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Abstract

The goal of this paper is to study optimal transportation problems and gradient flows
of probability measures on the Wiener space, based on and extending fundamental
results of Feyel-Ustiinel. Carrying out the program of Ambrosio-Gigli-Savaré, we
present a complete characterization of the derivative processes for certain class of
absolutely continuous curves. We prove existence of the gradient flow curves for the
relative entropy w.r.t. the Wiener measure and identify these gradient flow curves
with solutions of the Ornstein-Uhlenbeck evolution equation.

Introduction
Let (X, H, 1) be an abstract Wiener space. Consider on X the dy distance defined as

Jlxe—ylg r—yeH,
(0.1) du(w,y) = { +o0 otherwise.
It is well-known that (z,y) — dg(z,y) is lower semi-continuous over X x X. Denote by P(X)
the space of probability measures on X. For vy, € P(X), we define the following Wasserstein
distance Ws:

(0.2) W3 (vi,10) = inf{/ |z — y|3 7(dz,dy); 7€ C(v, VQ)}
XxX

where C(v1, v2) denotes the totality of probability measures on X x X, having v; and v as marginal
laws. Note that Wa(vq,v2) could take the value +oo.

The purpose of this paper is to study the geometrical aspect of the Wasserstein space (P(X), Wa).
Our work is motivated essentially by the following ones:

1) the lecture note [AS] given by L. Ambrosio and G. Savaré, in which the authors introduced
rigorously the tangent spaces of the Wasserstein space (Pz(R?), W3), where Py(R?) denotes the
space of probability measures with finite second moment, and the structure of gradient flows is
systematically studied.

2) the fundamental work [FU] by D. Feyel and A.S. Ustiinel about the Monge-Kantorovich
optimal transportation problem on the Wiener space.

To emphasize the difference between these two situations, we outline the following two points:

1) the compactness of the closed ball {x € RY; |z|g« < R} allows to prove the tightness of
a family of probability measures in Po(R?); while on the Wiener space (X, H, i), neither {z €
X; |lz||lx < R} (non compact) nor {x € X; |x|g < R} (of measure u zero) does work.
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2) for a sequence of probability measures (u,) on R?, converging weakly to u, there exists a
sequence of random variables (Z,) of law p,, and Z of law p such that

|Zy — Zlga — 0 aus.,

then (see [Ch, chapter 5]) under the uniform integrability of second moment, the weak convergence
n to p implies the convergence

Wo(tn, p) = 0 as n — 4o0;

while on the Wiener space, the convergence with respect to the norm of X does not imply the
convergence with respect to the dy distance, the counterpart does not hold in this latter situation.

1. 1-convexity of the entropy functional

Let (X, H,pu) be an abstract Wiener space, that is, X is a separable Banach space, H is a
separable Hilbert space which is densely and continuously embedded in X such that

/ eV @) qy(z) = e IO/ g e X*(dual of X)

X

where i : H — X is the injection map and ¢* : X* — H the dual map. For simplicity, we consider
X*CHCX.

In what follows, we denote by || - || the norm of X and Ent(f) = [ flog f du for any positive
measurable function on X such that [ v fdp = 1. Let Wa be the Wasserstein distance on the
space P(X) defined in (0.2). Then for any couple of measures (v1,v2) in P(X) of finite distance
Wo(v1,1v2) < +00, there exists 7, € C(v1,v2) such that

(1.1) Wi (v1,10) = / |z — y|3; 7o (d, dy).
XxX

Such a 7, is called the optimal coupling plan between v and v,. The following result due to Feyel
and Ustunel is our starting point

Theorem FU ([FU, Th. 6.1) Let vy = pip,ve = pap such that Wa(v1,v9) < +00. Then there
exists a unique optimal coupling plan m, € C(v1,v2); moreover there exists a unique Borel map
&: X — H such that for any bounded Borel function ¢ on X x X

/ o,y (e, dy) = / o,z + £(x)) dun ()
XxX X

and the transformation T : x — x + £(x) is invertible.

It is obvious that T' pushes vy forward to v5 and

(1.2) W2 (i, 0m) = /X €(@)[2 dun ().
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Recall that Talagrand’s inequality W3 (i, pu) < 2Ent(p) which was first proven for Gaussian mea-
sures on R [Ta] also holds true on the Wiener space [FU] [Gen](see [BGL], [OV] for related topics).
It immediately implies Wa (11, 1v2) < +00 whenever Ent(p;) and Ent(ps) are finite. Therefore Wy
induces a true distance on the space

(1.3) P*(X) = {v = pu; Ent(p) < +o0}.

For v = pu € P*(X), it is convenient sometimes to use the notation Ent(r) instead of Ent(p).
Since the distance dg is stronger than the norm on X, a sequence of probability measures (v, )n>1
on X converges to v with respect to Ws, converges also with respect to the Wasserstein distance
defined using the norm of X; therefore v,, converges weakly to v (see for example [Vi]). In what
follows, we give a direct proof using Theorem FU.

Proposition 1.1 Let (v,)p>1 be a sequence in P*(X) such that Wa(vy,v) — 0 as n — +oo for
v € P*(X). Then v, converges weakly to v.

Proof. By Theorem FU, there exist &, : X — H such that I + &, pushes v forward to v, and
W3 (n,v) = [y [&|Fdv. Set 0, = W3 (v, v). Let ¢ : X — R be a bounded continuous function.
We have

‘/ gpdy/ pdvy,| <

/ o(x) — (@ + En(@))] du(z) + / o(2) — p(a + En(a))| du(a),
{lénla>en} {|&n|a<en}

/ o) — p(z + Enla))] dv(z)

where €, are chosen so that lim,, ;o Z# = 0. The first term on the right hand of (1.4) is dominated
by !

1 o
2lelle 5 [ I€ndvta) = 2l Ty — 0 as n -+

€hJx €n
for the second term, it is sufficient to notice that 1yj¢, (2),<c.}@(2) — @(z 4+ &n(x))] tends to 0 as
n — +oo for v-almost everywhere z € X. Therefore letting n — +oo in (1.4) gives the result. u
Theorem 1.2  Let R > 0. Then the subset

Kr ={v e P*(X); Ent(v) < R}

is compact in P*(X) with respect to the weak topology.

Proof. We will follow [Fa]. Let v = pu € K and € > 0. Pick a compact subset K C X such that
u(K°) < e/2. For r > 0, we denote By (r) = {x € X; |z|g < r}. By(r) is compact in X. By
Theorem FU, there exists £ : X — H such that (I + &), = pp and W3 (pp, p) = [y |€|3; dp. Then

VU + B ()) = [ Lcspioe e+ €@ dute)
<K+ [ Aucsmuioy(o+E@)dato)

< (K) + p(l€lm > ) < () / €3 dp.

But [y [£|3 dp = W3 (pp, 1) < 2Ent(p) < 2R; so for r large enough, we get v((K + By (r))¢) <e.
This means that Kpg is tight. Now there is a sequence p,u € Kpg, which converges weakly to
v € P(X). However the condition

supEnt(p,) < R



together with the lower semicontinuity of v — Ent(r) for the weak topology implies that v = pu
and Ent(p) < R (see for example [St, p.102], [JKO]). It follows that p € K. »

Corollary 1.3 Let vy € P*(X) be given. Then the subset
Cr = {v € P*(X); Wi(v,v) +Ent(v) < R}

18 compact.

Proof. It is sufficient to notice that v — W2 (v, v) + Ent(v) is lower semi-continuous for the weak
topology. =

Let vy and vy in P*(X). Let £ and 7, be given in Theorem FU. We set, for 0 <t < 1,

(1.5) v = (I + &)1

and 7 € C(vp, ;) defined by
(1.6) / (@, y)m(d, dy) = / o, + tE(x)) dvo(z).
XxX X

Proposition 1.4 We have for 0 <s <t <1,

(1.7) Wa(vs,vp) = (t — s)Wa(vo, v1).

Proof. Define the probability measure 74 on X x X by
| elwmadedy) = [ oo+ sto)a @) din(a).
XxX X

Then 7y € C(vs,14). It follows that

W22(V$7Vt) S /

& — g (de, dy) = (t — s)? / €()[2 dvo(x).
XxX X

This last quantity is equal to (t —s)2W2(vg,v1), so that Wa(vs, ) < (t—s)Wa(vg,v1). If for some
s < t, the strict inequality happens, by triangular inequality

Wa(vo, 1) < Wa(v, vs) + Walvs, vi) + Wa(vg, 11),

which would be strictly smaller than Ws(vp, v1); that is impossible. We get (1.7). »

Taking s = 01in (1.7), we see that m; defined in (1.6) is the unique optimal coupling plan in C(vp, v¢),
supported by the graph of T} := I + t£. The following result strengthen Theorem 7.3 in [FUJ.

Theorem 1.5 Let v, be defined in (1.5). Then vy € P*(X) and for 0 <t <1,

(1.8) Ent(1) < (1 — £)Ent(v,) + fEnt (1) — “12_ D w2, m).



Proof. Firstly remark that if pg and p; are cylindrical, then (1.8) is reduced to a finite dimensional
case: it holds true (see [AS] [AGS]). Secondly for the general case, we consider a sequence of
increasing subspaces V,, C X* such that U,,V,, is dense in H (with respect to the norm of H). Let
P, : X — V,, be the projection and denote by EV» the conditional expectation with respect to the
sub o-field on X, generated by P,. Note that (P,).u is the standard Gaussian measure v, on V,,.
Set

ps =EY"(po), p = EV"(p1).

Then pf, p7 converge in L'(X, p), respectively to py and pi; therefore the measures pfu (resp.
pip) converges weakly to pop (resp. pip) as n — +oo. Let m, € C(piu, ptw) be the optimal
coupling plan. Up to a subsequence, 7, converges weakly to & € C(pou, p11). Then we have

Wi o) < [ o~ ylidn,dy)
(1'9) XxX

< lim inf/ |z — y|% 7. (de, dy) = liminf W3 (plu, pip).
n—-4o00 XxX n—-4o0o

Now we will prove that 7 realizes the minimum:

(1.10) WZ(vo,v1) = / |z — y|% 7 (dz, dy).

XxX

To this end, introduce the functions p;' : V,, — R such that p}' = pi' o P, for i« = 0,1. Define
n € C(PgYns PTm) by

/ W(21, 22)in (A, dzg) = / WP (), P () (de, dy)
Vi XVy

XxX
where 7 € C(vp, 1) is the optimal coupling plan. We have

W3 (pg s p111) = W35 Vs D1 Vm) S/V y |21 — 20?7, (d21, d22)
TLX n

— / Pa — ) r(da, dy) < / & — yym(de, dy) = W2 (vo, 1),
XxX XxX

Combining with (1.9), we get the equality (1.10). By uniqueness of optimal coupling plan, we
conclude that 7 = w. Now define

(1.11) /Xgodyt”:/x X(p((l—t):nthy)Wn(dx,dy).

Then for any bounded continuous function ¢ : X — R,

(1.12) lim pdv] = / o((1 = t)z + ty)mw(dx, dy).
X XxX

n—-4o0o

This means that the sequence (v]*) converges weakly to v, defined in (1.5), as n — +o0.
By the first case, we can apply (1.8) to v}* to get

tH1— 1)

Ent(r)') < (1 —t)Ent(v)) + tEnt(v7") — 5

w3 (

Vo, V1)



For any € > 0, by (1.9), there exists ng > 0 such that
W3 (pop, priv) —e < Wi (pgp, pi ), n > no.
By Jensen inequality Ent(v') < Ent(vy) and Ent(v]") < Ent(v1). Then for n > ny,

(1.13) Ent(v) < (1 — £)Ent(vo) + tEnt () — "0— £)

(Wg(uo, V) — 5).

By Theorem 1.2, v, € P*(X) and Ent(1;) is dominated by the right hand of (1.13). Letting e — 0
gives (1.8). u

Remark: The assertion of Theorem 1.5 was already stated in [St, p.125]. Moreover, a sketch of a
proof was indicated, based on approximation of X by finite dimensional subspaces equipped with
Gaussian measures. However, due the the degeneracy of the metric on X, the proof requires a
more careful argumentation since e.g. Wa(u,y,) = +o0.

2. Benamou-Brenier’s formula

An absolutely continuous curve {c(t);t € [0,1]} on a Riemannian manifold M admits tangent
vectors ¢'(t) € T, M for almost everywhere ¢ €]0, 1[. In order to understand the tangent spaces of
the Wasserstein space (P*(X), Ws), it is convenient to consider absolutely continuous curves (1)

in P*(X).

Definition 2.1 We say that a curve (v4)iejo] is in the class ACy if there exists m € L?([0,1])
such that

to
(2.1) Wao (v, t,) S/ m(s)ds, t1 <ts.

t1
For such a curve, for a.e. t € [0,1],

(2.2) lim sup 7W2(VHE’ v1)

< m(t).
n st ] < mf(t)

For any curve (v¢):e0,1] in ACq, the limit

W-
’I//‘(t> — lim Q(VtJrath)
e

exists for a.e. ¢t € [0,1], which is called the metric derivative of (v;)icjo,17(see [AGS, Theorem
1.1.2]). The function ¢ — |v/|(t) belongs to L?([0,1]) and (2.1) holds w.r.t. [¢/|(¢). It is minimal in
the sense that for each function m satisfying (2.1), it holds

IV|(t) <m(t), a.etel0,1].

Note that the curve defined in (1.5) is in the class ACy due to (1.7). In order to construct another
examples, we will recall some elements in Malliavin Calculus (see [Ma] for more details).
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A function F': X — R is said to be cylindrical if it is written in the form
(2.3) F(z) = f(er(@),... ex(x)), feCXRN),

where {e; € X*; i > 1} is a given orthonormal basis of H. We will denote by Cylin(X) the totality
of such cylindrical functions. Note that Cylin(X) is not a vector space. A cylindrical vector field
Z on X is a map X — H in the form

K
Z =Y Fjh;, with F; € Cylin(X),h; € X".
j=1

For a function F' € Cylin(X) in the form (2.2), we define

K

(2.4) VE(z) = Z(aif)(€1($)7 - ex(w))es,

i=1

which is a cylindrical vector field on X, where 0; f denotes the derivative with respect to the ith com-
ponent. Similarly, for Z given above, we define VZ = ZJK:1 VF;®hj. Now we denote by DY (X) the
Sobolev space which is the closure of Cylin(X) under the norm [|F|[} , = [ (|[F[P+|VF%) du; and
DY (X; H) the closure of cylindrical vector fields under the norm || Z|[} | = [ (12|} +IVF |4 y) dp.
In the similar way, we define the Sobolev spaces D?(X) where r € N is the order of the derivative.
Then for p > 1 and Z € DY(X; H), the divergence 6(Z) € LP(X) exists such that

/Fé(Z)d,u:/ (VF,Z), du, F € Cylin(X).
X X

For a vector field Z given by (2.3), the divergence §(Z) admits the expression

(2.5) 8(2) =) (Fjhj(x) — (VEFj(x),h;),)

K
j=1

Note that §(Z) is a continuous function of z. Now pick Z € Np>1,>1D2(X; H). Then by [Cr],
under the conditions

(2.6) / eef’lzlild,u < 400 for a small g >0 and / AN gy < 400 for all A > 0,
b's b's

there exists a flow of measurable maps U; : X — X such that for a.e. x € X,
t
U(x) =z +/ Z(Us(z))ds, t>0,
0

and Upys = Up o Us, (Uyp)spp = Kpp with (see also [Dr] for a detailed proof):

2

@) K= o( [ oz as). Ikl < [ eo{ -0}

Proposition 2.2 Let vy = pop € P*(X). Define vy = (Up)«vy. Then under the condition (2.6),
the curve (v)icjo,1) is in the class AC,.



Proof. By definition, [, pdv = [y ¢(Uy)podp = [y ppo(U-¢) K dp holds for any bounded Borel
function ¢. If we denote vy = pyu, then py = po(U—;) Ky, and

(2.8) Ent(pr) = Ent(po) + /X (log K,(U2) pod.

Using the expression (2.7), |log K;(Uy)| < fg |0Z(Us—s)| ds; and

/ewzwtsnduz/ e"s(z)'Kt_sdus/ A g,
X X X

Now by Young inequality uv < e* + vlogv for u,v > 0, we get from (2.8)
(29) Ent(p,) < 2Ent(po) + / A gy,
X

Now let t; < to. Define a probability measure m on X x X by

/ w(wvy)ﬂ(dw,dy)—/ o(Ut,, U,) dg.
XxX X

Then w € C(v4,,14,) and
WQQ(VtUVtz) S/ ‘Utl - Utzﬁ{ dvg.
X

But for a.e v € X, |Uy, — Up, |y < fttf |Z(Us)|u ds; therefore

to
</ ||Z(US)||L2(,,O)dS.

L2(vo) — Jt,

/ |2 ds

t1

(2.10) Wa(vey, ve,) < ‘

Let m(s) = ||Z(Us)||L2(1)- We have for any € > 0

2
m(8)2Z/X\Z(Us)%{podug/xealzws)lff du + Ent(po/e).

Again by (2.7),

2 2 2 1/2
/ee|Z(Us>|H dﬂz/ V2 K, dy < (/ 62e|Z|Hdu)1/z(/ e4|5<Z>\du) '
X X X X

So fol m(s)?ds < +oo for € < g0/2 and the result follows. u

Theorem 2.3 Let (V4)ic(0,1) be a curve in ACy. Then there exists a Borel vector field (t,z)
Zi(x) € H such that fol HZtH%Q(W) dt < +oo and the continuity equation

(2.11) %VttJrv-(Ztut) =0 inl0,1[xX
holds in the sense that
(2.12) /0 /X (o' () F(x) + (Zi(x), VF (x)) ;a(t))dv(z)dt = 0
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for all « € C2°(]0,1]) and F € Cylin(X).

Proof. Denote ¥ = {(z,y) € X x X; x —y € H}. For s €]0,1[ and n > 0 small enough, we
consider the optimal coupling plan m, € C(vs, Vs4y). Then the support of 7, is included in 3. For
(z,y) € 3, we have

F(y)F(x):/O <(VF)(ty+(1—t)x), y7$>Hdt.

Set H(x,y) = fol(VF)(ty + (1 — t)z) dt. By expression (2.4), we see that (z,y) — H(z,y) is a
bounded continuous function from X x X to H. Then

/ Fst+n_/ Fdv, :/<H(x Y),y — ),y (da, dy).
b X b

The Cauchy-Schwarz inequality yields, for n > 0,
Wo (V37 Vs+77)

1 1/2
(2.13) ‘/ FstJrn—/ Fdvg| < </ |H(a:,y)|?{7rn(dx,dy)> :
nJx X Ui b
1
/ des+777z_/ FdVS
X b's

— 1
Take a sequence 7,, such that lim — = limnq()’/ des+n—/ Fdv,|.
n—+00 1y niJx X

As vy, converges to vy with respect to W, it converges weakly; therefore the family {r, ;n > 1}
is tight. Up to a subsequence, 7, converges to 7 € C(vs,v,). We have

/ |J" - y‘Hﬂ-(dI dy) < hmn—>+oo/ |IL’ - yﬁlﬁﬁn(dxady) = nll)m W22(VS)V5+77n) = 07
XxX XxX

+oo

so 7 is supported by the diagonal D = {(z,y) € ¥;z =y }. Hence

n—-+oo

lim / \H (2, y) 2y, (dr, dy) = / \H (2, 2) 3y (d, dy) = / VP du,.
> D X

According to (2.2) and (2.13), for a.e s €]0, 1],

— 1
(2.14) li o / Fdvyy — / Fdv| < m(s) [VFl 12,
ntJx e

Now take § > 0 such that supp(a)+] — 4,8[C]0, 1[. Then for 0 < n < 4,

// x) dvsyp(x ds—// (s = n)F(z)dvs(z)ds,

and

(2.15)



It is obvious that as 7 — 0, the right hand side of (2.15) tends to fole o/ (s)F(z) dvs(x)ds.
By (2.1), IWQ(Z/S,I/S+77) < %f;Jm |/|(u)du; the Lebesgue maximal inequality says that s +—
supn>0( fer" V| (u)du) is integrable over [0,1]. Now we can use (2.14) to get that

‘// ) dvs(z ds‘</ m(s)||(s)VF| 2w, ds

/WI2 ds /1 la(s)VE ()% dv(z )ds>1/2.

Let P, be the probability measure on [0, 1] x X defined by

~/[0,1]><X o(s,z)dP,(s,x) = /Ol/X (s, )dvy(z)ds.

Introduce the vector space

(2.16)

K
= {Z a;(s)VF;(z); a € CX(]0,1], F; € Cylin(X), K € N}.

Let V be the closure of V in L?(P,). Define for 1 = Z _1a(s)VFi(z) eV,

(2.17) Z/ / 2) dv, (2)ds.

By linearity of the two sides of (2.15), the inequality (2.16) holds for v, that is

1
(2.18) L()] < / v 2(s)ds |[]|zam,).

It follows that L is well defined and is a bounded linear operator on V. Therefore there exists

Z €V such that )
- / / (Z,9), dvids, eV
0JXx

Now take 1 = a VF and according (2.17), we get (2.12). Moreover,

1 1
(2.19) 1202, = / / \Z(t,2)3 dvs(x)ds < / V2 (s) ds
0 X 0

Following [AS] and [AGS], we define, for any v € P*(X),

K
(2.20) €= {Z VE; F e cyhn(X)}, T, = closure of € in L2(X, H,v).

=1
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Proposition 2.4 Let Z be constructed in Theorem 2.3. Then for a.e. t €]0,1], Z(t,-) € T,,,. The
solution to (2.11) satisfying this property is unique. Moreover, it holds that

1
(2.21) W3 (v, 1) // |Z(s,2)|3; dvs(z)ds, and||ZH%2(PV) :/0 |V |(s) ds

Proof. Let 1, € V such that ||Z — ¢y]|r2(p,) — 0. Or

lim 1(/}(;2@,@—wn(t,x)ygdut(x))dt:o.

n—-+oo 0

Then up to a subsequence, for a.e. t, €]0, 1],

lim /\Z(to,x)—wn(to,m)\%[duto(x):0.

n—-+oo

This means that Z(t,,-) € T,, . Now let Z be another solution to (2.12) such that Z(t,-) € T,,
for a.e t €]0,1[. Then we have

/01 a(t) (/}((Z(t,x) - Z(t,x), VF(x)>det(x)> dt = 0.

It follows that [ (Z(t,z) — Z(t,x), VF(I)>Hth($) = 0 holds for ¢ in a full measure subset Qp C
10, 1[. For each K > 1, let D C C2°(RX) be a dense countable subset. Set

(%) D:{ZinPKiS fiGDKi,meN};
i—1

where Px : X — Vi = span{ey,---,ex}. For each VF € &, there exists a finite number of
Ky, , K, such that F = Y7 | fi o Pk, with f; € C°(R®?). We have VF = > | (Vf;) o Pk,.
Therefore there exists F;, € D such that

sup |VF,(z) — VF(x)|g — 0.

zeX
Define Qz = NpepQp. Then for t € Qz, [((Z(t,x) — Z(t,2),VF(2)),dv(z) = 0 holds for
all VF € £. Therefore Z(t,-) = Z(t,-) vi-a.e. For proving (2.21), we consider a sequence of
increasing subspaces V,, C X* such that U,V,, is dense in H. Define Z/t(") = (P,)«v¢. Since
Wg(l/t(n) S(”)) < Wal(vg,vs), t — V,Fn) is also an absolutely continuous curve in ACy. Therefore,
according to the result on finite dimensional spaces (see [AS][AGS]), there exists Zt(n) such that
folfvn 12 2dy{™ dt < +00 and the continuity equation

dut(n)
dt

+ V- (2"v") =0

holds in the distribution sense:

// () F + (2, V fa(t) dviVdt = 0,

11



or

// foPy+ (2" o Py VfoB,), alt)) dydt = 0.
In the continuity equation (2.12), take F' = f o P, with f € C°(V,,), we get

/OI/X(O/(t) foPy+(Z,VfoPy),at))dvdt =0.

From the above two equations, we deduce that for a.e t €]0, 1], P,Z; — Zt(n) o P, is orthogonal in
L?(v
L?(14) to the space {Vfo Py; f € Co(Vi)} ( t), which contains Zt(n) o P,. It follows that

12" <P Zil| 2wy < 112122 (-

L2(w{™)

In the finite dimensional case, it holds that (see [AGS])
(n) t
Wauf™ o) < [ 120y gy

Then Wa(v{™, v{™) < fst 1 Zul|L2 (v, )du. Noting that Wy (v, vs) = lim Wa (v, () 1) and letting

) S
n—-+oo
n — 400, we get

t
Wy, vs) < / A

Hence,

Wz(Vt,Vs)
—— < Zs Vs)o
‘t-S’ = H HLQ( s)

/01!u’!2(s)dsS/Ol/)(yz(s,x)%dys(x)ds

Combining this with (2.19), we get the last inequality in (2.21) and the argument is complete
now. m

V/|(s) = lim

Definition 2.5 Let {vy; t € [0,1]} be a family of probability measures in P*(X). We will say
that t — Z, € T,, is the derivative process of t — 1, in the sense of Otto-Ambrosio-Savaré if

dO
fofX | Z¢(z)|%,dvy (z)dt < +o0o and the continuity equation (2.12) holds. We denote Z; by dtyt.

o

d°v
Using —— dt , the result obtained in [AS, p.30] (for previous versions, see [BB], [Ot]) can be expressed

exactly as a Riemannian distance. Namely, in our setting,

Theorem 2.6 Let vy,v1 € P*(X) be given. Then

dOI/t

(2.22) W3 (vo,v1) 1nf /‘

dt; vy € ACy connecting vy, 1/1}.

vt

Proof. Let v; be defined in (1.5). By (1.7), Wa(vs, 1) = (t — s)Wa(vo,v1). Then taking m(s) =
WQ(VU,I/l) in (218), we get
ILEO)| < [[¥llL2p,) - Walvo, 1)

12



d° Vg

Let Z —
¢ dt

be given in Theorem 2.3. Then

’/O/X<Z’w>H dl/sds‘ < Wa(vo, 1) - ([0ll2(p,), v eV

o

Wyt, according to (2.21). u

Corollary 2.7 Let vy,v1 € P*(X) and £ be given in Theorem FU. Define Ty = I +t§, vy = (T}) .10
and Wy = £(T; ). Then for a.e. t €]0,1], Wy € T,,,.

Proof. By l-convex inequality (1.8), v, € P*(X), so Ty ' exists for each t € [0,1]. Let F €
Cylin(X). We have

It follows that [|Z|[12(p,) < Wa(1p,v1). The equality is realized for

d

ﬁXFm:iéﬁ@ﬂmwm@:AWﬂm@#m:AWRmMm.

do Vy

On the other hand, let Z(¢,x) =

. The equation (2.12) implies that for a.e t €]0, 1],

dt
d Fdvy, = VF, Zy) . d
a . Uy = X< > t>H Vt.

In the same way as in the proof of Proposition 2.4, there exists a full measure subset 2 C]0, 1] such
that for t € €,

/ <VF, Wt — Zt>H dl/t = 0, F e Cyhl’l(X)
X

It follows that there exists n; € L?(X, H,v;) orthogonal to all VF such that W, = Z; + n;. Then

/ € dvo = / W2, = / \Zul3ydvn + / e[
X X X X

From this equality, we see that t — [ [n:|3; dvy is measurable; integrating the two sides over [0,1],

we get
1 1
WQQ(I/O,I/l) :// |Zt|%{dl/tdt+// |77t‘%_1dytdt
0JX 0JX

But by (2.22), we deduce that fole In¢|3dvy dt = 0. Therefore for a.e. t €]0,1[, n; = 0 for v-a.e.
It follows that Wy = Z;, € T,,,. »

3. Gradient flow associated to the entropy functional

Let VF € £. Let (U;)ier be the quasi-invariant flow associated to VF'.
Proposition 3.1 Let vy € P*(X) be given and denote vy = (Uy)«vy. Then

d
(3.1) dt]tngnt(Vt):/ LF duy,
X

13



where LF = §(VF).
Proof. By expression (2.4), LF admits the expression

N N
LF = — Z (Gj&f) <€j> ei>H + Z(@f)ez(:r)

Note that z — LF(z) is a continuous function and for a small g3 > 0,
/ 6260|LF|2dM < 4o00.
X

Set u; = %fJ(LF)(Ut_S)dS. By Jensen inequality,

2 1 [t 2
/eedm du</ (/ (<ol (LF)] (Uf,fs>ds>dﬂ
X “Jx o
1/t 2
= / (/ %ol LF| -Kt_sdu)ds
tJo \x
< (/ ezso\LFFdM)l/Z (/ e4\LF\dM)1/2
X X

where we used (2.7) for estimating |[/;||12(,). By Young inequality,
/ ‘Ut|200d/‘§/ eEUlUthﬂ‘*‘Ent(Po/%)-
X X

Therefore supg;<; (fX |ut|2,00d,u) < +o00. Now remarking that

1
glogKt(Ut) =u; — LF ast — 0,

and using (2.8), we get (3.1). =
d
Definition 3.2 Let Z = VF € &, we denote (0zEnt)(vy) = @‘t:OEHt(Vt)-

Corollary 3.3 Suppose that py € Cylin(X) and py > € > 0, then there exists a unique v € T,
such that

(3.2) (0zEnt) (o) = (v, Z>Tu0’ forall Z=VF €€&.

Proof. Rewrite (3.1) in the form

(@) v0) = |

6(VF)pOdu:/ (VF, Vpo>Hd/J,:/ (VF,v),, dvy,
X X X

with v = Vlog po. By hypothesis on pg, log pg € Cylin(X). =
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Definition 3.4 We will say that the gradient VEnt exists at vy € P*(X), if there exists v € T,
such that for all Z =VF €&,

(3.3) (v, Z>Tuo = (0zEnt)(1p).

and we denote v by (VEnt)(vp).

The Corollary 3.3 says that the gradient (VEnt)(v) exists for a good measure vg. The following
result plays an important role for our understanding of the gradient flow associated to the entropy
functional.

Proposition 3.5 Fiz vy € P*(X). Then for anyn > 0, there exists a unique v € P*(X) such that
1 2 ~ ~ : 1 2 *
(3.4) §W2 (vo,7) + nEnt(v) = 1nf{§W2 (vo,v) + nEnt(v); v € P*(X) }

Moreover the gradient (VEnt)(0) at v ezists.

Proof. By Corollary 1.2 and the fact that v — 1WZ(vo,v) + nEnt(v) is semi-lower continuous
with respect to the weak convergence, such a © does exist. The uniqueness comes from the strict
convexity of the entropy functional.

Now let Z = VF € £ and (U)er be the associated quasi-invariant flow of X. Let m € C(vy, v)
be the optimal coupling plan. We define 7; € C(vy, (U;)«?) by

| vtemldndy = [ o Uiz dy).
XxX XxX
Then we have

WQZ(VOa (Ut)*ﬁ) - WQQ(V(), ﬁ) < /

{lz = Uy — & =yl p(da, dy).
XxX

It follows that

(35)  Tmjog, W3, (U).0) ~ Win, 9)] < - /XXX<Z(y),x —y)  m(de, dy).

By construction of 7, for ¢ > 0,
. . 1 . .
(3.6) 7 [Ent((U).9) — Ent(9)] + o [WE (o, (U0).9) = WE (w0, 9)] > 0.

By Proposition 3.1, as ¢ | 0, the first term in (3.6) tends to (0zEnt)(#). Combining with (3.5), we
get

n(0zEnt)(0) — /XXX<Z(y), x — y>H7r(d37, dy) > 0.

Changing Z into —Z, we get another inequality, so that

(3.7) n(0zEnt)(0) = / <Z(y), T — y>H7r(d33, dy).

XxX

15



Now by Theorem FU, there exists £ : X — H such that 77 = I + £ pushes vy forward to © and
W3(vo,0) = [y €3 dvo. Rewriting (3.7), we get

1

(38) OzEnt)(7) = 1 [ (2(10).~€) g dvo = = [ (2.6 m) 0.

Note that [, |&(T7 1)|%d0 = [ |€|%dve < +00; So the gradient (VEnt)(#) € T exists, which is
the orthogonal projection of &(T;)/n on Tp. u

Denote by Dom(VEnt) the set of v € P*(X) such that (VEnt)(v) € T, exists. In what follows, we
will develop De Giorgi’s “minimizing movement” approximation scheme, avoiding the use of the
space P2 (R?) done in [AS]

We denote by () the element ¥ obtained in Proposition 3.5. By induction, define step by step
v(") which realizes the minimum of

1
Vi §W22(V("_1), v) + nEnt(v).

So we get a sequence of probability measures {y("); n > 0} with v =1y Let N be an integer
such that Nn < 1. Define

N+1

(3.9) vyt de) = v (da) 11y o (8)-
k=1

By Proposition 3.5, for t > 0, v, (t,-) € Dom(VEnt).
Proposition 3.6 The family of measures {v,(t,dz)dt; n > 0} over [0,1] x X is tight.

Proof. By construction of {¥(®); k> 1}, we have
1
§W22(1/(k_1), v®)) 4 pEnt(v®)) < nEnt(v*~D).

For any 1 < ¢ < N, summing the above inequality from k =1 to ¢ gives

(3.10) Z W2 =Y v®) L pEnt(v@) < nEnt(v©).

k=1

N | =

q

But for each 1 < ¢ < N, W3, @) < Nzgzl W20 k) < 2NnEnt(v(@). Tt follows
that
W2 ©, v @) 4 Ent(v (@) < (2N + 1)nEnt(v(?)) < 3Ent (v ).

By Corollary 1.2, for any € > 0, there exists a compact K C X such that v(9)(K¢) < e. Then

N+1
/ vp(t,dx)dt < Z D (K°) < Nne <,
[0,1]xK® =

the result follows.
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By Prokhorov theorem, there is a sequence 1 | 0 such that v, (¢, dx)dt converges weakly to v(dt, dz).
Set v¥) (dx) = p™¥)(2)dp(x). Then

N+1

vt )t = (32 0051y (1)) dp)dt = o, ()l
k=1

We have
| bt logp, (o duta)de
[0,1]x X

N+1  pkpal N+1
= Z / (/ ) log p(k)d,u> dt < Z nEnt(y(k)),
k=1 (k=1)n VX k=1

which is less than, again by (3.10), ch\/:o nEnt(v(?) < Ent(v(?)) < +o00. By usual argument,
v(dz,dt) admits a density with respect to dudt: v(dx,dt) = p(x,t) du(z)dt, with

(3.11) / p(z,t)log p(x, t) du(x)dt < Ent(v(?).
[0,1]x X

It follows that for a.e. to € [0, 1], Ent(p(to,-)) < +o0o. Now we denote:

(3.12) vi(dz) = p(x,t)du(x).
Then for a.e. t € [0,1], v, € P*(X).
Theorem 3.7 The curve {v;t € [0,1]} solves the following Fokker-Planck equation:

(3.13) _ / o () Fdvydt + / o(t) LF dvydt = a(0) / Fd,
[0,1]x X [0,1]x X X

for all a € C2°([0,1]), F € Cylin(X).

Proof. The proof is similar to [JKO], but for the reader’s convenience and the difference with
finite dimensional spaces that we emphasized in the introduction, we will give a full proof. We
have

/[ o () F (), (¢, da)dt

0,1]x X
N+1
= (a(kn) —a((k — 1)77))/ F(a:)p(k) (2)du(z)
k=1 x
N
— kZ:loz(kn) [/X F(z)(p™ (2) = p* D () d,u,(ﬂj):| — a(0) /X Fay

On the other hand,

/ Q(t)LE(2)v, (¢, da)dt
[0,1]x X

= ];ill(/(::)n a(t)dt) /XLF(x)p(k)du(x)

(k+1)n

= é(; /kn a(t)dt) '77/X LF(a:)p(k+1)du(a:).
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Let 7% € ¢(v®) p(k+1)) be the optimal coupling plan and set
o= [ F@EW@ - 4V @Nduto) — [ (o= 0 (TFw)) o, dy).
X XxX
Then
o= [ (F@)=Fo) = 2 = 0. (V) ) 7)o,

But
F@) = Fly) = (2 = 4. (VF)(W)) | < Clz = ol

where C is a constant governing £|V?F|ggn. It follows that |I;| < CW3(v® p(k=1) By (3.7)
and (3.1),

/ (VF(z),x —y) ;7 ® (dw, dy) = n (97Ent) (V*+D) = / L EdyED)
XxX <

Therefore, noting G = a(kn) — % k(:-ﬁ-l)n a(t)dt,

/ o (t)F(x)vy (t, do)dt — / a(t)LF(x)vy,(t, dx)dt
[0,1]x X [0,1]x X

n N
(3.14) =Y almic+ > B [ (F@)w )y n) do.dy)
k=1 k=1 X

X x

—a(o)/Xqu“)— </0na(t)dt> -/XLde(l).

The first term on the right hand of (3.14) is dominated, according to (3.10), by
N
Cllallo Y W5 (™, H) < C|lal|oEnt(ve) — 0 as 1 — 0;
k=1

The second term is dominated by
n
IVPlsliollny [ o= ylum®(da,dy)
p—1 Y XXX

al 1/2
< |[VF |l ol n VN (3 WE0D, 000)
k=1

< VlIVF||L= o] s \/FMH 0Oasn—0

Note that W2(rp, 1)) < nEnt(vg) — 0 as n — 0. By Proposition 3.6, as n — 0, the first
term on the left hand of (3.14) tends to f[o,l}xX o/ (t)F(x)dwdt. Since LF is not bounded, for
the convergence of the second term, we have to use the cut-off function. By the expression of
LF, LF = G; + G, where GG is a bounded continuous function and |Ga(z)| < C||z||x with
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l|z||% = ZzK1 e?(x). Let xgr € Cy(R) be a cut-off function such that 0 < yg < 1 and yg = 1 over
[0, R] and xg = 0 over [2R, +oo[. We have

K

/[0 1xX a(t)Gz (1 N XR(Z 2(1'))%(15 dx)dt

N+1 K

= kZ:l (/(kn a(t)dt) -/XGQ(x)(l — XR(Z 612((5))p(k)dlu,,

k—1)n i=1
N+1

< Clallsn 3 / 2l xcp® ds

{ll=|1% =R}

1
el p®dp < —— / ] p® g
/{Ilwlli{zR} VR Jx
1 1 11
< Cllaf]so \/E</X es(’”ml‘idu + gEnt(y(k)) + — 10g —)

Note that Ent(v*)) < Ent(v(?)). Then the term f[o X a(t)Gs (1 — XR(Z e?(x))vy(t, dz)dt

=1 "1
can be arbitrarily small (independent of n > 0) as R is big enough. So the second term on the left

hand of (3.14) tends to f[o 1xX a(t) LF dvdt, as n — 0. The proof is completed. =

But

Remark: The Fokker-Planck equations and related topics on a Hilbert space were studied recently
in [ASZ].

o

We will prove the existence of the derivative process ' in the sense of Otto-Ambrosio-Savaré of

(Vt)tef0,1) (see Definition 2.5). Define

N+1
(3.15) Zy(z,t) =Y ZW g 1y @), 2% = (VEnt)(v®).
k=1

Denote by T = I + &, which pushes v*~1) forward v(*). We have, according to (3.8)

N+1

// | Z (2, ) |Fvy (t, do)dt < Z / | Z®) 2,y )
(316) N+1 N+1
<772/ — & ((T*) ™)} dv®) = ZW2 (k=1 )y < 9Ent(v().

k=1

Lemma 3.8 There exists a sequence n | 0 and Z € L?*(X, H, P,) such that

(3.17) hm// Zy(a,1)) vy (b, dar)dt = // 2), Z(z,1)), vy (da)dt,

for any o € C°([0,1]), F € Cylin(X).
Proof. Define a probability measure on [0,1] x X x X by

(3.18) / Y(t, xz,y)dly(t, z,y) :/ Y(t, x, Z,(t, x))vy(t, de)dt.
[0,1]x X2 [0,1]x X
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Let 752 be the projection (¢,z,y) — (¢t,2) and 3 the projection (t,z,y) — y. Then
(771’2>*Fn =h,, (WS)*FH = (Zn)*(Pvn)‘

Note that (7%),I', is a measure on X, supported by H. Recall that By (R) = {z € X; |z|g < R}
is a compact subset of X. We have

[(%).T,] (B (R)°) = / Lo,y (ye (2, (8, 2))y (1, de)
[0,1]x X
N+1
< Z"?/ gy (rye (Z0)dy™
k=1 X

| Nl 9
o2 Z 7 /X 1202, dp k) < ﬁEnt(l/o),
k=1

this last inequality was deduced from (3.16). It follows that {(73).I',,n > 0} is tight. Combining

with Proposition 3.6, the family {I",, n > 0} is tight. Up to a sequence, we get the weak convergence
of

(7%).Iy, — w(dz), T, —T.

We have
(712), T = p(t,z)dpdt, (7°).T = w(dzx).

By semi-lower continuity of z — |z|g, we have
(3.19) / 2f3w(dz) < lim, / 12, (t, ) By (t, dar)dt < 2Ent(vo).
X [0,1]xX

Therefore the measure w is supported by H. Let I'(dy|m!? = (¢,7)) be the conditional probability
given 712 = (t,z). By (3.19),

/[o 1x X </X [yl T (| = (tvﬂf))>P(t7w)du(az)dt < +o0.

Then for a.e. (t,x) € [0,1] x X, y — y is Bochner integrable with respect to I'(dy|n>? = (¢, x)).
Define

(3.20) Z(t,x) = /}(yf(dy|7r1’2 = (t,x)).
We have
|1zttt s)dua)d
[0,1]x X
(3.21) S/ (/ lyl5 T (dyln'? = (t,w))) p(t, x)dp(x)dt
[0,1]x X
=/ lyl3; dT(t, z,y) =/ ly|Fw(dy) < +oc.
[O,I}XX'2 X
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Now for ae € C2°([0,1[) and F' € Cylin(X). By expression (2.4),

K

(ta (L’,y) - Ck(t)<VF(IE), y>H = a(t) Z(azf) ez(y)

i=1
is continuous from [0,1] x X x X to R. Let R > 0, consider

K

wR(tvxvy) = Oé( )<VF y>H XR(Z (y)2)7

=1

where xr € C,(R) is the cut-off function considered in the proof of Theorem 3.7. Then (¢, z,y) —

Yr(t,x,y) is a bounded continuous function; therefore

/wR(t>$7y)dF(t>$7y> :%%/¢R<t7xay)drn(ta$7y)

Since

[1a)(VF@).0) H\[l—xRiez ?)]dry(t,2,5)
K

< lallol V1l [ 123150 [1 = (3 (ess 2yt 20)%) (0. )

=1

p | Zn| vy (t, doc)dt

- <ei Z (t,:v)>22R

HO‘HOOH ||00/ 2||O‘HOOH || oo
——— | |Z,( vp(t,dz)dt < Ent(vg),
e [ 17, 0,0 By ) P Bt

< |ra||oo|\w|roo/
>

which is arbitrarily small as R is big enough. Hence

/ Q(t)(VF(2),) 4T, ) = lim / a(t)(VE(2),y) , dTy(t, 2, 1),

or (3.17) holds. u
Proposition 3.9 {v;t € [0,1]} and Z(t,x) are linked by the following continuity equation
(3.22) / a(t)(VF(z), Z(t, 9:)>Hd1/t(x)dt + / o (t)F(x)dvy(z)dt = 0,
0,1]x X [0,1]x X
for all F € Cylin(X) and o € C2°(]0, 1]).
Proof. Let I} = f[o,l}xX a(t)(VF(z), Zn(t,x)>H1/n(t,dx)dt. Then I} admits the expression

N+1 1 ke )
I, = ;(n /(kl)noz(t)dt) -/X<VF(ac—|—§k)’§k>Hdu(k N

Changing the index and using the optimal coupling plan 7(*) ¢ C(l/(k), l/(k—H)), we get

I% = i(l /k(k—H)77 oz(t)dt) /XXX<VF(y)7y - $>H7T(k)(dx,dy).

n

21



On the other hand, let Ig = / o (t)F(x)vy (t, dx)dt. Then I? admits the expression

[0,1]x X
3 (
2 = — « — F(2)) 7 (dz .
L ;?1 (kn)/XXx(F(y) F(a))m™ (d, dy)

The same quantities appeared already in the proof of Theorem 3.7, we see that lim, ¢ (I% +1 72]) = 0.
But by Lemma 3.8, I} tends to f[O,l]XX a(t)(VF(z), Z(t, J;)>det(:1:)dt, while the term I tends to
f[o X o/ (t)F(z)dve(x)dt. So we get (3.22). n

Theorem 3.10 Let (vt).e0,1) be the solution to the Fokker-Planck equation (3.13). Then for a.e.
t €10,1],, € Dom(VEnt) and

(3.23) d;t”t — (VEnt)().

Proof. By (3.13) and (3.22), we have

(3.24) /[0 e a(t)(VF(z), Z(t, x)>Hd1/t(x)dt =— / a(t)LF (z)dv(x)dt.

[0,1]x X

Let V be the vector space generated by {aVF; a € C°(]0,1[), F € Cylin(X)} and V the closure
of V'in L2([0,1]x X, H; P,). Let Z be the orthogonal projection of Z onto V. Then for a.e.t €]0, 1],
Zy € T,,. By (3.24), there exists a full subset Qp C]0, 1] such that for ¢ € Qp,

/}(<VF($),Z(t,x)>det(m) = —/ LF(z)dv(x).

X

Again by density arguments, there exists a full measure subset € CJ]0, 1] such that for ¢ € Q the
above equality holds for all VF € £. Now by (3.1), the right hand side is equal to —(dv rEnt)(v).
Therefore VEnt exists at v; and R
(VEnt)(l/t) = —Zt,
dO
this last term was denoted as Wyt; therefore we get (3.23). »
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