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Abstract

We consider the renormalized or Wick square of the free quantum
field, which is well-defined as a Hida distribution. It is known that
this is a random variable for space-time dimension d < 3. In this
report, by considering the characteristic function, we show that this
Wick square is not a random variable in dimension d > 4.
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1 Introduction

Let mgy > 0 be a fixed number and d > 4. Let (¢, 119) be Nelson’s Euclidean
free field on R? of mass my, i.e., 1o is the centered Gaussian measure on
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S'(R?) with the covariance (—A +m2)~L. Also, let f € S(R?), S(R?) being
Schwartz’ function space of rapidly decreasing smooth test functions. Then
o(f) = [Jra ¢« f(x)dz (in the distributional sense) is well-defined as a random
variable.

We also consider the quantity : ¢? : (f), which is well-defined as a Hida
distribution for all d (for this concept see, e.g., [12]). Here : - : stands for the
Wick power. In Section 2, by using analytic continuation of the relativistic
free field, we give the precise definition of : ¢ : (f). : ¢? : (f) is by definition
the Wick power of the Euclidean (quantum) free field (over the Euclidean
space-time RY).

In Section 3, we recall the definition and the basic properties of Hida
distributions, and use them to confirm that : ¢? : (f) is a Hida distribution.

This Wick square field : ¢? : (f) has been studied in the d < 3 dimensional
case, for example, in [1], [3], [10], [11], [14]. In these references, it is showed
in particular that : ¢? : (f) is a random variable for d < 3. It is a natural
question to ask whether this quantity : ¢* : (f) is still a random variable for
d> 4.

One can easily see that it can not be square integrable, moreover, in Sec-
tion 4, we shall see that the natural candidate for its characteristic function
turns out to be the function identically zero for d > 4, which implies that

indeed : ¢* : (f) is not a random variable (see Proposition 4.1 and Theorem
49).

Remark 1 We want to emphasize that, for d < 3, ¢* : (f) is a random
variable with a representation of the characteristic function (at %)) as e%M(f),
with M(f) expressed as in (4.3) (this has been discussed in [11]). (4.3)
can indeed be proven by a limit procedure, starting from a regularization of
c¢? : (f)). From this, it follows that for d < 3, : ¢* : (f) is an infinitely
divisible random wvariable, and in particular one can construct from it other
EBuclidean fields of the form YN, « ¢« (f), with : ¢% : (f) independent
fields distributed as : ¢* : (f), and N € N; these in turn can be extended
to any N € R. This motivated our study, in the hope of proving (4.3) also
for d > 4 and thus obtaining a rich class of (infinitely divisible) Fuclidean
random fields for d > 4. However, our rigorous results leave little hope
for such a construction. We also want to remark that [3] showed that the
relativistic Wick square is not infinitely divisible (in a sense explained in [3])
i any space-time dimension.



2 Definition of the relativistic resp. Euclidean
Wick square

In this section, we first recall the definition of the Wick square of the rela-
tivistic free field ¢r. We denote this Wick square by : ¢% :. We then recall
the definition : ¢% : of the corresponding Euclidean Wick square, by analytic
continuation of the relativistic free field (see also [2], [10], [12], [7], and the
references therein).
Let us first recall the relativistic free field. We consider the Fock space
F = @2 F () where F™ is the tensor product of n one particle spaces
F) =Syl ®---@ FM], FO = C. Here ”Sy” stands for the symmetrizer.
FM is the space of complex valued functions on R square integrable with
respect to the measure dQ*(p) = 6(p? +m3)0(po)d?p (mod the class of func-
tions of 0 norm with respect to this measure), where ¢ is the Delta-measure
at 0, p = (po,p1, - Pa-1), P° = =05+ (P + - - +pi_1), and O(po) = 1ipo>03-
The fields ¢r and : ¢% : are defined according to the following: For any
n € N, let M™ be the set of all functions in F(™ such that [®(py, - -+, p,)|(1+
" 1 |1p?*) is bounded for py > 0, for each o € N. Let D be the linear span
of the sets M™ (n > 0). For any ® € D, the component of ¢r(f)® =
J or(x) f(x)dzd (the integral being in the distributional sense, i.e., ¢ is an
operator-valued distribution acting on the vector ®) in F™ is given by

GNP = VA(—= 3 Fp) o )
VT [ dQt ) )W (n,pr, - pa),

and the component of : ¢% : (f)® in F™ is given by

1

(: Qﬁ% : (f)q))(n) = 5 (T(Q,n,O)(f)(I)(n_Q) + T(Z,n,l)(f)q)(n) + T(2,n,2) (f)@(n+2)) ,

with f being the Fourier transform of f (defined by f(p) = [e"Pf(z)du,
f € S(RY)), and the operators (g, ;)(g) : M®=242) — MM j =0,1,2,
given by

(Ti2m0)(9) ) (D1, -, pn) = (nfn — 1))~/



n

x Z g(_pkl_ka)\Ij(ph“'7p;€1a"'7p;€27"'7pn), \IJEM(H“_Q)7
k1#k2,k1,k2=1

(Tomn (@) (pr, -+ pa) =

Z /dQJr(nl)g(nl _pk1)\p(nlap17 e 7p;€17 T 7pn)7 Ve M(n),

ki=1
(Tiam2) ()W) (p1, -+ o) = (R +2)(n + 1))/
X //dﬂ+(nl)dﬂ+(nz)g(n1 +n2)¥(n1, n9, pr, -y p), W E MM,

where © means that the corresponding component is excluded. (See also [14]
and [20]).

Under the above definition, it is known that the corresponding Wightman
functions

Wi, s fu) = Qo ¢h : (f1) - 0% = (f2)Q0),

with Qo = (1,0,---,0,---) € F© the (relativistic) Fock vacuum and (-, -)
the scalar product in F, satisfy the Wightman Axioms [21] (see also [19],
[13]). Therefore, the corresponding Schwinger functions (of the Euclidean
field) satisfy the Osterwalder-Schrader Axioms (see [16] and e.g., [18]). More
precisely, by axioms, there exist W, (z1,- -+, 2,) = (Qo,: ¢% : (x1) -+ : ¢% :
(,)€2) such that (in the distributional sensen)

Wn(fl’“.’fn):/Rdn fl(xl)"'fn(xn)Wn<xla"'7xn)dx1"'dxn-

Let

Sn((xtl)v l'_i), Ty (x?w x_;l)) = Wn((zx(l]u x_i>7 ) (2x27 fT’L))?

with (x?, ;) e R xRT j=1,--- n, and define the Schwinger functions
corresponding to the Wightman functions by

Sn(fiseoo, fu) = /Rdn fi(@e) - fo(@n)Sn(zy, - 2n)day - - - day,

for any (fi, -+, fn) € Sz(R?) with S.(R?) denoting the set of all functions
which vanish (together with their derivatives) on each hyperplane y; —y; = 0,
7,7 =1,---,n. Then S, satisfies the Osterwalder-Schrader Axioms. There-
fore, there exists a Hilbert space Hg, a (Euclidean) vacuum €  and a field

: ¢ ¢ (f) such that Sy (f1, -+, fu) = Qo : 0% (f1) - 0% 1 (fo)Q0,8)ws-
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One can raise the question whether these Schwinger functions also satisfy
Nelson’s Axioms [15], [18] (in particular whether they satisfy Nelson’s pos-
itivity condition), so that the corresponding (Euclidean Wick square) field
(: 0% : (f), f € S(R%)) is not only an ”abstract operator field family”, but
also a family of random variables (defined on a common probability space).
We show however in Section 4 that this is not the case, since the only candi-
tate for the corresponding characteristic function is trivial (see Proposition
4.1 and Theorem 4.2).

3 Hida distributions

For some purposes like describing ”singular interactions”, the space L?(duq)
is too small, and we need to define a bigger space (this corresponds to extend-
ing L*(R?) to S'(RY), the space of Schwartz tempered distributions, which
is given as the dual of the subspace S(R?), the Schwartz space of rapidly
decreasing smooth test functions, in L?(R?). The latter extension is needed
to describe "singular functions”). We will use the Kondratiev triple

S C L2(d/l0) C 871.

The definition is given below (see also, e.g., [4], [10], [12], and the references
therein).
For any p,q € Z, we define the Hilbertian norm of a smooth Wick poly-

nomial p(¢) = Zév:ﬂi PO -, go(”)>, ¢ € S'(RY), by

[e.9]

lellp g = Z%(n!)ZQ"q\w("Wi

For any p, ¢, € Ny, let (Hp)é be the Hilbert space given by

o)

(Hp)y = {f € L*(dno) | (8) = 3_(: 6% ), o llpga < o0}

n=0

Finally, the space S of test functions is defined as
S = mp,qZO(Hp);v

and S_; is defined as the dual of S with respect to L?*(dug). The elements in
S_; are called Hida distributions. It is clear that S_; = UILQZO(H_p)jCl], where
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(H_p)~4 denotes the dual of (H,,), with respect to L*(dyio). The bilinear dual
pairing ((-,-)) between S and S_; is given by

(f,0)) = (f, ) L2(u0) f e L), ¢ €S

The set S_; can be characterizated by S transform (see, e.g., [12]). For
® € S_1, the S transform of ® is given by the following:

S®(g) = ((®,:exp((9)) 1)),  gE€UCSRELO), (3.1)

where U is an open neighborhood of zero in S(R%; C) depending on ® € S_,
and : exp((-, g)) : is given by

exp((0.) = I = 3 )

for ¢ € S'(R?),g € S(RY) (with EF° the expectation with respect to pg).
Let Holy(S(R?; C)) denote the space of germs of holomorphic functions.
Then we have the following (see, e.g., [10]).

THEOREM 3.1 1. If® € S_y, then S® € Holo(S(R% C)),

2. For any F € Holo(S(R% C)), there exists a unique ® € S_; such that
SP=F.

By using this result and the fact that Holy(S(R% C)) is a algebra, for
any ¢, W € S_1, it is now possible to define the Wick product of them

DoV =51SP SV).
By induction, this defines the Wick power
P = STH(SP)") € S_1.

It is known that for a Gaussian process ¢, the Wick product ¢°* defined
above coincides with the usual Wick product : ¢" :. Also, for any x € R, it
is known that ¢, € S_1, therefore, by the closedness property of S_; under
Wick products, we get that : ¢2 :€ S_1, too. Moreover, we have the following
(see, e.g., [10]):



PROPOSITION 3.2 For every x € R?, there exists a Hida distribution
: 92 :€ S_y such that

(Lo @2t 2 ) =Sy, wn), @ #a(i # ).
1

Remark 2 One has to be careful about the notations. Actually, from the
fact that : ¢2 :€ S_1, if one is not careful enough, one might think that, f
being smooth, it would follow that : ¢* : (f) = [ : ¢2 : f(x)dx is well-defined
(in the sense of distribution over R?) and takes a finite value. However, the
latter is NOT the case since the fact : ¢ :€ S_y only gives us that for any
fized x € RY, ((: ¢2 =, g)) is finite for any g € S.

We shall now see that : ¢? : (f) is a Hida distribution for any f € S(RY),
by using the definition (3.1) of S transform and Theorem 3.1. Actually, for
any g € S(R?% C) and )\ € R, we have by definition and a simple calculation
that

(6 (F),: exp((9,20)) )
= [ n(x 1|S,<; 67", (00)")s) ol )

_ )\2/ ¢2 . ) iﬂo(d¢)

= 5 | f@daBl: 6% 6(9)

_ A; [ F@)dr B o.0(0)?

= fu s o)y

(where in the last but one equality we have used E*o[: ¢2 :: ¢(g)? :] =
(E*[¢,0(g)])?, a simple consequence of the definition of : - : ).

Therefore, it is sufficient for the left hand side to be ﬁnite that
Jra f(@)dx([ga 9(y)dyEFo[p.0,])? < oco. On the other hand, this is easily
seen from the well-known fact that E#0[¢,¢,] ~ W as |x —y| — 0, the
fact that sup,ega Jjy o<1 7= y‘d ——=dy < oo, and that f,g € L'(R% dx). Hence

we have proven that : ¢? : (f) = [ : ¢2 : f(z)dx is a Hida distribution.
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Remark 3 By a similar calculation, we have that : ¢™ : (f) is a Hida dis-
tribution for any n € N and any dimension d.

The following follows easily from Proposition 3.2.

PROPOSITION 3.3 ((1,: ¢*: (f1)---: ¢ : (f))) = Su(f1,- -, fo).

As a immediate result of Proposition 3.3, we have the following

COROLLARY 3.4 We can identify : ¢* : (f) with : ¢% : (f).

4 :¢*:(f) is not a random variable, for d > 4

First, we make the observation that [ga : ¢2 : f(z)dz can not be in L*(uy).
Heuristically in fact

E[(/Rd O f(ar)dw)Q]
_ /Rdf(x)dx /Rdf(y)dyE[: o5 Oy

= [ f@dz [ f@)dyElo.,)

R4
is infinite for d > 4, since E[p,¢,] ~ m for z,y € R? as |z — y| —
0. This heuristic argument can be made rigorous by replacing : ¢2 : by a
regularized version in x, repeating above computation, using Fubini theorem
and removing the regularization at the end.

We next discuss the non-existence of the characteristic function of : ¢™ :
(f). Indeed, if : ¢* : (f) were a random variable, then we should be able to
consider its characteristic function E[e?**()] « € R.

As in [3] and [11], by the definition of Gaussian measure (i, we first have
the following heuristic expression:

E[em:&(f)] = exp(—;Tr{ln[l —i2af(=A+mg) 7 +i2af(=A+mg) 7' }).
(4.1)



For the sake of simplicity, we take oo = % from now on, and consider
L(f) = Blez*)
= exp(— o Tr{Inl — if (=8 +m) ] 4 if (A + md) )
= exp(—;Tr{ln(—A +mg —if) —In(=A+md) +if(=A +mj)"'}).

As in [3], by using the expressions —Inz = [;° % (e — ¢7*) and 27! =
Jo° dse**, we get

1 food .
L(f) = eXp(—/ jT’f’(e_S(_A"‘mg)-Hsf _ (1 + iSf)e_s(_A+mg))).

2Jo s
Let
_ [~ ds —s(—A+m?)+isf : —s(—A+m2)
M(f) :/ —Tr(e 0 —(L+isf)e 0/}, (4.2)
0 s

and we will show that this is not well-defined for f = 0.
Before calculating it rigorously, let us first consider the order for s small
of the integrand heuristically. We re-write (4.2) as

/Oo ﬁTr(e’s(’Aerg)(e“f —1—1isf)).
0o s
For s small, we have that e/ — 1 — isf has order s* for f = 0, and e "%
has order 1. We next discuss the order of Tr(es®). It is well-known that
in dimension 1, A has eigenvalues {—k?};>o (with corresponding eigenfunc-
tions sin k), so in dimension 1, Tr(e*?) = 2, e~**s_ which has order %
Therefore, for genernal dimension d, we have that Tr(e*2) has order s~%?2
for s small. Put all of these together, and we get that the integrand of (4.2)
has order 1574252 near s = 0, which is not integrable if d > 4.
Finally, as in [11], by using Feynman-Kac formula, we have that

M(f) = /OOO Cise—mgs/ddxdW(x@)(x(-)){eXp(i /OS f(ﬁ(T))dT)_l_i/D

f(a(7))dr}.
(4.3)
Here dW(, ;) (2(-)) means the Wiener measure over closed paths, which start
in z at 7 =0 and end at = at 7 = s ("Brownian loop” measure).
This expression is well-defined for d = 2,3 (see [11]). However, this is not
the case for d > 4. In the following, we take the example d = 4 for simplicity
and show rigorously that the expression (4.3) is NOT well-defined.
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PROPOSITION 4.1 Letd = 4. Then for any f € S(R?) strictly positive,
we have that M(f) = —oo.

Proof. Without loss of generality, we may and do assume that there
exists a 7 > 0 such that f > 1p ), where B(0, r) stands for the ball in R*
with center 0 and radius r.

First, by using the same method as below, it is easy to see that the
integral of the third remainder of the Taylor expansion (of exp(i [ f(z(7))dr)
in power of [J f(xz(7))dr) is finite. Therefore, we only need to show that the
quadratic term is infinite, i.e., to show that

2

[T et [ ateawne()] [ )]’ = oo

We shall now prove this.

Since the Wiener measure is translation invariant, for z(-) under W, ),
we can write z(t) = x+w(t), where w(-) is under W(q ), i.e., the path pinned
up at 0. Also, we remark that there exists a constant C, > 0 such that

/R4 d*z1pom (@ + y1)1pon (@ + y2) > Crlpo.r2) (Y1) 1p0r2) (Y2)

for any yi1,y. € R*.
Therefore,

2

/0 S /ddde(m)( ())[/Osf(m(T))dT]
B /0 ds B /ddxdW(OO( ())[/Osf(xntw(f))chr

> 2/ ds e~ /dd:chOO( ())/sdn/Osd@lB(o,r)(x+w(n))13(0,r>(:c+w(72))

= 2/ ds e~ mos / d7‘1/ dradWo,0)( (-))/dd$13(o,r)(££+w(7'1))1B(0,r)(iU+w(Tz))

2

ds —mgs
= 207«/0 ?6 0 A dTl/O dTQdW(O’O)(W('))lB(Qr/Q)(W(T1>>1B((),T/2)(u)(7'2)). (44)

For any s > 0 and any 7, 7y satisfying 0 < 7o < 11 < s, let
A = / dW0,0)(w(-)1B0,r/2) (@(71)) LB (0,0/2) (W(T2))-
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Then by the definition of Wiener measure over closed paths,
vf

1 Y
AT - = // 46_272
v y1,yzeB(0,r/2)(\/27rTg)

2

¢ dyydys

_ (y1—v2)?
)46 2(71*72) 4

1
X<\/27T(7'1 —T) 5—7'1)

22 22
= dz/ dz e 4%
/zleB(() ENod) ! ZQeB(o,Q\/S[Tl) 2(\/27r) <\/27r)
X ( ! )46 30—y (V221 \/8*7122)2‘
27(1 — 72)

Notice that if 75 € (0,2) and 7y € (2s,s), then 7 — 75 > £, so we have

(\/7_221_\/8_—71@) i(|21|+|22|) (’Zl|—|—|22‘)

S
T — T2 5

22
for any 21,2, € R Let C = (Jj- |<1(\/%)4e_7dz)26*1 - 4. Then as long as
> 1, we have that

Vs
Arymy = / / — é( ! Ye 7 d21d226 11417 - ( ! )4
’ lz1]<1 J]zl<1 V27 Vor 22
= C - for any 7, € (0, i),ﬁ € (is,s).

Substituting this into (4.4), since

[ W) = (="

we get that

2

/0 ds B /d 2dW (g2 (2 (- ))[/08 f(l'(T))dT}
20, /0 Cisemgs [ an / e L

v
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which is infinity.
This completes the proof of our assertion. 1
Now, we are ready to proof our main result.

THEOREM 4.2 Let d = 4. Then for any f € S(R?) strictly positive, we
have that : ¢* : (f) is not a random variable.

Proof. For any N € N, define ¢y(z) = [, <n eip‘”&(p)dp, and let
0% (f) = [ % ¢ (x)f(x)dz, where ~ denotes the Fourier transform.
Write the characteristic function of : ¢% : (f) at  as

Eles )] = o3Ma(h)

(notice that this is rigorously the characteristic function at % of the random
variable : ¢% : (f) for any N € N). If : ¢* : (f) were a random variable,
then : ¢% : (f) would converge weakly to : ¢* : (f), hence the correspond-
ing characteristic functions would also converge, therefore, we would have
M, (f) — M(f), with e2M() the value of a characteristic function at 5. This
contradicts Proposition 4.1. Therefore, : ¢* : (f) is not a random variable. g

Remark 4 Following the ideas of the proof of Proposition 4.1 and Theorem
4.2, one can see that a corresponding result holds for all d > 5.
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