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Introduction

Derivations on unbounded operator algebras, in particular on various algebras of
measurable operators affiliated with von Neumann algebras, appear to be a very at-
tractive special case of the general theory of unbounded derivations on operator alge-
bras. The present paper continues the series of papers of the authors [1]-[3] devoted to
the study and a description of derivations on the algebra LS(M) of locally measurable
operators with respect to a von Neumann algebra M and on various subalgebras of
LS(M).

Let A be an algebra over the complex number. A linear operator D : A — A is called
a derivation if it satisfies the identity D(zy) = D(x)y +xD(y) for all z,y € A (Leibniz
rule). Each element a € A defines a derivation D, on A given as D,(z) = ar—=za, x € A.
Such derivations D, are said to be inner derivations. If the element a implementing
the derivation D, on A, belongs to a larger algebra B, containing A (as a proper ideal
as usual) then D, is called a spatial derivation.

In the particular case where A is commutative, inner derivations are identically zero,
i.e. trivial. One of the main problems in the theory of derivations is automatic innerness
or spatialness of derivations and the existence of non inner derivations (in particular,
non trivial derivations on commutative algebras).

On this way A. F. Ber, F. A. Sukochev, V. I. Chilin [5] obtained necessary and
sufficient conditions for the existence of non trivial derivations on commutative regular
algebras. In particular they have proved that the algebra L°(0,1) of all (classes of
equivalence of) complex measurable functions on the interval (0, 1) admits non trivial
derivations. Independently A. G. Kusraev [14] by means of Boolean-valued analysis has
established necessary and sufficient conditions for the existence of non trivial derivations
and automorphisms on universally complete complex f-algebras. In particular he has
also proved the existence of non trivial derivations and automorphisms on L°(0,1). It
is clear that these derivations are discontinuous in the measure topology, and therefore
they are neither inner nor spatial. It seems that the existence of such pathological
example of derivations deeply depends on the commutativity of the underlying von
Neumann algebra M. In this connection the present authors have initiated the study of

the above problems in the non commutative case [1]-[4], by considering derivations on
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the algebra LS(M) of all locally measurable operators with respect to a semi-finite von
Neumann algebra M and on various subalgebras of LS(M). Recently another approach
to similar problems in the framework of type I AWW*-algebras has been outlined in [9].

The main result of the paper [1] states that if M is a type I von Neumann algebra,
then every derivation D on LS(M) which is identically zero on the center Z of the von
Neumann algebra M (i.e. which is Z-linear) is automatically inner, i.e. D(z) = ax —xa
for an appropriate a € LS(M). In [1, Example 3.8] we also gave a construction of non
inner derivations Ds on the algebra LS(M) for type If;, von Neumann algebra M with
non atomic center Z, where § is a non trivial derivation on the algebra LS(Z) (i.e. on
the center of LS(M)) which is isomorphic with the algebra L°(2, 3, 11) of all measurable
functions on a non atomic measure space (2, %, u).

The main idea of the mentioned construction is the following.

Let A be a commutative algebra and let M, (A) be the algebra of n x n matrices
over A. If e, i,7 = 1,n, are the matrix units in M, (A), then each element z € M,,(A)

has the form

xr = Z )\i,jei,j, )‘i,j € A, Z,_] = L_n
ij=1
Let 0 : A — A be a derivation. Setting

Ds(>_ Mijeig) = > 6(hijlei (1)

,j=1 i,j=1

we obtain a well-defined linear operator Djs on the algebra M, (A). Moreover Dj is a
derivation on the algebra M,,(A) and its restriction onto the center of the algebra M,,(A)
coincides with the given 6.

In papers [2], [4] we considered similar problems for derivations on the algebra
So(M, 7) of T-compact operators with respect to a type I von Neumann algebra M with
a faithful normal semi-finite trace 7, and obtained necessary and sufficient conditions
for derivations to be spatial. In [3] we have proved spatialness of all derivations on the
non commutative Arens algebra L*(M, T) associated with an arbitrary von Neumann
algebra M and a faithful normal semi-finite trace 7. Moreover if the trace 7 is finite
then every derivation on L“(M, 7) is inner.

In the present paper we give a complete description of all derivations on the alge-

bra LS(M) of all locally measurable operators affiliated with a type I von Neumann
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algebra M, and also on its subalgebras S(M) — of measurable operators, S(M,T) of
T-measurable operators and on Sy(M, 7) of all T-compact operators with respect to M,
where 7 is a faithful normal semi-finite trace on M. We prove that the above mentioned
construction of derivations Ds from [1] gives the general form of pathological deriva-
tions on these algebras and these exist only in the type Iy, case, while for type I, von
Neumann algebras M all derivations on LS(M), S(M) and S(M,7) are inner and for
So(M, T) they are spatial. Moreover we prove that an arbitrary derivation D on each
of these algebras can be uniquely decomposed into the sum D = D, + Ds where the
derivation D, is inner (for LS(M), S(M) and S(M, 1)) or spatial (for So(M, 7)) while
the derivation Djs is constructed in the above mentioned manner from a non trivial
derivation § on the center of the corresponding algebra.

In section 1 we give necessary definition and preliminaries from the theory of mea-
surable operators and Hilbert — Kaplansky modules.

In section 2 we describe derivations on the algebra LS(M) of all locally measurable
operators for a type I von Neumann algebra M.

Sections 3 and 4 are devoted to derivation respectively on the algebra S(M) of all
measurable operators and on the algebra S(M, 1) of all T-measurable operators with
respect to M, where M is a type I von Neumann algebra and 7 is a faithful normal
semi-finite trace on M.

In Section 5 we give the solution of the problem for derivations on the algebra
So(M, T) of all T-compact operators affiliated with a type I von Neumann algebra M
and a faithful normal semi-finite trace 7.

Finally, section 6 contains an application of the above results to the description of

the first cohomology group for the considered algebras.
1. Preliminaries

Let H be a complex Hilbert space and let B(H ) be the algebra of all bounded linear
operators on H. Consider a von Neumann algebra M in B(H) with the operator norm
|| - |az- Denote by P(M) the lattice of projections in M.

A linear subspace D in H is said to be affiliated with M (denoted as DnM), if

u(D) C D for every unitary u from the commutant
M ={ye B(H):zy=yx,Vx € M}
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of the von Neumann algebra M.

A linear operator z on H with the domain D(zx) is said to be affiliated with M
(denoted as xnM) if D(x)nM and u(z(§)) = xz(u(§)) for all £ € D(x).

A linear subspace D in H is said to be strongly dense in H with respect to the von
Neumann algebra M, if

1) DnM;

2) there exists a sequence of projections {p,}°°; in P(M) such that p, T 1, p,(H) C
D and pt =1 — p, is finite in M for all n € N, where 1 is the identity in M.

A closed linear operator x acting in the Hilbert space H is said to be measurable
with respect to the von Neumann algebra M, if xnM and D(x) is strongly dense in H.
Denote by S(M) the set of all measurable operators with respect to M.

A closed linear operator x in H is said to be locally measurable with respect to
the von Neumann algebra M, if 2nM and there exists a sequence {z,}22; of central
projections in M such that z, T 1 and z,x € S(M) for all n € N.

It is well-known [15] that the set LS(M) of all locally measurable operators with
respect to M is a unital *-algebra when equipped with the algebraic operations of strong
addition and multiplication and taking the adjoint of an operator.

Let 7 be a faithful normal semi-finite trace on M. We recall that a closed linear
operator x is said to be T-measurable with respect to the von Neumann algebra M, if
xnM and D(x) is 7-dense in H, i.e. D(z)nM and given € > 0 there exists a projection
p € M such that p(H) C D(x) and 7(pt) < e. The set S(M, ) of all T-measurable
operators with respect to M is a solid *-subalgebra in S(M) (see [16]).

Consider the topology ¢, of convergence in measure or measure topology on S(M, T),

which is defined by the following neighborhoods of zero:
V(e,0) ={x € S(M,7):3ec P(M),7(e") <d,xe € M, ||we|lsr < €},

where ¢, § are positive numbers.

It is well-known [16] that S(M, 7) equipped with the measure topology is a complete
metrizable topological *-algebra.

An element z of the algebra S(M, ) is said to be 7-compact, if given any ¢ > 0
there exists a projection p € P(M) such that 7(p*) < oo, zp € M and ||zp||sr < €. The

set So(M, 7) of all T-compact operators is an *-ideal in the algebra S(M, 1) (see [15]).
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It should be noted that the algebra of 7-compact operators were considered by
Yeadon [21] and Fack and Kosaki [7] and one of the original definitions was the following:

an operator z € S(M, 1) is said to be T-compact if
lim :ut(‘r) - 07
t—o0

where j1;(z) = inf{\ > 0: 7(ey) <t} and {e)}x>0 is the spectral resolution of |z|. The
equivalence of this definition to the one given above was proved in [19].

Note that if the trace 7 is a finite then
So(M,7)=S(M,7)=S(M)=LS(M).

The following result describes one of the most important properties of the algebra
LS(M) (see [15], [17]).

Proposition 1.1. Suppose that the von Neumann algebra M is the C*-product of
the von Neumann algebras M;, i € I, where I is an arbitrary set of indices, i.e.

M = @Mz = {{zi}ier 1 wi € My,i € I,sup |||, < o0}
icl iel
with coordinate-wise algebraic operations and involution and with the C*-norm
{zi}icrllae = sup ||i||lar,. Then the algebra LS(M) is *-isomorphic to the algebra
iel

[T LS(M;) (with the coordinate-wise operations and involution), i.e.
i€l

LS(M) =[] LS(M;)
il
(=2 denoting *-isomorphism of algebras).
It should be noted that similar isomorphisms are not valid in general for the algebras
S(M), S(M,T) and So(M, 1) (see [15]).
Proposition 1.1 implies that given any family {z;};c; of mutually orthogonal central
projections in M with \/ z; = 1 and a family of elements {z;};c; in LS(M) there exists

iel
a unique element x € LS(M) such that z;x = z;x; for all i € I. This element is denoted

by x = zz;.
i€l
It is well-known [18] that every commutative von Neumann algebra M is *-
isomorphic to the algebra L>(Q) = L>°(Q, %, u) of all (classes of equivalence of) com-

plex essentially bounded measurable functions on a measure space (£, 2, ) and in this
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case LS(M) = S(M) = L°(Q), where L°(Q) = L°(Q, 3, 1) the algebra of all (classes of
equivalence of) complex measurable functions on (2, X, u).

Further we shall need the following remarkable description of centers of the algebras
S(M), S(M,7) and So(M, 1) for type I, von Neumann algebras.

Proposition 1.2. Let M be a type I, von Neumann algebra with the center Z.
Then

a) the centers of the algebras S(M) and S(M,T) coincide with Z,

b) the center of the algebra So(M,T) is trivial, i.e. Z(So(M,T)) = {0}.

Proof. a) Suppose that z € S(M), z > 0, is a central element and let z = 70)\ dey
be its spectral resolution. Then ey, € Z for all A > 0. Assume that e # Oofor all
n € N. Since M is of type I, Z does not contain non-zero finite projections. Thus
e is infinite for all n € N, which contradicts the condition z € S(M). Therefore there
exists ng € N such that efb = 0 for all n > ng, i.e. z < ngl. This means that z € Z, i.e.
Z(S(M)) = Z. Similarly Z(S(M, 1)) = Z.

b) Let z € Z(Sy(M, 7)), z > 0. Take a projection p € M with 7(p) < oo. Then
p € So(M,7) and therefore zp = pz. Since M is semi-finite this implies that zp = pz
for all p € P(M). Since the linear span of P(M) is dense in S(M,7) in the measure
topology, we have that zz = zz for all z € S(M, 1), i.e. z€ Z(S(M, 7)) = Z.

Suppose that z = T)\ dey is the spectral resolution of z. Then e, € Z for all A > 0.
Since z € So(M,T) W(()e have that ey is a finite projection for all A > 0. But M does
not contain any non zero central finite projection, because it is of type I,,. Therefore
ey =0 for all A > 0, i.e. 2=0. Thus Z(Sy(M, 7)) = {0}. The proof is complete. B

Now let us recall some notions and results from the theory of Hilbert — Kaplansky
modules (for details we refer to [11], [12]).

Let (2, %, 1) be a measure space and let H be a Hilbert space. A map s:Q — H
is said to be simple, if s(w) = zn: XA, (W)eg, where Ay € B, A4, NA; =0,i # 4, ¢ €
H k=1,n,n¢e&N. Amapu: 6:1—> H is said to be measurable, if there is a sequence
(sn) of simple maps such that ||s,(w) — u(w)|| — 0 almost everywhere on any A € >
with p(A4) < oo.

Let £(€, H) be the set of all measurable maps from € into H, and let L°(Q, H) de-

note the space of all equivalence classes with respect to the equality almost everywhere.
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Denote by 4 the equivalence class from L°(€2, H) which contains the measurable map
u € L(Q, H). Further we shall identify the element u € £(2, H) and the class 4. Note
that the function w — ||u(w)|| is measurable for any u € L(2, H). The equivalence class
containing the function ||u(w)|| is denoted by ||@||. For 4,9 € L°(Q, H), A € L°(Q) put
U+0= u(wm(w), AU = A(mw). Equipped with the L°(€2)-valued inner product

(z,y) = (@(w), y(w))n,

where (-, -) g in the inner product in H, L°(€Q2, H) becomes a Hilbert — Kaplansky module
over L°(€). The space

L®(Q,H) ={x € L°%(Q, H) : {z,x) € L(Q)}

is a Hilbert — Kaplansky module over L>(f2). Denote by B(L°(£2, H)) the algebra of
all LY(Q2)-bounded L°(Q)-linear operators on L°(Q, H) and denote by B(L>*(2, H)) the
algebra of all L>°(€2)-bounded L>(2)-linear operators on L>(Q2, H).

Now consider a von Neumann algebra M which is homogeneous of type I, with
the center L*°(2), where « is a cardinal number. Then M is *-isomorphic to the
algebra B(L> (2, H)), where dim H = «, while the algebra LS(M) is *-isomorphic to
B(L°(Q, H)) (see for details [1]).

It is known [20] that given a type I von Neumann algebra M there exists a
unique (cardinal-indexed) family of central orthogonal projections (gq)aes in P(M)
with ¢ = 1 such that ¢, M is a homogeneous type I, von Neumann algebra, i.e.

aed

¢oM = B(L*(Q, H,)) with dim H, = « and

M = P B(L*(Q0, Ha)).

acJ

The direct product
1200, Hy)
aeJ

equipped with the coordinate-wise algebraic operations and inner product forms a

Hilbert — Kaplansky module over L°(Q2) = T L°%(Q.).
acJ
In [1] we have proved that if the von Neumann algebra M is *-isomorphic with

P B(L>*(Q, H,)) then the algebra LS(M) is *-isomorphic with B( [] L°(Qa, Ha)).

acJ aeJ



Therefore there exists a map ||-|| : LS(M) — L°(Q) such that for all z,y € LS(M),\ €
L°(€2) one has

lz]] = 0, ||zl = 0 & = = 0;
Azl = [Alf]]];

||z + gl < [l + lyll;

[yl < [l=[[1yll;
llzz*]] = [|]*.
This map || - || : LS(M) — L°(Q) is called the center-valued norm on LS(M).

2. Derivations on the algebra LS(M)

In this section we shall give a complete description of derivations on the algebra
LS(M) of all locally measurable operators affiliated with a type I von Neumann algebra
M. 1t is clear that if a derivation D on LS(M) is inner then it is Z-linear, i.e. D(Az) =
AD(x) for all A € Z, x € LS(M), where Z is the center of the von Neumann algebra
M. The following main result of [1] asserts that the converse is also true.

Theorem 2.1. Let M be a type I von Neumann algebra with the center Z. Then
every Z-linear derivation D on the algebra LS(M) is inner.

Proof. (see [1, Theorem 3.2]). W

We are now in position to consider arbitrary (non Z-linear, in general) derivations
on LS(M). The following simple but important remark is crucial in our further con-
siderations.

Remark 1. Let A be an algebra with the center Z and let D : A — A be a

derivation. Given any x € A and a central element \ € Z we have
D(A\x) = D(A)x + AD(x)

and
D(zA) = D(x)A+ xzD(N).

Since Az = z\ and A\D(z) = D(z)\, it follows that D(A\)z = xD()\) for any A € A. This
means that D(\) € Z, i.e. D(Z) C Z. Therefore given any derivation D on the algebra

A we can consider its restriction ¢ : Z — Z.
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Now let M be a homogeneous von Neumann algebra of type I,,n € N, with the
center Z. Then the algebra M is *-isomorphic with the algebra M, (Z) of all n x n-
matrices over Z, and the algebra LS(M) = S(M) is *-isomorphic with the algebra
M,(S(Z)) of all n x n matrices over S(Z), where S(Z) is the algebra of measurable
operators for the commutative von Neumann algebra Z.

The algebra LS(Z) = S(Z) is isomorphic to the algebra L°(Q2) = L(Q, 3, u) of all
measurable functions on a measure space (see section 2) and therefore it admits (in non
atomic cases) non zero derivations (see [5], [14]).

Let 6 : S(Z) — S(Z) be a derivation and Ds be a derivation on the algebra
M, (S(Z)) defined by (1) in Introduction.

The following lemma describes the structure of an arbitrary derivation on the algebra
of locally measurable operators for homogeneous type I,,, n € N, von Neumann algebras.

Lemma 2.2. Let M be a homogenous von Neumann algebra of type I,,,n € N.

Every derivation D on the algebra LS(M) can be uniquely represented as a sum
D =D, + Ds

where D, is an inner derivation implemented by an element a € LS(M) while Dy is the
derivation of the form (1) generated by a derivation 6 on the center of LS(M) identified
with S(Z).

Proof. Let D be an arbitrary derivation on the algebra LS(M) = M, (S(Z)). Con-
sider its restriction § onto the center S(Z) of this algebra, and let Ds be the derivation
on the algebra M, (S(Z)) constructed as in (1). Put D; = D — Ds. Given any \ € S(Z)
we have

Dy(\) = D(\) - Ds(A) = D(X) — D() =0,

i.e. D is identically zero on S(Z). Therefore D; is Z-linear and by Theorem 2.1 we
obtain that D; is inner derivation and thus D; = D, for an appropriate a € M,,(S(Z2)).
Therefore D = D, + Ds.
Suppose that
D = Dy, + Ds, = D,, + Ds,.

Then D,, — D,, = Ds, — Ds,. Since D,, — D,, is identically zero on the center of the

algebra M, (S(Z)) this implies that Ds, — Dy, is also identically zero on the center of
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M, (S(Z)). This means that d; = d5, and therefore D,, = D,,, i.e. the decomposition
of D is unique. The proof is complete. l
Now let M be an arbitrary finite von Neumann algebra of type I with the center Z.
There exists a family {z,},er, F C N, of central projections from M with Sug Zn =1
ne

such that the algebra M is *-isomorphic with the C*-product of von Neumann algebras

2z, M of type L, respectively, n € F i.e.

M = @ZnM.

By Proposition 1.1 we have that
LS(M) = H LS(z,M).
ner

Suppose that D is a derivation on LS(M), and ¢ is its restriction onto its center
S(Z). Since 6 maps each 2,5(Z) = Z(LS(z,M)) into itself, § generates a derivation o,
on z,5(Z) for each n € F.

Let Ds, be the derivation on the matrix algebra M, (2,Z(LS(M))) = LS(z,M)
defined as in (1). Put

Ds({zn}ner) = {Ds,(xn)}, {n}ner € LS(M). (2)

Then the map D is a derivation on LS(M).

Now Lemma 2.2 implies the following result:

Lemma 2.3. Let M be a finite von Neumann algebra of type I. Fach deriwation D
on the algebra LS(M) can be uniquely represented in the form

D =D, + D;,

where D, is an inner derivation implemented by an element a € LS(M), and Dy is a
derivation given as (2).

In order to consider the case of type I, von Neumann algebra we need some auxiliary
results concerning derivations on the algebra L°(Q) = L(Q, X, u).

Recall that a net {\,} in L°(Q) (0)-converges to A € L(Q) if there exists a net {&,}
monotone decreasing to zero such that |\, — A| < &, for all a.

Denote by V the complete Boolean algebra of all idempotents from L°(Q),i. e. V =

{Xa : A € T}, where x4 is the element from L°(Q2) which contains the characteristic
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function of the set A. A partition of the unit in V is a family (m,) of orthogonal
idempotents from V such that \/ 7, = 1.
Lemma 2.4. Any derivation & on the algebra L°(Q)) commutes with the mizing

operation on L°(Q), i.e.
00) - Tada) = mad(D_ )

for an arbitrary family (\,) C L°(Q) and any partition {r,} of the unit in V.

Proof. Consider a family {\,} in L°(2) and a partition of the unit {7} in V C
LY(Q). Since 6(w) = 0 for any idempotent m € V, we have §(m,) = 0 for all a and thus
§(maA) = mod(N) for any A € LY(Q). Therefore for each m,, from the given partition of

the unit we have
Tao0 (Y Tada) = 0(Tay Y Tada) = 0(TagAag) = Tagd(Aag)-

By taking the sum over all oy we obtain

50> " mada) =Y Tad(Aa).

The proof is complete. B

Recall [12] that a subset K C L°(Q) is called cyclic, if Y. mau, € K for each family
(Ua)aes C K and for any partition of the unit (7,)aes in aVe]

Lemma 2.5. Given any non trivial derivation 6 : L°(Q) — L°(Q) there exist a
sequence {\,}52, in L>®(Q) with |A\,| < 1,n € N, and an idempotent m € V, m # 0
such that

0(An)| = nm

for all n € N.

Proof. Suppose that the set {§(\) : A € L%Q),|\|] < 1} is order bounded in
L°(2). Then § maps any uniformly convergent sequence in L>({2) to an (0)-convergent
sequence in L°(€2). The algebra L°°(2) coincides with the uniform closure of the linear
span of idempotents from V. Since ¢ is identically zero on V it follows that 6 = 0 on
L>(9). Since § commutes with the mixing operation and every element A € L°(Q) can
be represented as A = > mo A\, where {A\,} C L>®(Q2), and {7, } is a partition of unit in
V, we have §(\) = 5(Za7ra)\a) =" 7a0(Ao) = 0,i.e. § =0on L°(). This contradiction

« «

shows that the set {§(\) : A € LO(Q), [A\| < 1} is not order bounded in L°(Q). Further,
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since § commutes with the mixing operations and the set {\ : A € L% |\| < 1} is cyclic,
the set {6(\) : A € L°(Q),|A| < 1} is also cyclic. By [8, Proposition 3] there exist a
sequence {A,}22, in L>(2) with |\,| < 1 and an idempotent 7 € V, 7 # 0, such that
|0(An)| > nm, n € N. The proof is complete. B

Now we are in position to consider derivations on the algebra of locally measurable
operators for type I, von Neumann algebras.

Theorem 2.6. If M is a type I, von Neumann algebra, then any derivation on
the algebra LS(M) is inner.

Proof. Since M is of type I, there exists a sequence of mutually orthogonal and
mutually equivalent abelian projections {p,}>°; in M with the central cover 1 (i.e.
faithful projections).

For any bounded sequence A = {\;} in Z define an operator x, by

Tp = Z AkDk-
=1

Then
TAPn = Pn®A = AnPn- (3)
Let D be a derivation on LS(M), and let § be its restriction onto the center of
LS(M), identified with L°(€2).
Take any A € L°(Q2) and n € N. From the identity

D(Ap,) = D(A)pn + AD(pn)

multiplying it by p, from both sides we obtain

PaDpn)pn = pnD(N)pn + Apn D (pn) -
Since p,, is a projection, one has that p,D(p,)p, = 0, and since D(\) = §()\) € L°(Q),
we have
PnD(Apn)pn = 6(A)pn- (4)
Now from the identity

D(ml\pn) = D(xA)pn + xAD(pn)a

in view of (3) one has similarly

an(/\npn)pn = an(mA)pn + )\an(pn)pna
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an(/\npn)pn = an(xA)pn- (5)
(4) and (5) imply

Further for the center-valued norm || - || on LS(M) (see Section 1) we have :

[P0 D(@a)pall < [[pallllD (@) Hlpnll = 1D ()]

and

16(AR)Pall = [6(An)].

Therefore

ID(za)]l = [6(An)

for any bounded sequence A = {\,} in Z.
If we suppose that 6 # 0 then by Lemma 2.5 there exist a bounded sequence
A ={\,} in Z and an idempotent 7 € V, 7 # 0, such that

|6(A\,)] > nm

for any n € N. Thus
[1D()ll = nm (6)

for all n € N, i.e. m =0 — that is a contradiction. Therefore § = 0, i.e. D is identically
zero on the center of LS(M), and therefore it is Z-linear. By Theorem 2.1 D is inner.
The proof is complete. B

We shall now consider derivations on the algebra LS(M) of locally measurable
operators with respect to an arbitrary type I von Neumann algebra M.

Let M be a type I von Neumann algebra. There exists a central projection zy € M
such that

a) zoM is a finite von Neumann algebra;

b) 23 M is a von Neumann algebra of type .

Consider a derivation D on LS(M) and let 0 be its restriction onto its center Z(5).

By Theorem 2.6 z3 D is inner and thus we have z5:d = 0, i.e. § = (0.
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Let Ds be the derivation on zoLS(M) defined as in (2) and consider its extension

Ds on LS(M) = 20LS(M) @ zy LS(M) which is defined as
Ds(x1 + x2) := Ds(x1), 21 € 20LS(M), 29 € 257 LS(M). (7)

The following theorem is the main result of this section, and gives the general form
of derivations on the algebra LS(M).

Theorem 2.7. Let M be a type I von Neumann algebra. Each derivation D on
LS(M) can be uniquely represented in the form

D =D, + Ds

where D, is an inner derivation implemented by an element a € LS(M), and Ds is a
derivation of the form (7), generated by a derivation 6 on the center of LS(M).

Proof. It immediately follows from Lemma 2.3 and Theorem 2.6. B
3. Derivations on the algebra S(M)

In this section we describe derivations on the algebra S(M) of measurable operators
affiliated with a type I von Neumann algebra M.

Let M be a type I von Neumann algebra and let A be an arbitrary subalgebra of
LS(M) containing M. Consider a derivation D : A — LS(M) and let us show that D
can be extended to a derivation D on the whole LS(M).

Since M is a type I, for an arbitrary element z € LS(M) there exists a sequence
{zn} of mutually orthogonal central projections with \/ z, = 1 and z,z € M for all

neN
n € N. Set

D(z) = Z 2, D(2p). (8)

n>1

Since every derivation D : A — LS(M) is identically zero on central projections of M,
the equality (8) gives a well-defined derivation D : LS(M) — LS(M) which coincides
with D on A.

In particular, if D is Z-linear on A, then D is also Z-linear and by Theorem 2.1
the derivation D is inner on LS(M) and therefore D is a spatial derivation on A, i. e.

there exists an element a € LS(M) such that
D(z) = ax — za
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for all z € A.

Therefore we obtain the following

Theorem 3.1. Let M be a type I von Neumann algebra with the center Z, and let
A be an arbitrary subalgebra in LS(M) containing M. Then any Z-linear derivation
D: A— LS(M) is spatial and implemented by an element of LS(M).

Corollary 3.2. Let M be a type I von Neumann algebra with the center Z and let
D be a Z-linear derivation on S(M) or S(M, 7). Then D is spatial and implemented
by an element of LS(M).

We are now in position to improve the last result by showing that in fact such
derivations on S(M) and S(M, ) are inner.

Let us start by the consideration of the type I, case.

Let M be a type I, von Neumann algebra with the center Z identified with the
algebra L>°(€2) and let V be the Boolean algebra of projection from L>(f).

Denote by St(V) the set of all elements A € L>(Q2) of the form A\ = ) m,t,, where
{7} is a partition of the unit in V, and {t,} C R (so called step—functioils).

Suppose that a € LS(M), a = a* and consider the spectral family {e)}\cr of the
operator a. For A € St(V), A = Z?Tat put ey = Zwaeta

Denote by Py (M) the family of all faithful pro;ectlons p from M such that pMp is
of type I

Set

_={Ae St(V) ey € Pu(M)}

and

Ay ={\ € St(V) :ex € Po(M)}).

Lemma 3.3. a) A_ # 0 and A, # (;

b) the set Ay (resp. A_) is bounded from above (resp. from below);

c)if \y =sup Ay (resp. Ao =inf A_) then A\ € Ay (resp. A € A_) for all X € St(V)
with A\ +e1 < Ay (resp. X\—el > \_) for some £ > 0.

d) if \y € L>(Q), then a € S(M).

Proof. a) Take a sequence of projections {z,} from V such that z,a € M for all
n € N. Then for ¢, < — || z,a ||p we have e;, = 0. Therefore for A = »_ z,,t,, one has
ex =1,ie. A€ A, and hence A, # (). Similarly A_ # ().
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b) Suppose that the element A = > 7\, € St(V), satisfies the condition moA >
7o||al| + emo for an appropriate non zero my € V, where || - || is the center-valued norm
on LS(M). Without loss of generality we may assume that mp = 7, for some «, i.e.
Tala > Tolla||+ema. Then t, > ||mqaal|p+€ and therefore moe;, = 7,1. Thus Waei =0,
i.e. A ¢ A,. Therefore A, is bounded from above by the element ||a||. Similarly the set
A_ is bounded from below by the element —||al|.

c¢) Put

AL =supAy

and

A =inf A_.

Take an element A € St(V) such that A + 1 < A,, where ¢ > 0. Suppose that
ey & Py(M). Then moey Mey is a finite von Neumann algebra for some non zero
mo € V. Without loss of generality we may assume that 7y = 7, for some «, i.e. waetla
is a finite projection. Then Wae# is finite for all ¢ > ¢,. This means that T, A, < m,t,.

On the other hand multiplying by 7, the unequality A + €1 < A, we obtain that
Tata + Ta€ < Mo Ay. Therefore m,e < 0. This contradiction implies that A € A for all
A€ St(V) with A +e1 < A,

d) Let A; € L*>®(Q2). Take a number n € N such that A, < nl. Then by the definition
of A4 it follows that e;,, is a finite projection, i.e. a € S(M). The proof is complete.
[

Lemma 3.4. If M is a type I, von Neumann algebra then every derivation

D : M — S(M) has the form
D(z) =ax —za, €M

for an appropriate a € S(M).

Proof. By the Remark 1 D maps the center Z of M into the center of S(M) which
coincides with Z by Proposition 1.2, i.e. we obtain a derivation D on commutative von
Neumann algebra Z. Therefore D|z = 0. Thus D(A\x) = D(A)x + AD(z) = AD(z) for
all A € Z,i.e. D is Z-linear.

By Theorem 3.1 there exists an element a € LS(M) such that D(z) = ax — za for
all z € M.
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Let us prove that one can choose the element a from S(M).

For x € M we have
(a+a")r —z(a+a*) = (ax — xa) — (ax™ — x%a)" = D(x) — D(x™)" € S(M)

and

(a —a")x —x(a—a*) = D(z)+ D(z*)" € S(M).

This means that the elements a + a* and a — a* implement derivations from M into

S(M). Since a = & Ea* + 2 Eia*’ it is sufficient to consider the case where a is a
self-adjoint element.

Consider the elements A, A\_ € L° defined in Lemma 3.3 c¢) and let us prove that
Ar — A € L*®(Q). Lemma 3.3 ¢) implies that there exists an element \; € A_ such
that A_ + % <A <A - % Since D(x) = (a— A1)z —x(a— A1), replacing a by a — Ay,
we may assume that \_ < % Then e. € P(M) for all € > %

Suppose that A, ¢ L*°(). Passing if necessary to the subalgebra zM, where 2z
is a non zero central projection in M with zA, > z, we may assume without loss of
generality that A\, > 1.

First let us consider the particular case where M is of type Iy,, where Xg is the
countable cardinal number. Take an element \g € St(V) such that A, — % < A <
Ay — lef By Lemma 3.3 ¢) we have ey, € Py (M). Since ey, Mey, and erMey are
algebras of type Iy,, the projections p; = eio and py = e1 are equivalent. From
)\Oeio < aefo it follows that A\op; < piap;. Since p; Mp; is of type ly,, the center of the
algebra S(p; Mp) coincides with the center of the algebra p; Mp; (Proposition 1.2) and
therefore \gp; ¢ S(p1Mp1), because \gp; is a central unbounded element in LS (py Mp;).
Therefore ap; = prap; ¢ S(p1Mpy).

Let u be a partial isometry in M such that uu* = py, u*u = py. Put p = p1 + po.
Consider the derivation D; from pMp into pS(M)p = S(pMp) defined as

Di(x) = pD(x)p, « € pMp.
This derivation is implemented by the element ap = pap, i.e.

Dy (z) = apxr — xap, x € pMp.
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Since aps € pMp, the element b = ap; = ap — aps implements a derivation Dy from
pMp into S(pMp).

Since Dy(u+u*) = b(u~+u*) — (u+u*)b, it follows that b(u+u*) — (u+u*)b € S(M).
From up; = pyu* = 0 it follows that bu—u*b € S(M). Multiplying this by u from the left
side we obtain ubu — uu*b € S(M). From ub = 0, uu* = py, it follows that p;b € S(M),
i.e. ap; € S(M). This contradicts the above relation ap; ¢ S(M). The contradiction
shows that A, € L>(€2). Now Lemma 3.3 d) implies that a € S(M).

Let us consider the case of general type I, von Neumann algebra M. Take an element
Ao € St(V) such that A, —% <A< Ay — 21[ Lemma 3.3 ¢) implies that ey, € Py (M).
Consider projections p; and p, with the central cover 1 such that p; < efo, < e 1 and
such that p;Mp; are of type Iy,, ¢ = 1,2. Put p = p; + py. Consider the derivation D,
from pMp into pS(M)p defined as

D,(z) = pD(x)p, v € pMp.

Since pMp is of type Iy, the above case implies that pap € S(M) and therefore pjap; €
S(M). On the other hand Aop; < prap; and \opy ¢ S(M). From this contradiction it
follows that A, € L*(Q2). By Lemma 3.3 d) we obtain that a € S(M). The proof is
complete.

From the above results we obtain

Lemma 3.5. Let M be a type I von Neumann algebra with the center Z. Then every
Z-linear derivation D on the algebra S(M) is inner. In particular, if M is a type I
then every derivation on S(M) is inner.

Now let M be an arbitrary type I von Neumann algebra and let z5 be the central
projection in M such that zM is a finite von Neumann algebra and 23 M is a von
Neumann algebra of type 1. Consider a derivation D on S(M) and let § be its restric-
tion onto its center Z(S). By Lemma 3.5 the derivation z3-D is inner and thus we have
250 =0, ie. § = z0.

Since zoM is a finite type I von Neumann algebra, we have that 2o LS(M) = 2,5 (M).
Let Ds be the derivation on zoS(M) = 2yLS(M) defined as in (2).

Finally Lemma 2.3 and Lemma 3.5 imply the following main result the present

section.
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Theorem 3.6. Let M be a type I von Neumann algebra. Then every dereivation D

on the algebra S(M) can be uniquely represented in the form
D =D, + Dg,

where D, is inner and implemented by an element a € S(M) and Ds is the derivation

of the form (7) generated by a derivation & on the center of S(M).
4. Derivations on the algebra S(M, )

In this section we present a general form of derivations on the algebra S(M,T) of
T-measurable operators affiliated with a type I von Neumann algebra M and a faithful
normal semi-finite trace 7.

Theorem 4.1. Let M be a type I von Neumann algebra with the center Z and a
faithful normal semi-finite trace 7. Then every Z-linear derivation D on the algebra
S(M,T) is inner. In particular, if M is a type I, then every derivation on S(M,T) is
mner.

Proof. By Theorem 3.1 D(x) = ax — za for some a € LS(M) and all x € S(M, 7).
Let us show that the element a can be chosen from the algebra S(M, 7).

Case 1. M is a homogeneous type I,,, n € N von Neumann algebra. Then LS(M) =
S(M) = M,(L°£)). As in Lemma 3.3 we may assume that a = a*. By [13, Theorem 3.5]
*-isomorphism between S (M) and M, (L°(2)) can be a chosen such that the element a

can be represented as a = Y \e;;, where \; = \; € LO(Q), i =T,n, Ay > --- > \,.
i=1

n
Put w= 3" €;,_jt1. Then
j=1

n

Da(u) =au —ua = Z()\z - )\n7i+1)ei,n7i+1
i=1

and
n

Da(u)* = Z()\z - )\n7i+1)en7i+1,i~
i=1
Therefore Da(u)*Da(u) = Z()\z — /\n—i—i-l)zei,iu and thUS |Da(u)| = Z |)\z — )\n_iﬂ]ei,i,
i=1 i=1
Since \; > --- > A, we have

A = Aniga = A = Ay 9)
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for all i € 1, n.

Set b = > |\ — )\[nTJrl]|€l‘7i. From (9) we obtain that |Dy(u)| > b, and thus b €
i=1
S(M,T).

(23] n
Set v = > €;— > ¢€;; Then vb = a— A1)l and vb € S(M, 7). Therefore
=1 =12 ’

a—X ni1 1€ S(M, 7) and this element also implements the derivation D,.

Case 2. Let M be a finite type I von Neumann algebra. Then

LS(M) = S(M) = [ Ma(L°(2),

neF

where F' C N. Therefore a = {a,}, where a,, = >_ )\E")egz), A > s A, /\En) €
i=1

L°(Q,) and 653') are the matrix units in M, (L°(Q,)), i, =1,n, n € F.

For each n € F' consider the following elements in M, (L%(,)
_ (n) (n) |, ()
b, = Zl N = )‘[nTH]’ez‘,i

and
(2] n

=l S
=1

J=[244]

Set b = {by, }ner and v = {v, },er. Consider the element

A= {Amspbner € L0(Q) = T L2(Q0).

nekF

Similar to the case 1 we obtain that a — A1 = vb € S(M, 7).

Case 3. M is a type I, von Neumann algebra. Since S(M,7) C S(M) by Lemma
3.4 there exists an element a € S(M) such that D(x) = ax — za for all z € M.
Let us show that a can be picked from the algebra S(M, 7). Since a € S(M), there
exists A € R, A > 0 such that ey is a finite projection. Then eyMe, is a type I, von
Neumann algebra and thus there exists a projection ¢ < e, such that ¢ ~ p. Let u be
a partial isometry in M such that uu* = p, u*u = ¢. Similar to Lemma 3.4 we obtain
that uapu — uvu*ap € S(M, 1) and ap € S(M, 7). Therefore a € S(M, 7). The proof is
complete. B

Let N be a commutative von Neumann algebra, then N = L*°(Q) for an appropriate

measure space (£2,3, ). It has been proved in [5], [14] that the algebra LS(N) =
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S(N) = L) admits non trivial derivations if and only if the measure space (Q, 3, p)
is not atomic.

Let 7 be a faithful normal semi-finite trace on the commutative von Neumann alge-
bra N and suppose that the Boolean algebra P(N) of projections is not atomic. This
means that there exists a projection z € N with 7(z) < oo such that the Boolean alge-
bra of projection in zN is continuous (i.e. has no atom). Since zS(N,7) = 2S5y(N,7) =
2S(N) = S(zN), the algebra zS(N, 7) (resp. 2Sy(N, 7)) admits a non trivial derivation
0. Putting

do(x) = 0(2x), x € S(N, 1)

we obtain a non trivial derivation dy on the algebra S(N, 7). Therefore, we have that if a
commutative von Neumann algebra N has a non atomic Boolean algebra of projections
then the algebra S(/V,7) admits a non zero derivation.

Given an arbitrary derivation § on S(N,7) or So(N,7) the element
zs =1inf{z € P(N): 20 =0}

is called the support of the derivation 9.
Lemma 4.2. If N is a commutative von Neumann algebra with a faithful normal
semi-finite trace T and 6 is a derivation on S(N,T) or So(N,T), then T(z5) < o0.
Proof. Let us give proof for the algebra Sy(N, 7), since the case of S(V, 7) is similar
and simpler. Suppose the opposite, i.e. 7(z5) = co. Then there exists a sequence of
mutually orthogonal projections z, € N, n = 1,2..., with z, < z5, 1 < 7(2,) < 0.
For z = sup z, we have 7(z) = co. Since 7(z,) < oo for all n = 1,2..., it follows that

20S0(N, 7) = 2,S(N) = S(z,N). Define a derivation 6, : S(z,N) — S(z,N) by
on(x) = 2,0(x), = € S(z,N).

Since z5, = z,, Lemma 3.5 implies that for each n € N there exists an element \,, € z, N
such that [A\,| < n7'z, and |6,(\,)| > 2,
Put A = > A,. Then |\ < Y n7'z, and therefore A\ € Sy(N, 7). On other hand

n>1 n>1
[0(A)] = |5(Z An)| = |5(Z ZpAn)| = |Zzn5<)‘n)| = Z 100 (An)| = Zzn =z,
n>1 n>1 n>1 n>1 n>1

ie. [0(A)] > z. But 7(2) = oo, i.e. z ¢ So(N,7). Therefore 6(A) ¢ So(N, 7). The

contradiction shows that 7(z5) < co. The proof is complete. B
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Let M be a homogeneous von Neumann algebra of type I,,,n € N, with the center Z
and a faithful normal semi-finite trace 7. Then the algebra M is *-isomorphic with the
algebra M, (Z) of all n x n- matrices over Z, and the algebra S(M, 1) is *-isomorphic
with the algebra M, (S(Z,77)) of all n x n matrices over S(Z, 1), where 74 is the
restriction of the trace 7 onto the center Z.

Now let M be an arbitrary finite von Neumann algebra of type I with the center
Z and let {z,}ner, F C N, be a family of central projections from M with Sug zn =1

ne

such that the algebra M is *-isomorphic with the C*-product of von Neumann algebras

2z, M of type L, respectively, n € F i.e.

In this case we have that

S(M,T) C H S(z,M,1,),

neF

where 7, is the restriction of the trace 7 onto z,M, n € F.

Suppose that D is a derivation on S(M,7), and let & be its restriction onto the
center S(Z,7z). Since ¢ maps each z,5(Z,77) = Z(S(z,M,1,)) into itself, 0 generates
a derivation ¢, on 2,5(Z, 1) for each n € F.

Let Ds, be the derivation on the matrix algebra M, (z,Z(S(M,T))) = S(2,M,T,)
defined as in (1). Put

Ds({zn}ner) = {Ds, (xn)}, {Zn}ner € S(M, 7). (10)

By Lemma 4.2 7(z5) < oo, thus
2sS(M,T) = 25S(M) = 24 H Sz M) = zs H S(znM, 1),
neF neF

and therefore {Ds, (x,)} € z5S(M, 7) for all {x,},er € S(M, 7). Hence we obtain that
the map D is a derivation on S(M, 7).

Similar to Lemma 2.3 one can prove the following.

Lemma 4.3. Let M be a finite von Neumann algebra of type I with a faithful
normal semi-finite trace 7. Each derivation D on the algebra S(M,T) can be uniquely

represented in the form

D=D,+ D;

24



where D, is an inner derivation implemented by an element a € S(M,T), and Dy is a
derivation given as (10).

Finally Theorem 4.1 and Lemma 4.3 imply the following main result the present
section.

Theorem 4.4. Let M be a type I von Neumann algebra with a faithful normal
semi-finite trace T. Then every derivation D on the algebra S(M,T) can be uniquely
represented in the form

D = D, + Dy,

where D, is inner and implemented by an element a € S(M,T) and Ds is the derivation
of the form (10) generated by a derivation § on the center of S(M,T).

If we consider the measure topology ¢, on the algebra S(M, 7) (see Section 1) then
it is clear that every non-zero derivation of the form Dj is discontinuous in ¢,. Therefore
the above Theorem 4.4 implies

Corollary 4.5. Let M be a type I von Neumann algebra with a faithful normal
semi-finite trace 7. A derivation D on the algebra S(M, 1) is inner if and only if it is

continuous in the measure topology.
5. Derivations on the algebra Sy(M, 1)

In this section we describe derivations on the algebra So(M,7) of all 7-compact
operators for type I von Neumann algebra M with a faithful normal semi-finite trace 7.

It should be noted that the centers of the algebras LS(M), S(M) and S(M, ) for
general von Neumann algebra M contain Z. This was an essential point in the proof of
theorems concerning the description of derivations on these algebras. Proposition 1.2
shows that this is not the case for the algebra Sy(M, 7) because the center of this algebra
may be trivial. Thus the methods of previous sections can not be directly applied for
the description of derivations of the algebra So(M, 7).

First recall the following main result of the paper [2].

Theorem 5.1. Let M be a type I von Neumann algebra with the center Z and a
faithful normal semi-finite trace 7. Then every Z-linear derivation D on the algebra
So(M, 1) is spatial and implemented by an element from S(M,T).

The main result of this section will be proved step by step in several particular cases.
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For a finite type I von Neumann algebras we have

Lemma 5.2. Let M be a finite von Neumann algebra of type I with the center Z
and let D = So(M,7) — So(M,T) be a derivation. If D(X) = 0 for every \ from the
center Z(So(M, 7)) of So(M,T), then D is Z-linear.

Proof. Take A € Z and choose a central projection z in M with 7(z) < oo. Since
z, 2\ € Z(So(M, 1)), we have that D(z) = D(zA) = 0.

For z € Sy(M, T) one has

D(zAx) = D(zA\)x + 2zAD(x) = zAD(x),

1.e.

D(zA\x) = zAD(x).

On the other hand
D(zAz) = D(2)A\z 4+ zD(A\x) = zD(A\x),

1.e.

D(zAx) = zD(\x).

Therefore zD(Ax) = zAD(x). Since z is an arbitrary with 7(z) < oo this implies (taking
z 1 1) that D(Ax) = AD(z) for all A € Z and = € Sy(M, 1), i.e. D is Z-linear. The
proof is complete. B

Now let M be a type I, von Neumann algebra with a finite trace 7. Then
So(M,7) = S(M,7) = S(M). Consider a family {e;} ; of mutually orthogonal and
mutually equivalent abelian projections in the von Neumann algebra M. Put e = E:l €;.

i=1
Then eMe is a von Neumann algebra of type I,,_;, and

So(Z,77) = Z(eSo(M, T)e) 22 Z(So(M, 7).

Remark 2. From now on we shall identify these isomorphic abelian von Neu-
mann algebras. In this case the element A\ from Sy(Z,77) corresponds to Ae from
Z(eSy(M,1)e) and to A1 from Z(So(M,T)).

Consider a derivation D on the algebra Sy(M, 7). Since D maps Z(So(M, 7)) into

itself, its restriction D|z(s,(m,r)) induces a derivation § on So(Z,7z) = Z(So(M, 7)), i.e.

D(AL) = 5(\)1, A € So(Z, 7).
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Let D, be the derivation on eSy(M, 7)e defined as
D.(z) =eD(x)e, x € eSo(M,T)e.

Since Z(eSo(M,T)e) = Z(So(M,T)), the restriction of D, onto Z(eSy(M,T)e) also

generates a derivation, denoted by d., on Sy(Z, 77), i.e.
De(/\€> = (56()\>€, AE S()(Z, Tz).

Lemma 5.3. The derivations § and d. on So(Z,Tz) coincide.

Proof. Since e is a projection it is clear that eD(e)e = 0 and therefore
de(N)e = D.(Xe) = eD(Ae)e = eD(Al)e + eAD(e)e = eD(Al)e = §(N)e,

i.e.

for any A\ € So(M, 7). Therefore (see Remark 2) §.(A) = §(N), i.e. & = .. The proof is
complete.

Now similar to the proof of Lemma 2.2 from Lemma 5.2 we obtain following results
which describes derivations on the algebra of 7-compact operators for type I,,, n € N,
von Neumann algebras.

Lemma 5.4. Let M be a homogenous von Neumann algebra of type I,,,n € N, with
a faithful normal semi-finite trace . Every derivation D on the algebra So(M,T) can

be uniquely represented as a sum
D =D, + Ds,

where D, 1is a spatial derivation implemented by an element a € S(M, ) while Ds is
the derivation of the form (1) generated by a derivation 6 on the center of So(M,T)
identified with So(Z,7z).

We are now in position to prove one of the main results of this section.

Theorem 5.5. If M is a type I, von Neumann algebra with a faithful normal semi-
finite trace T, then every derivation on the algebra So(M,T) is spatial and implemented
by an element of the algebra S(M,T).

The proof of the theorem consists of several lemmata.
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Lemma 5.6. Let z € Z be a central projection from M and let x € So(M, 7). Then
D(zx) = zD(z).

Proof. Without loss of generality we may suppose that z > 0, i.e. x = y? for some

y € So(M, 7). From the Leibniz rule for derivations we obtain

D(zx) = D(zyzy) = D(2y)zy + 2yD(2y) = 2[D(2y)y + yD(zy)].

Therefore
z+D(zx) = 0.
Similarly we have that
zD(z+ ) =
Further
2D(z) = 2D((z + z5)x) = 2D(2x) + 2D(2 x) = 2D(z1),
le.

2D(z) = zD(zx).
On the other hand
D(zz) = (2 + 2Y)D(2x) = 2D(2z) + 2* D(2x) = 2D(2x),
D(zz) = zD(zx).
Therefore
D(zx) = zD(x).

The proof is complete. W
Lemma 5.7. Suppose that A € Z, p € P(M), 7(p) < oco. Put y = D(Ap) — AD(p).
Then

prypt =0.
Proof. From
D(p) = D(pp) = D(p)p + pD(p)
and

D(Ap) = D(App) = D(Ap)p + ApD(p)
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we obtain
p*D(p)pt = p AD(p)p* =0
and in particular p~ypt = 0. The proof is complete. B

Lemma 5.8. For each A € Z and for every abelian projection p € P(M) with

T(p) < 0o we have
D(Xp) = AD(p).

Proof. Let z be the central cover of the projection p. Lemma 5.6 implies that the
derivation D maps the algebra zSy(M, 7) into itself. Therefore passing if necessary to
the algebra zM and to the derivation zD we may assume without loss of generality
that z = 1, i.e. that p is a faithful projection. Take an arbitrary faithful projection
po such that py < p* and such that the von Neumann algebra poMpy is of type Iy,,
where N is the countable cardinal number. Then there exists a sequence of mutually
orthogonal and pairwise equivalent abelian projections {p,}5°, in M with i Pn = Po-
Putting p; = p we obtain that the projections p; and p,, are equivalent (pln f pn) and
thus 7(p,) = 7(p1) < oo for all n > 2.

Set e, = i pr, n > 1. Then e, Me, is a homogeneous von Neumann algebra
of type I, anlglthe restriction 7, of the trace 7 onto e,Me, is finite, and therefore
enSo(M,T)e, = S(e,Mey,), n=1,2....

Define a derivation D,, on ¢,Sy(M, 7)e, as follows
D, (z) = e, D(x)e,, x € e,S50( M, T)ey,.
By Lemma 5.4 for each n there exists an element a,, € e,S0(M,T)e, and a derivation
dn on e150(M, 7)ey identified with Z (e, So(M, T)e,) (see Remark 2) such that
D, = D,, + Ds,. (11)

Since D,, = e, D, 1€, Lemma 5.3 implies that d,, = 0,11, n > 1. Denote = 9,,.
Given a sequence A = {\,} in Z with |A,| < %1, n € N, put

TA = Z )\npn
n=1

Let us show that xp € So(M, 7). For an arbitrary € > 0 there exists ny € N such that

1

o < . Set

no—1

Pe = 1- me
n=1
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no—1

then 7(p2) = 7( > pn) = (ng — 1)7(p1) < oo. Moreover
n=1

S 1
leapellar =11 32 Anpallar = sup [Xallar < - - < =

n>ng
n=no =

This means that x, € So(M, 7). For each n € N we have

TADn = PnTA = ApPn-

Similar to the proof of (5) in Theorem 2.5 we obtain

PrnD(Anpn)Pn = D D(TA)Pn-

On the other hand

From (11) we obtain

an<)\npn)pn - anan (Anpn)pn + an6()\npn)pn-

Since D,, is a spatial derivation (and hence it is Z-linear), we have that

anan<>\npn)pn = /\nanan (pn)pn = 0.

From
PnDs(Anpn)pn = 0(An)pn,
we obtain
PnD(Anpn)pn = 0(An)pn-
Now (12) and (13) imply
PnD(a)pn = 6(An)pn-

(12)

Suppose that § # 0. Then Lemma 2.5 implies the existence of a sequence A = {\,}

in Z with |\,| < %1, n € N, and a projection w € Z, w # 0 such that
10(An)| = nm, neN.
Similar to the proof of (6) in Theorem 2.5 we obtain
[|D(zp)|| > 70, n > 1.
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The last inequality contradicts the choice of m # 0. Therefore § = 0, i.e. from (11) we
obtain that D, = D, . Since D, is a spatial derivation and the center of the algebra

Z(e,Me,) coincides with e, Z, it follows that D,, is e, Z-linear. Thus
D, (Xenpen) = Aep, Dy (enpen) (14)
for all A € Z. Since the projection e, is in Sy(M, 7) and it commutes with p we have
D, (eqpen) = Dy(enp) = enD(enp)en, = e D(en)pe, + e, D(p)e, =

= enD(en)enp + enD(p)en = enD(p)6n>
ie.

AD,, (enpen) = AepD(p)ey. (15)

In a similar way we obtain

D, (Xeype,) = e, D(A\p)e,. (16)

Now (14), (15) and (16) imply
enD(A\p)e, = e, AD(p)e,

for all n € N.

Set y = D(Ap) — AD(p). Then e,ye,, = 0. From e; = p; = p, we have pyp = 0. By
Lemma 5.7 we have ptypt = 0. Multiplying the equality e,ye, = 0 by p from the left
side we obtain pye,, = 0 for all n € N. Since e, T po + p, it follows that py(po + p) = 0,
i.e. pypy = 0. Since pg is an arbitrary projection with the central cover 1 such that
po < pt and such that the von Neumann algebra poMpy is of type Iy,, we obtain that
pyp- = 0.

Similarly pyp = 0. Therefore

pyp=pyp- =p yp=pryp- =0

and hence
y=pyp+pyp- +pyp+pypt,

i.e. D(Ap) = AD(p). The proof is complete. B
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Lemma 5.9. Suppose that A € Z and x € So(M, ). Then
D(A\x) = AD(x).

Proof. Case (i). = p is a projection and

k
P=>_p (17)
=1

where p;, i = 1,k are mutually orthogonal abelian projections with 7(p;) < oo. By

Lemma 5.8 we have D(Ap;) = AD(p;). Therefore

k k k k

D(Ap) =D(AY p)=>_Dp)=>_AD(p;)) = AD(D>_p;) = AD(p),

i=1 i=1 i=1 i=1
1.e.

D(Ap) = AD(p).

Case (ii). = p is a projection with 7(p) < co. Then pMp is a finite von Neumann
algebra of type I, and therefore there exists a sequence of mutually orthogonal central
projections {z,} such that each p, = z,p is a projection of the form (17). From the
above case we have D(Ap,) = AD(p,,). This and Lemma 5.6 imply that

znD(Ap) = D(Azpp) = D(Apn) = AD(pn) = AD(znp) = Az, D(p).
2 D(Ap) = 2, AD(p)

for all n. Therefore

D(Ap) = AD(p)

Case (iii). Let x € So(M, T) be an element such that zp = z for some projection p

with 7(p) < co. Then
D(\x) = D(Axzp) = D(xAp) = D(x)\p + xD(\p) =

— D(a)Ap+ 2AD(p) = A(D(x)p + xD(p)) = AD(wp) = AD(x),

ie. D(A\x) = AD(x).
Case (iv). x is an arbitrary element from Sy(M, 7). Take a projection p with finite

trace 7(p). Put xy = xp. From the case (iii) we have D(Axy) = AD(z(). Now one has
D(\xg) = D(Axzp) = D(Ax)p + AxD(p),
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1.e.
D(A\x)p = D(Axo) — AxD(p).
On the other hand

D(Azo) = AD(z9) = AD(xp) = AD(x)p + AxD(p),
le.
AD(z)p = D(Azg) — AxD(p).
Therefore AD(z)p = D(Ax)p. Since p is an arbitrary with 7(p) < oo, this implies

D(\x) = AD(x).

The proof is complete. l
Proof of Theorem 5.5.
By Lemma 5.9 the derivation D : So(M,7) — So(M,7) is Z-linear. By Theorem

5.1 D is spatial and moreover
D(x) = ax — za, x € So(M, 1)

for an appropriate a € S(M, 7). The proof is complete. B

Now we can describe the structure of derivations on the algebra So(M,7) of 7-
compact operators with respect to a type I von Neumann algebra M with a faithful
normal semi-finite trace 7.

Let M be a type I von Neumann algebra and let z; be the central projection in M
such that zgM is a finite von Neumann algebra and z3-M is a von Neumann algebra
of type . Consider a derivation D on Sy(M,7) and let 6 be its restriction onto the
center Z(Sy(M,7)). By Proposition 1.2 we have z3 Z(So(M,7)) = {0}, and therefore
250 =0, i.e. 6= z0.

By Lemma 4.2 7(z5) < oo and therefore the derivation Dy defined in (2) maps
2050(M, 7) into itself. Consider its extension Ds on So(M, 7) = 20S0(M, 7)D25-So(M, T)

which is defined as
D(;(iL'l + .CCQ) = D(;(Q?l), x| € Z()S()(M, T),Q?Q € ZS_S()(M, 7'). (18)

Similar to the cases of the algebras LS(M), S(M) and S(M, 7) for a finite von Neumann
algebra M of type I, every derivation on the algebra Sy(M, 7) admits the decomposition
D =D, + Dy.
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The following is the main result of this section, which gives the general form of
derivations on the algebra So(M, 7) (cf. [4]).

Theorem 5.10. Let M be a type I von Neumann algebra with a faithful normal
semi-finite trace 7. Each derivation D on So(M,T) can be uniquely represented in the

form

D =D, + Ds (19)

where D, is a spatial derivation implemented by an element a € S(M,T), and Ds is a
derivation of the form (18), generated by a derivation § on the center of So(M,T).

Similar to Corollary 4.5 we obtain the following result.

Corollary 5.11. Under the conditions of Theorem 5.10 every t,- continuous deriva-
tion on the algebra So(M, 1) is spatial and implemented by an element of S(M, ).

Finally from Theorems 2.7, 3.6, 4.4, 5.10 and from [5, Theorem 3.4] we obtain the
following corollary

Corollary 5.12. Let M be a type I von Neumann algebra. The following conditions
are equivalent:

(1) Every derivation on the algebra LS(M) (resp. S(M), S(M,T)) is inner.

(ii) Every derivation on the algebra So(M,T) is spatial and implemented by an ele-
ment of S(M,T).

(1it) The center of the type Ity part of M is atomic.

6. An application to the description of the first cohomology group

Let A be an algebra. Denote by Der(A) the space of all derivations (in fact it is a
Lie algebra with respect to the commutator), and denote by InDer(A) the subspace of
all inner derivations on A (it is a Lie ideal in Der(A)).

The factor-space H'(A) = Der(A)/InDer(A) is called the first (Hochschild) coho-
mology group of the algebra A (see [6]). It is clear that H'(A) measures how much the
space of all derivations on A differs from the space on inner derivations.

The following result shows that the first cohomology groups of the algebras LS(M),
S(M) and S(M, 7) are completely determined by the corresponding cohomology groups
of their centers (cf. [5, Corollary 3.1]).
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Theorem 6.1. Let M be a type I von Neumann algebra with the center Z and a
faithful normal semi-finite trace T. Suppose that zy is a central projection such that zoM
is a finite von Neumann algebra, and zg M is of type I.. Then

o) HY(LS(M)) = H(S(M)) = H'(S(02));

b) HY(S(M, 7)) = H'(S(20Z,70)), where Ty is the restriction of T onto zZ.

Proof. It immediately follows from Theorems 2.7, 3.6 and 4.4. W

Further we need the following property of the algebra of 7-compact operators from
[19]:

S(M,7) =M+ So(M, ). (20)
Set C(M,7) = M N So(M, 1) and consider M/(C(M,7) + Z) — the factor space of M
with respect to the space C(M, 1)+ Z.
For Dy, Dy € Der(So(M, 7)) put

Dy ~ Dy < Dy — Dy € InDer(So(M,T)).

Suppose that D; ~ Ds. From Theorem 5.10 these derivation can be represented in the
form (19):
Dy = D,+ Ds, Dy = Dy + D,.

Since Dy — Dy = D., where ¢ € So(M,7) C S(M, ), from the uniqueness of a the
representation in the form (19) it follows that D,—D, € InDer(Sy(M, 7)) and Ds = D,,.

Therefore § = o and

a—be Sy(M,7)+ Z(S(M,T)). (21)

According to (20) we have

a=a;+ay,a €M, as € So(M,T),

b="by+by,by € M, by € So(M,T).
From (21) it follows that

a; — by € (by —ag) + So(M, 1)+ Z(S(M, 7)) C So(M,7) + Z(S(M,T)).
Since ay,b; € M, we have that
a; — by € (So(M,7)+ Z(S(M,7)))NM C C(M,7)+ Z
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because Z(S(M, 7)) N M = Z (cf. Proposition 1.2). Therefore
Di~Dy s a; — b EC(M,T)+Z, 0 =o.

Thus we have the following result.

Theorem 6.2. Let M be a type I von Neumann algebra with the center Z and a
faithful normal semi-finite trace 7. Suppose that zy is a central projection such that zo M
is a finite von Neumann algebra, and zg- M is of type I.. Then the group H'(So(M, 7)) is
isomorphic with the group M /(C(M,7)+Z)®H (So(20Z,70)), where Ty is the restriction
of T onto 20 Z. In particular, if M is of type Lo, then H'(So(M, 7)) = M/(C(M,T)+Z).

Remark 3. In the algebras S(M,7) and Sy(M,7) equipped with the measure
topology t, one can consider another possible cohomology theories. Similar to [10]
consider the space Der.(A) of all continuous derivation on a topological algebra A and
define the first cohomology group H!(A) = Der.(A)/InDer(A).

Under these notations the above results and Corollaries 4.6 and 5.11 imply the
following result (cf. [10, Theorem 4.4]).

Corollary 6.3. Let M be a type I von Neumann algebra with the center Z
and a faithful normal semi-finite trace 7. Consider the topological algebras S(M,T)
and So(M,T) equipped with the measure topology. Then H}(S(M,7)) = {0} and
HYSo(M, 7)) =2 M/(C(M,7) + Z).

Acknowledgments. The second and third named authors would like to acknowl-
edge the hospitality of the 7Institut fiir Angewandte Mathematik”, Universitit Bonn
(Germany). This work is supported in part by the DFG 436 USB 113/10/0-1 project
(Germany) and the Fundamental Research Foundation of the Uzbekistan Academy of

Sciences.

36



References

1]

[10]

[11]

S. Albeverio, Sh.A. Ayupov, K.K. Kudaybergenov, Derivations on the algebra of
measurable operators affiliated with a type I von Neumann algebra, Siberian Adv.

Math. 18 (2008) 86-94.

S. Albeverio, Sh.A. Ayupov, K.K. Kudaybergenov, Derivations on the algebra of
T-compact operators affiliated with a type I von Neumann algebra, Positivity. 12

(2008) 375-386.

S. Albeverio, Sh.A. Ayupov, K.K. Kudaybergenov, Non commutative Arens alge-
bras and their derivations, J. Func. Anal. 253 (2007) 287-302.

S. Albeverio, Sh.A. Ayupov, K.K. Kudaybergenov, T.C. Kalandarov, Complete
description of derivations on 7-compact operators for type I von Neumann algebras,

arXiv.math.OA.0807.4316. (2008).

A.F. Ber, V.I. Chilin, F.A. Sukochev, Non-trivial derivation on commutative reg-

ular algebras, Extracta Math. 21 (2006) 107-147.

H.G. Dales, Banach algebras and automatic continuity. Clarendon Press, Oxford,

2000.

T. Fack, H. Kosaki, Generalised s-numbers of 7-measurable operators, Pacific J.

Math., 123 (1986) 269-300.

[.G. Ganiev, K.K. Kudaybergenov, The Banach-Steinhaus uniform boundedness
principle for operators in Banach-Kantorovich spaces over L, Siberian Adv. Math.

16 (2006) 42-53.

AE. Gutman, A.G. Kusraev, S.S. Kutateladze, The Wickstead problem, Siberian
Electronic Math. Reports. 5 (2008) 293-333.

R.V. Kadison, J.R. Ringrose, Cohomology of operator algebras. I. Type I von
Neumann algebras, Acta Math. 126 (1971) 227-243.

[. Kaplansky, Modules over operator algebras, Amer. J. Math. 75 (1953) 839-859.

37



[12] A.G. Kusraev, Dominated Operators, Kluwer Academic Publishers, Dordrecht,
2000.

[13] A.G. Kusraev, Cyclically compact operators in Banach spaces, Vladikavkaz Math.
J. 2 (2000) 10-23.

[14] A.G. Kusraev, Automorphisms and derivations on a universally complete complex

f-algebra, Siberian Math. J. 47 (2006) 77-85.

[15] M.A. Muratov, V.I. Chilin, *-Algebras of unbounded operators affiliated with a
von Neumann algebra, J. Math. Sciences, 140 (2007) 445-451.

[16] E. Nelson, Notes on non-commutative integration, J. Funct. Anal. 15 (1975) 91—
102.

[17] K. Saito, On the algebra of measurable operators for a general AW*-algebra, To-
hoku. Math. J. 23 (1971) 525-534.

[18] I. Segal, A non-commutative extension of abstract integration, Ann. Math. 57

(1953) 401-457.

[19] A. Stroh, G.P. West, 7-compact operators affiliated to a semifinite von Neumann

algebra, Proc. Royal Irish Acad., 93 (1993) 73-86.
[20] M. Takesaki, Theory of operator algebras. vol. 1, Springer, New York, 1979.

[21] F.J. Yeadon, Non-commutative L,-spaces, Math. Proc. Cambridge Philos. Soc. 77
(1975) 91-102.

38



Bestellungen nimmt entgegen:

Institut fir Angewandte Mathematik
der Universitat Bonn
Sonderforschungsbereich 611
Wegelerstr. 6

D - 53115 Bonn

Telefon: 0228/73 4882
Telefax: 0228/73 7864
E-mail: astrid.link@iam.uni-bonn.de http://www.sfb611.iam.uni-bonn.de/

400.

401.

402.

403.

404.

405.

406.

407.

408.

409.

410.

411.

412.

413.

Verzeichnis der erschienenen Preprints ab No. 400
Lapid, Erez; Muller, Werner: Spectral Asymptotics for Arithmetic Quotients of
SL(n,R)/SO(n)

Finis, Tobias; Lapid, Erez; Miiller, Werner: On The Spectral Side of Arthur's Trace
Formula ll

Griebel, Michael; Knapek, Stephan: Optimized General Sparse Grid Approximation
Spaces for Operator Equations

Griebel, Michael; Jager, Lukas: The BGY3dM Model for the Approximation of Solvent
Densities

Griebel, Michael; Klitz, Margit: Homogenization and Numerical Simulation of Flow in
Geometries with Textile Microstructures

Dickopf, Thomas; Krause, Rolf: Weak Information Transfer between Non-Matching
Warped Interfaces

Engel, Martin; Griebel, Michael: A Multigrid Method for Constrained Optimal Control
Problems

Nepomnyaschikh, Sergey V.; Scherer, Karl: A Domain Decomposition Method for the
Helmholtz-Problem

Harbrecht, Helmut: A Finite Element Method for Elliptic Problems with Stochastic Input
Data

GroB, Christian; Krause, Rolf: A Recursive Trust—Region Method for Non-convex
Constrained Minimization

Eberle, Andreas; Marinelli, Carlo: Lp Estimates for Feynman-Kac Propagators

Eberle, Andreas; Marinelli, Carlo: Quantitative Approximations of Evolving Probability
Measures and Sequential Markov Chain Monte Carlo Methods

Albeverio, Sergio; Koval, Vyacheslav; Pratsiovytyi, Mykola ; Torbin, Grygoriy: On
Classification of Singular Measures and Fractal Properties of Quasi-Self-Affine
Measures in R"2

Bartels, Soéren; Roubicek, Tomas: Thermoviscoplasticity at Small Strains



414.

415.

416.

417.

418.

Albeverio, Sergio; Omirov, Bakhrom A.; Khudoyberdiyev, Abror Kh.: On the
Classification of Complex Leibniz Superalgebras with Characteristic Sequence
(n-1, 1 | my, ..., my) and Nilindex n + m

Weber, Hendrik: On the Short Time Asymptotic of the Stochastic Allen-Cahn Equation
Albeverio, Sergio; Ayupov, Shavkat A.; Kudaybergenov, Karim K.; Kalandarov, T. S.:
Complete Description of Derivations on t-compact Operators for Type | von

Neumann Algebras

Bartels, Séren: Semi-Implicit Approximation of Wave Maps into Smooth or Convex
Surfaces

Albeverio, Sergio; Ayupov, Shavkat A.; Kudaybergenov, Karim K.: Structure of Derivations
on Various Algebras of Measurable Operators for Type | von Neumann Algebras



