¢ = 1 near 0 which implies

7 7 1 7
oy (R™Y) L, &4:E) = levn (R Y)|L, & m) > §|Un(R Y, ®, E)
-
(6.4) = iR /p‘vn|Lp(R+;E)

for large R.
After these remarks, we first estimate J;u and write

|0vulx, = RT2HVPIT0, (xe™ 2N L 0.0 ¥ L, (Re-1) 00y (R™Y) L, Ry 5B)

> CRT*QT'”:|X6RT’\°t|LP([0,a])|1/’|LP(R"—1)|”n|Lp(R+;E)'
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In the same way,
n—1
[l (0,01 rzm ry 2y > D 107 ulx,
j=1

> CR¥™72m7 |yl 20t o.ap [l L, (-1 vy 1, (R s ) -
To combine these two estimates, we remark that max{r — 2m#, 2m — 2ms} = 0 by
definition of 7. Consequently,
(6.5) lulz,.. = Clxe™ 2", (0.ap|¥]L, ®n-1)|vn|L, &, E)-
(iv) Estimate of |p|z,,. We consider all three cases simultaneously and write

Il z,. = Z |p|WI'§([O,a];WI’f(]R"*1))

(k)

where (k, k) runs through all vertices of the Newton polygon except (0,0). We get

10|z, = ROPEVDTEN 7 e 200 g 0,0 [0 0™ [y 1) oy -
(ko)

Using (6.3)) and (6.2)), we can estimate

(6.6) |P|Zp,a > C‘XBRTAOtlLP([O,a])|w|L,J(R"*1)‘UU|F R(=2m+1/p)i—t Z RrAtk
(k,x)

for sufficiently large R.
We will see that
(6.7) R(—2m+1/p)i—t Z RAHE > 1,
(k,r)
In fact, in all cases there exists a vertex (k, k) of the Newton polygon with
(6.8) (2m —1/p)F +t=rk+ k.

To see this, we first consider r < 2m, i.e. 7 = 1. In Case 1 we have [ = 2m and
t = 2m — my, and for the vertex (k,x) = (I + 2mkp,0) the equality holds
because of

(2m — 1/p)F +t =4m —my — 1/p = | + 2mky.
In Case 2 we have [ < 2m. If r —mg > max;—g,.._m(kj —m;) then t = r —mg. Now
we take the vertex (2mkg, 1) and obtain

(2m —1/p)F +t=2m — 1/p+7r —my =1 + 2mro.

If r —mo < max(k; —m;) then ¢ = max;(k; —m;) = | —mg and we take the vertex
(I + 2mko,0). For this the equality

(2m —1/p)F+t=2m—1/p+1—mg =1+ 2mrog

holds, and is satisfied again. In Case 3 we have t = [ — my, and so holds
for the vertex (I + 2mkyg, 0).

This shows that for » < 2m in all three cases holds for at least one vertex
of the Newton polygon. Consequently, is satisfied. For r > 2m the proof of

(6.7) is similar. Inserting (6.7) into (6.6), we see that

RT/\0t|Lp([

|P|Zp,a, > Clxe 0,a])|¢|LP(Rn—1)|0n|F-



PARABOLIC PROBLEMS WITH BOUNDARY DYNAMICS OF RELAXATION TYPE 33

From this and (6.5]) one obtains that there exist constants Ry > 0 and Cp > 0 such
that for all R > Ry the inequality

Un

On

(6.9) ‘ (Z)

holds.

> Colxe™ |1, (0.4 [¥| 1, (mn-1)

Znw,aXZp,a L,(Ry;E)XF

= Colxe™ ™ (0.ap|¥|L, @n-1)

(v) Estimate of the right-hand side in (6.1)). By the product rule,

f
7 :L(tmmo,D’,Dyﬁt)(Z)
Im

_ R(—2m+1/p)FX(t)eRT}\Utw(ml)eiRE()x/

;s . 1 0 R" 1
L(to, zo, R€y, R" Dy, R" Ao) <0 Rg) (“”( y))w()

for R — oo. We have to estimate

‘gj|Yi’“ - ‘gj|W§j([O,a];Lp(R”*l;E)) + |gj|L,,([0,a] w2 (Re-1,E))

Wop
For this we use the right inequalities in (6.3) and (6.2)) and get
Ixe™ A°t|W;j([o7a]) < CRS"|xe™ 2 L (0.a])»
i R¢)x’ 2mi;
e | 1y < ORI ], oy,
Note that max{x;r,2mx;} = 2mrr;. Therefore,

f

g0 < Clx(t)eR ot N

_ < Clx(t)e |2, (0,a) [¥ 1L, =) Nyl L, (R s E) < P
gm XQXY(),QX"'XKVL,@

with

RZang
N, = R(=2m+1/p)7

RQmFK,m

= X 1 0 ) Rf‘
- L(to, o, Ry, "Dy, R Ao) (0 R—f) ( ’7(0_ y>>
n

We remark that (—2m + 1/p)7 + 2mix; = —m; 7 and that
I[L(...,R"Dy, R" Xo)v) (R™Y) |1, &, .y = B~"/P|L(..., R"Dy, R"A\o)vy |1, (&, )-

Thus we can apply Remark to see that the operator acting on (”"(R;y)) is a

On

differential operator in y with coefficients which tend uniformly to the coefficients of
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L) (tg, xo, €0, Dy, A\o) as R — co. Consequently, there exists an R; > 0 depending
on 7 such that

v
|N77|LP(R+;E)><F < n+ L(T)(t0,$07§6,Dy7>\0) (O_n>
n

<2

for all R > R;. Altogether, we have seen that there exists a constant C; > 0 and
for every n > 0 a constant R; > 0 such that

f

9o "
(6.10) : < Cunlx(®)e™ 2" |1, 0,0 ¥l rr-)

Im XaXY0,aX XY q

holds for all R > R;. But from and (6.10) with sufficiently small n we obtain
a contradiction to (6.1). O
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