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EFFICIENT SIMULATION OF MULTI-BODY CONTACT PROBLEMS
ON COMPLEX GEOMETRIES: A FLEXIBLE DECOMPOSITION

APPROACH USING CONSTRAINED MINIMIZATION∗

THOMAS DICKOPF AND ROLF KRAUSE†

Abstract. We consider the numerical simulation of nonlinear multi-body contact problems
in elasticity on complex three-dimensional geometries. In the case of warped contact boundaries
and non-matching finite element meshes, particular emphasis has to be put on the discretization
of the transmission of forces and the non-penetration conditions at the contact interface. We en-
force the discrete contact constraints by means of a non-conforming domain decomposition method,
which allows for optimal error estimates. Here, we develop an efficient method to assemble the dis-
crete coupling operator by computing the triangulated intersection of opposite element faces in a
locally adjusted projection plane but carrying out the required quadrature on the faces directly. Our
new element-based algorithm does not use any boundary parametrizations and is also suitable for
isoparametric elements. The emerging nonlinear system is solved by a monotone multigrid method
of optimal complexity. Several numerical examples in 3D illustrate the effectiveness of our approach.

Key words. contact problems, linear elasticity, finite elements, non-matching meshes, domain
decomposition, mortar methods, multigrid methods
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1. Introduction. The numerical simulation of contact problems in elasticity
certainly is a topic of current research. In case the impact of two or more deformable
bodies on each other shall be examined, the discrete information transfer across the
contact interfaces turns out to be crucial for both, the quality and the efficiency of
a numerical approximation. Previous approaches predominantly deal with a highly
simplified setting of a priori matching contact boundaries, see, e. g., [5, 12, 22, 24, 38].
Thus, they fail or cannot be used in case of the complex geometries occuring in
realistic, three-dimensional simulations and new methods have to be developed. In
particular, we have to give attention to warped contact boundaries with non-matching
finite element meshes and, actually, geometrically non-matching interfaces.

In spite of the usual linearizations in the strain tensor and the constitutive law,
the free boundary problem arising from the additional contact constraints is nonlinear.
We approximate the geometrical non-penetration condition by pointwise inequality
constraints, using a bijective contact mapping Φ. Therefore, the multi-body contact
problem can be written as a variational inequality on the convex set of admissible
displacements and the existence of a unique solution results from an application of
well-established instruments from convex analysis, see, e. g., [9, 14, 39].

In this paper, the discretization of the coupling constraints is done in a weak
sense by a modified mortar finite element method, see, e. g., [4, 5, 7], proposing
the use of an L2-projection between non-matching meshes to allow for optimal error
estimates. Here, motivated by [15, 33, 41, 42], we develop an efficient method to
compute the emerging discrete transfer operator for complex geometries. We compute
triangulated intersections of opposite element faces in a locally adjusted projection
plane but carry out the necessary numerical quadrature on possibly warped contact
boundaries directly.

∗This work was supported in part by the Deutsche Forschungsgemeinschaft via SFB 611, Hausdorff
Center for Mathematics, and Bonn International Graduate School in Mathematics.
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Going beyond [41], we give a sound derivation of our element-based algorithm,
which computes the discrete coupling between two arbitrary interfaces from local in-
formation exclusively. The analysis we carry out provides an interpretation of the
method as a construction of a global a priori approximation of the real contact map-
ping Φ by a composition of local projections and inverse projections. That closes the
gap to [33]. We note that no parametrizations of any kind are needed. Besides, our
method is also applicable to isoparametric finite elements.

By now, various methods for the iterative solution of the discretized contact
problem have been developed, such as penalty methods, augmented Lagrangian ap-
proaches, active set strategies, and nonlinear Dirichlet-Neumann algorithms, see, e. g.,
[15, 27, 34, 36, 37, 46]. Here, we employ a local basis transformation from [45] using
the discrete transfer operator and solve the emerging system by an adaptive monotone
multigrid method of optimal complexity, see [30, 31]. The method does neither use
regularization nor an outer iteration but, instead, deals with the constraints locally
by means of a nonlinear block Gauß-Seidel smoother on the finest grid.

Note that the coupling approach is in no way limited to contact mechanics. When-
ever discrete quantities, vectorial or scalar, have to be transferred between finite
element meshes on geometrically non-matching interfaces, one should regard our L2-
projection as a possibility to realize that in an efficient way. An extension to the
information transfer between non-nested volume meshes is also practicable.

The rest of this paper is organized as follows. In Section 2, we state the multi-
body contact problem as a variational inequality over the convex set of admissible
displacements incorporating the contact constraints. In Section 3, a non-conforming
approximation by a mortar finite element approach is specified, where the discrete
contact conditions are efficiently realized by a weak coupling. In Section 4, we develop
a method for the computation of the discrete transfer operator. A sound derivation
as well as a detailed analysis of the algorithm are given. Section 5 is devoted to the
iterative solution of the emerging nonlinear system by constrained multilevel energy
minimization. Finally, in Section 6, we present several numerical results illustrating
the effectivity of our approach.

2. Problem formulation. In this section, we give the strong and the weak for-
mulation of the multi-body contact problem in linear elasticity. Equilibrium, bound-
ary, and contact conditions are addressed and the groundwork for the disretization in
the next section is done. Special attention is paid to a more general formulation of
the linearized non-penetration condition.

We consider the deformation of two bodies, which in their reference configuration
are identified with the Lipschitz domains Ωm,Ωs ⊂ R3, where the indices m and s are
motivated by the master and slave role the subdomains will play in the subsequent
sections. The restriction to two-body contact is imposed for the ease of presentation
only. The displacement field u, decomposed into u = (um,us), is given as the solution
of the boundary value problem

−σij(u),j = fi in Ω,
u = 0 on ΓD,

σij(u)nj = pi on ΓN .
(1)

Here, the boundary Γ = Γm ∪ Γs of Ω = Ωm ∪ Ωs consists of three pairwise disjoint
parts, ΓD = ΓmD ∪ ΓsD the Dirichlet boundary, which is assumed to be of positive
two-dimensional Lebesgue measure on both bodies, ΓN = ΓmN ∪ ΓsN the Neumann
boundary, and ΓC = ΓmC ∪ ΓsC the possible contact boundary with Γk• := Γ• ∩ Ωk,
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k ∈ {m, s}, • ∈ {C,D,N}. Additionally, the condition ΓC ∩ ΓD = ∅ may hold, which
appears to be quite natural in most applications. The actual contact boundary is not
known in advance but at least assumed to be compactly embedded in ΓC . On the
right hand side we have the volume force density f ∈ L2(Ω) and the prescribed surface
traction density p ∈ L2(ΓN ) the bodies are subjected to. The vector n = (nm,ns) is
the outer normal on Γ.

We denote vector quantities by bold symbols, e. g., v, and their i-th component
by vi. Analogously, we use bold symbols for vector valued function spaces, i. e. V :=
(V )3. The partial derivative with respect to xj is abbreviated with the index ,j .
Furthermore, we enforce the summation convention on all repeated indices ranging
from 1 to 3 and denote by δij the Kronecker symbol. The standard basis of R3 will
be referred to as (ei)1≤i≤3. We write I for the identity matrix.

The materials are assumed to be linear elastic, homogeneous, and isotropic with
strainless reference configuration, so that by Hooke’s law the stress tensor σ can be
written as

σij(u) = Aijlmul,m =
Eν

(1 + ν)(1− 2ν)
δijεkk(u) +

E

1 + ν
εij(u),

where ε(u) := 1
2 (∇u+∇uT ) denotes the infinitesimal strain tensor, E > 0 is Young’s

modulus, and 0 < ν < 1
2 is the Poisson ratio. Hooke’s tensor A := (Aijlm) is

sufficiently smooth, i. e. Aijlm ∈ L∞(Ω), 1 ≤ i, j, l,m ≤ 3, symmetric, and uniformly
positive definite. For introductions to (contact) mechanics we refer to the monographs
[11, 28, 36, 46], which consider this subject from the mathematician’s as well as the
engineer’s point of view.

In contrast to many other presentations we neither restrict ourselves to the case
where the two possible contact boundaries ΓmC and ΓsC coincide in the reference con-
figuration nor require (one of) them to be planar. In order to prescribe additional
boundary conditions, which reflect the forces evolving because of the contact of the two
bodies, we rather assume, similar to [14], a smooth, bijective mapping Φ : ΓsC → ΓmC
to be given, which relates every point on ΓsC to a potential contact point on ΓmC . Nat-
urally being a part of the solution, such a contact mapping is not achievable a priori.
Nevertheless, at this stage we will use it to derive the contact conditions and discuss
reasonable discrete versions later on. Now, we can define a vector field of contact
directions

nΦ : ΓsC → S2, nΦ(x) :=

{
Φ(x)−x
|Φ(x)−x| , if Φ(x) 6= x,

ns(x), otherwise,

and the initial gap function g : ΓsC → R+, g(x) := |Φ(x) − x|, which is equal to the
distance between ΓsC and ΓmC according to the contact mapping. Then, the jump of
the solution and its component in nΦ-direction, respectively, are

[u] := us − um ◦Φ, [u] := [u] · nΦ,

and the linearized contact conditions on ΓC can be written as

σt(um) = σt(us) = 0 on ΓC ,
σn(um ◦Φ) = σn(us) ≤ 0 on ΓsC ,

(2)

and

[u] ≤ g, ([u]− g)σn(us) = 0 on ΓsC , (3)
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where σn := σijnjni and ((σt)i)1≤i≤3 := (σijnj − σnni)1≤i≤3 are the normal and
tangential parts of σ, respectively. By (2)1 we state contact without friction, whereas
(2)2 reflects Newton’s third law. Only considering the frictionless case in this paper,
we refer to [14] and the above-mentioned monographs for the modeling of frictional
phenomena.

The geometric contact condition Ωm ∩Ωs = ∅, which is nonlinear and has global
character, has been approximated by the pointwise inequality (3)1 enforcing non-
penetration with respect to the given contact mapping. If points only move in nΦ-
direction, this linearization reproduces the non-penetration condition exactly. This is
in general not the case, but the author of [14] proves under mild requirements on ΓC
and the corresponding normal fields that the two conditions are equivalent for small
displacements except for a bounded error. Finally, (3)2 is the usual Kuhn-Tucker
condition.

To obtain a variational formulation of the two-body contact problem, we intro-
duce the Sobolev spaces H1

D(Ωk) :=
{
v ∈H1(Ωk)| v = 0, a. e. on ΓkD

}
, k ∈ {m, s},

satisfying homogeneous Dirichlet boundary conditions on ΓD. Then, incorporating
the non-penetration condition, we get the closed and convex set of admissible dis-
placements

K := {v ∈X| [v] ≤ g, a. e. on ΓsC}

with X :=
∏
k∈{m,s}H

1
D(Ωk). By the assumption that the contact mapping Φ a pri-

ori indentifies the points coming into contact with each other, we have transformed the
geometric non-penetration condition into a pointwise inequality on ΓsC only. There-
fore, we can verify the convexity of K straightforwardly.

We define the bilinear form

a : X ×X → R, a(u,v) :=
∑

k∈{m,s}

∫
Ωk

Aijlmul,mvi,j dx

and the linear form

f : X → R, f(v) :=
∑

k∈{m,s}

(∫
Ωk

fki v
k
i dx+

∫
Γk

N

pki v
k
i da

)
.

It can be shown, see, e. g., [9] for details, that the solution of the boundary value
problem (1), (2), and (3) can be characterized by the following variational inequality:
Find u ∈ K so that

a(u,v − u) ≥ f(v − u), ∀ v ∈ K. (4)

The unique solvability of problem (4) follows from Lions’ and Stampacchia’s lemma,
see [39], since for positive measure of ΓmD and ΓsD the strong convexity of the functional
J(u) := 1

2a(u,u)− f(u) is a consequence of Korn’s inequality. Admittedly, this does
not include any information about the smoothness of the solution. But in [9] at least
local H2-regularity of u is shown.

3. Mortar finite element approximation. By now, the finite element method
is a widely spread and intensively studied procedure to gain a numerical approximation
of a system of partial differential equations. But only by using more sophisticated
methods such as modern domain decomposition techniques, one can achieve a dis-
cretization of the multi-body contact problem with optimal error estimates. Here,
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the discrete information transfer by means of discretizing the coupling constraints
and modeling the transmission of forces between the respective bodies, is of major
importance for the quality of the approximation.

The mortar method has originally been introduced by Bernardi, Maday, and
Patera [7] as a domain decomposition technique for linear problems handling both,
functional and geometrical non-conformity. In the meantime, much work has been
done transferring the method to various problem classes. For a recent overview and
an illustration of the flexibility of the approach see [8]. In this paper, we only make
use of the application to discretizations by finite elements with non-matching meshes,
see, e. g., [4, 6, 10, 37].

For a more comprehensive work in this area and the introduction of dual multiplier
spaces we refer to Wohlmuth [44], who also addresses higher order discretizations and
multigrid methods for mortar formulations. Especially the choice of an appropriate
multiplier space is still subject of actual research, see [18, 19, 29, 35]. Furthermore,
mortar finite elements have successfully been adopted to variational inequalities orig-
inating from contact problems, see, e. g., [5, 12, 26, 45].

The construction of the finite element discretization of the contact problem,
we present in this section, is motivated by the following understanding: with non-
matching meshes a pointwise coupling of the solution across the interfaces as in [21]
yields indeed a conforming approximation but does not provide optimal discretization
error estimates, see [23] for a counter-example. So, instead of enforcing continuity of
the solution, we impose a weak matching condition by the introduction of suitable
Lagrange multipliers on the contact boundary. This approach permits a proof of the
optimality of the discretization error, since the best approximation error as well as
the additionally caused consistency error are of optimal order.

3.1. Realization of the contact conditions by Lagrange multipliers. Let
T k be a shape regular mesh of Ωk, k ∈ {m, s}, made up of tetrahedrons, hexahedrons,
pyramids, and prisms, so that Ωk = ∪T∈T kT . We denote the nodes of T k by N k

and set N k
• := N k ∩ Γ•, k ∈ {m, s}, • ∈ {C,D,N}. On both subdomains, we use

Xh(Ωk) := (Xh(Ωk))3 the space of Lagrangian conforming finite elements of first order
and denote its nodal basis functions as (λkpei)p∈Nk,1≤i≤3 with λkp(q) = δpq, p, q ∈ N k,
k ∈ {m, s}. Then, the unconstrained product finite element space is given as Xh :=∏
k∈{m,s}Xh(Ωk). All finite element functions will be marked by the subscript h.

Now, we derive a discrete variant of the contact conditions (2), (3). A particular
advantage of our approach to be presented here is that it incorporates the original
intention of the mortar method in the context of domain decomposition as well as
the contact case. For this purpose and to allow for a generalization to contact with
friction, we follow the traditional mortar ansatz and define a vector valued space
Mh of Lagrange multipliers on ΓsC , which will be used to impose weak matching
conditions. Let Xh(ΓkC) be the trace space of Xh(Ωk) on ΓkC , k ∈ {m, s}. Then, we
choose the trace space on ΓsC as multiplier space, i. e. Mh := Xh(ΓsC), and fix a basis
(ψpei)p∈N s

C ,1≤i≤3. Because the multiplier space is associated with the mesh inherited
from T s and because the displacements on ΓmC will constrain the displacements on
ΓsC , we call entities with superscript s slave (or non-mortar), whereas entities with
superscript m are referred to as master (or mortar).

The standard approach is ψp := λsp, p ∈ N s
C , where we note that unlike the

standard mortar method no modification of multipliers near the boundary of ΓsC is
necessary, since ΓC ∩ΓD = ∅. Another popular choice, we consider later on, is a space
of dual Lagrange multipliers introduced by Wohlmuth, which meets a biorthogonality



6 T. DICKOPF AND R. KRAUSE

relation to the nodal basis. For a rigorous analysis of these multiplier spaces we refer
to [44].

The well-known weak “zero jump condition” of the mortar method from [7], which
leads to a non-conforming approximation of the space H1

D(int(Ω
m ∪Φ Ω

s
)) with op-

timal discretization error, is∫
Γs

C

ψh · [uh] da = 0, ∀ ψh ∈Mh, (5)

where ∪Φ indicates the union with identification of points on ΓC by Φ. Inspired
by these weak coupling constraints, we use the representations of uh and ψh in the
chosen bases of Xh and Mh, respectively, and define the discrete mortar transfer
operator via its algebraic representation, T := D−1B, with 3× 3-block entries

dpq :=
∫

Γs
C

ψpλ
s
q da I, p, q ∈ N s

C , (6)

and

bpq :=
∫

Γs
C

ψp(λmq ◦Φ) da I, p ∈ N s
C , q ∈ Nm

C . (7)

The transfer operator T maps a vector of discrete displacements in the trace space
Xh(ΓmC ) on the master side via the multiplier space Mh to the trace space Xh(ΓsC)
on the slave side. More precisely, for vm ∈ Xh(ΓmC ) the function Tvm is the L2-
projection of vm ◦Φ onto Xh(ΓsC).

To enforce discrete contact conditions comparable to (2) and (3), we do not require
a zero jump as in (5). Instead, we consider a scalar space Mh of Lagrange multipliers,
which is the positive part of Mh in direction of nΦ, containing the discrete normal
stresses,

Mh :=

ψh = ψ′h · nΦ| ψ′h ∈Mh,

∫
Γs

C

ψhλh da ≥ 0, ∀ λh ∈ Xh(ΓsC), λh ≥ 0

 .

Then, the non-penetration condition reads as∫
Γs

C

([uh]− g)ψh da ≤ 0, ∀ ψh ∈Mh, (8)

where only inequality constraints in nΦ-direction are imposed. We use the just de-
fined transfer operator, set np := nΦ(p), and get the algebraic form of discrete non-
penetration,

((ush)p − (Tumh )p) · np − gp ≤ 0, ∀ p ∈ N s
C , (9)

where g = (gp)p∈N s
C

denotes the weighted gap vector with

gp := (D−1g′)p · np, (g′)p :=

(∫
Γs

C

ψpg da

)
np, p ∈ N s

C . (10)

Note that in general (9) is not equivalent to (8) if D is not a diagonal matrix
with positive entries. The latter can be achieved by using dual Lagrange multipliers
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or mass lumping, see Section 3.3. Now, we can define a discrete approximation of the
set of admissible displacements K,

Kh := {vh ∈Xh| ((vsh)p − (Tvmh )p) · np − gp ≤ 0, ∀ p ∈ N s
C} ,

and state the discrete variational problem: Find uh ∈ Kh so that

a(uh,vh − uh) ≥ f(vh − uh), ∀ vh ∈ Kh. (11)

The solvability of the discrete problem (11) is again a classic result of convex
analysis and follows as specified at the end of Section 2. The solution is unique if the
discrete Dirichlet boundary on each body is sufficiently large, so that a discrete version
of Korn’s inequality holds. The discretization is indeed non-conforming. Since the
weak coupling constraints generally cannot prevent a small penetration of the bodies,
we have Kh 6⊂ K.

3.2. Optimal error estimate. In this subsection, we outline how the weak
coupling of the mortar method yields an optimal a priori estimate for the multi-body
contact problem even in the case of non-matching meshes. The first-order convergence
in the H1-norm we attain on each individual body by discretization with conforming
linear finite elements is extended to the solution of the coupled system. For this
purpose, we consider the bilinear form

b : H− 1
2 (ΓsC)×H

1
2 (ΓsC) → R, b(ψ,v) := 〈ψ, [v]〉,

where 〈·, ·〉 denotes the duality pairing between H− 1
2 (ΓsC) and H

1
2 (ΓsC). We assume

that nΦ and g are sufficiently smooth. Then, see [21, 28], the variational problem
(11) is equivalent to the mixed formulation: Find uh ∈Xh and µh ∈Mh so that

a(uh,vh) + b(µh,vh) = f(vh), ∀ vh ∈Xh,
b(ψh,uh) ≤ 〈ψh, g〉, ∀ ψh ∈Mh.

Let the two-dimensional meshes of the contact boundaries inherited from T k,
k ∈ {m, s}, be quasi-uniform so that an inverse inequality holds. With the aid of
an interpolation argument one shows the H

1
2 -continuity of the mortar projection

operator, see [6]. Hence, the following uniform inf-sup condition holds, which is well
known from the theory of saddle point problems,

inf
ψh∈Mh

sup
vh∈Xh

b(ψh,vh)
||ψh||

H−
1
2 (Γs

C)
||vh||X

≥ β,

with β 6= β(h), see [4, 10, 44]. Then, under additional but mild assumptions on the
regularity of the jump in normal direction and the boundary stresses as well as the
shape of the actual contact boundary, one can show an a priori estimate of the form

||u− uh||X + ||µ− µh||
H−

1
2 (Γs

C)
≤ Ch

1
2+α

∑
k∈{m,s}

|uk|
H

3
2 +α(Ωk)

,

see [12, 26], provided that uk ∈ H
3
2+α(Ωk), k ∈ {m, s}, for all α ∈ (0, 1

2 ]. Without
the additional assumptions it is still possible to show convergence of order up to 3

4 ,
see [5].
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3.3. Modifications and remarks. In a flexible numerical simulation one does
not only want to prescribe inequality constraints at contact interfaces but also to
“glue” bodies with different material parameters, which shall be considered as perma-
nently connected, at interior interfaces. The choice of a vector valued multiplier space
Mh facilitates an integrative approach for these two purposes. Instead of enforcing
the inequalities (9), at an interior interface we constrain the relative displacement in
all spatial directions by

(ush)p − (Tumh )p = 0, ∀ p ∈ N s
C . (12)

This is in fact the coupling originally suggested in [7], apart from the inclusion of
the contact mapping Φ. Per constructionem the latter approach also copes with
geometrically non-matching interfaces between such bodies, which usually emerge
during the mesh-construction process of complex geometries. The iterative solver,
a monotone multigrid method we present in Section 5, actually makes no difference
between the two cases since both are solved by constrained energy minimization.

Moreover, the ansatz outlined before can easily be generalized to contact problems
with friction and in particular our methods provide this opportunity, see [32]. In that
case the tangential components of the Lagrange multipliers play the role of the scaled
discrete tangential stresses. Since these stresses depend on the normal stresses and
the relative tangential displacements nonlinearly via a friction law, e. g., according
to Coulomb, new difficulties arise during the numerical solution process we do not
consider in this paper. We rather refer to [25, 32, 38].

If we use dual Lagrange multipliers, see [44], which are characterized by the
biorthogonality relation∫

Γs
C

ψpλ
s
q da = δpq

∫
Γs

C

λsq da, ∀ p, q ∈ N s
C , (13)

the matrix D becomes diagonal and, hence, admits of a direct computation of its
inverse. Otherwise D is a band matrix and a sparse linear system would have to
be solved on ΓsC in order to compute the transfer operator T . Unfortunately, the
construction of dual multiplier spaces for surface meshes containing general convex
quadrilaterals is nontrivial, see [19] for an approach taking into account that the
transformation to the reference element is generally not affine.

Here, for simplicity, we choose the standard nodal basis functions on the slave
side as multipliers, i. e. ψp := λsp, p ∈ N s

C . Additionally, to avoid the computation
of an inverse mass matrix on ΓsC that would necessarily have to be carried out and
to retain the pointwise inequalities when multiplying with D−1 in (9), we lump the
matrix D,

dpq 7→ δpq

 ∑
r∈N s

C

drq

 , p, q ∈ N s
C .

Now the entries of D equal the term on the right hand side of (13), due to the fact
that the basis of the Lagrange multiplier space forms a partition of unity. Another ad-
vantage of our choice is that no stabilization as in [18, 19] is necessary. The numerical
studies in Section 6 will be evidence of this being a reasonable approach. Particularly,
we draw an exemplary comparison of the dual multipliers on the one hand and the
nodal multipliers with lumping on the other hand.
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4. The discrete coupling operator. Although allowing for the straightfor-
ward computation of the master-slave coupling in the case of matching contact inter-
faces (but possibly non-matching meshes), mortar finite elements require substantial
effort in implementation and additional analysis when complex geometries are in-
volved. Therefore, previous numerical analyses, implementations, and experiments in
context of domain decomposition as well as of contact problems predominantly deal
with a simplified setting and impose a restriction of the form ΓmC = ΓsC , see, e. g.,
[5, 12, 22, 24, 38].

In this section, we focus on multi-body contact problems with geometrically non-
matching contact boundaries and develop an efficient method to assemble the discrete
coupling operator. A first idea for the handling of this more sophisticated case by
projecting the mesh of the contact boundaries onto an explicitly given two-dimensional
submanifold of R3 can be found in [15]. In [41, 42] the boundaries are projected onto
a plane varying with the slave side, instead. Then, the coupling terms are computed
by numerical integration on intersections of projected faces in this plane. Further
possibilities are the automatic construction of an approximative contact mapping, see
[33], or the usage of a priori known parametrizations of the contact boundaries, see
[17, 18].

Here, we derive an algorithm, which assembles the discrete coupling between
master and slave side from local information exclusively. We compute triangulated
intersections of two respective faces in a locally adjusted projection plane but, unlike
before, carry out the quadrature on the possibly warped slave side ΓsC directly. Our
element-based approach does not use any parametrizations of the two-dimensional
faces and is also suitable for isoparametric elements. After the derivation, in Sub-
section 4.2 we analyze the individual steps of the algorithm, specify details of the
implementation, and compare our approach with previous ones.

4.1. Derivation of the assembly algorithm. Recall the definition of the dis-
crete mortar transfer operator T := D−1B via (6) and (7). Since the Lagrange
multipliers are associated with the slave side ΓsC , the functions ψp and λmq are de-
fined on geometrically distinct subdomains and the expression (7) cannot be evaluated
without further knowledge about the contact mapping Φ. To overcome this difficulty,
we choose to compute the entries of the coupling matrices B and D by an algorithm
motivated by [33, 41]. Our approach can be recognized as an approximation of Φ
by a composition of local projections and inverse projections. Incorporating the local
variation of the area element, we expect our quadrature to reflect the integral over
a warped slave side ΓsC very well. First, we justify our approach by a formal deriva-
tion of the algorithm with the idealized assumption that the contact mapping Φ is
completely known. Then, we see that the derived formula for the local contributions
to the coupling terms only depends on few geometrical objects, which can easily be
substituted by suitable discrete approximations to eliminate the appearance of the
contact mapping.

Let Fm and Fs be the sets of master and slave faces, respectively. Only to
ease the derivation of the algorithm, we assume a bounded set U ⊂ R2 and global
parametrizations ϕk : U → ΓkC of ΓkC , k ∈ {m, s}, to be given so that Φ = ϕm ◦ϕ−1

s .
This means that points on the contact boundaries which have the same preimages
in the parameter domain U are possible contact partners. We point out that the
parametrizations will shortly be replaced by suitable discrete and local versions, which
are immediately computable from the geometric information already available in finite
element programs. Hence, we neither dwell on the structures of ϕm and ϕs nor on
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Ê

Fm

F s

ϕs ϕm

T

GÊ→Em

GÊ→Es

GT̂m→T

GT̂ s→T

Tm

T s

T̂m

T̂ s

⊂ R2

Fig. 1. Derivation of the assembly algorithm for the coupling matrices.

the question of their existence now and refer to [14] instead.

In the following, we denote the (three-dimensional) element from the mesh T k
belonging to the face F k by Ek. We generically denote the respective reference element
of Em and Es by Ê. The coordinate transformation from Ê to Ek is called GÊ→Ek

and the affine transformation between two triangles T1 and T2 is GT1→T2 .

We use the decompositions of the contact boundaries into faces Fm and F s in-
duced by the meshes T m and T s and observe the fact that the set {Φ−1(Fm)| Fm ∈
Fm} is a partition of the slave side ΓsC . In particular, for each slave face F s ∈ Fs we
have ∪Fm∈Fm

(
F s ∩ (ϕs ◦ϕ−1

m )(Fm)
)

= F s. Then, integrating by substitution, we
write formally,

bpq =
∫
Γs

C

ψp · (λmq ◦Φ) da =
∑

F s∈Fs

 ∫
F s

ψp · (λmq ◦ϕm ◦ϕ−1
s ) da



=
∑

F s∈Fs

Fm∈Fm

 ∫
F s∩(ϕs◦ϕ

−1
m )(Fm)

ψp · (λmq ◦ϕm ◦ϕ−1
s ) da



=
∑

F s∈Fs

Fm∈Fm

 ∫
ϕ−1

s (F s)∩ϕ−1
m (Fm)

(ψp ◦ϕs) · (λmq ◦ϕm) · |det∇ϕs| da

 .

We now assume that each intersection ϕ−1
s (F s)∩ϕ−1

m (Fm) ⊂ R2 can be divided into
finitely many triangles, and for each triangle T we denote the corresponding triangles
on the contact boundaries by T k := ϕk(T ), k ∈ {m, s}, see Figure 1 in case Em and
Es are hexahedrons. Then, we transfer the triangles to the reference element with
the inverses of the three-dimensional transformations, namely T̂ k := G−1

Ê→Ek
(T k).

Now the two-dimensional affine transformations GT̂k→T from these triangles T̂ k to
the triangle T can easily be computed. Hence, we have ϕk|T ≡ GÊ→Ek ◦G−1

T̂k→T
and

are in a position to continue the above formal calculation for the contribution of each
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triangle T separately,∫
T

(ψp ◦ϕs) · (λmq ◦ϕm) · |det∇ϕs| da = (14)

|det∇G−1

T̂ s→T
|
∫
T

(ψ̂p ◦G−1

T̂ s→T
) · (λ̂q ◦G−1

T̂m→T
) · |det∇GÊ→Es(G−1

T̂ s→T
)| da.

At this we use the representation of the nodal basis functions via the shape functions
on the reference element, ψp ◦GÊ→Es = ψ̂p and λmq ◦GÊ→Em = λ̂q. By abuse of no-
tation ∇GÊ→Es stands for its restriction to the corresponding faces in the domain Ê
and the codomain Es, respectively. Thus, the exclusive use of the three-dimensional fi-
nite element transfomations supersedes the additional introduction of two-dimensional
parametrizations of warped faces. Besides, we note that |det∇G−1

T̂ s→T
| = |T̂ s|

|T | is con-
stant because GT̂ s→T is an affine mapping.

These considerations lead to the understanding that the entries bpq of the coupling
matrix B can be computed as a sum of integrals of the form (14) over triangles. This
requires that suitable approximations of the parametrizations ϕk are known. In fact
there is no need to establish any parametrizations explicitly. We only have to replace
all triangles T , Tm, and T s by approximating ones to allow for the evaluation of
the right hand side of (14). For this purpose, we introduce the following algorithm.
Firstly, the intersections and their triangulations are computed in a projection plane
locally adjusted to the slave side. Secondly, the triangles Tm and T s on the respective
possible contact boundaries ΓmC and ΓsC are created by an inverse projection. Then, an
appropriate quadrature formula can be applied on the respective reference elements
directly.

Algorithm.
(A1) Build an octree data structure to determine which master and slave faces are

“close” to each other.
(A2) Loop over all slave faces F s ∈ Fs.

(B1) Loop over all master faces Fm ∈ Fm.
(C1) Only continue if Fm is “close” to F s.
(C2) Apply a Householder reflection H so that H(ns) = e3, where ns is

a suitably chosen outer normal of the current slave face.
(C3) Compute F̃ k as the convex hull of the corners of F k projected onto

the e1e2-plane, k ∈ {m, s}.
(C4) Compute the intersection F̃ := F̃m ∩ F̃ s and a triangulation F̃ =

∪Ti.
(C5) Loop over all triangles Ti.

(D1) Perform an inverse projection of the corners of Ti to get cor-
responding triangles Tmi and T si on the original faces Fm and
F s, respectively.

(D2) Use the inverse of the transformation GÊ→Ek to compute the
triangle T̂ ki on the reference element, k ∈ {m, s}.

(D3) Use a two-dimensional quadrature formula to create weights
ωl and integration points xml and xsl on the triangles T̂mi and
T̂ si , respectively.

(D4) Set ω′l := ωl |det∇GÊ→Es(xsl )| |T̂ si |.
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Γs
C

Γm
C

}ε

Fig. 2. Layout of the octree.

L
G

P

x

x̂0 q

Fig. 3. Inverse projection.

(D5) Add the contribution of triangle Ti,

bpq 7→ bpq +
∑
l

ω′lψ̂p(x
s
l )λ̂q(x

m
l ), p ∈ N s

C , q ∈ Nm
C ,

dpq 7→ dpq +
∑
l

ω′lψ̂p(x
s
l )λ̂q(x

s
l ), p, q ∈ N s

C .

(15)
(C6) End of loop over triangles Ti.

(B2) End of loop over master faces Fm.
(A3) End of loop over slave faces F s.
(A4) Set bpq := bpq I and dpq := dpq I.

Of course in the assembly of the contributions in step (D5) one only has to consider
a shape function if int(supp(ψp)) ∩ F s 6= ∅ and in (15)1 additionally int(supp(λmq )) ∩
Fm 6= ∅ and in (15)2 additionally int(supp(λsq)) ∩ F s 6= ∅, respectively.

4.2. Analysis of the algorithm. In this subsection we carry out a detailed
analysis of the developed algorithm and show that it provides an efficient and effective
method to assemble the weak coupling constraints. At the beginning we remark that
an adaptation to a two-dimensional contact problem is easily achievable. Since we
have specifically constructed the algorithm to overcome the difficulties of the more
complex three-dimensional case, we only examine this setting.

Efficient structuring by octree. To ensure that the intersection computation
in (C4) is only performed for reasonable choices of master and slave faces, we carry
out a preprocessing step (A1) to distribute all faces to the leaves of an octree by
their positions in three-dimensional space. The one-time creation of the octree is of
complexity O(|NC | · log(|NC |)). We refer to [1] for details on the implementation
and in particular on the adaptivity of the octree structure. Then, in the following
procedure only faces lying in the same leaf are considered “close” to each other. See
Figure 2 for a simplified two-dimensional sketch.

On the one hand this method results in the optimal complexity O(|N s
C |) of the

actual assembly routine and on the other hand it facilitates the separation of faces
which cannot get into contact because of geometrical reasons. Note that the detection
of intersection candidates is only well posed if we “blow up” the two-dimensional faces
by an ε > 0 in positive normal direction. Otherwise two faces could be separated by
the octree even though they are close to each other. Naturally, the parameters for the
design of the octree have to be chosen problem dependent, particularly the parameter
ε should be a little greater than half of the maximal initial gap g and the minimal
leaf diameter a little greater than 2ε. A simple test wether the settings have led
to a correct assembly of the mortar transfer operator is the computation of its line
totals we explain at the end of the section. In the case of three or more bodies we
can choose to build several octrees if the optimal parameters vary strongly with the
diverse contact boundaries.
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Projections instead of parametrizations. By the application of the House-
holder reflection H in (C2) we transform the configuration so that each individual
slave face F s roughly lies in a plane parallel to the e1e2-plane. This can be achieved
if we choose ns as the normal at the barycenter. Let Fm1 , . . . , Fmn denote the master
faces close to F s determined by the octree. Then, for properly chosen octree parame-
ters, the projection onto the e1e2-plane maps each master face Fmi , their union ∪Fmi ,
and the current slave face F s bijectively onto its respective image. Further, their in-
verse mappings can be regarded as local parametrizations ϕFm

1 [F s], . . . ,ϕFm
n [F s] of the

master faces and ϕF s of the slave face, see Figure 4. Note that the parametrization
ϕFm

i [F s] of the master face Fmi depends on the current slave face F s by the choice of
the projection plane or ns. We indicate this dependency by the subscript [F s].

We compose these locally defined mappings to a global approximation Φh of the
contact mapping. This mapping Φh := ϕm ◦ ϕ−1

s : ΓsC → ΓmC is defined piecewisely
by(
ϕm ◦ϕ−1

s

)
(x) := ϕFm

i [F s]

(
ϕ−1
F s (x)

)
, if x ∈ F s and ϕ−1

F s (x) ∈ ϕ−1
Fm

i [F s](F
m
i ). (16)

It is well defined, since (because of the bijectivity discussed above) the projection of
the master faces is a decomposition of the projection of the slave face and, hence,
for each x ∈ F s there is a unique master face Fmi , so that ϕ−1

F s (x) ∈ ϕ−1
Fm

i [F s](F
m
i ).

In other words, the projection of the point x lies in the projection of precisely one
master face.

Although in general the piecewisely defined composition ϕm ◦ϕ−1
s does not equal

Φ, it is closely related to an a priori approximation of the unknown contact mapping
by normal projection as in [33]. Because of the potential discontinuity of Φh across the
edges of the slave faces we cannot even expect its local bijectivity, which is guaranteed
on each single face F s by the definition (16), to be conserved by the composition. See
Figure 5 for a situation with

lim
x∈F s

l , x→xs
Φh(x) = xml 6= xmr = lim

x∈F s
r , x→xs

Φh(x).

But, within the kinematically linear framework, coupling and constraints only in nor-
mal direction are a common and appropriate method of approximation. The numerical
studies in this paper will demonstrate its effectiveness later on.

The exact effect of the approximative assembly of the coupling conditions on
the error estimates from the previous section has not been successfully analyzed yet.
A first attempt for a similar problem in two dimensions and under the additional
restriction that ΓC = Ω

m ∩Ω
s

can be found in [17, 18] via a perturbation analysis for
a blending element discretization.

Influence of quadrature formulas. So far we have seen that the computation
of the entries of the coupling matrix B can be recognized as an elaborate construction
of an approximate contact mapping Φh and subsequent numerical integration of the
terms

∫
Γs

C
ψp · (λmq ◦ Φh) da in step (D5). Since, in general, for warped contact

boundaries Φh is no polynomial, a quadrature rule does not necessarily reflect the
integral exactly. Thus, an additional consistency error occurs, which we keep small
by using enough integration points.

A rigorous analysis of this error due to inexact integration of the constraints
cannot be achieved easily. But a similar problem arises for the mortar method in
case of a linear problem with geometrically matching interfaces if a quadrature rule
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e1

e2
e3

ϕFm
i [F s]

ϕFm
j [F s]ϕF s

F s

F m
i

F m
j

Fig. 4. Approximation of the contact mapping.

xs

xmlxmr

nsl
nsr

F sl
F sr

Fm

Fig. 5. Potential discontinuity.

is used which is only based on the triangulation either of the master or of the slave
side, see, e. g., [16, 40]. Numerical examples in two and three dimensions exhibit
that this omission of an adequate intersection computation has a negative effect on
the discretization error. The available proposals how to preserve the optimality of
the method by a Petrov-Galerkin approach, cf. [40], or an additional projection onto
a discrete auxiliary space, in which the quadrature can more easily be carried out,
cf. [16], cannot be directly transferred to our situation.

Intersection computation by the quickhull algorithm. For the computa-
tion of the intersection F̃m ∩ F̃ s in step (C4) we use the quickhull algorithm Qhull
implemented by Barber et al. [2]. Actually, a Delaunay triangulation of the intersec-
tion is computed, which we anticipate to minimize roundoff errors for the quadrature
on the resulting triangles. Qhull is a flexible and efficient toolbox for several op-
erations on convex hulls in arbitrary dimension and it also copes with degeneracies
coming from imprecise data. The basic ingredient is the representation of a convex
hull as intersection of several halfspaces each given as oriented hyperplane.

As additional input the algorithm needs a point which is a priori known to lie
within the intersection. We compute such an interior point by a modified simplex
algorithm particularly detecting wether an intersection is empty. Naturally, in our
application (intersection of two faces) only small problems occur.

The description of the computation of the projection F̃ k as convex hull of the
projected corners in (C3), which at first sight seems to be unnecessarily involved, has
been chosen for two reasons. On the one hand it is closer to the actual implementation
whereas on the other hand it allows for the direct generalization of the algorithm to
isoparametric elements of higher order. In that case the edges of the faces F̃ k can be
curvilinear. However, the edges of the triangles T k are generally curvilinear even in
the case of bilinear quadrangular faces.

Stable inverse projection. Using elements with quadrangular faces we cannot
expect the transformation G from the reference element to an element E to be affine
in general. But instead of assuming some extra parametrization of non-planar faces
in three-dimensional space to be given, we propose an inverse projection, which only
relies on the geometric information already available in finite element programs.

Given a corner q ∈ R2 of a triangle in the e1e2-plane we projected onto in
step (C3), in step (D1) we have to compute the corresponding point x ∈ R3 on the
master or slave face F . If F is a triangle, x is determined as the solution of a linear
equation and can be computed immediately. So we only consider the case of F being
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a quadrangle.
The inverse projection is essentially realized by means of a Newton iteration to

find the appropriate root of the function

R : [0, 1]2 → R2, R(x̂) := (P ◦H ◦G ◦ L)(x̂)− q,

with x̂ a point on the two-dimensional unit square, L the map to the respective face
of the three-dimensional reference element (cube, pyramid, or prism), H = H(ns) the
Householder reflection used in step (C2), and P the projection onto the e1e2-plane.
Then, the root x̂0 of R yields the desired point via x = (G ◦ L)(x̂0), see Figure 3 in
case of a hexahedral element and H = id. Using the solution of an approximating
linear equation as initial value, we observe good convergence behavior of the iteration
and therefore compute the points at low cost. Such a linear system can be obtained
by, e. g., roughly subdividing the quadrangle into two triangles.

Another approach is chosen in [41]. There, the quadrature is carried out on planar
triangles in the intersection. For the evaluation of the basis functions each integration
point is individually transferred to the original faces by normal projection. One could
also use local parametrizations of the faces, see [42].

Balance of forces. For each given discrete multiplier ψh ∈Mh we require the
total induced interface forces on the opposite contact boundaries to have equal norm
and reverse sign. For dynamic problems this condition corresponds to the conservation
of momentum, see, e. g., [41]. This directly follows from Newton’s third law. The
relevant forces can formally be written as integrals over ΓmC and ΓsC , respectively,
which read as ψThB1 and ψThD1 in the discrete setting. Therefore, the requirement
of force balance is equivalent to the following equation to hold for every slave node p,∑

q∈N s
C

dpq −
∑
r∈Nm

C

bpr = 0, ∀ p ∈ N s
C . (17)

We verify equation (17) by considering the contribution of each triangle Ti separately
and using the fact that the nodal basis functions of the Lagrangian finite elements
form a partition of unity:

∑
q∈N s

C

dpq −
∑

r∈Nm
C

bpr =
∑
Ti

(∑
q

∑
l

ω′lψp(x
s
l )λ

s
q(x

s
l )−

∑
r

∑
l

ω′lψp(x
s
l )λ

m
r (xml )

)
=

∑
Ti

(∑
l

ω′lψp(x
s
l )−

∑
l

ω′lψp(x
s
l )
)

= 0.

Note that for the respective computation of bpq and dpq in (15) we use the same par-
tition into triangles and the same quadrature points xsl on the slave side to guarantee
(17) to hold exactly, i. e. up to machine accuracy. However, numerical studies show a
very good balance of forces if the coupling on the slave side is assembled independently
but using a sufficient number of integration points.

Having assembled the mortar transfer operator T as outlined before, we can use
the computation of the line totals of T in (17) as a test for the admissibility of the
applied octree parameters. If this equation does not hold for every node p ∈ N s

C

except for roundoff errors, the parameters have to be chosen less restrictively.

5. Minimization with linearized constraints. As solution algorithm for the
nonlinear multi-body contact problem discretized by mortar finite elements we apply
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a monotone multigrid method to be briefly presented in this section. Elsewhere, meth-
ods from mathematical optimization are frequently used, see [36, 46] for an overview.
Penalty methods, see, e. g., [22], employ a penetration parameter to smooth out the
non-differentiability in the energy functional to be minimized, which evolves due to
the constraints. Moreover, one finds augmented Lagrangian approaches, see, e. g.,
[37, 42], which directly utilize the underlying saddle point structure of the problem.
If active set strategies are used instead, the discrete contact boundary is iterated
and a sequence of linear problems with fixed contact boundary is solved, see [25, 27].
Furthermore, the problem can be solved by a nonlinear Dirichlet-Neumann algorithm
derived in [15, 34], in which the information exchange between the two subproblems
can be efficiently realized by the discrete mortar transfer operator and its adjoint
mapping.

5.1. Monotone multigrid method. To ease the notation, we decompose the
set of nodes N := Nm ∪ N s into the master nodes M := Nm

C , the slave nodes
S := N s

C , and the interior nodes I := N \ (M∪ S). Thus, the nodal basis of the
unconstrained product space Xh is λ = (λI ,λM,λS)T . As usual, a finite element
function vh ∈Xh is identified with the vector (vI ,vM,vS)T .

We notice that the realization of the discrete contact constraints (9) requires the
evaluation of the discrete jump vS − TvM. To obtain a formulation in which these
discrete relative displacements appear directly, we follow [45] and define a new basis
λ′ by the local transformation

λ′ :=

 λ′I
λ′M
λ′S

 :=

 I 0 0
0 I T T

0 0 I

 λI
λM
λS

 =: Qλ.

Then, (λ′I ,λ
′
M)T is a basis of the constrained product space

V h := {vh ∈Xh| (vS)p − (TvM)p = 0, ∀ p ∈ S} ,

whereas λ′S spans the space of relative displacements. Therefore, the discrete non-
penetration condition is satisfied iff

(v′h)p · np − gp ≤ 0, ∀ p ∈ S, (18)

so that in the modified basis the multi-body contact problem has the algebraic struc-
ture of a one-sided obstacle problem.

Now, after modifying the stiffness matrix and the right hand side according to the
transformation Q, we solve the nonlinear system by a monotone multigrid method de-
veloped in [30, 31] for Signorini’s problem. This iterative procedure can be recognized
as a multilevel energy minimization by the combination of a multigrid method and
a nonlinear block Gauß-Seidel smoother. Neither regularization nor an outer itera-
tion are necessary to gain global convergence. Under convenient premises the discrete
contact boundary is detected after finitely many steps and the iteration degenerates
into a linear subspace correction method. Its efficiency is obtained from the optimal
complexity of each step of the iteration.

The usage of a vector valued multiplier space Mh in Section 3 allows for the
enforcement of constraints in every direction, if necessary with an additional orthog-
onal basis transformation. For the frictionless contact problem, at the nodes in S
pointwise, i. e. linearized constraints for the relative displacement in positive normal
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direction are prescribed according to (18). For this purpose, in the assembly of the
weighted gap vector g = (gp)p∈S via numerical quadrature of the expression (10), we
approximate the gap function g at an integration point xs ∈ ΓsC by the distance to the
master side along ns(xs). However, for the simulation of “glued” bodies, which pro-
hibit any relative displacement across the interior interface ΓC , all upper and lower
obstacles will be set to 0, see (12). For the extension to multi-body contact with
Coulomb friction we refer to [32].

Although the solution algorithm does not use Lagrange multipliers explicitly, the
occurring discrete boundary stresses can be computed from the linear residual via a
local postprocessing step.

5.2. Handling of complex geometries. All methods presented in this paper
have been implemented in the framework of the finite element toolbox UG (“unstruc-
tured grids”), see [3]. For the monotone multigrid method we use Obslib++, which
is an extension of the implementation extensively described in [31]. On the coarse
mesh we use the direct solver Pardiso (“parallel sparse direct solver”), see [43]. For
the assembly of the discrete coupling operator derived in Section 4, a new toolbox
Cutlib has been created by one of the authors in [13] using [1, 2].

The implementation of a flexible data parser allows for the import of arbitrarily
many bodies with unstructured volume meshes consisting of tetrahedrons, hexahe-
drons, pyramids, and prisms. This has been done as an extension of the Exodus II
format described in [20].

To facilitate realistic simulations, in which the complex geometries generally can
be resolved by very fine meshes only, we also use parallel computing. If one guarantees
that for a slave face each process is provided information about every master face
which is close-by in terms of the octree, basic parallelization is implemented. We
employ a sparse solver on the coarse mesh to efficiently solve the systems arising from
quite fine meshes and, thus, contribute to the stability of the multigrid method.

5.3. Large deformation contact. In case of large deformations and nonlinear
material behavior, the energy functional J becomes non-convex. Besides, a lineariza-
tion of the contact conditions as in (2), (3) does not accurately approximate the
exact geometric non-penetration condition. If the resulting non-convex minimization
problem is solved by an SQP method applying the above multigrid method to the
constrained quadratic subproblems, one has to incorporate the discrete coupling op-
erator into the outer iteration. Since the local coupling is only reasonable for small
deformations, this could imply additional box constraints in each SQP step and, thus,
affect convergence. In a very similar manner, the time step size in a dynamic simula-
tion should be subject to an additional constraint preventing too large deformations
during one step. Naturally, these difficulties arise in the contact case but not in the
“gluing” case.

6. Numerical results. In this section, we illustrate the effectivity of the meth-
ods developed in this paper by various examples. First of all, the validity of the error
estimates from Section 3.2 in the numerical practice is verified. Then, we demon-
strate that the coupling by means of the discrete mortar transfer operator performs
very well in diverse geometrical situations and examine the occuring discrete boundary
stresses. Even though the local shape of master and slave side and, especially, of the
actual contact zone varies, the methods from Section 4 yield a discrete solution of the
multi-body contact problem with smooth contact stresses and optimal convergence.
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Fig. 6. Meshes on level 2 for the model problems (a) to (c).

l # slave dof # dof
0 12 48
1 27 162
2 75 750
3 243 4,374
4 867 29,478
5 3,267 215,622
6 12,675 1,647,750

Fig. 7. Mesh hierarchy.

6.1. Model problems. We consider three model problems, (a) to (c). Each
geometrical configuration is composed of two bodies arranged on top of each other
in e3-direction, see Figure 6. The upper body (red) is always generated from the
cube (0, 1) × (0, 1) × (1, 2). In (b) we move it by 0.0625 and in (c) by 0.5 in e3-
direction, respectively. The basic structure of the lower body (blue) is the cuboid
(−0.2, 1.2) × (−0.2, 1.2) × (0, 1). Let every face not explicitly defined be described
by the bilinear interpolation between the associated corners. In (b) and (c), let the
e3-coordinate of the lower face of the cube and the upper face of the cuboid be given
by a parametrization

αξ1(1− ξ1)ξ2(1− ξ2) + β (19)

over the respective flat face in local coordinates ξ = (ξ1, ξ2) ∈ [0, 1]2. In (b) we choose
α = −3, β = 1.0625 for the cube and α = −2, β = 1 for the cuboid; in (c) we set
α = −4, β = 1.5 for the cube and α = 4, β = 1 for the cuboid.

In each example we use the mesh consisting of two trilinear hexahedral elements
with the 16 corners as stated above as starting point. Then, we create a mesh hierarchy
by repeated uniform refinement, so that hl ≈ hl−1/2, l ≥ 1, where hl is the mesh size
on level l. We choose the lower boundary of the upper body to be the slave side ΓsC
and the upper boundary of the lower body to be the master side ΓmC , respectively.
See Figure 7 for the distribution of the degrees of freedom.

To compare the behavior of the discrete transfer operator in the different geomet-
rical situations, we first prescribe Dirichlet boundary values for the displacements of
(0, 0,−0.05) at the upper boundary of the upper body and of (0, 0, 0.05) at the lower
boundary of the lower body. At the remaining parts of the boundaries we have homo-
geneous Neumann boundary conditions. The unphysically large boundary conditions
are chosen to emphasize the robustness of our method. We assume linear elastic ma-
terial behavior and set E =10,000 MPa and ν = 0.3. Since, indeed, the convergence
of iterative solvers and the constants in the discretization error estimates depend on
the material parameters, but not the quality of the information transfer itself, we do
not carry out studies concerning the robustness of the method against variations in
E or ν, here.

Now, on each level l ≥ 1, we approximate the discrete solution uhl
by ũhl

such
that for the estimated algebraic error we have ||ũhl

− uhl
||X ≤ 10−10. Because

no analytic solutions are available, we use the solution uh6 computed on level 6 as
reference solution uref to measure the discretization error in the L2-norm || · ||L2(Ω)

and the broken H1-norm || · ||X , respectively.
In example (a) all slave nodes belong to the discrete contact boundary. Figure 8

(left) shows the distribution of the von Mises equivalent stresses σv on a cut through
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Fig. 8. Problem (a): Cut through deformed configuration with von Mises stresses (left); normal
stresses at complete contact boundary (center) and zoom around ξ = (0.5, 0.5) (right).

Fig. 9. Problem (b): Cut through deformed configuration with von Mises stresses (left) and σ33

(center), respectively; normal stresses at complete contact boundary (right).

the deformed configuration. The computed Lagrange multiplier µref , which is the
negative of the scaled normal stresses at the contact boundary, is depicted in the
center. The von Mises stresses as well as the contact stresses increase rapidly towards
the boundary of the actual contact zone. Nevertheless, as can be seen in the zoom
around the center ξ = (0.5, 0.5) in the right picture of Figure 8, the stresses in the
interior of the contact boundary are very well represented and show a smooth behavior.

In the examples with warped faces the discrete contact boundaries are smaller.
On level 6 it contains 1,245 nodes in (b) and 429 nodes in (c), respectively. We
note that we do not use the parametrizations of the contact boundaries during the
assembly of the weighted gap vector g but proceed as in the general case mentioned
in Section 5.1, instead.

For the problem (b), Figure 9 shows σv (left) as well as the component σ33 of
σ(u) (center) on a cut through the deformed configuration. The broad paraboloid of
the contact stresses is depicted on the right hand side. While the norm of the stress
component σ33 becomes maximal at the contact boundaries, the maxima of σv are
located inside the two bodies. This results from the fact that at the surface the shear
stresses appear to be very small and the material is almost exclusively loaded by pure
pressure.

In example (c) the paraboloid formed by the scaled normal stresses, which devel-
ops at the smaller actual contact zone, is considerably steeper than in example (b).
See Figure 10 for the von Mises stresses (left) and the multiplier (center and right).
Even so, the discrete normal stresses are smooth everywhere as can be seen in the
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Fig. 10. Problem (c): Cut through deformed configuration with von Mises stresses (left); normal
stresses at complete contact boundary (center) and zoom around ξ = (0.5, 0.5) (right).
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Fig. 11. Relative discretization error in L2-norm (left) and broken H1-norm (right), respectively.

zoomed picture on the right hand side.

Now, we examine the reduction of the discretization error by uniform refinement.
For this purpose, we measure the relative L2-error as well as the relative broken H1-
error with respect to the reference solution uref . If the exact solution is sufficiently
smooth, we expect asymptotic convergence of order 2 and 1, respectively. The error
decline we found in our experiments is depicted in Figure 11. Although it is quite
unclear whether the regularity requirements hold for the considered contact problems,
the data indicates asymptotically optimal convergence. A comparison of the nodal
multipliers with lumping of the matrix D on the one hand with the dual multipliers
on the other hand, which is carried out for example (a) only, shows no qualitative
difference as well.

6.2. Wavy contact boundary. Let us consider another example, (d), with a
more complicated, namely wavy possible contact boundary, see Figure 12 (left) for the
mesh on level 4 of the reference configuration. For the construction of the two bodies,
we use the same objects as before. We move the cube (red) by 0.1875 in e3-direction
and apply the parametrization (19) with α = −3 und β = 1.1875 to its lower face.
The upper face of the cuboid (blue) obtains its wavy shape by the following composite
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Fig. 12. Problem (d): Mesh on level 4 (left); cut through deformed configuration with σ33

(center); normal stresses at complete contact boundary (right).

Fig. 13. Problem (d): Cuts (e1e3-plane) through deformed configuration with von Mises
stresses for e2-axis intercepts 0.1, 0.3, 0.5, 0.7, and 0.9 (from left to right).

parametrization,
−4ξ1(1− 2ξ1)ξ2(1− 2ξ2) + 1, if ξ ∈ [0, 0.5)× [0, 0.5) ,
8ξ1(1− 2ξ1)(ξ2 − 0.5)(1− ξ2) + 1, if ξ ∈ [0, 0.5)× [0.5, 1] ,
8(ξ1 − 0.5)(1− ξ1)ξ2(1− 2ξ2) + 1, if ξ ∈ [0.5, 1]× [0, 0.5) ,
−16(ξ1 − 0.5)(1− ξ1)(ξ2 − 0.5)(1− ξ2) + 1, if ξ ∈ [0.5, 1]× [0.5, 1] .

For the materials we choose E = 500 MPa and ν = 0.2 for the cuboid with the
wavy potential contact boundary and E = 1, 000 MPa and ν = 0.46 for the cube with
the bulge. At a point (x1, x2, x3) on the lower face of the lower body and the upper
face of the upper body, respectively, we set the positive or negative Dirichlet values(

0, 0, ±
(
0.1(x1 − 0.5)2 + 0.1(x2 − 0.5)2 + 0.02(x2 − 0.5) + 0.03

))
for the displacements. Besides, we prescribe Neumann boundary values (5, 0,−15) at
the face of the upper body with x1 = 1, i. e. “at the face to the right”, and assume
homogeneous Neumann boundary conditions elsewhere.

In Figure 12 (center) we have displayed σ33 on a cut through the deformed con-
figuration. On the right hand side one sees the contact stresses, which form a union of
two paraboloids of different height and width. Figure 13 shows the von Mises stresses
σv on cuts parallel to the e1e3-plane for different e2-axis intercepts, namely from left
to right 0.1, 0.3, 0.5, 0.7, and 0.9, in each case through the deformed configuration.
Considering this sequence we notice that, because of the wavy shape of the master
side and the design of the boundary values, the form of the actual contact boundary
varies notably. In spite of the variations in the local shape and especially in the cur-
vature and the initial gap of the two surfaces, we get a reasonable discrete solution
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Fig. 14. Vertebrae with implant: deformed con-
figuration with displacements in e3-direction (left);
lower/upper endplate of L4/L5 (center) and cut
through L4/L5 (right), each with von Mises stresses.

Fig. 15. Contact problem with
Coulomb friction for geometry (d): tan-
gential stresses (component σt · e1) at
complete contact boundary.

using our discrete transfer operator. Locally this accounts for the smoothness of the
contact stresses, while globally it yields smooth equivalent stresses. The plot indicat-
ing optimal convergence of the method in this more sophisticated case can, again, be
found in Figure 11.

6.3. Gluing and friction. In this subsection, we demonstrate the flexibility and
efficiency of our discretization as well as of the iterative solver by further examples.
As a start, we consider a biomechanical application with a complex geometry, where
both types of interface conditions, equality and inequality constraints, are necessary.
Some numerical results regarding a model of the vertebral segment L4-L5 of the human
lumbar spine with a CHARITÉ artificial disc, which has been implanted instead of the
spinal disc, are depicted in Figure 14. Assuming that complete osseointegration of the
implant has already taken place, we prescribe “gluing” conditions at the non-matching
interfaces between bone and implant and contact conditions at the interfaces between
its mobile polyethylen core and the metal plates, respectively. Then, for the loading
case of axial compression, Figure 14 (left) shows the component u3 of the resulting
displacements. In the center of the Figure one can see the von Mises equivalent
stresses σv in the lower endplate of the fourth and the upper endplate of the fifth
vertebral body, respectively, which are of special interest for a biomechanical engineer
examining bone remodeling processes. On the right hand side we have depicted the
respective cuts through the fourth and the fifth vertebral body with σv. For more
details we refer to [13] and the bibliography therein.

As already mentioned, our mortar discretization can also be used to simulate the
transmission of forces for multi-body contact problems with Coulomb friction. Here,
we do not go into detail but, instead, give one short example and refer to [32] for the
development of a non-smooth multigrid solver for frictional multi-body contact. We
consider the geometry with the wavy potential contact boundary from problem (d),
choose the same material parameters as before, and set the coefficient of friction to
0.2. Similar to the earlier problem settings, we prescribe Dirichlet boundary values
(0, 0,∓0.025) for the displacements at the upper/lower face of the upper/lower body,
respectively, and homogeneous Neumann boundary conditions elsewhere. Then, Fig-
ure 15 shows the component σt ·e1 of the resulting tangential stresses, which just like
the normal stresses are perfectly resolved despite their non-smooth shape.

6.4. Direct solver versus multigrid method. Finally, we exemplarily com-
pare the performances of the monotone multigrid method [30, 31] and the sparse direct
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l # dof direct solver peak memory for multigrid method
(linear) decomposition (linear) (contact)

2 750 0.2 s 0.8 MB 0.3 s 0.5 s
3 4,374 2.3 s 12.5 MB 2.6 s 4.0 s
4 29,478 45.8 s 190.4 MB 23.4 s 33.3 s
4∗ 122,550 781.1 s 1,667.2 MB 97.9 s 155.4 s
5 215,622 2,737.1 s 3,124.4 MB 199.6 s 259.3 s
5∗ 931,686 — — 865.8 s 1,650.3 s
6 1,647,750 — — 1,668.6 s 3,329.0 s

Fig. 16. Sparse direct solver versus monotone multigrid method: time needed to solve problem (a).

solver [43]. For this purpose, we measure the time needed to solve problem (a) for
different numbers of degrees of freedom, see Figure 16. Of course the direct solver can
only be applied to the linear problem arising if the contact constraints are ignored.
For the multigrid solver we choose a W(1, 1)-cycle and write down the time needed
to solve the linear unconstrained problem as well as to solve the nonlinear contact
problem. Note that, as before, we use ||ũhl

− uhl
||X ≤ 10−10 as stopping criterion,

which is very strict in case of engineering applications. In addition to the familiar
levels l = 2, . . . , 6 the meshes for l = 4∗ and l = 5∗ are generated from the respective
meshes on level l = 4 and l = 5 by refining the upper body only.

The data in Figure 16 clearly show the superiority of the multigrid method. Due
to the large amount of main memory the sparse solver has to allocate to compute the
decomposition, the largest directly solvable problem on the employed machine was
for l = 5. However, on the same machine, with the monotone multigrid method a
nonlinear problem almost eight times larger can be solved in about 6/5 of the time
the sparse solver needs for the smaller linear problem.
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Physics GmbH for the inspiring collaboration in biomechanics, and the Deutsche
Forschungsgemeinschaft (SFB 611, Hausdorff Center for Mathematics, and Bonn In-
ternational Graduate School in Mathematics) for various financial support.

REFERENCES

[1] Ainsworth H. Octree C++ general component. 2005.
[2] Barber C M, Dobkin D P, Huhdanpaa H. The quickhull algorithm for convex hulls. ACM

Transactions on Mathematical Software 1996; 22(4):469–483.
[3] Bastian P, Birken K, Johannsen K, Lang S, Neuß N, Rentz-Reichert H, Wieners C. UG – a flexi-

ble software toolbox for solving partial differential equations. Computing and Visualization
in Science 1997; 1:27–40.

[4] Ben Belgacem F. The mortar finite element method with Lagrange multipliers. Numerische
Mathematik 1999; 84:173–197.

[5] Ben Belgacem F, Hild P, Laborde P. Extension of the mortar finite element method to a
variational inequality modeling unilateral contact. Mathematical Models & Methods in
Applied Sciences 1999; 9(2):287–303.

[6] Ben Belgacem F, Maday Y. The mortar finite element method for three dimensional finite
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[23] Hild P. A propros d’approximation par éléments finis optimale pour les problèmes de con-
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