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Abstract

We study the asymptotic behaviour, as ¢ — oo, of bounded solutions to a second order
integro-differential equation in finite dimensions where the damping term is of memory
type and can be of arbitrary fractional order less than 1. We derive appropriate Lyapunov
functions for this equation and prove that any global bounded solution converges to an
equilibrium of a related equation, if the nonlinear potential £ occurring in the equation
satisfies the Lojasiewicz inequality.
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1 Introduction

In this paper we study the asymptotic behaviour, as ¢ — oo, of bounded solutions to integro-
differential equations of the form

i(t) + VE(t)) + (k+a)(t) = f(t), t >0, w(0) =ug, u(0)=us. (1)

Here v : Ry — R™, k € Ly jo.(R4) is a nonnegative kernel, and k % v stands for the convolution
on the positive halfline, i.e. (k*v)(t) = fot kE(t — T)v(r)dr, t > 0. The scalar nonlinearity £ lies
in C?(R"); by V& we mean the gradient of £. The vectors ug, u; € R™ as well as the function
f € L1, 10c(R4;R™) are given data.

An important example for the kernel £ we have in mind is given by

E(t) =gi_at)e™™, t>0, ac(0,1), y>0, (2)
where gg denotes the Riemann-Liouville kernel

th-1

gs(t) = —, t>0, B>0.
T T
In this case, k is a singular kernel and the damping term k * @ in (1) is of fractional order
a€(0,1).
Concerning applications we primarily regard (1) as a finite-dimensional model problem for
more complex evolutionary integral equations in infinite dimensions, which arise in mathematical



physics, e.g. in the theory of viscoelasticity. For example, the equation for the viscoelastic Euler-
Bernoulli beam with nonlinear load is given by

Ut + CoUtzzre + €1 * Utgzzx + Coolzzza + f(xv u) = O (3)

Here e > 0 denotes the elasticity modulus, ep > 0 a Newtonian viscosity, and e; € L1 joc(Ry) N
Co((0,00)) is the viscoelastic stress relaxation modulus, see the monograph [24, Section 9.1] and
[13]. In this case we view equation (1) as a finite-dimensional model problem for (3) with ey = 0.

The main objective of this paper is to establish results asserting the convergence to equilibrium
as t — oo of any global bounded solution of (1). Here by ’equilibrium’ we mean a steady state
of the related equation i + VE(u) + k x4 = 0, that is a vector u, € R™ satisfying VE(u,) = 0.
As to the nonlinearity &, the crucial assumption is that given any bounded solution u of (1), £
fulfills the Lojasiewicz inequality near some u, in the w-limit set w(u) of w. This means there
are constants 6 € (0,1/2] and o, M > 0 such that

1E(z) — E(u,) |70 < M|VE(z)| for all z € R with |z — u,| < 0. (4)

In a seminal paper Lojasiewicz was able to prove that any real analytic function £ : U — R
defined on an open set U C R"™ satisfies the Lojasiewicz inequality near each point u, € U, see
[21, Thm. 4]. There exist examples of non-analytic functions satisfying this inequality (see e.g.
[5] and [19]). Thus, for the sake of generality, we state the validity of the Lojasiewicz inequality
in the formulation of our main result. Note, however, that in general it is very difficult to verify
(4) for a non-analytic function.
Using inequality (4), Lojasiewicz ([21], [22]) proved that any bounded solution of the first
order ODE system in R"”
w(t) + VE(u(t)) =0, t >0, (5)

converges to an equilibrium provided that £ is analytic. It is worth noticing that compared with
LaSalle’s invariance principle, a significant advantage of the approach based on the Lojasiewicz
inequality comnsists in the fact that this method also works when the set of equilibria is not
discrete.

Haraux and Jendoubi [18] established the corresponding result for second order ODE systems
in R™ of the prototypical form

i(t) + pa(t) + VEu(t) =0, t > 0, i > 0. (6)

These results have also been extended to the infinite dimensional case ([26], [20]). A seminal
contribution was made by Simon [26], who was able to generalize the Lojasiewicz inequality to
some analytic functionals defined on Hilbert spaces, and to prove convergence to steady state of
bounded solutions of the abstract first order equation 4+ &’(u) = 0 under natural regularity and
compactness assumptions on £ and u. During the last decade the Lojasiewicz inequality and its
generalizations to the infinite dimensional case, often called Lojasiewicz-Simon inequality, have
been used in many papers to prove convergence to steady state for different evolution equations,
see e.g. [5], [7], [14], [17], [19], [25], and the references given therein.

Concerning integro-differential equations, there are only a few papers that derive results on
convergence to equilibrium of the type described above. In [1], [2], and [6], first and second
order problems with additional memory terms are investigated. Chill and Fasangova [6] study
abstract equations in a Hilbert space setting the prototype of which in the finite dimensional
case is basically of the form

ii(t) + p(t) + VE(u(t)) + (kxa)(t) =0, t>0, (7)



with 4 > 0 and & as in (2). Recently, Vergara and Zacher [27] used the Lojasiewicz inequality
to establish convergence to equilibrium for a class of integro-differential equations that includes
problems of fractional order both between 1 and 2 and less than 1.

The novelty of the present paper is in proving convergence to equilibrium for a second order
system that does not contain a damping term of first order - as in [18] and [6] - , but instead
respectively only a weak damping term of memory type. This term can be of arbitrary fractional
order a € (0,1) as in the important example (2). It turns out, somewhat surprisingly, that our
result still holds when we send o — 0 in (2), that is for the regular kernel k(t) = e, ¢ > 0,
v > 0, which leads to a friction term of order 0.

One of the main difficulties in the proof consists in constructing an appropriate Lyapunov
function (LF) for (1). We point out that finding an LF for an integro-differential equation, in
general, is a highly nontrivial task, see the remarks in Section 14.1 in the monograph [16], the
standard reference for such equations in the finite dimensional case. In [1], [2], and [6] Lyapunov
functions are constructed by the use of a technique that basically goes back to Dafermos [12].
This technique leads to rather tedious estimates and does not seem to work for the type of
problems to be studied in this paper.

In order to succeed we apply and substantially develop further the method used by Vergara
and Zacher in [27], the key ingredient being the basic inequality (9) (see below) for nonnegative,
nonincreasing kernels. As we will show, this inequality is closely connected to the notion of
a completely positive kernel, see assumption (K1) and Theorem 3.1 below. This concept also
plays a crucial role in the work of Clément and Nohel [10] on nonlinear Volterra equations in
Banach spaces with accretive nonlinearity; we further refer to [8], [9], [11], [16] and [24]. Another
significant idea in the construction of a suitable LF for (1) is to look at higher energy estimates.
Only with the aid of these estimates we are able to obtain an Ly(R4) bound for |«|, which is
an important intermediate step in our proof of the convergence result. Note that in the case of
equation (6) as well as (7) with g > 0 such a bound immediately follows from the basic energy
estimate. We remark that the method of higher order energies and the techniques from [27] have
been recently used in Alabau-Boussouira et al. [3] to prove polynomial energy decay for a wave
equation with purely boundary memory damping. In Section 4, Step 2 and 3, we make use of
some ideas from [3].

We point out that the results of this paper can be generalized to evolutionary equations in
a suitable Hilbert space setting, see e.g. the setting in [6]. Assuming sufficiently regular data
ensures that the solutions possess the regularity required for the derivation of the higher energy
estimates. This way, it is possible to obtain, e.g., results on the convergence to equilibrium for
semilinear wave equations with weak damping terms of memory type. Furthermore, the results
in [6] can be improved by allowing vanishing first order damping terms.

The paper is organized as follows. In Section 2 we formulate our main result, Theorem 2.1,
and give some further remarks. Section 3 provides the basic inequalities which will be repeatedly
used in the paper. The key inequality, Theorem 3.1, is formulated in the abstract setting of
functions taking values in some Hilbert space. The proof of the main result is given in Sections
4-6.

2 The main result and remarks

We will suppose that the following assumptions are satisfied.

(K1) k € Ly 0c(Ry) is completely positive, that is, there exist by > 0 and a nonnegative and
nonincreasing kernel b € Ly j,.(R4) such that

bok(t) + (b+k)(t) =1, >0



(K2) there are v > 0 and a € Ly (Ry) strictly positive and nonincreasing such that
b(t) = alt) + (1< a)(t), > 0; (3)

(K3) there exists Ty > 0 such that k € Hj ([Tp,0)), and

/w(/tw(kuﬁ +h(r)2) dr)} dt < oo;

To
(HE) the function £ belongs to C?(R");
(Hf) f € H3(R;;R") and there is Ty > 0 such that f € H3 ([T}, 00); R™) and

/Oo(/too(lf(T)|2 + |f(7')‘2 + |f(7—)|2)d7)1/2 dt < oo.

T

Remarks 2.1 (i) Condition (K1) implies that k is nonnegative, see e.g. [10], [11], and [24]. For
equivalent definitions of complete positivity we refer to [9], [10], and [24]. Sufficient conditions
which insure that k is completely positive are: k € Lj jo.(R4) is nonnegative, nonincreasing,
and log k is convex, see e.g. [10], [23], and [24]. In particular, completely monotonic kernels are
completely positive, see [23], [24]. We further remark that assuming (K1) k is locally absolutely
continuous on [0, o) if and only if by > 0; in this case by = k(0)~L.

(ii) If we weaken the assumption (K2) by replacing ’strictly positive’ with ‘nonnegative and
not identically 0’; then by decreasing -, we obtain again a decomposition of the form (8) with a
strictly positive and nonincreasing, see Remark 3.1(i) in [27].

(iii) Note that (K1) and (K2) imply that b(t) > bo := lims_.oc b(s) = v|a|r,®,) > 0, t > 0.

(iv) It follows further from (K1) and (K2) that k£ € L;(R;). Indeed, since k is nonnegative
(cp. (i), (K1) implies (b k)(t) <1, ¢t > 0. Using the lower bound for b from (iii) and positivity
of k, we see that [k|L, r,) < 1/boo.

(v) The kernels k in (2) as well as k() = e7#t, t > 0, u > 0, satisfy conditions (K1)—(K3),
see Examples 3.1 and 3.2 below.

(vi) (K3) and (Hf) are technical conditions. Note that (K3) entails k¥ € H{([Tp, o)), and
(Hf) implies f € HE([T1,00);R™), see [19, Chap. 3, Sec. 4].

Definition 2.1 For T > 0 we say that a function u € H?([0,T];R™) is a solution of (1) on
[0,T] if (1) holds a.e. on [0,T]. A function u € H},,.([0,00);R") is called a global solution

of (1) if for any J = [0,T], T > 0, the function u|; is a solution of (1) on J. A global solution
u of (1) is called global bounded solution if [u|y__ (& rr) < 0.

Remarks 2.2 Under the above assumptions local existence and uniqueness for (1) can be shown
by means of a simple fixed point argument, cp. the monograph [16]. Observe further that
the assumptions on the data imply that any solution u of (1) on [0,7] lies in the space u €
H{([0, T);R™).

We are now in position to state our main result.

Theorem 2.1 Suppose (K1), (K2), (K3), (HE), and (Hf) are satisfied. Let ug, u; € R"™ and u
be a global bounded solution of (1). Assume further that there exists some u. € w(u) such that
E fulfills the Lojasiewicz inequality near u, i.e. there are constants 6 € (0,1/2] and o, M > 0
such that

1E(x) — E(u) =0 < M|VE(x)|  for allz € R"™ with |z — u.| < o.
Then im0 u(t) = us, and VE(u.) = 0.



Remarks 2.3 It is instructive to have a look at the case £ = 0. Suppose u is a global solution
of (1) with k£ > 0 not identically 0 and that lim;_, o u(t) = %so. Then, by a well-known Abelian
theorem, see e.g. [4, Theorem 4.1.2], u(t) converges to us in the sense of Abel as t — oo, that
is the Laplace transform @(X) exists for Re A > 0 and limy o A%(\) = uo. Taking the Laplace
transform we infer from (1) that

(A4 E)) Ma(N) = FON) + g + ur + k(N)uo,
which shows that it is natural to assume k € L1(Ry) and f € Ly (R4;R™). We then obtain

uy + [y f(t)dt

oo = 0 [ k() dt

3 Preliminaries

Let H denote a real Hilbert space with inner product (-, -)3. For an interval J C R, s > 0 an
integer, and 1 < p < oo, by H,(J;H) we mean the Sobolev space of H-valued functions on .J.
We write H(J) = Hy(J;R) for short.

The following result is basic to deriving suitable energy estimates for solutions of (1). In the
special case by = 0 it is due to Vergara and Zacher [27, Theorem 2.1 and Remark 2.1].

Theorem 3.1 Let H be a real Hilbert space, T > 0, and b € L 1,.(Ry) be nonnegative and
nonincreasing such that bok + b+ k =1 in (0,00) for some by > 0 and some nonnegative kernel
k € L1,10¢(Ry). Then for any function v € H{([0,T]; H),

1 1
(v(t), % (bro)®), >3 % (b o)) + 56Oy aa.t € (0.T), 9)
Proof: It remains to prove the statement in the case by > 0. We proceed similarly as in [27].
Let v € Hi([0,T);’H) and z = v(0) € H. The computations in Step 1 of the proof of Theorem
2.1 in [27] show that v satisfies the inequality (9) whenever v — z does so, thus we may restrict
ourselves to the case v € o H{ ([0, T]; H), where the 0 means vanishing trace at t = 0.
Define the operators

d d
Blu = bo — U+ — (b*u), D(Bl) = OHll([O,T])7

dt dt
d d
Byu=by 2 u+ = (bxu), D(By) = oH1([0,T); H).

Then B; and By are known to be m-accretive in X; := Ly([0,7]) and X5 := L1([0,T]; H),
respectively, see [8], [11], and [15]. Their Yosida approximations B; ,, n € N, ¢ = 1,2, defined
by

Bin=nBi(n+B;)"', neN, i=1,2

enjoy the property that for any v € D(B;), we have B; ,u — B;u in X; as n — oco. We will
show that

d
%(nsn*u), we X, 1=1,2 (10)

where the kernels s,, € H{([0,T]) are defined as solutions of the scalar Volterra equations

Bimu =

sp(t) +n(kxs,)(t)=1, t>0,neN. (11)



Since k is completely positive, we know that s,, is nonnegative and nonincreasing, cf. [10, Section
2] or [24, Prop. 4.5]. Let i € {1,2}, n € N, and suppose that v € D(B;) satisfying

nu—l—boj u+ %(b*u) f on(0,T). (12)

Convolving (12) with k¥ and employing the identity bok + b+ k = 1 as well as u(0) = 0 and
(b*u)(0) = 0 results into
nkxu)+u="kxf on(0,7T). (13)

We then convolve (13) with s, and use (11), thereby obtaining 1+ u = s, * k * f, that is
u=(n+B;)~ 1f_ (sn*k*f) on (0,7). (14)

In fact, it is not difficult to see that the relation (14) with f € X; also implies (12). From (14)
and bpk + b * kK = 1 we then deduce that

d?

d d
al2 a2
:nbo@(sn*k*f) dtz(" [1— bok] = f),

which yields (10) with u replaced by f.
Putting b,, = ns, we have b, € H{([0,T]), and b,, is nonnegative and nonincreasing. Conse-
quently, by [27, Lemma 2.2],

DN =

<v(t), % (by, * v)(t)> > di (by, * |v|$1)(t) + %bn(t)|v(t)|%{7 a.a. t e (0,7), (15)

for every n € N. Further, by definition of b,

d
bn: ):g(bn*(b0k+b*k))
d
d

(b x k) + t(bn*k*b)

+ %(bn*k*b).

Since s,, is nonincreasing, this together with (15) yields

1d

(o0 g tn #2)O), 2 5 G5 Ou = PBIO + 30O g G e kb)), a2 € 0.1). (16

Recall that v € oH{ ([0,T); H), that is v € D(B3) as well as |v(+)|3, € D(Bj). Therefore, we have

%(bn*v) Hbo%v—i— dg(b*v) in Li([0,T];H) as n — oo, (17)
d d d 2\ -
D (bl = bo 0 ol + S e o) i La((0.T]) as - ox. (1s)

Notice as well that k € H{([0,T]) implies k * b € D(By), and thus

d (bxkxb) =0 in Li([0,T]) as n — oo. (19)

d d
(b, * k% b) — by T

T d(kz*b)



By choosing an appropriate subsequence of (b,,), again denoted by (b,,), we may assume that the
sequences in (17), (18), and (19) converge also pointwise a.e. in (0,7"). Using these properties
we may send n — oo in (16), to the result

by d

(o0).00 S0+ 5 0=0)(0), 2 2 SO+ 5 o 6 B + 5 bl

for a.a. t € (0,T"), which in turn implies the desired inequality (9). O

The subsequent simple lemma (cf. [27, Lemma 2.1]) will be frequently used in the estimates
below.

Lemma 3.1 Let H be a real Hilbert space and T > 0. Suppose thatl € Ly 1,c(Ry) is nonnegative.
Then for any v € La([0,T]; H) there holds

[T+ v) ()7, < (Lx|v|3) () (1x1)(t), a.a.te(0,T).

We next describe two important examples of kernels k satisfying the conditions (K1)—(K3). We
first consider the case of singular kernels.

Example 3.1 Let a € (0,1) and v > 0. Set
k() =gi_at)e”™ and b(t) = ga(t)e " + (1% [ga(-)e " ](t), t>0. (20)

Then both kernels are strictly positive and decreasing; observe that b(t) = go(t)e~ 7 < 0, t > 0.
Their Laplace transforms are given by

- _ 1 N - 1 y
k(A) = W? b(A) = m(l+ X)’ Re A >0,

which shows that kb = 1 on (0,00). It is readily seen that k satisfies all of the conditions
(K1)-(K3).

The next example describes a smooth kernel which is admissible.
Example 3.2 Let p > 0. Set
k(t)=e ", by=1, and b(t)=p, t>0. (21)
Then bok + b+ k =1 on [0,00). Letting v > 0 and setting
a(t) = pe ", t>0,

the kernel b decomposes as b = a + y(1 * a) on [0,00). It is then easy to see that k satisfies the
conditions (K1)-(K3).

4 Lyapunov functions

We commence by deriving suitable energy estimates. We proceed in several steps.
1. The basic energy estimate. Letting u be a global solution of (1), we take the inner
product of (1) and % to find that

%(% |7-.L|2+5(U))+<7:L,k*1l>:<f’a>’ t>0. (22)



Introducing the function

v=~kx*xu
we use property (K1) to write
. d . d d
u:%([bok+b*k]*u):b0%0+£(b*v), (23)
which yields
. W bod 5 d
(U, kx ) = 5 I [v|* + (v, o (bxv)).

By Theorem 3.1,

(W), & b 0)(0) 2 5 5 B P)O) + 5 OO, >0

Combining (22) and the preceding relations, and using the decomposition b = a + (1 * a) from
(K2) it follows that

d 1 .2 b() 2 1 2 bOO 2 Y 2 .
— (3 - = <= - 2 : 24
= (Gl + @+ ol + JaxpP) < =22 = Tax P +(fd), t>0. (24)

Here boo := limy oo b(t) = v]a|; with |a|; := |a|L, (). As to the term (f, ) we have, by (23),
(K2), Lemma 3.1, and Young’s inequality,

(i) = (o + 5 (b)) = (£, ot + 5 (@ 0) +7f 0 x0)

d .
= 2 (fibov+axv) = (f,bov +axv) +(f,axv)
d 2N\ ., b ~y
< — 2 2 2 —1 0 2 > 2 2
< g htov+as o)+ 2Aalalf P+ (o™ + )P+ P+ gl
d . b ~
< ¢ 2 2 o 42, 7 2
< 2 (fbov+anv) + M+ 1F2) + 2=l + Tax ol >0, (25)

where M = max{2|a|17,2]a|1y~! + b3b1}. Setting

F(t) =5 [0 + () + 2 oP + £ (0 [o)(6) — (7). bov(t) + (a 0)(0)

o [ CU P+ 1Py dn >0, (26)

we infer from (24) and (25) that

. boo
F< -2 - %a*\v\z, t>0. (27)

2. Higher energy estimates. Let now u be a global bounded solution of (1). Differentiating
(1) we find that w := 4 satisfies

W(t) + V2Eu(t)) w(t) + (k*b)(£) + k(E)uy = f(£), £ >0, w(0) = ui, (28)

recall Remark 2.2. Let
z=kxtu=kx*xw



and

DOP + 5 (0 2P0 (£, box(t) + (0 v 2)(0)

+M/:o(lf'(f)l2+If'(r)IQ)dr, t>T.

Gr(1) =5 (1) +

Taking the inner product of (28) and w, and arguing as in Step 1 we obtain

G1(t) + (V2E (u(t)) w(t), w(t)) + (k(t)ur, (1)) < —%’O =(t)]* — %(a* 2?)(t), t>Th. (29)

The second term can be rewritten as follows.

(V2E(u) w, ) = % (VE(u), ) — (VE(u), )

= % (VE(),w) + (VE(u), VEE(u)w + z 4+ k(t)u; — f)
d o1d , , .
= & ey + 1 & vewP + (), 0 - (vEw, f
d 1d , d
= £<Vé’(u),w>—|— §%|Vé’(u)| + %<V5(u),v>
— (V2E(u)ii, v) — (VE(u), f). (30)

Turning to the third term in (29), observe that

w=1x*4+w(0)= (bok +bxk) i+ w(0)
=boz+bxz4u =boz+taxz+y(lxaxz)+u, (31)

and thus

% (k(t)u1,boz + ax z) = (k(t)uy, w(t)) —y(k(t)ur,a % z) + (k(t)uy, boz +axz), t>T,. (32)

Since

w+VEM)+v=Ff,
by (1), it follows from (29), (30), and (32) that the function Go defined by

1 b 1 :
Gy =g 0= P+ DI + 5 (@ |22) = (7 boz +ax 2) + (VE(w), )

+ (k(t)uy, boz + a * z) + M/OO(|f(T)|2 +|f(D)?) dr, t>Ty:=max{Ty, T, },
t

satisfies
. b2 Y 2 2 .
Gy < 1 |z 10* |z]* + (VZE(u)i, v)
+(VE), ) = y{k(t)ur,a* z) + (k(t)uy,boz + a*z), t>Ty. (33)

Using Young’s inequality and Lemma 3.1, we have

(k(Dur,ax2)| < Je a2 +dylahk(®)’ .



and similarly

i boo | 12 v 2 Alal 260 \ i 2, 2
< = L Sy =0 .
[kt boz + ax 2)] < 2 o 4 foa |of? + (= 4+ 50 k()

By (HE) and global boundedness, we evidently have |V2E (u)| Lo (R, Rrxny < C for some constant

C1 > 0. Therefore ,

. . . C
[(V2E (u)i, v)| < Crlal [v] < eq]af® + 4?11 [of?,

for all &1 > 0. Further,

(V). Il < o VE@E + = IfE, e >0
Letting
Galt) = Galt) + 2Mlunl? [ (e 4 k) + - [ NP dr, 12T
we infer from (33) and the preceding estimates that
Gs < —b%o |2 — %a |22 + eq|u)? + e2| VE()|? + 46;121 v, t>T. (34)

3. Estimating |4|?. The |i|? term can be controlled by what we have obtained so far. In
fact, observe first that (31) gives

Uw=byz+axz+y(lxaxkxi)+u
=bozt+axz+y(a*xk*[i—u])+u
=bozt+axz+y(a*xv) —y(1l*xaxk)us + (bok + b k)uy
=bozt+axz+y(a*xv)+ (bok + ax*k)u;.

Convolving the identity a + (1 * a) = b with k we see that the function ( = a * k is subject to
CHy(1xC)=1—bok, t>0.
In case by = 0 this immediately implies (a * k)(t) = e~ ¢t > 0. If by > 0, ¢ solves the problem
C+7¢=~bok, t>0, ¢(0)=0,

hence

C(t) = —bo(e™ % k)(t) = —bok(t) + e 7 + boy(e™ 7 x k)(t), t>0.
Consequently, we have in the general case (by > 0)

W=boz+ax*xz+y(axv)+ (efﬁ + boy(e™ " % k)(t))ul, (35)
which in turn implies
a2 < 403217 + dlaly (a * |22 +72ax [0]2) + 4 (e + byy(e T 5 k)(t)>2|u1|2
< Co(bp]2* +ax |2 + ax [ + 9 (t)ua]), (36)
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where Cy = Cy(7, |al1, |k|1,bo) is a positive constant (recall Remark 2.1(iv)), and
Y(t)=e 2"+ (e xk)(t), t>0.

We next choose

€ —min{b%°O 7 }
b 16C5b2 " 16C,

(with the obvious interpretation in case by = 0) and define the higher energy function G by
(oo}
G(t) == G5 (1) +€102|u1|2/ Y(r)dr, t>T.
t
Then (34) and (36) yield

. boo C?
G < T |2|* — %ﬁa * |2] + 4?11 [v|> + €102 a * [v]* + 2| VEW) ]2, ¢ > Th. (37)

4. Modifying the higher energy to control |[V&(u)|?. By (1), we have
d
5 (VE@),u) = (V2E(u)i, i) + (VE(u), i)
=(V2E(w)i, i) + (VE(u), —VE(u) — v + f)
1
<Gl — 5 IVE@P + b + |12

Setting
HO) = (VE®) i) + [ 1P dr+ Gl [ o) dn 121,
and using (36) it follows that
H< - % IVE)]? + C1Cy(a* [v* + ax|z|? +B2|2)?) + [v]?, t> Tb. (38)

Next, we set (with the obvious interpretation in case by = 0)

1 . boo 9
= He0, M {VE} 2Ty
Combining (37) and (38) then yields

4

= (G + 6H) < ng<|z|2 Faxlz+ \Vﬁ(u)|2> + C4(|v|2 +ax |v|2), t>Ty, (39

where C3, Cy are positive constants that depend only on ~,|a|;, and C;.

5. Constructing a suitable new Lyapunov function. It is easy to see that the Cy term
on the right of (39) can be absorbed when adding a term wF to G + 6 H with w > 0 sufficiently
large. In fact, putting

4(03 + C4)
W= ——F >
min{beo, v}
we conclude from (27) and (39) that
d 2 2 2 2 2
= (wF+G+5H> < fcg(m Fax o+ |22 +ax |2+ |VEW) ) t>Ty.  (40)
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Recalling the definitions of F, G, and H, it follows from (40) that there exist constants M;,C > 0
such that the function V' defined on [T%, c0) by

1 b 1 4]
V=Sl +E(w) + D P+ GaxloP = (fbw+axe)+ 2 (VE(w),i)
11 s bo o 1 .
+ = (Glo= P+ DU+ Jax s = (F,boz + ax 2) + (VE(w),v)

+ (k(t)u1, boz + a * z)) + M |uq 2 /too(w(T) + k(1)* + /{i(T)Q) dr

2 [ (R + 1R + 1P ar (41)
satisfies .
V< —C(|v|2+a*|v|2—|—|z|2+a*|z|2+|V5(u)|2), t>Th. (42)

6. Strictness of the Lyapunov functions. The functions F' and V are strict Lyapunov
functions in the sense that if F' resp. V is constant on some interval [to,t1] (fo < t1) in the
domain of the function considered, then this implies that u is constant on [0,¢;]. In fact, if F' is
constant on [tg,#1] C [0,00), then by (27), this means that (a * [v|?)(t) = 0 for all t € (to,t1),
which in turn entails v = 0 in [0,#1], by (K2). By definition of v, we have

bxv=>bxkxtu=(1—bok)*u=u—ug— byv,

and hence u = ug in [0,¢1]. The argument for V' is the same.
Summarizing we have proved

Proposition 4.1 Let (K1), (K2), (K3), (HE), and (Hf) be satisfied. Let ug, u1 € R™. Assume
that u is a global bounded solution of (1). Then the functions F and V defined by (26) and
(41), respectively, are locally absolutely continuous and nonincreasing on Ry resp. [Tz, 00) with
Ty = max{Ty,T1}, and the estimates (27) and (42) hold in the a.e. sense. Both F and V are
strict Lyapunov functions in the sense described in Step 6 above.

5 Properties of the w-limit set
We recall that the w-limit set of a global solution w of (1) is defined by

w(u) = {u, € R™: there exist t,, T co s.t. lim u(t,) = u.}.

n—oo
For every global bounded solution u of (1), w(u) is nonempty, compact, and connected.

Proposition 5.1 Suppose (K1), (K2), (K3), (HE), and (Hf) are fulfilled. Let ug, u1 € R™ and
assume that u is a global bounded solution of (1). Then

(i) 10, ax o, |22, ax 2 € Ly(Ry).

(i) 4 € La(R4; R™) and lim;_,o |a(t)| = 0.
(#ii) The potential € is constant on w(u) and lim;_,o E(u(t)) exists.
(iv) VE(u.) =0 for every u, € w(u).

(v) Each of the terms |v(t)|, (a* |[v]?)(t), bolz(t)|, and (a* |z|?)(t) tends to O as t — oo.
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(vi) limy—, o VE(u(t)) = 0.

Proof: We show first that V' is bounded below on [T, 00). Clearly, £(u) enjoys this property. The
modulus of each of the mixed terms (f, bov 4 a*v), (VE(u), ), (f,boz+axz), and (k(t)uy,boz +
a * z) can be estimated by a small multiple of some nonnegative term appearing in V' and some
bounded quantity. Likewise,

1
(VE(w), )| < eof? + — [VE@)
1
<2l — S+ 261 + —[VE@P,

where the last two terms are bounded. The remaining terms in V' are obviously nonnegative, and
so V is bounded below. Since V is nonincreasing, by Proposition 4.1, the limit lim; o V(t) =
infy>p, V() =: Vi exists. Assertion (i) is then an immediate consequence of estimate (42). The
first part of (ii) follows from (i) and (36).

A similar (even simpler) argument shows that F' is bounded below and nonincreasing, too,
and so the limit lim; o F'(t) = infi>0 F(t) =: Fo exists as well.

Next, let u. € w(u) and ¢, T oo such that lim, . u(t,) = u.. Since & € Ly(R4;R™), we
have for every n € N and any s € [0, 1],

tn+s
[u(tn + 8) — ws| < |ultn) — uy —|—/ |a(7)| dr
t

n

tn+s
< |u(tn) — us| + (/t i(7)|? dr)'/2, (43)

n

where both terms on the right-hand side of (43) tend to zero as n — oo. Thus u(t, +$) — u. as
n — oo for all s € [0,1]. By continuity of £, this in turn yields E(u(t, + s)) — E(us) as n — oo
for all s € [0,1], and therefore

E(uy) = lim 1 E(u(ty + s))ds, (44)

n—oo 0

by the dominated convergence theorem. Integrating F'(t,, + -) (where t,, > T5), we obtain

/ttn+1 (lu(s)|2 + bolu(s)|? + (a * |U|2)(S)) ds

n

1 1 1
/OF(tn—i-s)ds:/O 5(u(tn—i-s))ds—|—5

+ /tthrl (_ (f(s),bov(s) + (a*v)(s)) + M/Sw(|f(7)|2 +1f(P) dT) as,

n

which shows that .

Fo = lim F(ty, +s)ds = E(ux), (45)

n—oo 0
where we use (44), (Hf), (i), and @ € La(R4;R™) as well as the simple estimate

tn+1

tn+1 tn+1
(f(5), (av)(s)) ds|? < laly / () ds / (a* [v]?)(s) ds.

tn n n

Since u, was an arbitrary element of w(u), (45) implies that £ is constant on w(u). More-
over, by the relative compactness of the orbit of u, we see that lim; o E(u(t)) = Fu, that is
limy 00 F'(t) — E(uy) = 0. Since f(¢t) and the last term in the definition of F' tend to 0 as t — oo,
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it follows that S|i|? + +(bo|v|? + a * |[v|?) is bounded above by a continuous function that goes
to 0 as t — oo. Hence limy .o |4(t)| = limy_ o0 (a * [v|?)(¢) = 0.

To establish (iv), let u, € w(u) and choose t, 1 oo such that lim, . u(t,) = u.. We know
already that this entails u(t, +s) — u. asn — oo for all s € [0,1]. Thus VE(u(t,+s)) — VE(ux)
as n — oo for all s € [0, 1]. Using the dominated convergence theorem and the equation for u we
have

VE(uy) = nlLH;c 1 VE(u(ty + s))ds
01
= lim (—ﬂ(tn—l—s) —v(tn+s)+f(tn+s)> ds

n—oe Jo
lim (u(tn) —u(t, + l)) + lim o (— v(s) + f(s)) ds =0,

n—oo n—oo t
n

by (i), (ii), (Hf), and Holder’s inequality. Thus (iv) is proved. By the relative compactness of
the orbit of u, we have lim; ., VE(u(t)) = VE(u*), which together with (iv) implies (vi).

It remains to prove (v). Letting u. € w(u), we integrate V (¢, + -) (with ¢, > T3) from 0 to
1 and argue similarly as before for F'; making use of (i), (Hf), and (K3), to the result that

1
Voo = lim V(tn + s)ds = E(uy). (46)

n—oo 0

Therefore lim;_, o V(t) — E(ux) = 0. We can then estimate

1., bo o 6 _
_ > _ - e
V= Eu) = 3 il +<5(u) 5(u*))+ LIl 4+ = (VE(u), )
1 o, Ly b e, boy e
+ 7 (ax P+ P+ Zaxlef+ 2 3?)

= Co(IFP + 1112+ IVE@) + k(t)? s |2)
Ml [ () + k) + kP dr
3ty [ TSP + IR + 1P

provided Cy > 0 is selected sufficiently large. Thus, in view of (ii), (vi), the assumptions on k
and f, and since lim;_, oo V(1) = lim;_,o0 £(u(t)) = £(u4), the nonnegative term

1 1 1 b
7 (ax o2+ =+ —ax s+ 2 |2p)
4 w w w

is dominated by a continuous function that goes to 0 as t — oo. Hence (v) is satisfied. The proof
is complete. O
6 Convergence to equilibrium

We will now show that any global bounded solution of (1) converges to a solution u, € R™ of
VE(us) = 0 as t — oo, thereby proving our main result, Theorem 2.1. The argument relies on
Propositions 4.1, 5.1, and the Lojasiewicz inequality.
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Proof of Theorem 2.1: Suppose u is a global bounded solution of (1), and let u, € w(u) be
as in the statement of Theorem 2.1. Set

W) =V(t) - E(w), t>Tn

Then, by Proposition 4.1 and relation (46), W is nonincreasing on [Ts, 00), and lim;_,o, W (t) = 0.
Moreover, there exists a constant C' > 0 such that

W< —C(W Faxo?+ |22 +ax|z?+ |V€(u)|2>, t>To. (47)

If W(ty) = 0 for some t; > Ty, then W (t) = 0 for all ¢ > ¢;, and hence u(t) = u., since V is a
strict Lyapunov function. So we may assume that W (t) > 0 for all ¢t > Tb.

By the definitions of V and W, the property a € L;(Ry), Lemma 3.1, and Young’s inequality,
we may estimate on [T5, 00),

2(1-6)
2

wi=? < Cl{|5(u) — E)|" 0+ AP @k o) T+ [VE)PY

2(1-6)

P00 (ax [22) T A (RO )P 4 PO 4 | fPO0

+ 200 4 a0 (W) + R+ b)) dr)

t

([P +FOR + 1P =), (15)

with some constant C7 > 0. Note that 6 € (0,1/2] implies 2(1 — §) > 1. Using the assumptions
on k and f as well as Proposition 5.1 (ii), (v), (vi), it follows that for ¢ sufficiently large, say
t>T >1T,, we have

Wi < 02{|5(u) — &P [a] + (a* [v]2)F + | VE(u)]
2l + ol + (ax [2)F + A@) |, (49)

where C5 > 0 is some constant, and

Observe that the assumptions on k and f ensure that A € Li((T%,00)). Here we use Young’s
inequality for convolutions to estimate the convolution term appearing in :

o0

*° k
[ e e nmar < Moo [ emars Be iom
t t
In view of (36), there holds
i < Cs((ax o)} + (ax |2} + 12 +A®)), t2 T, (50)

with some constant C3 > 0.
Define next the set 2, C (T, 00) by

Qo ={t e (T,00): |ut) —u« <o}
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By continuity of u, Q, is an open set in R. Restricting ¢ in (49) to €,, we may employ the
Lojasiewicz inequality for £ near u, to obtain

W < Co{IVE@)| + fil + (@ x ol)E + o] + (@ x 5)F + 2| +A®) ], teQ,  (51)

for some constant Cy > 0. From (47), (50), and (51) we then deduce that

=Ly _ gy
di
OC{|v]> +ax* [v]? + [2]* +a* |2]* + |[VE(u)[}

T CS{IVE)| + (ax [o]2)7 + Jol + (ax |22)7 + |2 + A(t)}

Y

Co ([0 +ax ol +ax |22 + |22 + [VE@W)2)” — CrA()

Y

Cs(lol + (ax p2)F + (@ x[21)5 + 2] + IVE@)) = CoA@), te R, (52)

where C; > 0, ¢ = 5,...,8 are constants. Integrating (52) over §, and using A € L1 ((T%, 0))
shows that each of the functions (a*[v[2)2, (a*|z[2)2, and || belongs to L1 (€,). This together
with (50) yields @ € L1(2,;R™). By a standard argument, see e.g. [19] or [27, p. 301, 302], we
then conclude that @ € L;(R4;R™), which implies lim;_, o u(t) = u.. Finally, Proposition 5.1
yields VE(u,) = 0. O
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