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On a constructive proof of Kolmogorov’s superposition theorem

Jiirgen Braun, Michael Griebel

Abstract

Kolmogorov showed in [14] that any multivariate continuous function can be represented
as a superposition of one-dimensional functions, i.e.

2n n
flan,..an) = ) @ (Zzpq,p(xp)) .
q=0 p=1

The proof of this fact, however, was not constructive and it was not clear how to choose the
inner and outer functions ®, and v, , respectively. Sprecher gave in [27,28] a constructive
proof of Kolmogorov’s superposition theorem in form of a convergent algorithm which defines
the inner functions explicitly via one inner function ¢ by ¢, 4 := Ap¢(zp + ga) with appro-
priate values \,,a € R. Basic features of this function as monotonicity and continuity were
supposed to be true, but were not explicitly proved and turned out to be not valid. Képpen
suggested in [16] a corrected definition of the inner function ¢ and claimed, without proof,
its continuity and monotonicity. In this paper we now show that these properties indeed
hold for Képpen’s v and present a correct constructive proof of Kolmogorov’s superposition
theorem for continuous inner functions v similar to Sprecher’s approach.

Keywords: Kolmogorov’s superposition theorem, superposition of functions, representation of
functions

AMS-Classification: 26B40

1 Introduction

The description of multivariate continuous functions as a superposition of a number of continuous
functions [13,24] is closely related to Hilbert’s thirteenth problem [10] from his Paris lecture in
1900. In 1957 the Russian mathematician Kolmogorov showed the remarkable fact that any
continuous function f of many variables can be represented as a composition of addition and
some functions of one variable [14]. The original version of this theorem can be expressed as
follows:

Theorem. Let f: 1" :=[0,1]" — R be an arbitrary multivariate continuous function. Then it
has the representation

2n n
F@r . mn) = ) B [ > tgplap) | (1.1)
q=0 p=1

with continuous one-dimensional inner and outer functions ®, and 1, . All these functions @,
qp are defined on the real line. The inner functions 1, , are independent of the function f.

Kolmogorov’s student Arnold also made contributions [1-3] in this context that appeared at
nearly the same time. Several improvements of Kolmogorov’s original version were published



in the following years. Lorentz showed that the outer functions ®, can be chosen to be the
same [19,20] while Sprecher proved that the inner functions v, can be replaced by Aptp, with
appropriate constants A, [25,26]. A proof of Lorentz’s version with one outer function that is
based on the Baire category theorem was given by Hedberg [9] and Kahane [13]. A further
improvement was made by Friedman [5], who showed that the inner functions can be chosen to
be Lipschitz continuous. A geometric interpretation of the theorem is that the 2n+1 inner sums
Ezzl 1y, map the unit cube I" homeomorphically onto a compact set I' C R*"*1. Ostrand [23]
and Tikhomirov [15] extended Kolmogorov’s theorem to arbitrary n—dimensional metric compact
sets. The fact that any compact set K C R™ can be homeomorphically embedded into R?"*!
was already known from the Menger—No6beling theorem [11].

More recently, Kolmogorov’s superposition theorem found attention in neural network compu-
tation by Hecht—Nielsen’s interpretation as a feed-forward network with an input layer, one
hidden layer and an output layer [7,8,25]. However, the inner functions in all these versions
of Kolmogorov’s theorem are highly non-smooth. Also, the outer functions depend on the
specific function f and hence are not representable in a parameterized form. Moreover, all one—
dimensional functions are the limits or sums of some infinite series of functions, which cannot
be computed practically. Therefore Girosi and Poggio [6] criticized that such an approach is not
applicable in neurocomputing.

The original proof of Kolmogorov’s theorem is not constructive, i.e. one can show the existence of
a representation (1.1) but it cannot be used in an algorithm for numerical calculations. Kurkova
[17,18] partly eliminated these difficulties by substituting the exact representation in (1.1) with
an approximation of the function f. She replaced the one-variable functions with finite linear
combinations of affine transformations of a single arbitrary sigmoidal function . Her direct
approach also enabled an estimation of the number of hidden units (neurons) as a function of the
desired accuracy and the modulus of continuity of f being approximated. In [21] a constructive
algorithm is proposed that approximates a function f to any desired accuracy with one single
design, which means that no additional neurons have to be added. There, also a short overview
over the history of Kolmogorov’s superposition theorem in neural network computing is given.
Other approximative, but constructive approaches to function approximation by generalizations
of Kolmogorov’s superposition theorem can be found in [4,12,22].

Recently, Sprecher derived in [27,28] a numerical algorithm for the implementation of both,
internal and external univariate functions, which promises to constructively prove Kolmogorov’s
superposition theorem. In these articles, the inner function 1 is explicitly defined as an extension
of a function which is defined on a dense subset of the real line. Throughout his proof, Sprecher
relies on continuity and monotonicity of the resulting ¢. It can however be shown that his 1
does not possess these important properties. This was already observed by Képpen in [16] where
a modified inner function v was suggested. Koéppen claims, but does not prove the continuity
of his 1 and merely comments on the termination of the recursion which defines his corrected
function .

In this article we close these gaps. First, since the recursion is defined on a dense subset of R, it
is necessary to show the existence of an expansion of Képpen’s ¢ to the real line. We give this
existence proof. Moreover it is also a priori not clear that Koppen’s ¢ possesses continuity and
monotonicity, which are necessary to proof the convergence of Sprecher’s algorithm and therefore
Kolmogorov’s superposition theorem. We provide these properties. Altogether, we thus derive a
complete constructive proof of Kolmogorov’s superposition theorem along the lines of Sprecher
based on Koppen’s .

The remainder of this article is organized as follows: As starting point, we specify Sprecher’s
version of Kolmogorov’s superposition theorem in section 2. Then, in section 3 we briefly



repeat the definitions of the original inner function 1 and the constructive algorithm that was
developed by Sprecher in [27,28]. The convergence of this algorithm would prove Kolmogorov’s
superposition theorem. First, we observe that Sprecher’s v is neither continuous nor monotone
increasing on the whole interval [0,1]. We then show that Képpen’s ¢ indeed exists, i.e. it is
well defined and has the necessary continuity and monotonicity properties. Endowed with this
knowledge, we then follow Sprecher’s lead and prove the convergence of the algorithm, where
the original inner function is replaced by the corrected one. This finally gives a constructive
proof of Kolmogorov’s superposition theorem.

2 Definitions and algorithm

2.1 A version of Kolmogorov’s superposition theorem

Many different variants of Kolmogorov’s superposition theorem (1.1) were developed since the
first publication of this remarkable result in 1957. Some improvements can be found e.g. in
[20,25]. In [5] it was shown that the inner functions 1, , can be chosen to be Lipschitz continuous
with exponent one. Another variant with only one outer function and 2n + 1 inner functions
was derived in [20]. A version of Kolmogorov’s superposition theorem recently developed by
Sprecher in [25] reads as follows:

Theorem 2.1. Let n > 2, m > 2n and v > m + 2 be given integers and let x = (x1,...,2y)
and x, = (z1 + qa,...,x, + qa), where a = [y(y — 1)]*. Then, for any arbitrary continuous
function f : R"™ — R, there exist m+1 continuous functions ®4: R — R, ¢ =0,...m, such that

fx) =D ®gol(xg), with &(xq) = > apt(z,+qa), (2.1)
q=0

p=1

=1, ap =320 4~ P=DB0) for p> 1 and B(r) = (n” —1)/(n —1).

This version of Kolmogorov’s superposition theorem involves m one—dimensional outer functions
®, and one single inner function 1. The definition of 1) will be discussed in detail in the following.

For a fixed basis v > 1 we define for any k& € N the set of terminating rational numbers

k
Dy = Dk(V) = {dk €Q : dp= Ziv‘ﬁyiﬂi?‘ € {07 50 1}} . (22>
r=1

Then the set
D := | J Dk (2.3)

keN
is dense in [0, 1].

In [28] Sprecher formulated an algorithm, whose convergence proves the above theorem 2.1
constructively. In this algorithm, the inner function 1 was defined point-wise on the set D.
Further investigations on this function were made in [27]. However, to make this proof work,
two fundamental properties of ¢ namely continuity and monotonicity are needed. Unfortunately,
the inner function v in [27,28] is neither continuous nor monotone. In the following, we repeat
the definition of 1 here and show that it indeed does not define a continuous and monotone
increasing function.
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Figure 1: Graph of the function ¢ from (2.4) on the interval [0,1] (left) and a zoom into a
smaller interval (right), computed for the values of the set D5, v = 10 and n = 2. One can

clearly see the non-monotonicity and discontinuity near the value x = 0.59 (right).

Let (i1) := 0 and for r > 2 let

. 0 wheni =0,1...,7v—2,
(ir) = .
1 wheni,=v—1.

Furthermore, we define [i;] := 0 and, for r > 2,

] 0 wheni. =0,1...,v—3,
iy =
1 wheni, =v—-2,v—-1,

i =i — (v = 2){ir)

my = (i) (i([z‘s]-...-[ir_l])> .

The function v is then defined on Dy by

and

k

Pdy) =Y a2y )

r=1

(2.4)

The graph of the function v is depicted in figure 1 for £k = 5, i.e. it was calculated with the
definition (2.4) on the set of rational numbers Dy. The function ¢ from (2.4) has an extension

to [0, 1], which also will be denoted by % if the meaning is clear from the contents.

The following calculation shows directly that this function is not continuous in contrast to the
claim in [27]. With the choice v = 10 and n = 2 one gets with the definition (2.4) the function

values

1(0.58999) = 0.55175 and (0.59) = 0.55.

(2.5)



This counter—example shows that the function ¢ is not monotone increasing. We furthermore
can see from the additive structure of ¢ in (2.4) that

¥(0.58999) < ¢(z) forall =z € (0.58999,0.59). (2.6)
This shows that the function 1 is also not continuous.

Remark 2.2. Discontinuities of v arise for all values x = 0.i19, i1 =0,...,9.

Among other things, the convergence proof in [27,28] is based on continuity and monotonicity of
1. As the inner function defined by Sprecher does not provide these properties the convergence
proof also becomes invalid unless the definition of v is properly modified. To this end, Képpen
suggested in [16] a corrected version of the inner function and stated its continuity. This defini-
tion of v is also restricted to the dense set of terminating rational numbers D. Koppen defines
recursively

dy for k=1,

Ui(dy) = { Yr-1(di — %) + ngm fork>1and iy <vy—1, (2.7)

3 (0r(di = ) + vra(dh+ %)) fork > Tand i =y~ 1

and claimed that this recursion terminates. He assumed that there exists an extension from the
dense set D to the real line as in Sprecher’s construction and that this extended % is monotone
increasing and continuous but did not give a proof for it. In the following, we provide such a
proof.

We first consider the existence of an extension and begin with the remark that every real number
x € R has a representation
oo . k

x:ZZ—T:lim Z—::limdk.

r k—o00 Y k—o0
v r=1
FOI' SUCh a value T, wWe deﬁne the inner function

k.
¥(w) = lim yp(dy) = lim vy (Z 'L—T> (2.8)

T
r=1 v
and show the existence of this limit.

For the following calculations it is advantageous to have an explicit representation of (2.7) as a
sum. To this end, we need some further definitions. The values of v;,_; at the points dj_; and
d—j + ’Yk%] are denoted as

r—j o= Yk—j(de—s) and P =g j(dej + %)'

Then, the recursion (2.7) takes for &k — 5 > 1 the form

b= T e T 29)
st T aVk—j—1 ¥y for i =1
and 4
W;?Efj) + «,ﬁ(i—j) + Yr—j-1 for ip_; <v -2,
Vi = % + 51+ 3y for i j=v-2, (2.10)
%blj—j—l for dp_;=~v-1.



With the definition of the values

0 for ik—j-{—l <y -2,
0 for dp_jiq1<~v-—1,
sj = 1 for dp_ji1=7-2, and 8 = 9, _k ST (2.11)
. 2 for U—j+1 =7 — 17
1 for dip_jpi=v—-1
the representations (2.9) and (2.10) can be brought into the more compact form
. . . g . Y2
Q/)kij = (1 — 8j+1)¢k,j,1 + 8j.|_1¢2—_j_1 + (1 — 28j+1),},,6’T—Jj) + Sj—HW , (2.12)

and
i 1
Uiy = (U= sjp)r—j1+sjaf o + (1 —s11) [WT_J” +(1 - 28j+1)m , (2.13)

respectively. Now, for a compact representation of the continuation of this recursion, we define
the values ag := 1, aar =0, ay :=1— 5y, af = §1, and

aji1 = aj(l—=35541) +af (1-s511), (2.14)
(6

S = oy St o) i
for j = 1,...,k — 1. By induction we can directly deduce from (2.14) and (2.11) the useful
properties

a; —I—Oé;_ =1 and ozj,oz;-F > 0. (2.15)

With these definitions, the £&~th step of the recursion can be written as the sum

-1

I e S o ISV
Yk = Zoa] [(1 283+1)7ﬂ(k—j) +83+17ﬁ(k—j)]

<

(2.16)
(1 _ . Uy 9. L + 0t
T [(1 Sﬁl)(w(k—ﬂ +( 25”1)7[3@—3'))] T agVh-¢ + ag¥ye.

Choosing ¢ = k£ — 1 we finally obtain a point-wise representation of the function v as the direct
sum

_ (1 _9g. )tk g =2
VYr(dy) = : O‘J{(l 28]+1)7ﬁ(kj)+8]+175(kj)}

I j 1 (51 ip+1
+ Oé;— |:(1 - SjJrl)(f)/ﬁTjj) + (1 - 28j+1)m)} + ap—q ; + Oé]—:_l .

(2.17)

Now we have to show the existence of the limit (2.8). To this end, we consider the behavior of
the function values 1, and @b,:' as k tends to infinity:

Lemma 2.3. For growing values of k one has

of = g + 0@27F).



Proof. With (2.13), (2.12), the fact that v70) = 4fG=Dm""" and 4" > 2, we have

1 v —2
hb]:r _djk‘ < §|1/}]j71 _djk—l‘ + W
1 k—1 . 1 k—2 k 9j—2
< (5) W}l _¢1| + (5) (’7_2) Z’Yﬁ(ﬁ
7=2
1\ F1 1\ k2 /o \J-2
< (= - - -2 —
<(3) wrowie(3) oo (2(5)
Ji
(N[ =
2 2y A —2
and the assertion is proved. ]

If we now apply this result to arbitrary values k and k', we can show the following lemma:

Lemma 2.4. The sequence vy, is a Cauchy sequence.

Proof. For k, k' € N and without loss of generality k > k', we set £ := k — k' in (2.16). Then,
we obtain by (2.15) and with lemma 2.3 the following estimate:

k
1
[k — Y| < Jon—wiow + af_p i — dw| + 2(y —2) ; 70
j

k -1
< apowton + ol —dw| + 2(y —2) Z <i>

j=k'+1

et o) ]+ O (1) (1))

w5252 () ().

The right hand side tends to 0 when k, & — oo. O

IN

The real numbers R are complete and we therefore can infer the existence of a function value
for all z € [0,1]. Thus the function ¢ from (2.8) is well defined. It remains to show that this ¢
is continuous and monotone increasing. This will be the topic of the following subsections.

2.2 The continuity of ¢

We now show the continuity of the inner function . To this end we first recall some properties
of the representations of real numbers.

Let
(0.0 . [o¢] .
28 20,7
T = — and T = E —
r=1 v r=1 v



be the representation of the values x and z in the basis v, respectively. Let z¢ € (0,1) be given
and

: — 0 — 0,
O(ko) = min{ > e > o
r=ko+1 v r=ko+ ’Y
For any x € (zo — 6(ko), zo + 6(ko)) it follows that
ir = ’L'oﬂn for r= 1,...,]€0. (218)

Special attention has to be paid to the values g = 0 and x¢p = 1. In both cases, we can choose
(ko) = v~ *. Then (2.18) holds for all z € [0,8(ko)) if zo = 0 and all z € (1 — d(ko), 1] if
2o = 1. The three different cases are depicted in figure 2.

Altogether we thus can find for any given arbitrary xo € [0, 1] a é—neighborhood
U .= (.1‘0 — 5(1@‘0),1‘0 + 5(1@‘0)) M [0, 1]

in which (2.18) holds. To show the continuity of the inner function v in zy, we now choose this
neighborhood and see from (2.17) for x,z¢ € U:

(@) — ¥lwo)| = lim [b(dh) — (doe)

k—ko—1 ,Lk 2
= lim jzo j [(1 - 25j+1)m + J+1m]
i 1
+ of [(1 - Sj-l-l)(,yﬂT—]j) +(1— 281+1)m>]
B k;—k:O—la [(1 o5 )M + 30 77_2]
2 0, 0V =) T SO0+ 50—)
N 10,k 1
+ g [(1 - 80,j+1)<7ﬁ(k—j> - 280’j+1)m>]
k—ko—1 T v = 2 (2'19)
. ) — 95 ) —= 45 L=
< [lim JZO a; [(1 285+1) G + SJJrlf)/ﬁ(kj)]'
+ Uk !
+ o] {(1 — Sjt1) (m +(1- 28j+1)m>}
. k—ko—1 . |:(1 95, )M + 30 4 77_2:|
2 0.5 0T+ k=) " "0IHL Blk=))
+ |at (1—s0,; )M+(1—28 i );
0. 0,5+1 ~B(E=3) 0,j+1 AB(k=3)

iy =2) [ 1N\ [ 1NP] ayr(y—2) 1\
< g D02 ANV =) (1
Note that the estimation of the last two sums was derived similar to that of the proof of
lemma 2.4.

In conclusion we can find for any given ¢ > 0 a ky € N and thus a d(kg) > 0 such that
[(z) — ¥(wo)| < e whenever z,zg € U = (zo — 8(ko), o + (ko)) N [0,1]. This is just the
definition of continuity of ¢ in xg € (0,1). Since the interval U is only open to the right if
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Figure 2: The figure shows the interval [0,1]. For any two values z; and zo that both lie in
one of the depicted small intervals it holds that iy, =2, for r =1,...,kg. The three intervals
represent the possible cases that occur in the proof of theorem 2.5.

xg = 0 and open to the left if 2y = 1, the inequality (2.19) also shows for these two cases
continuity from the right and from the left, respectively. We hence have proved the following
theorem:

Theorem 2.5. The inner function ¢ from (2.8) is continuous on [0, 1].

2.3 The monotonicity of ¢

A further crucial property of the function ) is its monotonicity. We show this first on the dense
subset D C R of terminating rational numbers.

Lemma 2.6. For every k € N, there holds

+

Proof by induction. k = 1:

1 1 1 1
@bf—@bl:1/11(d1+;)—1/11(d1):d1+;—d1:;:m Vv
k—k+1:
- 1 - . -
Vi — Uk = (so — 30) (W — vw) + Tl)((QSO — 50)ikt1 + (1 = s0)(1 — 250) — 5o(y — 2))
ﬁ for gy <y—2 (s0=35 =0),
= %(Q[)k wk) 1 Zk+l for ik+1 =7 - 2 (SO = %, §0 = 0),
%W’k Vi) — 76(’@31) for ipp1=7-1 (so=1, 3= %)'
For the first case i1 < v — 2, the assertion is trivial. For the other two cases, we have
1 1 ik 1 y—2 1/ 1 N =2 1
Z(HTt — +1 - = - _
5 Wk — k) =5 AR = 2(% Yk) = 3 ~B+D) = <7ﬂ(k) 7ﬁ(k+1)) = ~BGRHD) v
Here, the validity of the last estimate can be obtained from
1/ 1 -2\ . 1 1
2 \B®) ~ 380 ) = SEGHD) At SO ,Yﬂ(kJrl BT

& 'y”k_l—7+222 = 'y”k_lzy e nfl > V-



We have thus shown that 1) is strictly monotone increasing on a dense subset of [0, 1]. Since the
function is continuous, this holds for the whole interval [0, 1]. This proves the following theorem:

Theorem 2.7. The function v from (2.8) is monotone increasing on [0, 1].

In summary, we have demonstrated that the inner function 1 defined by Sprecher (c.f. [27,28])
is neither continuous nor monotone increasing, whereas the definition (2.8) of i) by Koéppen
from [16] possesses these properties.

3 The algorithm of Sprecher

We will now demonstrate that Sprecher’s constructive algorithm from [28] with Koppen’s defini-
tion of the inner function ¢ from [16] is indeed convergent. We start with a review of Sprecher’s
algorithm. First, some definitions are needed.

Definition 3.1. Let 0 : R — R be an arbitrary continuous function with o(x) =0 when x <0,
and o(x) =1 when x > 1. For g € {0,...,m} and k € N given, define

k
di,p = dyp+4q Z o
r=2

and set dj = (dz,h e ,dZ’n). Then for each number (d}) = > p—1 ap¢(dz,p) we set

by = <i 75(?‘)) zn:ap and
p=1

r=k+1

0@ ig) = o (7D (g — €@D) +1) = o (Y5 (g — £ ~ (- 2)b) ) . B

We are now in the position to present the algorithm of Sprecher which implements the represen-
tation of an arbitrary multivariate function f as superposition of single variable functions. Let
|| - || denote the usual maximum norm of functions and let f : I — R be a given continuous
function with known uniform maximum norm || f|. Furthermore, let n and ¢ be fixed real

numbers such that 0 < mﬂ;?_f&* + m2——tl <1 < 1 which implies € < 1 —

Algorithm 3.2. Starting with fo = f, forr =1,2,3,..., iterate the following steps:

_n
m—n-+1"°

I Given the function f,_1(x), determine an integer k, such that for any two points x,x" €
R" ||x — x'|| < y7% it holds that |f,_1(x) — fr_1(X')| < €|l fro1|l. This determines
rational coordinate points djf = (d} |,...,d] ).

1. Forq=0,1,...,m:

IT-1 Compute the values 1(dj, ).
II-2 Compute the linear combinations §(dy ) = > pe1 ap(df )
1I-3 Compute the functions H(dzr;yq).

1. III-1 Compute for q =1,...,m the functions

Blg) = —— 3" o (i) (AL 1) (3.2)
dZT

m+1

10



III-2 Substitute for ¢ =1,...,m the transfer functions {(x,) and compute the functions

@Zog(xq = m+1Zfr 1(dg,) 6 kr?f(xq))'

1I1-3 Compute the function

T

fr(x) = f(x) =D Blod(xg). (3.3)
q=0 1

=0 j=

This completes the r—th iteration loop and gives the r—th approzimation to f. Now replace r by
r+ 1 and go to step I.

The convergence of the series {f,} for » — oo to the limit lim, o, f, =: ¢ = 0 is equivalent to
the validity of theorem 2.1. The following convergence proof essentially follows [27,28]. It differs
however in the arguments that refer to the inner function ¢ which is now given by (2.8), i.e. we
always refer to Koppen’s definition (2.8), if we use the inner function 1.

The main argument for convergence is the validity of the following theorem:

Theorem 3.3. For the approximations f., r = 0,1,2,... defined in step 111-3 of Algorithm 3.2
there holds the estimate

[l = || fr=a( Z(I) o &(xq) || < nll fr1 |l

To proof this theorem, some preliminary work is necessary. To this end, note that a key to
the numerical implementation of Algorithm 3.2 is the minimum distance of images of rational
grid points dj under the mapping £&. We omit the superscript of dz here for convenience, since
dZ € Dy and the result holds for all dy € D}. This distance can be bounded from below. The
estimate is given in the following lemma.

Lemma 3.4. For each integer k € N, set
Z% (dyp) — ¥(dy )] (3.4)

where dip, d). , € Dy Then

min [p| > 57" (3.5)
Dy

when .
D dip—diyl # 0. (3.6)
p=1

Proof. Since for each k the set Dy is finite, a unique minimum exists. For each k € N, let
dips dy, , € Dy and A := P(dkp) — P(dy ) for p=1,...,n. Since ¢ is monotone increasing,
we know that Ay, # 0 for all admissible values of p. Now from lemma 2.6 it follows directly
that
min |Ay ,| = APk (3.7)
Dy

11



where each minimum is taken over the decimals for which |dj,, — d§€7p\ # 0. The upper bound

min || < ayy (3.8)
Dk

can be gained from the definition of the u; and the fact that 1 = a1 > ag > ... > «;, as follows:
Since [ug| < D77 1 aplAkp| we can see from (3.7) and (3.8) that a minimum of |u| can only

occur if Ay 7 # 0 for some T € {2,...,n}. Let us now denote the k-th remainder of o, by
o0
Ehp = Z A~ (=1)B(r) (3.9)
r=k+1
such that
—Ehp = 27 (p=1)A(r) (3.10)

and consider the expression

Ap1+ Z Ek,p )Ag P (3.11)
We claim the following:
T
If Apr #0 then Apy+ Y (0 —epp)Ary #0,
p=2

i.e. the term (ag — ey 1) Ak, cannot be annihilated by the preceding terms in the sum. To show
this, observe that

ar —eng = 7T Ly TD8@) T80

Also note that, for the choice &k =1 and 717 = v — 1 as well as 7} 7 = 0 in (2.17), the largest

possible term in the expansion of |4y 7| in powers of y~! is

v—1
~
Therefore, (g — e, 7)| A, 7| contains at least one term 7 such that
0 < 7 < 408021
~
But according to (3.7) and (3.10) the smallest possible term of (o, — € p)|Ag p| for p < T is
N~ (T=2B(k) ,=Bk) — o ~(T-DSK)
so that the assertion holds and (3.11) indeed does not vanish. If |ip 7 — i) o] = 1, we have

without loss of generality in the representation (2.17) the values

i ik )| ) | ah o] B | st | an | of

y=2|~y=1] 0 | 3 | 1 0|3 |1 | 1]0

N

v=3ly=2] 00| 1] 0] o0
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1

and we can directly infer that the expansion of (3.11) in powers of 7" contains the term

A~ (T=1)B(k) y=Bk) — ~~TB(k) (3.12)

We now show that this is the smallest term in the sum (3.11). To this end, we use the repre-
sentation (2.17) for Ay, and factor out A=) for each j. Since a; and oz;F be become smaller

than 277, we can bound each term in the sum (3.11) from below by v~#*~7)2=7. The further
estimation v A =7)277 > ~=Bk) ghows that (3.12) is indeed the smallest term in the sum and
hence cannot be annihilated by other terms in (3.11). Therefore,

T
Apa + Z(O‘p — Ekp)Akp| = yTPE.
p=2

But this implies that also
T

Ak,l +ZapAk,p > ,yfT,B(k)
p=2

1

since all possible terms in the expansion of EZZQ €k pAkp in powers of v~ are too small to

annihilate v~ 7P(*) Thus, the lemma is proven. O

The linear combinations & (d%) of the inner functions serve for each ¢ = 0,...,m as a mapping
from the hypercube I" to R. Therefore, further knowledge on the structure of this mapping is
necessary. To this end, we need the following lemma:

Lemma 3.5. For each integer k € N, let

v —2
(v ="’

Then for all dy, € Dy, and €2 as given in (3.9) we have

5y = (3.13)
Y(d + k) = Y(de) + (v —2) g2

Proof. The proof relies mainly on the continuity of ¥ and some direct calculations. If we express
0k as an infinite sum we have

ko
—9
di+6, = lim {dk—|— Yyﬂ} = lim dy, .

0—00 0—00
r=1

Since 1) is continuous we get

Y <klim dk0> = lim y(dy,)

0—00

and since ix1, = v — 2 for r = 1,... kg, it follows directly that s, = 0 for j = 0,...,kg — k.
Therefore aj =0and oj =1 for j =0,...,kg — k. With the representation (2.16) and the
choice & = kg — k, the assertion follows. ]

As a direct consequence of this lemma, we have the following corollary, in which the one-
dimensional case is treated.

13



Corollary 3.6. For each integer k € N and dy € Dy, the pairwise disjoint intervals
Ey(dg) = [dk,di + 0] (3.14)
are mapped by v into the pairwise disjoint image intervals

Hy(dr) = [¢(di), ¢¥(di) + (v — 2) ex2] - (3.15)

Proof. From their definition it follows directly that the intervals Ej(dy) are pairwise disjoint.
The corollary then follows from lemma 3.4 and lemma 3.5. U

We now generalize this result to the multidimensional case.

Lemma 3.7. For each fized integer k € N and dy € Dy, the pairwise disjoint cubes
n
Se(dr) =[] Er(dp) (3.16)
p=1

in I are mapped by Ezzl ap Y(dyp) into the pairwise disjoint intervals
n n n
Tip(dg) = Z op Y(diyp) Z ap Y(dkp) + Z ap | (V=2 k2 | - (3.17)
p=1 p=1 p=1

Proof. This lemma is a consequence of the previous results and can be found in detail in [27]. O

We now consider Algorithm 3.2 again. We need one more ingredient:

Lemma 3.8. For each value of q and r, there holds the following estimate:
1250 | < —=ll /s |
q yq = m+ 1 r—11| -
Proof. The support of each function 6(d};y,) is the open interval
U]) s= (@)~ PF g(af) + (y - 2+ A )

Then, by lemma 3.7 the following holds: If £(d) # {(d;q) then U}(d}) N U,g(d;f) = (). Now we
derive from (3.2):

1 1
q q . —
m4+1 d; fr—l(dkr) H(dkrqu) - m—-i-l Ig}ix |fr_1(dkr)| .

The lemma then follows from the definition of the maximum norm, see also [28], lemma 1. [

We are now ready to prove theorem 3.3, compare also [28].
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Si(d})
I I
dk,l dk71

Figure 3: Let k be a fixed integer, m = 4, v = 10 and CZ/“ = dy; — V*k, ci/“ = dy; + ’y*k”,
i € {1,2}. The left figure depicts the intervals E}(d}) for ¢ = 1,...,m. The subscript i
indicating the coordinate direction is omitted for this one-dimensional case. The point z is
contained in the intervals E,g(dg), E,i(ci,lg), E¥(d3), E}(d}) (shaded) and in the gap G%(J%) (dark
shaded). The figure on the right shows the cubes S{(d}) for n =2, ¢ = 1,...,m and different
values dj, € D). For q € {2,3}, the marked point is not contained in any of the cubes from the
set {S(d}) : d € D}}.

Proof of theorem 3.3. For simplicity, we include the value dy = 1 in the definition of the rational
numbers Dy. Consider now for each integer ¢ the family of closed intervals

El(dl) = [d} —qa, d} —qa+d ] . (3.18)
With 6, = (7 — 2)(y — 1)7'y % we can see that

q 4 k72
El(dl) = | dy — —— dp — —— Jr—=
x(d}) o SRR o st B e
and that these intervals are separated by gaps G¥(d}) := (df — qa+ 0k, d} — ga+~7F) of width
— 1)"'y7*, compare figure 3. With the intervals E? we obtain for each k and ¢ = 0,...,m
(y = 1)7"7™", compare fig r q=0,...,
the closed (Cartesian product) cubes

Sp(dy) = Ej(d] ) x ... x El(d] ),
whose images under §(xq) = > /_; o, 1(zp + qa) are the disjoint closed intervals

Tid]) = [&(d}), &(df) + (v —2)bi ],
as derived in lemma 3.7. For the two—-dimensional case, the cubes S} (d}) are depicted in figure 3.

Now let k be fixed. The mapping &(x,) associates to each cube S{(d}) from the coordinate
space a unique image 7)(d}) on the real line. For fixed ¢ the images of any two cubes from
the set {S,Z(d%) s dy € D,Z} have empty intersections. This allows a local approximation of the
target function f(x) on these images T}/ (d}) for x € S}(d]). However, as the outer functions
¢, have to be continuous, these images have to be separated by gaps in which f (x) cannot
be approximated. Thus an error is introduced that cannot be made arbitrarily small. This
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deficiency is eliminated by the affine translations of the cubes Sg(dg) through the variation of
the ¢’s. To explain this in more detail, let € [0,1] be an arbitrary point. With (3.18) we see
that the gaps GZ(dZ) which separate the intervals do not intersect for variable ¢q. Therefore,
there exists only one value ¢, such that z € G}*(d{"). This implicates that for the remaining
m values of ¢ there holds z € E{(d]) for some dj,. See figure 3 (left) for an illustration of this
fact. If we now consider an arbitrary point x € [0, 1], we see that there exist at least m —n +1
different values ¢;, j = 1,...,m —n+ 1 for which x € ng(dzj) for some dy, see figure 3 (right).
Note that the points dj can differ for different values g;. From (3.18) we see that dj, € S’ (d}").

Now we consider step [ of Algorithm 3.2. To this end, remember that n and ¢ are fixed numbers
such that 0 < mm_ﬁrlé‘ + = +1 <n < 1. Let k. be the integer given in step I with the associated
assumption that |f,—1(x) — fr—1(X')| < el fr—1 || when |z, — x| < 7% for p = 1,...,n. Let
x € [0,1]" be an arbitrary point and let ¢j, j = 1,...,m —n + 1, denote the values of ¢ such

that x € S (d} ). For the point di, € S} (d}”) we have

|fr—1(x) = fr—1(dg,)| < ell fr—1]] (3.19)

and for x it holds that £(x,,) € T.7(dy). The support U (d}?) of the function (d};y,,)
contains the interval T,g: (dZ’T ). Furthermore, from definition (3.1) we see that 6 is constant on
that interval. With (3.3) we then get

<I>Zj 0&(xy;) = m+1Zfr 1(dg, ) 0 dz 1€(%q;))

(3.20)
= —fr1(dg,.) .
- +1fr 1(dy,.)
Together with (3.19) this shows
—m 1/ 1(x) = @y 0 &(xq,)| < (3.21)
for all ¢;, j = 1,...,m —n + 1. Note that this estimate does not hold for the remaining values
of ¢ for which x is not contained in the cube S} (dZi ). Let us now denote these values by g;,
j=1,...,n. We can apply lemma 3.8 and with the special choice of the values ¢ and 7 we
obtain the estimate
|frx)] = [ fraal Z(I) 0 &(xq)
m m—n-+1
- Zm+1fr1 Z (I) Xq] Z(I) ngq]
q=0 (3.22)
m—n-+1
< OO D ()~ B o€+ |
= m+1 =~ m+ 1 Gt
m-—n-+1 n
_ < 1l
i IR
This completes the proof of theorem 3.3. U

We now state a fact that follows directly from the previous results.
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Corollary 3.9. For j =1,2,3,... there hold the following estimates:

1
|25 < —— 71 (323)
and
Il = {[F) =D @Iod(xg) || < "Il f]I- (3.24)
q=0 j=1

Proof. Remember that fo = f. The first estimate follows from lemma 3.8 and a recursive
application of theorem 3.3. The second estimate can be derived from the definition (3.3) of f,
and again a recursive application of theorem 3.3. ]

We finally are in the position to prove theorem 2.1.

Proof of theorem 2.1. From corollary 3.9 and the fact that n < 1 it follows that, for all ¢ =
1,...,m, we have

r . r ) 1 r—1 1 o
;%(yq) : ;H@é(yq) I= m+1”f‘|jz:;"7j < m—HHijz:%nJ < oo. (3.25)

The functions @Z(yq) are continuous and therefore each series » ", @Z(yq) converges absolutely
to a continuous function ®,(y,) as r — oo. Since n < 1 we see from the second estimate
in corollary 3.9 that f. — 0 for » — oo. This proves Sprecher’s version of Kolmogorov’s
superposition theorem with Koéppen’s inner function . O

4 Conclusion and outlook

In this paper we filled mathematical gaps in the articles of Képpen [16] and Sprecher [27,28] on
Kolmogorov’s superposition theorem. We first showed that Sprecher’s original inner function
1 is not continuous and monotone increasing. Thus the convergence proof of the algorithm
from [28] that implements (2.1) constructively is incomplete. We therefore considered a corrected
version of ¢ as suggested in [16]. We showed that this function is well defined, continuous and
monotone increasing. Then, we carried the approach for a constructive proof of Kolmogorov’s
superposition theorem from [27, 28] over to the new continuous and monotone v and showed
convergence. Altogether we gave a mathematically correct, constructive proof of Kolmogorov’s
superposition theorem.

The present result is, to our knowledge, the first correct constructive proof of (2.1) and thus
of (1.1). It however still involves (with » — o0) an in general infinite number of iterations.
Thus, any finite numerical application of algorithm 3.2 can only give an approximation of a
n—dimensional function up to an arbitrary accuracy € > 0 (compare corollary 3.9). While the
number of iterations in algorithm 3.2 to achieve this desired accuracy is independent of the
function f and its smoothness, the number k, which is determined in step I can become very
large for oscillating functions. This reflects the dependency of the costs of algorithm 3.2 on the
smoothness of the function f: In step II the functions H(dZT, yq) are computed for all rational
values dZT which can be interpreted as a construction of basis functions on a regular grid in
the unit cube [0, 1]". Since the number of grid-points in a regular grid increases exponentially
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with the dimensionality n, the overall costs of the algorithm increase at least with the same
rate for n — oo. This makes algorithm 3.2 highly inefficient in higher dimensions. To overcome
this problem and thus to benefit numerically from the constructive nature of the proof further
approximations to the outer functions in (2.1) have to be made. This will be discussed in a
forthcoming paper.
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