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The Concertina Pattern

From Micromagnetics to Domain
Theory

Felix Otto, Jutta Steiner*

This is a continuation of a series of papers on the concertina pattern.

The concertina pattern is a ubiquitous metastable, nearly periodic magnetization
pattern in elongated thin film elements. In previous papers, a reduced variational
model for this pattern was rigorously derived from 3-d micromagnetics. Numerical
simulations of the reduced model reproduce the concertina pattern and show that
its optimal period w is an increasing function of the applied external field h..;. The
latter is an explanation of the experimentally observed coarsening. Domain theory,
which can be heuristically derived from the reduced model, predicts and quantifies
this dependence of w on he,. In this paper, we rigorously extract these heuristic
observations of domain theory directly from the reduced model. The main ingredient
of the analysis is a new type of estimate on solutions of a perturbed Burgers equation.

Mathematics Subject Classification: 78A99, 49K20, 74G60

1 Introduction

The concertina pattern is a domain pattern frequently appearing in ferromagnetic
thin-film elements of low crystalline anisotropy (like Permalloy) with an elongated
cross-section. The pattern-forming quantity is the magnetization. The concertina
pattern consists of an almost periodic array of folds separated by low-angle Néel
walls. It is experimentally generated as follows: With the help of a strong homoge-
neous external field H,,;, the magnetization is saturated along the long axis, then
the external field is slowly reduced and eventually reversed. At some critical strength
of the external field, the uniform magnetization buckles into the concertina pattern.
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Figure 1 shows such a pattern seen from above, observed in an elongated Permal-
loy thin-film. The magnetization is in-plane and constant in the direction of the
film thickness. The grey scales in the experimental picture allow to reconstruct the
magnetization angle as shown in the schematical picture by the small arrows.

Figure 1: Experimentally observed concertina pattern

As the strength of the reversed external field is slowly increased after the concertina
pattern has already formed, coarsening events are observed: A fold collapses, in-
creasing the average period of the concertina pattern. Several generations of these
coarsening events by which the average period increases can be observed before the
pattern disappears; cf. Figure 2, which shows the same sample as Figure 1 after two
coarsening events.

Figure 2: Coarsened concertina pattern

In this paper, we study the formation and coarsening of the concertina domain-wall
pattern. We investigate the dependence of the optimal period w of the pattern and
of the average inclination of the magnetization on the external field and prove in
particular that the optimal period increases if the strength of the reversed external
field is increased. This a first step towards the understanding of the coarsening
phenomena.

1.1 Micromagnetic energy

The experiments described above, which lead to the formation of the concertina pat-
tern and the subsequent coarsening, are quasi-static processes. The states observed



in a quasi-static experiment are related to stationary points of some suitable energy.
The analysis of the concertina pattern, which was started in [CAOO6a] and was pur-
sued in [CAOSO7], is based on the 3-d micromagnetic energy which we introduce now.
For a sample 2 C R? and a magnetization m : Q — R? the energy is given by

E(m) = d2/ |Vm|2 dl‘+/ |Vum|2 dr —2 / Hext -m dz. (11)
Q R3 Q

The magnetization m is constrained to |m|> = 1. We note that the energy is non-
dimensional except for length and comment on the energy terms:

e The first contribution is the exchange energy. The exchange length d, a material
parameter, is of the order of a few nanometers (for Permalloy).

e By the static Maxwell equations in a medium, the stray field —Vu,, is deter-
mined by:

Vu, -V = / m -V for all test functions .
R3 Q

It is thus generated by two types of “magnetic charges”,

volume charges : —-V-m in €2, and

surface charges : v-m on 0, (1.2)

where v is the outward normal. The stray-field energy can equivalently be

written as
/ V|2 dz :/ V1V - mf? da,
R3 R3

where |V|™! denotes the pseudo-differential operator with symbol |k| ™.

e If a magnetic field H,,; : R® — R3 is applied, there is a contribution due to the
Zeeman effect.

1.2 Previous results

In [CAO06a] an idealized sample geometry of width ¢ and of thickness ¢ with ¢ < ¢
was considered. This sample geometry is idealized in the sense that instead of a finite
extent in xj-direction, we impose an (artificial) periodicity L, i.e.

Q =Rx(0,0) x(0,t) L-periodic w.r.t. z;.

The idea is that L is chosen so large that it does not interfere with the intrinsic period
of the pattern. This setting has the advantage that m = (1,0, 0) is a stationary point
of E for all values of the external field Hept = (—hest, 0,0).

The experimental observations suggest that a bifurcation at a critical value Aoy = hepit
of the external field Hepy = (—hest,0,0) is at the origin of the concertina pattern.
Hence in [CAOOGa] a linear stability analysis of the saturated state m = (1,0,0) was
carried out. Since the Hessian of F is not explicitly diagonalizable, the analysis is not



obvious and several Anséatze for unstable modes, i.e. infinitesimal perturbations dm,
have been proposed in the physics literature. In [CAOOG&], it was proven that there
are exactly four qualitatively different regimes depending on the non-dimensional
parameters é and g. In the regime % < t < V/dl the unstable mode is in-plane
and does not depend on the thickness direction, i.e. x3, and displays an oscillatory

behavior named “oscillatory buckling”:
dmy = cos(2m L) sin(m %2 ).

Obviously, this regime is the potentially relevant regime for the concertina pattern.
The optimal period w = w™* of the oscillation is determined by the balance of ex-
change and stray-field energy and asymptotically behaves as

w' (327 52)° (1.3)

cf. [CAOOGb]. The experimentally observed period of the concertina pattern agrees
with this theoretically predicted period of the unstable mode up to a factor of about
2 over a wide range of sample sizes t and /. However, the experimentally observed
period is systematically larger than the theoretically predicted one. It is natural to
conjecture that this is due to coarsening: The experiments discern the low-amplitude
concertina pattern only after the external field has been increased beyond its critical
value - and thus after a certain number of coarsening events has occurred.

In [CAOSO?] the type of bifurcation in the oscillatory buckling regime was inves-
tigated. The goal was to find local minimizers near m = (1,0,0) for heye > herit
which are of concertina type. This required to take a parameter limit and to zoom
in near m = (1,0, 0) simultaneously. We used I'-convergence to carry out this double
limit. We performed an anisotropic rescaling of space variables and a rescaling of
magnetization, field and energy:

e 7, and in particular L and w* are measured in units of <@) g, cf. (1.3),

e 15 is measured in units of the width ¢,

e 13 is measured in units of the thickness ¢,

. . d? /
e my and my are measured in units of ( 7 ,

® h..: is measured in units of (d—,f

/
[)23

, and

1/3
E' is measured in units of (%) :
In the limit % < t <« Vdl, the magnetization indeed becomes in-plane and x3-
independent, i.e.

mg = 0 and m = m(z,x2).



For rescaled L of order 1, i.e. L ~ 1, the I-limit w.r.t. the L2-topology is given by
minimizing

L 1
E[)(mg) = / / (01m2)2 d$2 d[L’l
0 0

L 1
+ %/ / ||81|_1/2(—81(%m§) + 82m2)|2 dl‘g dl‘l
0 0

L gl
— heat / / m2 dxy da, (1.4)
o Jo

among all ma(xy, z5) with

ma(x1,xy) = 0 for x5 € {0, 1},
ma(z1 + L, x2) = ma(71,72), (1.5)

fOL mg(flfl, .TQ) d(lfl = 0,

where || 71/2 denotes the pseudo-differential operator with symbol |k|~1/2, [CAOS07,
Theorem 3.

Clearly, (1.4) has much reduced complexity compared to the original (1.1): The
reduced functional just contains a single non-dimensional parameter h..;, the con-
figuration space consists of functions of two variables, and the non-locality is just a
non-locality in the z;-variable.

Notice that the appearance of Burgers’ operator —0, (%m%) + Oymy (if we think of x5
as the time variable and —z; as the space variable) is not surprising: Because of

1
my = /1 —mj—m3 ~ 1—§m§ for |ms] < |ma| < 1,

the volume charge density (1.2) turns into
c:=-V-m= —( —81 (%mg) + agmg). (16)

Notice that my is rescaled in such a way that (1.6) is preserved. As in the 3-d model,
the (volume) charge density o is penalized in a non-local way by (1.4).

On the level of the reduced energy (1.4), the following two statements were proven in

[CAOS07]:

e On the one hand, the bifurcation is subcritical. A particular implication of
subcriticality is that at slightly supercritical fields, there are no local minimizers
close to m = (1,0,0).

e On the other hand, the reduced energy Fj is coercive for all values of h.,; (at
fixed L). Thus given L there always exists an absolute minimizer of Ejy, also
for supercritical fields. Hence by the properties of I'-convergence, there exists a
local minimizer of the 3-d energy E near m = (1,0,0).



Hence there are non-trivial local minimizers, but in view of the subcritical bifurcation,
it is not clear whether these minimizers inherit properties of the unstable mode, like
for instance its period.

The numerical simulations presented in [CAOS07], where the magnetization was re-
stricted to be w*-periodic, i.e. L = w*, show:

e Although the bifurcation is subcritical, the bifurcating branch has a turning
point, see Figure 3. Beyond the turning point, the configurations along the
branch are stable, at least under w*-periodic perturbations.

e As the field h.,; increases, the w*-periodic configurations along the branch de-
velop the concertina domain pattern with the (almost) piecewise constant mag-
netization in the triangular and quadrangular domains which are separated by
thin transition layers, cf. Figure 3.

average magnetization \

| |
external field

Figure 3: Bifurcation diagram and corresponding magnetization patterns

Moreover, the numerical simulations showed that the minimizers are indeed forced by
the (reduced) stray-field energy to be close to weak solutions to the Burgers equation,
ie.

The shocks (in the language of the theory of conservation laws) of (1.7) correspond
of the (mesoscopically) sharp walls of the concertina pattern.

In order to get a better understanding of the experimentally observed coarsening
and to determine the dependence of the optimal period w of the concertina on the
external field A, let us now present some new numerical results based on the finite
difference discretization of the energy introduced in [CAOS07]. For details we refer
to Appendix A. The numerical simulations showed that for given external field A,
there is an energetically optimal period of the concertina pattern, which increases
with increasing field, see Figure 4. This is a first explanation why the experimentally
observed period increases with increasing h ;.



However, the experimentally observed period is rather expected to be the largest
period that is still stable under long-wave length modulation of the pattern. This
instability under long-wave length modulations can be related to the concavity of the
energy of the concertina pattern as a function of the imposed period w. In a simplified
context, this instability has been analyzed in [Sei08].

2 .
h ext hea:t

Figure 4: Optimal period w(h.y) of the concertina pattern

1.3 Domain theory

To gain more insight into the properties of global minimizers of the reduced model
(1.4), we apply domain theory. On the level of domain theory, which is a sharp-
interface model, admissible magnetizations are given by weak solutions to the Burgers
equation (1.7). In view of the boundary conditions (1.5), the method of characteristics
shows that non-trivial weak solutions of (1.7) cannot be continuous. Typically, they
will have line discontinuities, i.e. a one-dimensional jump set J. The energy which
discriminates between these solutions is given by an appropriate line energy density
e integrated over the jump set J, augmented by Zeeman energy:

[ma]

Edomain(mQ) - /6(T> dHO dx2 - hert / m% dxl dZEQ.
J

Not surprisingly, the specific line energy e is a function of the jump [ms] of ms across J.
Due to the “shear invariance”, cf. (2.8), of (1.4), the specific line — or wall — energy
density e can be derived by restricting (1.4) to 1-d configurations with prescribed
boundary data +mJ, i.e.

ENéel(mz) = /(81m2)2 dﬂfl +%/||81|1/2m§|2 da:l. (18)



The optimal transition layers are low-angle Néel walls whose line energy density is
given by

[mg] ™ —1 Wtail
o(5) = elmd) = Gomitm! (1.9)
where wy,;; and we,.. are the two characteristic length scales of the Néel wall, namely
the tail and core width, see [Mel03] and [DKMOO05, Section 6]. For the scaling of
these two parameters in case of the concertina pattern, see below.

We use an Ansatz which mimics the concertina pattern with its quadrangular and
triangular domains and which is determined by just two parameters, namely the
period w and the inclination my = +m} in the quadrangular domains (my = 0 in the
triangular domains), cf. Figure 5. Indeed, the angles in the pattern are fixed by the

‘Jump set J
1- %

w30| g

Figure 5: Domain theory: Ansatz function

constraint that ms is a weak solution to Burgers’ equation: If v is the normal of one
of the diagonal jumps, then for a weak solution the jump of the normal component
of the magnetization has to vanish:

0

0 = [v- (~dmma)] = v (~1(m) m3).

We note that it is always necessary to impose 2m$y > w to avoid a degenerated

pattern.

We claim that with our Ansatz, the energy per length in x; becomes a function of
only two parameters, namely mJ and w. For that purpose, we first turn to the two
parameters wy,; and weye in (1.9). The tails of the Néel wall spread as much as
possible; in case of the concertina pattern, they are only limited by the neighboring
walls — thus wye; ~ w. A more careful inspection of (1.8) shows that the core width

increases with increasing jump size, more precisely wepre ~ —— see [Ste06]. Hence

(mg)Q’
(1.9) turns into

e(m9) = g(mg)4ln_1 w(m3)?. (1.10)

Notice that one period of the pattern in Figure 5 contains



e two vertical walls of height 1 — % and of jump size 2 m3, leading to an energy
2

contribution of 2 (1 — ) e(my),
2

e four diagonal walls of projected height % and of jump size mj, leading to an
2

. . w 0

energy contribution of 4 ey e(%%

e two quadrangular domains of total area w — Z—i, leading to a Zeeman energy of
2

_hewt(mg)z (w — ;Z_ZJ)

Hence, the total energy per unit length in z; is given by

1 w m0
Eiomain(my, w) = — (2 (1 — m%) e(m9) +4 e (TQ) — ey (m9)? (w — Z—E)) i
2

w

In Appendix B we argue that for he,; > 1

a) the minimal energy per length in z;-direction scales as —h3 . In? hest,

ext

b) the optimal inclination of the magnetization scales as mg ~ hegt In Aoy, and
c¢) the optimal period scales as w ~ hezy In heyy.

We point out that ¢) is the domain theoretic explanation why a larger period is pre-
ferred for a stronger external field, as observed in the experiments and the numerical
simulations.

Until now there is no rigorous derivation of domain theory. Instead in this paper, we
rigorously prove the above predictions by domain theory starting from the reduced
energy F, and show in addition that global minimizers are close to weak solutions of
Burgers’ equation.

1.4 Main results

Theorem 1 below addresses: a) the scaling behavior of the minimal energy, b) the
scaling behavior of the average inclination of minimizing magnetizations, and c) the
scaling behavior of the period of global minimizers as predicted by domain theory —
all statements including the logarithm.

Theorem 1. Let heyy > 1 and L > hege Inhey. Then for Ey and my as in (1.5):

a) minL7'Ey ~ —h3, In® ey

ext
m2

For any my with L™ Ey(msy) ~ min,,, L~ Ey we have

L 1
b) A? = L1 / / madryday ~ h2, 1% hey,
0 0



L ol N
cl) L7 / / (ma(z1 + w, 13) — mao(zy, 22))* drgdz; < <m> A2,
0o Jo

for a €0, %), and

L 1
) L[ [ mauten )l draden § (bt 4
0 0

Here (ms),, denotes the mean of my over cells of size w, i.e. for any L-periodic

f(xlv 1‘2)

w

2
fulr,29) 1= w? [z + 2, 2) da). (1.12)

_w
2

Remark 1. Instead of a separate definition for the asymptotic relations ~, < and so
forth, we explain their meaning in the context of Theorem 1:

There exist universal constants 1 < C, C,, Cy1, Cya < +00 such that for all heyy > C
all L 2 hext In hezt;
L

a) —Cuhd,In*he < minL™'Ey < — & Dewt In® Ay
mo a

For any my with L™ Ey(my) < CLM min,,, L' Ey we have

1 L 1
b)  ——h2, % hy < A% = L7 / / madzydoy < Chy b2, In? heyy.
Cb2 0 0

For any o € [0, %) there exists C,, > 0 such that for all heyy > C and all L >
hext In he:ct;

L gl N
cl) L_l/ / (ma(x1 +w, x3) — ma(x1,72))* dzg day < C, <m) A2,
o Jo

There exists Coy > 0 such that for all heyy > C and for all L > hege In hegy,

L 1
c2) L_l/ / [(m2)w (1, 22)| dzgdzy < Cog (%)l/2 A.
o Jo

The upper bound on the minimal energy for large external fields A, in a) is proven
on the basis of the Ansétze from domain theory, where the discontinuities are replaced
by the optimal 1-d transitions layers (low-angle Néel walls). The proof of the lower
bound and b) and cl) is based on a non-linear interpolation estimate, cf. Lemma 4.
As opposed to the result in [CAOSO?, Theorem 4], the new interpolation estimate
provides also L-independent coercivity of the reduced energy Ey. The proof of ¢2) is
based on standard convolution estimates combined with the coercivity of the energy,
treated in Lemma 5, which is derived from Lemma 4.

In Theorem 2 we use again Lemma 4 to prove that global minimizers are close to
weak solutions of Burgers’ equation for hAg,; > 1.

10



Theorem 2. Let heyy > 1 and L ~ hegIn heyy. Then for Ey and any mo as in (1.5)

with L™ Ey(mgy) ~ —h3,, In? heyy there exists m} with

—011(m3)* + 9om} = 0 distributionally

L g1 L 1
-1 / / (my — m3)*dayda, < L1 / / m3 day da; .
o Jo o Jo

Although the lower and the upper bound on the energy in Theorem 1 agree in terms of
scaling with the simple Ansatz from domain theory (see above), it cannot be excluded
that additional substructures in the concertina Ansatz, such as branched structures
sometimes observed in the experiments, further reduce the energy.

and

To our knowledge, Theorem 2 is the first example of a rigorous connection between
minimizers of the 3-d micromagnetic energy functional and solutions to a (linearized)
eikonal equation — Burgers’ equation — via the ['-convergence in [CAOS(W, Theorem
3] and Theorem 2 in this paper.

Rescaling. In view of Theorem 1, it is convenient to rescale length, magnetization
and energy according to

21 = hext (hl hext) f1;

T2 = T2,

My = Pegr (1N hear) m2,
L 'Ey = h3, (In® hey) L7'E.

In these new variables we obtain

./L\_IE(’I’?LQ) hezt ( -2 he:ct / / almg dl’g dl‘l

(10 hew) 12 //||a| V25, (Li2) + yin) 2 dF, Ay

—1/ /mg dz, d7;.
0 0

It is convenient to introduce

. 31,2
g = hext In h’ext

such that for he, > 1
ln% =3nhey +2Inlnhey ~ 310 heyy.

Hence, to leading order

L 1
E(T?lg) =& / / (81ﬁ12)2 d/ZL'\Q d.&f\l

Dy [ 11 A + ) az, 07

—/ /mg 7, d7;.
0 0

11



With this rescaling, Theorem 1 assumes the form:
Theorem 3. Let ) < ¢ < 1 and L > 1. Then

a) rrlinfflﬁ ~ —1.
m2

For any sy with L™ E(s) ~ —1 we have

L 1
b) L_l/ / ﬁlgd/l'\gdi’\l ~ 1,
0 0

I 1
1) I / / (7a(F) + B, ) — (1, 5))2 Ay 4Ty < @°
0 0

for a €0, %), and

L ,1
c2) Ll/ / ()i (T, )| AT dBy S (1),
0o Jo
where (Me)g s defined as in (1.12).
With the rescaling above, Theorem 2 assumes the form:

Theorem 4. Let 0 < £ < 1 and L ~ 1. Then for any s with L= E(fy) ~ —1
there exists mj with

—51%(7%;)2 + 527”71; = 0 distributionally

and

L ,1
Ll/ / (i — 732 A 7y < 1.
0 0

2 Proofs

For notational convenience, we drop the hats™~. In the following we will write u instead
of mo, = instead of x1, and t instead of x5.

2.1 Upper bound

Proposition 1. For any 0 <e <1 and any L > 1
min L'E < —1. (2.1)

PROOF OF PROPOSITION 1. Let us explain the main features of our construction.

12



Symmetry. Our Ansatz will have the following symmetry properties, cf. Figure 6:
e It will be periodic in x with period w ~ 1, i.e.
u(r +w,t) = u(z,t).

The parameter w ~ 1 will be chosen later such that L is an integer multiple

of w. (By w ~ 1 we mean that w € (&,C] for some universal constant

1<C <o)

e It will be odd w.r.t. reflection at x = 0 (one of the vertical walls), i.e.

u(—x,t) = —u(z,t).

e It will be even w.r.t. rotation in (%, 1) (the center of mass of one of the quad-
rangular domains), i.e.

u(Y 4z, s+t = u(—z,1-1).

Hence, u will be determined by its values

u(z,t) on the fundamental domain (z,t) € (0, %) x (0, 1).

Mesoscopic pattern. On a mesoscopic level, our u will be of the form

for ¢
umeso(x7t> = {O o

)

<
—2s fort >

)

» |8 » |8

where the parameter s ~ 1 will be chosen later. Notice that s > % is necessary

to avoid a degenerated pattern. In favor of a clear presentation we only show the
construction for the case s > w in detail. This will be enough to obtain the desired
upper bound on the minimal energy. We will comment on the differences for the case

5 < s < w at the end of the proof.

The mesoscopic Ansatz u,,.s, satisfies

_ax(%ugneso) + atumeso =0

distributionally. Notice that w,,.s, has the following discontinuity lines within (0, %) x

1 2
(O’ 5):
e a jump between 2s and —2s across x =0 for 0 < ¢t < %,

e a jump between —2s and 2s across ¥ = § for t > =,
S

e a jump between —2s and 0 across t = ¢ for0 <z < 5

The first two discontinuity lines carry a weight of %,

neighboring cell, cf. Section 1.3.

since they also belong to the

13



Néel walls. We must choose appropriate transition layers, i.e. walls, in order to
construct a microscopic u starting from t,,.s. The construction will additionally
depend on two parameters o and 3, with ¢ < o < 8 < w, which will be chosen later
in function of €. In fact, we distinguish 3 regions, cf. Figure 6:

o Bulk: Here we set 4 = Upeso-

e Walls: Here we use a one-dimensional construction. Within the fundamental

domain (0, %) x (0, 1) the wall region is given by

{z.t)0 <2 <p, 2 <t <}
Uz, t)|2-B <<% 2<t< i}
U{(z,t)|st—B <z <st+p, 2L <t <20

Notice that g < 7 1s necessary.

e Corners: Here, we interpolate the z-dependent boundary data linearly in ¢.

Within the fundamental domain (0, 2) x (0, 5) the corner region is described by

(0.35) x (0,22) U (5 —25,3) x (£ -4, 2)).

Notice that 33 < 7 is necessary.

The function u will be constructed to be continuous across the regions. These regions

contribute differently to the three parts of the energy:

e Exchange energy: This local energy contribution behaves in an additive way;
only the walls and the corners contribute.

e Magnetostatic energy: Only walls and corners contribute to the charge density
0, i.e. the support of the charge density is a subset of the wall and corner region.
Since the magnetostatic energy is non-local in the charge density o, it behaves
in a non-additive way. However, if 0 = o7 4+ 09 + 03 is a decomposition, we
have an upper bound by the triangle inequality

/|]8x\1/2a|2dx

< 3/‘|3$|_1/201’2dx+3/‘|8$|_1/202‘2dx+3/H&C|_1/203‘2dx, (2.2)

where we have to ascertain [, o3de = [% oo dz = [ o3da = 0, so that the
-5 2 2

2
r.h.s. is finite. Since modulo w-periodicity in x, there are at most 3 walls or
corners at a given t-value, (2.2) suffices.

e Zeeman energy: Here, we seek a lower bound for [[ u?d¢dz. The main contri-
bution will come from the bulk.

14



|| Bulk region
—— Wall region
i111] Corner region

NS

0 33

Figure 6: The Ansatz u

Vertical Néel walls. In this section, we construct the vertical Néel walls. W.l.o.g.

we focus on the construction in the region

{@t)| - <z<p 22 <t <y} (2:3)

We consider the exchange and magnetostatic energy Ee,1.,q. Within (2.3), u coincides

with an odd function v of the form

u = —2sv(x), v(£p) = =£1,

which we think of as being w-periodic and v(z + %) = —v(z). In terms of v, we have

the estimate

w
2

Berima = (3= %) (4 se / (@) dr+ 55t (Ind) / 0. 200~ 1) dx
2

_w
2

< 326/2 (0pv)? dz + s* (lné)/2 H@xllﬂvzfdx

NS

%
||0x|1/21)2’2dx.

w
2

S 825/ L(0,0*)? dz + s* (ln%)/
)

It is convenient to think in terms of p = v? which satisfies

o=1for 8 < |z <% -
o= 0forx =0,

Cw -
0 is g-periodic,

so that

11 1 (%
Buima £ 5% [ @07 dot st [ Jloof do
_w 0 _

4

S

)

15



We make the Néel-wall Ansatz, cf. [Mel03] and [DKMOO05, Section 6],

2+$
—2=  for |z| < 3,
o) = {m 2;52 = < 5 (2.4)

1 for 3 < |of < 2,

where € and « with ¢ < a < f < w will be chosen later. We first turn to the
magnetostatic part and use the trace characterization of the homogeneous H'/?-norm,
ie.

/ 110, |1/2Q‘ de = 1nf{/ / 0,0)* + (0.0)* dz dx|

o(z, z) is §-periodic in z and g(x,0) = o(x)}, (2.5)

which yields by extending ¢ in a radially symmetric way in the (z, z)-plane:

2 2
/w H(? ’UZQ‘ dr < - 2a2+52 // 2+x2+z )) + (az <ln%)> dr dz

a? 22422 < 32

o< 1 (P 2,2
< IHQQ/O (ar(ln%))Qrdr
L
= 7 /0 (8-In(147%))*rdr
g =3
< ! / R
m?2 Jo (1472
1
lng'
We now turn to the exchange energy. Since
do 1 afjfxz for |x| < 3,
P w
dz mnedf |0 for § < |z < %,
and
1 (dg)2 1 1 a21+x2 (a;fi2)2 for |I| < ﬁ’
—_ | = - n—s—
a2+ 32 [
o \dz n = | o for B < |z] < 2,
we have

T 2 akpB I&} 2
_w oo \dz ~ Il J g (0 +2?)?

ol @

(2.6)
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Hence we obtain

1 1 1
Eerima S 82€a lng + s (ln %) @ ~ st (ln %) @, (2.7)

where the last asymptotic identity follows from e K a < w ~ 1 and s ~ 1.

Diagonal Néel walls. We now address the construction in the region
{(r,t))st—B< o< st+p3 L<t< 20}

Since exchange and magnetostatic energy E.,.m,, are invariant under the shear trans-
form

r=st+% t=1t u=1au—s, (2.8)
we can reduce this construction to a construction of a vertical Néel wall in

{@9 -p<i<p 2L<i<y-_5y
The only difference to the vertical Néel wall before is that the construction connects
—s to s instead of —2s to 2s. Hence we obtain as there
4 1\ 1
Eerima S8 (ln g) . (2.9)

In

QI

Corners. W.l.o.g. we consider the corner (=3 /3,3 /) x (0, %) In view of (2.4) (for
o = v?) and (2.8), we have to interpolate

u(z,0) = 0
and
s(vx+20)+1) for =30 < x < -0,
u(x,%ﬁ) = ¢ —2sv(x) for —p < ax <p, (2.10)
s(vx—2p)—1) for g <z<3p
in ¢, where

In

. a2_2x2 1/2
v(x) = (signz) —F :
o2
We opt for a linear interpolation, i.e.

u(@,t) = s5u(x

We consider the exchange E., and the magnetostatic energy F,,, separately.

%)_

7 s

We first turn to the exchange energy FE.,. Because of the linear interpolation, we

have
23

s [ st 2 36
E., = 5/ (—) dt/ (&;U(L%))Z dz
0 20 -3

g [ 282
S e— (Opu(z, <)) dx
S -383

(2.10) B
< aﬁs/ (Du0(x))? da.
-B

17



From (2.6) we infer

/B@v(m))?dxs L 2.11)

so that we obtain

We now address the magnetostatic energy F,,,. Notice

o(w,) = (~0,(3u®) + du) (1) = —(35)°0, (3) (2, 22) + 35 (e, 22).  (2.12)

Because of the symmetry property

which entails
On(3u) (=, 20) = =0u(5u*) (. 20),
we have in particular for all ¢ € (0, %)

w

/2 oz, ) dz = 0. (2.13)

w
2

Since supp o (-, t) C [-3 3,3 ], we claim that

/SM&P” }dx<6/g

Let us give the argument for (2.14). By duality, this is equivalent to

w 38 1/2
@@t (ﬁ /_;au,w? e [ e \dx) ,

for all w-periodic functions ((z). By the trace characterization of the homogeneous
H'2-norm (2.5), this estimate is equivalent to

B 36 8 oo 12
» ((z,0)0(x,t)dx S (ﬁ/gﬁa(m,t)Z dx/w/o (0:.0)* + (0.¢)? dxdz)

for all functions ((z, z) which are w-periodic in z. Because of (2.13) and suppo(-,t) C
[—3 3, 30], this estimate in turn follows from

(2.14)

wlg

wlg

30 33 % 00
/Sﬂ(g(x 0) — GB C(f,()) dz)*dxr < 6/%/0 (0.0)* + (0.¢)* dz dz,

for all functions ((x, z). By rescaling length with (3, this is equivalent to

/_Z(((f,())—é/_i((i‘,() 2dz < /wﬁ/ (0:0) 0:¢)*dz dz,

18



which because of < w, thus % > 1, follows from a standard trace estimate. This
establishes (2.14).

Inserting (2.12) into (2.14) yields

[ o0 as

Sﬁ( /w(ax(u?)( 20))2 4y 4 (5)? /36<u<x,¥>>2dx)

-38 —3p

<8 s {u(e,2)) / B)2dr+ 2 sp (e, )}
z€(—38,30) ze(—38,30)

(2.10) B
< ﬁ( ) (0y(x))? dz + —4>
s /_ﬁ( v(z))”dz + 5

(2.11) 4 4
]
alna

B
_ laﬁ +1 54
n_
aLp g 4
lnﬁs )
Therefore 2s
[T 288 Int
Epa = %(lné)/ / 10:] 20" dzdt S g
0 -u a 1Il—

Hence, we obtain for the sum E., ., of exchange and magnetostatic energies

Bes +62531n% _ fs

alng o lng B aln

Eerima S (5 +4s*nd )

so that because of ¢ < f < w ~ 1 and s ~ 1, this estimate asymptotically turns into
3 s3Int

o lng'

Eea:+ma ~ (215)

Optimizing in the parameters. We first consider the exchange and magnetostatic
energy Feyyma in (—%5,%) % (0,1). Collecting (2.7), (2.9) and (2.15) we obtain

23 nt
(% 5% In -

In2 a In8’
(7 (0%

4

Eex—l—ma 5 S

Choosing for instance

a =3 g =gl
which is compatible with ¢ < a < f < w ~ 1, the estimate asymptotically turns
into

4 1/3 3 <1 4
Eerima S 8 +e3 xS
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Since § < w, we have for the Zeeman contribution that

1 g 1 »
/ / u? dz dt %/ / u?, dedt = (28)%w (1 — 7=
0o Jow 0 Jow

Choosing s = w, we obtain for the total energy
E < Ciw* — %ngg.
Hence we obtain for the total energy per length x
e(w) < Crw® — %OQ w?.
Obviously, there is a w < 1 s.t. for all w € (2, 0]
e(w) < —1. (2.16)

Hence we can always choose w such that L is an integer multiple of w and (2.16)
holds. The corresponding Ansatz function provides the upper bound on the energy.

The case w > s > 7. Notice that the three discontinuity lines of the mesoscopic

pattern have a common triple point at (%, 52) in the fundamental domain, cf. Figure 6.

If we allowed for w > s > ¥ this triple point would be at (0, 1—3%) in the fundamental
domain. The construction of the microscopic pattern with smooth transition layers
can be carried out in the same way as in the case s > w. For the upper bound on
the magnetostatic energy, we have to take into account (at most) 4 walls or corners
at a given t-value modulo w-periodicity. O

2.2 Lower bounds

Remark 2. We introduce the notation for the average of an L-periodic function
((z,t) in x

() = L /0 “Cdr,

and the average both in x and t

@ =17 [ [ carar

Proposition 2. Let 0 <e <1 and L > 0. Then
min L'E > —1.

The main ingredient for the lower bound is a new estimate on smooth solutions u of
the inhomogeneous, inviscid Burgers equation, i.e.

du — 0,(3u*) = o, (2.17)
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This type of estimate was introduced in [Ott08, Section 2.6]; it relies on a generaliza-
tion of Oleinik’s E-principle [Ole63]. That principle states that for smooth solutions
of the homogeneous inviscid Burgers equation, i.e.

du — 0,(5u”) = 0, (2.18)
a one-sided Lipschitz bound improves over time in the sense that for any 7 > 0
Ou(t=0,")> -1 = Odult,) > —(r+1t)"" (2.19)

In fact, the main insight of [Ott08] is that in addition, the L*-distance to the set of
functions ¢ with a one-sided Lipschitz bound improves over time. To make this more
precise, we need

Definition 1. Let u(x) be L-periodic in x. Define

D (u,7) = inf {{(¢ —u)?) | ¢ smooth and L-periodic, 70, > —1 },
D (u,7) = inf {{(¢ —u)?) | ¢ smooth and L-periodic, 70, < 1}.

If u(x,t) is L-periodic in x we use the abbreviation
Di<t7 T) = Di(u<'7 t)a T)‘

For D* we denote the average w.r.t. t by

1
(DH)(1) = / DE(t, 1) dt.
0
It was shown in [Ott08] that if u satisfies the homogeneous Burgers equation (2.18),
D~ satisfies the linear homogeneous differential inequality
D™ +0, D" +7 D" < 0. (2.20)

Obviously, (2.20) contains (2.19), which follows from 0;D~ + 0;,D~ < 0. The new
and crucial feature is the 771D~ term in (2.20).

It was also shown in [Ott08] that (2.20) survives for the inhomogeneous Burgers
equation (2.17) in the form

0D +0. D +7 D < 2|0, 20|V (||, 2u| ") 2. (2.21)

However, (2.21) is not of use to us since we do not control (‘|8I|1/2u|2) independently
of €. The idea is to replace u on the r.h.s. of (2.21) by the optimal ¢ in the definition
of D~ (u, ), since a ¢ with a one-sided Lipschitz bound has (up to a logarithm) half
of a derivative in L?. This is the content of the next two lemmas.

Lemma 1. Let ((x,t) be smooth, L-periodic in x and satisfy
70, > —1
for some T > 0. Then for 0 <r < R

(10:12¢)") S 73 ((0:0)%) + I E) 771 ¢y + R 1(¢?)
< r@.0N + () T (PP H R, (222)
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This interpolation inequality in turn relies on
Lemma 2. Let ((z,t) be smooth, L-periodic in x and satisfy
7-8%C Ei'_l
for some T > 0. Then
sup 3 (I¢% = ¢[*) S 7 {[¢D)- (2.23)
A>0

Let us comment on both lemmas: The estimate sup-o x (|2 — ¢|*) < sup [9:¢] ([<])
is obvious. The insight of (2.23) is that the two-sided control sup |0,¢| can be replaced
by the one-sided control.

We now turn to Lemma 1: Although <‘|8x]1/2§‘2> and supa.o x (|¢4 — ¢|?) have the
same scaling, the estimate

(10:1%¢)) S sup L(|¢™ = ¢?)
A>0

fails. However, if very short wave lengths (< r) and very long wave lengths (> R)
are treated separately, one obtains the logarithmic estimate (2.22).

Mimicking the proof of (2.21), using Lemma 1, we will derive
Lemma 3. For any smooth L-periodic u(x,t) and 0 < ¢ <1
(D™ — (u?)) + 0,3D + 7 3D
S (10720 Y2 [2 (@2 ()2 4+ (1n 1) (ut) 2. (220

Note that the second factor on the r.h.s of (2.24) is related to the r.h.s. of (2.22) by
optimizing in r < R while keeping ¢ = 4 fixed.

We use Lemma 3 to derive the following interpolation inequality:

Corollary 1. For any smooth L-periodic u(x,t) with u(-,0) = u(-,1) = 0 and
0<e <1 1tholds

/01<u2) dt < ((1n§)/01<||a$|_1/20_|2> dt)2/3
i (/01<|!8m|—1/20‘2>dt>

We also use Lemma 3 to derive a regularity estimate:

2/3 1/3

(e /01((8xu)2)dt) . (2.25)

Corollary 2. For any smooth L-periodic u(x,t) with u(-,0) = u(-,1) = 0 and
0<e < 1itholds

1 ) . 2/3
sup 72 [ D dt + sup 7_—1/2/ D dt < ((ln%)/ (‘|8x|—1/20‘2>dt)
0 0

7>0 0 >0

i </01<||3x‘—1/20|2> 0125)2/3 <5/01<(8ru)2> dt) 1/3. (2.26)
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Not surprisingly, the control of the L?-distance to the set of functions with a (one-
sided) Lipschitz-bound gives control of some fractional derivative in some LP-norm.
More precisely, sup,., 7~ /2 fol Dt dt + sup,., 7 /2 fol D~ dt has the same scaling
as supp A2 f01<]uA — ul*?) dt. Using ideas from [Ott08, Proposition 4] and in-
terpolation with Corollary 1 we indeed obtain:

Lemma 4. For any smooth L-periodic u(x,t) with u(-,0) = u(-,1) = 0 and 0 <
e < 1 4t holds

2/3

1 1
supA(pz)/O <|UA—U|p> dt < <(ln%)/0 <|]81|1/20}2>dt>

A>0
1/3

+ ([ ooar) h (= [1@wrar) @2

with p € [2,32).

Remark 3. In [C’AOSO’/, Section 3.3/, it was shown that admissible functions u as in
(1.5) of finite energy can always be approximated by a sequence of smooth admissible
functions {uq}ajo in the energy topology. Therefore Corollary 1 and Corollary 2 and
Lemma 4, which were established for a smooth u, extend to our finite-energy u.

We will apply Corollary 1 to derive the coercivity of the energy. To facilitate the
notation we introduce the abbreviations

S = ([10. 720",
DU = {(0,u)*), and (2.28)
U= (u?).

Lemma 5. Let 0 < ¢ < 1. Then for any L-periodic u(xy,xs) with u(-,0) = u(-,1)
which s of finite energy, i.e.

L™'E(u) = eDU + (In )Y — U < +o0,

we have

<1
~ 2.29
1 (2.29)

. 1 for L™'E(u)
eDU, (hlE)Ev Us {LlE(u) for L7'E(u)

Proor or LEMMA 1. We fix . The fractional Sobolev norm can be expressed as
a suitable average of the L%-modulus of continuity of ¢ (this can easily be seen in
Fourier space, cf. [LM68, p.59]):

L o) L
/0 \|ax|1/2g\2 do ~ /O %/O (((z+A) = ¢(2))? dz £ dA. (2.30)
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We split the r.h.s. into a small scale part, an intermediate scale part, and a large scale
part:

[75 [ carar-cwrarian = [[4 [ ¢+ 8 - o arfas
b [75 [ (s 2 - e ar gaa
[Tk [ ) - oy dan

(2.31)

where 0 < r < R < +o0.

The most interesting term is the intermediate one, which we estimate as follows:

[ & [ 8- arkan < ) s & [t 8) - ) ar

A>0

The application of Lemma 2, i.e.

L L
sup L / (A —¢Pdr < 7 / €] da,
A>0 0 0

/TR%/OL(C(JHA) —((z))?dz £ dA < (nE) 77! /0L|<|dx. (2.32)

yields

We now turn to the large scale part in (2.31). Just using the triangle inequality in
form of

/OL(C(93+A)—C(£B))2 dz < 4 /OLC2 dz

we obtain

/: %/OL(C(:U +A)—((z))* dz xdA S R™! /OL ¢ da. (2.33)

Finally, we consider the small scale part in (2.31). We have by Jensen’s inequality

2

[Ceray-—capra = [ (/”Aaa ) dx') i
< / / (0,¢(2)))* da’ d
- / (0.0 d

/Or%/OL(C(HA)—g( )? de £ dA < r /()L(afcg)2 dz. (2.34)

Hence we obtain
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Collecting (2.32), (2.33) and (2.34) we obtain from (2.30) and (2.31)

L L
/ ‘|3x|1/2§‘2 dr < r%/ (0,0 dz + (In & / IC] dz + R~ 1/ ¢ du,
0 0

which entails
(10:17%¢%) S r2(@:0)%) + (I B) 71 (¢ + R3¢,
]

PROOF OF LEMMA 2. We shall actually prove that for any L-periodic function ((z)
with
70C(x) < 1 forall =z,

we have
L L
/ |C(x+A) = (@) de < AT / |¢(z)| dz for all A > 0. (2.35)
0 0

The statement of Lemma 2 follows by the application of (2.35) to ((z) = ((—=z,1).

Because of the rescaling
r=AF L =AL ¢=A7"¢
it is enough to show (2.35) for A = 1 and 7! = 1, that is under the assumption
J¢(z) <1 forall =z (2.36)

We split (2.35) into a statement for positive and for negative increments:

A(«x+n—amﬁ¢rs241«me (2.37)

A(«x+D—d@f¢x§4A[«@Mw (2.38)

The statement (2.37) is easy. Indeed, because of (2.36), we have the pointwise bound
((x+1) —((z) < 1, so that we obtain for the integrand

Cz+1) = (@)% < (@ +1) = @)+ < [+ D]+ [¢)]
This implies (2.37) after integration.

We now turn to (2.38). Because of L-periodicity we have

AK@W4MWM=AKW—%WMMMM=AKMW.

Hence inequality (2.38) will follow by integration from

x+1
@@+n—a@ﬁg4/’|mwm—amwa

25



which by translation invariance can be reduced to

(1) — ¢(0)* < 4 / (@)1 - 8¢(x)) da. (2.39)

Since by (2.36) the r.h.s. is positive, it is enough to consider the case ((1) < ¢(0).
Now (2.39) follows from

(C(1) = ¢(0))2 < —4/0 ¢(@)|0¢(x) da (2.40)

1
= 4 [ otsienc ) ) do (2.41)
0
= 2sign((0) ¢(0)* — 2sign((1) ((1)*,
In fact, to prove that (2.40) holds, we distinguish three cases:
Case 0 < ((1) < ¢(0): In this case
(C(1) = ¢(0)2 = (¢(0) = ¢(1))?
= (¢(0) = ¢(1)) (€(0) = ¢(1))
<¢(0)+¢(1)
< ¢(0)* = ¢(1)?
= sign¢(0) ¢(0)* — sign¢(1) ¢(1)%.
Case ((1) < 0 < ¢(0): In this case

(C(1) = ¢(0))2 = (¢(0) = ¢(1))?
= ¢(0)* +¢(1)* = 2¢(0) ¢(1)
< 2(¢(0)* +¢(1)%)
= 2(sign¢(0) ¢(0)* — sign¢ (1) ¢(1)*).

Case (1) < ¢(0) < 0: In this case
(C(1) = ¢(0))2 = (¢(0) = ¢(1))?

= (€(0) = ¢(1)) (<(0) = ¢(1))

——_———

<=(C(0)+<(1))
< —(¢(0)* = ¢(1)")
— signC(0) ¢(0)° — signc(1) C(1)%
[

Before we start with the other proofs, let us note that D = D¥ is locally Lipschitz
continuous in (¢, 7). Indeed, by the triangle inequality we easily obtain for ¢, ¢, and
for 1 > 719:

D1/2<t17 T) - Dl/z(t()v T) < <|u(t17 ) - u(t()v ')|2>1/27
DVA(t,m) = DY (t ) < (1= D) {Jult, ) )2
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Clearly, D is monotonically increasing in 7. Indeed, let 75 > 7 > 0, and ¢ be smooth
and L-periodic with + 75 0,( < 1, then also £ 7 0,( < 1 and hence

D*(u, ) = inf {{(¢ —u)?) | ¢ smooth and L-periodic, 710,¢ > +1 }
< inf { ((¢ —u)?) | ¢ smooth and L-periodic, 750,¢ > +1 }
= DE(u, 7). (2.42)

PrOOF OoF LEMMA 3. Let (; be admissible in the definition of D~(0,7), i.e.
700 > —1. (2.43)
For A\ > 0 define ( as the solution to the initial value problem

0iC = 0x(3C*) + AOA(T +1) ¢ = 5(0:C+ (T + 1)) (u—()
¢(+0) = Co. (2.44)

Here, the functional A is defined by
A(r.Q) = 5(r(8:0)* +n+ 1 (In* F) 772+ R (%) (2.45)

forn>0,0 <r < R,and 7 > 0, and the operator A is (up to the factor L=1)
the functional derivative of (2.45) and thus given by

DA(T) ¢ = =192+ 1 (In* H) 77+ R7'C. (2.46)
As we shall see, the reason for this choice of A is that

min A(,¢) = 37 ((9:0)) + (In ) 71 (C*)* + 3R7H(C?)

appears on the r.h.s. of the estimate of Lemma 1.

Because u is smooth and r > 0, a unique smooth solution to (2.44) always exists. Note
that the solution ( depends, next to the initial data and w, also on the parameters A,
n, 7, r, and R.

STEP 1. Maximum principle. Here we argue that for { defined by (2.44) we have

(T +1)0.C¢(-,t) > =1 fort > 0. (2.47)
To show (2.47) let us introduce

o(z,t) == 0.+ (T +1)7". (2.48)

We shall argue that (2.44) can be rewritten as an advection-diffusion equation in
terms of the “density” o:

010=0, (50 (u+0)+(T+) "' 0+ A DA(THE) 0 = A (0 &) (74+8) P+ AR (74+1) 7.
(2.49)
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For a solution to (2.49) with non-negative initial data, non-negativity is preserved
since the r.h.s. is positive. Due to (2.43) and (2.48) this is a reformulation of (2.47).

To see that (2.49) holds, we first rewrite the r.h.s. of (2.44):
¢ = 0a(3C%) + AOA(T +1) ¢ = 3(0:C+ (T + 1)) (u =)

G2 Lo (u+¢) = (BaC+ (t+ 1) 1)
= 50(u+¢) = 0:(5¢%) — (T +1)7'¢C.
Therefore we obtain
HC+HNAT+1) ¢ = 30w+ —(T+1)7'C.
Differentiating this equation w.r.t. z yields by linearity of 9.4
0:0,C + NA(T +1) 0. = 0u(g0(u+ ) — (T +1) 71 9:C.

Hence, by definition (2.48) and linearity of 0.A we obtain

0o+ (T+1) 2+ XNOA(T +1) 0 — NOA(T +t) (1 +1)7"
= (Go(u+ Q)+ (T +t) 2 —(r+1t)"o

and therefore
0o — Fu(io(u+ Q)+ (T + 1) o+ NA(T +1t)o = NAT +t) (1 + )7
Appealing to the definition (2.46) of 0.A this yields (2.49).

STEP 2. L2-Contraction. In this step we show that there exists a constant C' > 0 s.t.

A3 (=) = $0) + (407 Juw =) < M+ tu) + Gllo] o)
(2.50)

We first rewrite equation (2.44) as
=0+ (T + 1) (u = Q) +u0i = 5(0:0) (u— ) = NA(T +1)¢
and combine it with d,u — u 0, u = ¢ which gives
Oi(u—C) +5(r+1)7 (u—=¢) —udp(u—¢) = 5(0:0) (u—=¢) = 0+ AA(T + 1) C.
We multiply this equation by u — ¢ and apply Leibniz’ rule to obtain

Org(u— )2+ 5(1+6) " (u—()* —uzdu(u — ¢)* = (8:0)5(u — ¢)?
=o(u—C)+ MNOA(T+1)¢) (u— ).

Taking averages w.r.t. x and integration by parts yields

30:((u = 0)%) + 5(7 + 1) {(u = 0)*) + (O — 9uC)5(u — ()*)
= {o(u =) + AOAT +1) () (u—()). (2.51)

28



On the other hand, multiplying 0;u — v d,u = o with u and taking averages w.r.t. =
we have

i (u?) = (ow). (2.52)
Because of ((9,u — 8,¢)2(u — ¢)?) = 0, the combination of (2.51) and (2.52) yields
30((u = )?) = 30:(w?) + (7 + 1) 5 {(u = ¢)?)
= (MOA(T +1)¢) (u—=¢)) = (9 (),
Cauchy-Schwarz 2
QAT +1) ) (w— Q) + (101720 ) /2((|0:]2¢)*)

convexity of A, Young’s inequality _ 2
MA(T+tu) = MN(T +1,0) + S([10:170]) + %<(!8x|1/2(<>2>,>
2.53

where we choose C' > 0 to be the constant in the estimate of Lemma 1. Since ((-,¢) ful-
fills the assumptions of Lemma 1 according to Step 1, more precisely
(1 +1t)0.((x,t) > —1 for t > 1, we have by Young’s inequality (w.r.t. n)

((10:1"2¢)%)17? < CA(T +1,0).

Hence (2.53) turns into

20((u— €)%y = 30,(u?) + (T + 1) 5 {(u — O)*) S ANA(T + t,u) + %(H@x\’l/%f).
(2.54)

STEP 3. The integration of (2.54) in ¢ gives

N[ —
S~
—
[
—
~
N—
o~
—~
~
N—
S——
no
N
=

(w?(-,1)) +/O (r+ )7 5{(ul, 1) = C())%) dtf
< %((U(',0)—C(w0))2>—%<u2(-70)>+/0 NP+ u(, 1) + S 10:] o (-, 8] ar'

According to Step 1, {(x,t") is admissible in the definition of D~ (¢, 7 + t'), so that
we obtain

%D_(t,7'+t)—%(u2(-,t))+/ (r+t) D (¢, 7+ t)d
0

AN
N =

t
((u(-,0) = Go)*) — 3(u*(~,0)) +/ M(r -+t (1) + G(|0:] o 1))t
0
Finally, since (, was an arbitrary admissible function in D~ (0, 7), this turns into
t
s(D7 (67 +1) = (W( 1)) + 3 /O (T +t)"D (¢, 7+ ) d

< i{D(0,7) - <u2(~,0)>)+/0 MNA(T 4+t u(-, 1) + %<||8x|‘1/20(~,t’)|2) dt’
(2.55)
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for all £ > 0 and 7 > 0. Since D~ is locally Lipschitz continuous in both variables
and by translation invariance in ¢, (2.55) entails a differential version:

at%(D_(t,T)—<u2>)—l—aT%D_(t,T)-l-T_I%D_(t,T) < MA(7,u) + %<}|3m|_1/20‘2>.
(2.56)

Indeed, a Lipschitz function is classically differentiable almost everywhere and its
classical derivative agrees with its weak derivative.
STEP 4. Optimization.

The Lh.s. of (2.56) does not depend on A > 0 and holds for all ¢ > 0 and 7 > 0.
Therefore, we can now optimize on the r.h.s. of (2.56) in A to derive:

3t%(D_(t,T) — (u?) + &%D_(t, T) + T_lép_(t,T) < A(r, u)l/2 <}|81\_1/20‘2>1/2.

(2.57)
Since (2.57) holds true for allp > 0 and 0 < r < R, we optimize at fixede = £ < 1
in n and R:
min A(7,u) = min 1(r(d,u)* +n+ 1(In* £)77%¢* + R %)
nR n,R K "
~ m}%n Re((0,u)?) + (In L) 71?2 + R7 (u?)
~ 81/2 <(amu)2>1/2 <u2>1/2 + (h’l %) 7_71<u2>1/2.
O

ProOOF OF COROLLARY 1. In the following proof, we repeatedly use that due to
(1.5)

(u(t =0)?) = (u(t=1)?) = 0, and thus
D (u(t=0),7) = D (u(t=1),7) = 0 forall 7 > 0. (2.58)

STEP 1. We drop the positive terms 77'D~ and 9,D~, cf. (2.42), on the Lh.s. of
(2.24) and integrate backwards in ¢ and get due to (2.58)

(W’(-, 1)) =D (t,7)

1

— 2 _ /

5 / <“az| 1/20‘ >1/2(€1/2 <(axu)2>1/2 <u2>1/2+ (111 %)T 1<u2>1/2)1/2 dt
t

: / (101720 )12 (12 (@)) /2 (w2 4 (In d) 7 () /2 )2 .

Applying Jensen’s and Cauchy-Schwarz’ inequality in ¢ gives

(W’(-,1)) =D (t,7)
S (10a 720 Y2 (12 (@) 2 (uE) 2 + (i L) 7 )2 (2.59)
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Averaging (2.59) w.r.t. ¢ yields

(u2) < DY) H(I0: 720 22 ((Deu)*) V2 () 2+ 1) 7 (B2 )2,
(2.60)

STEP 2. Consider again (2.24). We drop the positive term 0, D, cf. (2.42). We then
average over t € [0,1]. Because of (2.58), the 9,3(D~ — (u?))-term vanishes. Using
Cauchy-Schwarz’ and Jensen’s inequality as above we obtain

THUDTY (1) S (10720 )Y (2 ((Bru)2) 2 (u) Y2 + (In 1) 7t ()2 )2,
(2.61)

Combining inequalities (2.60) and (2.61) gives in our short hand notation, cf. (2.28),
U< (1+7)8l2 (»31/2DU1/2U1/2 + (In %)7"1 ULz,
Choosing 7 ~ 1 yields
U < 21/2 (51/2DU1/2U1/2 + (ln l) UI/Q)I/Q
< SV (eDU)PUV + (I )P UT,

and by Young’s inequality we absorb U into the l.h.s. to obtain (2.25):

U< 2 (DU + ((In b)),

PROOF OF COROLLARY 2. We start from (2.61) in the proof of Corollary 1, i.e.

T HD7)(1) S <(\|8$|‘1/20\2>>1/2 (2 (@)Y (u) 2+ (In 1) 771 (u) /2 )12,
which in our short hand notation turns into

T HD)(r) S BV (7T (I YUY + (eDU)P UM )Y
< T—l/2<(1nl) 2)1/2 U1/4 + 7'1/821/2(€DU)1/4 (7_—1/2U)1/4

Yo%ng 7__1/2<<1n%) 2)1/2U1/4 +7—1/622/3(5DU)1/3 + T—I/QU

(2.25) 13 1/4
S TR (3 (e D0) 4 (I hz)?)

+ FUOX23(eDU) Y 4+ 772 (227 (e DU+ ((n1)m)*?)
< 7—3/8((1111) 2)1/2 (7—1/222/3 (e DU)1/3> 1/4

+ 710823 (eDU)E 4 712 <22/3 (e DUY' + ((In 5)2)2/3)

Young

§ 7_—1/2(<1n%)2)2/3+ (7'1/6+7'_1/2)22/3(€DU)1/3.
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Therefore we deduce for 7 <1
D7) (r) $ V2 ((InH)E)*3 + 223(eDU)Y?) . (2.62)
On the other hand, for 7 > 1 we have

(D (7)) <

< U

)

(2.25
< T (D)2 4 S (EDU) ) (2.63)

Collecting estimates (2.62) and (2.63), we now obtain

sup7 2D (1) < (In1)x)*? + £¥3(eDU)YA. (2.64)

>0

For D+ note that the change of variables t = 1 —¢, & = —u leaves the r.h.s. of (2.64)
invariant whereas the L.h.s. turns into

D= (@(,t),7) = D~ (—u(-,1 —t),7) = DT (u(-,1 —t),7),
which gives
(D™ (1, 7)) = (D" (u,7)).

Therefore we obtain (2.26) in our short hand notation, i.e.

sup 7 V2D (1) + sup VD7) (1) < ((In %)2)2/3 + X23(eDU)V3,

>0 >0

[]

PrROOF OF LEMMA 4. The main ingredient is the following estimate of the modulus
of continuity in the weak L%?-norm

sup A™Y2 sup MP2(I(Ju® — u| > M)Y) < supr V2(DF) + supr VD7), (2.65)

A>0 M>0 7>0 >0

where I denotes the indicator function. To see that (2.65) holds, fix A, M > 0 and
let (*(z,t) and (" (z,t) be L-periodic in z with £70,(* < 1 for some 7 > £ given.
Then we have
{lu® —ul > M}| = {u® —u> M} + {u® —u < - M}
< Hlu=¢% = (w=¢") > (M = 2)}
+ =) = (u=(7) < =(M = )}

<or-22( [ (= — (= ¢
+ / (=P — (= )P e
< 4<M—£>—2(/0L<u—¢+>2dx+/oL<u—c ) dr)
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Since (* was arbitrary in the definition of D*(7), we obtain

(T
(I(Ju® —ul > M)) < 4(M —2)72(D*(7) + D (7)).
Therefore we have

(I(Ju® —u| > M)) < 71/24(M—%) 2 (sup 7~ V2DH(F) + sup 7 V2D (7).

7>0 7>0

e . A .
Now optimizing in 7 > 5 gives

([(lu® —ul > M)) S (§)72M 7 (sup D*(7) +sup D (7)),

7>0 7>0

which entails (2.65).
Plugging in Corollary 2 we obtain from (2.65) for all A > 0

ATV sup MO (I (Ju® —u| > M)) < ((In1)X)*3 4+ 23(DU)YE. (2.66)

M>0

We can now interpolate the strong estimate on the modulus of continuity that we
obtain from Corollary 1, i.e.

(2.25)

(Ju® —uP) < (u*) < ((n1)D)**+¥*3(DU)',

and the weak estimate (2.66). By Marcinkiewicz interpolation, cf. [BL76, Section
5.3], we obtain for 0 < § < 1

(= al?3%) < (Ju® — ) (sup MPP(I (ju® —ul > M)))°

< Az ((In1)x)*? + 23 DU .

~Y

With the identification p = 2 + g we obtain (2.27), i.e

sup AT D (jud ) £ ((in2)2)° 4 (DU
>

for p € [2,2), in our short hand notation. O
Proor oF LEMMA 5. Let C' > 0 be a generic constant. Due to Remark 3, Corollary
1, which was established for smooth u, extends to our finite-energy w:
el
U S (mHD)3(1+ (Ind)y=2 (D)) < ((In1)2)3 (1 + (eDU)V?). (2.67)
Hence we obtain by Young’s inequality

L7'E(u) = eDU + (In 1)L - U

T DU+ (T — O ((n H)2R (1 + (DU

Young

> eDU+ (nd)x -,
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where C'is the constant in estimate (2.67). This entails

<t 1 for L7'E(u) <1
eDU + (In by < o () <1,
c L7'E(u) for L7'E(u) > 1.

Therefore we obtain if we once again apply Young’s inequality to (2.67):

~

e <1 [ 1 for L7 E(u)
U < (IndH)®)?2(1+ (eDU)Y3) <
S ((m2))™ (eDU)T) L7'E(u) for LT'E(u)

<1,
> 1.
O

PROOF OF PROPOSITION 2. Due to Lemma 5, we have that for any u with L™ E(u) <
0

eDU, (111%)2, U < 1.
In particular
L'E(u) > -U 2 —1.

~

PROOF OF THEOREM 3. Let 0 < ¢ <« land L > 1.

ad a) The upper bound on the minimal energy is the statement of Proposition 1, the
lower bound is the statement of Proposition 2.

ad b) The upper bound
L 1
Ll/ / w?dtde <1
o Jo

was treated in Proposition 2. The lower bound

L
Ll/ / w?dtde > 1
o Jo

follows directly from the assumption L™'E(u) ~ —1.

ad c1) Note that by Jensen’s inequality
L f1
wHr=D/p 1 / / (w(z +w,) — ulz, 1)) dt dz
0o Jo

< (w<p2> L /0 " /0 1(u(x+w,t)—u<x,t))pdtdx)2/p (2.68)

for p € [2,00). Due to Lemma 5 we have for any u with L™'E(u) ~ —1, that
eDU, (In1)Y, U < 1 (uniformly in €). Hence the r.hus. in (2.68) is bounded for
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p € [2,2) (uniformly in £) due to Lemma 4, which due to Remark 3 extends to our

finite-energy w. Therefore with the identification « = 2(p — 2)/p we have

L gl
L_l/ / (u(z +w,t) —u(z,t))*dtdr < w®
o Jo

for v € [0, 2).

ad ¢2) We split the proof into an estimate for w < 1 and an estimate for w > 1.
For w < 1 we have by Jensen’s inequality

L L L oL 1/2
L_l/ / |ty | dtdz < (L‘l/ / uzdtdx)
o Jo o Jo
L L 1/2
gw_l/Q(L_l/ / uzdtda:) .
o Jo

Due to Lemma 5, for v with L™ E(u) ~ —1 the energy contributions are separately
bounded. Hence we obtain

L
L_l/ | dz < w2,
0

We now turn to the case w > 1. By linearity we have that

Oty — (0x(30?))w = Ou.

2

Therefore by the triangle inequality we have

L L L
L—l/ O] dz < L—l/ |(8m(%u2))w|dx+L_1/ o da. (2.69)
0 0 0
We now appeal to the estimates
L L
L_l/ 1(0:(3u?)) | dz S w_lL_l/ u? dz (2.70)
0 0
and
L L ) 1/2
Ll/ op|dz < w72 (Ll/ 110,120 dx) . (2.71)
0 0

We first turn to (2.70). By definition (1.12),

dx

L L %
/ |(0pu?),| do = / ‘w‘l Opu®(z + ') da’
0 0

_w
2

L
= w_l/ Wz + L) —u’(z — 2)|de
0

L
< w_l/ u?dx.
0
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We now turn to (2.71), which is a standard convolution estimate. We start with
Jensen’s inequality in the form of

L L 1/2
1/ | da < (Ll/ |aw\2dx) | (2.72)
0 0

ool t) = / 7 () oz — y, 1) dy,

where n%(x) = w‘ln(ﬁ) and n(z) = I([—3,3])(x). We appeal to the Fourier
series F(o)(€) % f e ' dx, £ € 2rL'Z, of o and to the Fourier transform
e

Fn)(&) = Jan®(x) ””gdw § € R, of n™:

/0 ouPde = 3 [ Fon)AE) ds

By definition (1.12),

fe2nL—17

= (z —y)o(y)dy e " da (2.73)
fe2nl— 12\/_/ /

= D F@OPIF@)©F
fe2n =17

= Y IFmOPIFO)EOP (2.74)
£e2nL—17

We explicitly calculate the Fourier transform of 7:

1

F)(e) = / () e dy = / "o dr — 2sin(S).

(NI

Hence we have
[P i
L+ ¢ ~ €12

| F(n)(§)

Thus (2.74) turns into
1 1 [t _ 2
[k st S LiFeer =+ [ ol
§€2WL*12

Now (2.71) follows from the last estimate together with (2.72).

In order to control the r.h.s. of (2.69), we collect estimates (2.70) and (2.71) and
use again that for u with L™'E(u) ~ —1 the energy contributions are separately
bounded by Lemma 5 to obtain

L w>1
_1/ Ot dz < w™t w2 < w2 (2.75)
0
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Hence we have for w > 1

1 /L 010 1 Lt
—1/ / (i, )] da i “02 L—l/ / |/ Oy, ¢') dt'| d dt
0 0 0 0 0
1 L 1
< L—l/ / / |0t (z, )| At da dt
=L // |O¢ty | d di

(2.75)
< w_1/2 (276)

2.3 Compactness

Proposition 3. Let L ~ 1 be fived and {u}.|o be a sequence such that L™ E.(uf) ~
—1. Then {u¢}.|o is compact in L*((0, L) x (0,1)).

PROOF OF PROPOSITION 3. The proof is a classical compensated compactness ar-
gument, in the sense that the strong equi-continuity properties in x compensate the
weak equi-continuity in ¢. To start, let us first list some direct consequences of the
results in the previous section.

Let {u®}.0 be a sequence such that
L'E.(uf) ~ —1. (2.77)

We have due to Lemma 5 that the sequence {u¢}. o is bounded in L*((0,L) x (0,1)).
Therefore, after extracting a subsequence we may assume that there exists u® €
L*((0, L) x (0,1)) such that :

w0 weakly in L?. (2.78)

Hence our goal is to show that this weak convergence is in fact a strong convergence.

Let F denote the Fourier series w.r.t. x and the Fourier transform w.r.t. t. More pre-
cisely, for any L-periodic g(z, t) we define F(g)(&, 0) f fo Jp g, t) e e~ dt da,

where ¢ € 2 =7 and 6 € R denote the dual variables to x and ¢, respectlvely Since u®
is L- perlodlc in z with L ~ 1 and supported in ¢ € [0, 1] we automatically have

|F((u)*)(€,0)] S / / Y drdt < 1. (2.79)
By (2.78), we have

Fu) 25 F(u0) pointwise.
Therefore, we have for all R > 0

/ IF () — F(u®)2dedo 2% o, (2.80)
Br(0)
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where Br(0) = {(£,0) € 22Z xR | |§] < Rand [{| < R} and [-d¢df denotes the
integration w.r.t. £ and the discrete summation w.r.t. 8. Hence for strong convergence
in L?, it is enough to show that there is no concentration in the high frequencies, i.e.

RToo

/ | F(u)?dédgd —= 0 (2.81)
(3£ZxR)—BRr(0)

uniformly in €.

Before embarking on (2.81), we note that

1 L
/ / 110.]° wf)* dzdt < 1 (2.82)
0 0

uniformly in €. Indeed, since L ~ 1 we have by Theorem 3 c1) that

1 L
A"‘/ / (W) — w2 dzdt < 1
0 0

for o € [0, %) uniformly in e. Therefore for 0 <r < 1

1 1 1 L

uniformly in ¢, as well as for 1 <r < o0

1 © 1 L
/ / E/ |(u)? —wfPdedAdt < 1
o Ji 0

uniformly in . This entails

1 o0 L 1
/ / A_QS/ |(u)? —wfPdz—dAdt < 1
o Jo 0 A

for s € (0, £) uniformly in e. We once again refer to the characterization of fractional
Sobolev spaces in [LM68, p.59] to deduce (2.82).

We now turn to the proof of (2.81). We will use the identity o = —d,(5(u®)?) + 9,u°
to provide for control of oscillations in ¢ via its Fourier transformed version, namely

—i0 F(u) = F(o°) — LiF((v)?). (2.83)

Moreover, we have by assumption due to Lemma 5 that

1 L
/ / 10,7 20° > dw dt 2% . (2.84)
0 0

Therefore we have for My, > M; > 1
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/ () dg do
{1€1> M1 }{[6]> M2}

< F(u)|>dedo Fu)|>dedo
_/{5|>M1}| () de +/ () 2 de

{lel<MIN{10]> M2}
(2.83)

< / F () de do
{1&|>M1}

F(o9)|? 1
-/ el agan+ | lePIF () P ag g
fel<aynosany 10 tlel<ai3n{iol> 3 9]
1 M £\|2
< —QS/ €)% | F(uf)|* dE Ao dg Ao + —12/ Mdfd@
ME* Jqei>an) M3 Jge<amyngorsany 1€

1
+/ ﬁ|§|2df de (sup | F((u)?)])?
tlel<aryngo>ny 19
(2.82),(2.84),(2.79) M, M3
Mls M2 M2

With the choice M; = M4 M, = M, this implies

. 1 M1/4 M3/4 Moo
F)P S mmtap T 0

/{5|>M1}U{9>M2}
uniformly in e, which yields (2.81). O

PROOF OF THEOREM 4. We give a proof by contradiction. Let 0 < ¢ < 1 and
L ~ 1. Assume there exists u with L™ E(u) ~ —1 such that for any u* with
—0, Y (u)? + ot =0

2

distributionally

L gl
L_l/ / (u—u*)*dtdr > 1. (2.85)
o Jo

Hence, there exist sequences { L} |0, {u°}cjo with L. bounded and L_!' E(uf) ~ —1
such that v is not close to a weak solution to Burgers’ equation. Rescaling according
to x = %53\ and u = %ﬂ, we may w.l.o.g. assume that L. = L. On the other
hand, by Proposition 3, {uf}.|o is compact in L? and we claim that after extracting
a subsequence, {uf}. o converges in L? to a weak solution of Burgers’ equation which
is in contradiction to the assumption. Indeed, if we denote the L?-limit of {u}.|o by

u® then {(u®)?}.o converges to (u®)? in L'. Therefore, like in (2.84) we have
1 oL ) 0
/ / ||6x|_1/205{ dzdt =0,
o Jo

—0,2(u°)? + O’ = hI(I)l (=0, 3(u)* + Ou®) = h?ol o° = 0 distributionally.

el

and we obtain as desired
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A Numerical computation of the period of global
minimizers

We want to determine the period of global minimizers of Fy depending on the external
field hey. Obviously, if we minimize the energy w.r.t. the magnetization msy, the
period L of the (computational) domain has to be an integer multiple of the period
of the global minimizer. We are interested in periods L being so large that they do
not affect the period of the global minimizer. Therefore we focus on an appropriate
discretization of the following minimization problem: For given external field A,
minimize
Eo(mg)
L

This in turn is equivalent to the minimization of

E(mg, L):= M among all 1-periodic ma(z1,22), 0 < L < co.  (A.2)
We discretize (A.2) with the help of the finite difference discretization EJ(m") of
Eo(msy), which was introduced in [Ste06] and also presented in [CAOS07]. Here,
M = (M k) 0<j<ny -1 0<k<N,—1 € RN *N2 which is Ny-periodic w.r.t. j, is the discrete
approximation to msy on an equidistant grid on (0,1) x (0, 1).

among all L-periodic my for 0 < L < +o0. (A.1)

On the discrete level, the minimization of (A.2) therefore amounts to a minimization

of
E(’} (m"
L

EMmh, L) = among all Nj-periodic m" € RN*M 0 < L < oco. (A.3)

Although E" in (A.3) is an explicit function of Mm" and L in contrast to the energy
per length (A.1), we do not simultaneously minimize in both m" and L. Within our
present implementation, we first have to compute an approximation to the branch of
minimizers (m} , L;) defined via

i:0,~--, max
ml = argmin{ E"(Mm", L) | m" € RM*™ N,-periodic }. (A4)
Then in a second step we obtain (after a one-dimensional interpolation)

L* := argmine(L) := argmin Eh(fﬁ%, L), where m” is given by (A.4),

by a one-dimensional minimization. In fact, a straightforward calculus argument
shows, that generically the two-step minimization is equivalent to the simultaneous
minimization.
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Figure 7: Tangent predictor-corrector continuation method

Computation of the branch For the computation of the approximation to the
branch of solutions (m?, L)z in (A.4) for given he., we apply a tangent predictor-
corrector path-following method. In order to apply this iterative method we need
a good starting point (M2, Ly), i.e. a stationary point which indeed belongs to the
minimal branch (A.4). Close to the critical field, we suggest to choose Ly = w* and
A (hezt) from the w*-periodic bifurcation branch. This is motivated by the following
fact which was described in Section 1.2: The bifurcation at the critical field h..;; is
just slightly subcritical, i.e. the critical field h..; is just slightly smaller than the
field at the turning point after which the branch becomes stable under w*-periodic
perturbations. Hence it is reasonable to suppose that for given h.,; close to the critical
field h.,;; the corresponding point on the branch after the turning point is in fact the
global minimizer among all w*-periodic m..

Tangent path-following algorithm. Classical iterative path-following takes into ac-
count the special role of the parameter L in the computation of the branch. Within
the tangent continuation method the special role of the parameter L is dropped,
cf. [Geo01]. The branch of solutions to the under-determined nonlinear system of
equations

0 = F(v) == Vo, E"@", L), (A.5)
where I : RM*M2 x (0,00) — RV and v := (", L).

is computed in the following way:

1. Initialization. Assume we have vy = (M}, Ly) with F(vg) = 0. Approximate
the tangent of the solution branch in v = vy by to = (0,£1) (increasing or
decreasing L).

2. Iteration. For n = 0,1,2..., N,,.. we iterate the following two steps, cf.
Figure 7:
a) Compute the predictor p,.1 = v, + Ast,, for some As > 0.
b) Compute v, 41 as a solution to the augmented equation
F(Un-i-l) )
= 0. A6
( (Un+1 - pn+1> : tn ( )

Compute the next tangent t,.1 = (Vne1 — Vn)/|(Vni1 — vn)].
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Newton method for the augmented equation. In order to solve (A.6), we apply
an inexact Newton method, i.e. the Newton directions are computed iteratively. This
algorithm is well suited for our problem. In fact, the Jacobian of F' has a block
structure with a symmetric block of codimension 1, which consists of the Hessian of
E" w.rt. m". Therefore by a block gauss elimination, the computation of the Newton
direction can be reduced to two applications of the conjugated gradient method to the
Hessian. The contributions to the Hessian which come from the local energy terms,
L.e. exchange and Zeeman, are sparse. However, the non-locality in the magnetostatic
energy causes the Hessian of the discrete energy E" to be dense. Nevertheless, by
the application of Fast Fourier Transform the matrix-vector multiplication, which is
the essential and costly element in the conjugated gradient method, can be computed
efficiently in Fourier space where the nonlocal operator becomes diagonal.

B Domain theory
Consider the total domain theoretic energy per unit length in x; given by

1 w m0 w
Eaomain 3 0) = (2 (1— %) etm$) +4 =5 e (5) = hearlm)? (w = m—)> .
2

w
For hey, > 1

a) the minimal energy per length in z;-direction scales as —hz’xt In? Rext,

b) the optimal inclination of the magnetization scales as mg ~ heg In Aoy, and
c) the optimal period scales as w ~ hey In hegy.

This can easily be seen by the change of variables

W = Negy(In hegy) @, and thus L = Aegy(In hegy) L,
mg = hext(ln hext) ﬁ\lg, (B].)
E = h?,(In% hew) E, and thus e = kL, (In® hegy) €.

ext ext

Indeed, for m9, w ~ 1 and hey > 1, we have that Inw(m3)? &~ 31In hey so that by
(1.10)

| RSP 17 _ou
and
’E‘ AOA_Ql @ 1/\/\0 4®1A7’ﬁg Aogl @
domain (Mg, W) = &g Ee(m2)+ m_gﬁe =) = (mg)"(1 = 7o)

Hence in the regime h.,; > 1, this change of variables leads to the parameter-free
variational problem

- ~ —~ 7T 04 R - o
Eimsn (7. 7) ~ 37 (228~ 2()") = (@9 — @)
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Due to the constraint @ < m3, we have

=~ D o~ w1, N N
Eomain (7, @) 2 o= ()? — ()2 + @, (B.2)
24 4
so that
liminf = 4o0.

(3, )| —o00

On the other hand, Edomam assumes negative values for 0 < w < m9 < 1. Therefore
we have min Egomain ~ —1. Finally we note that from (B.2) we have

lim inf Egomain (M9, @) > 0  uniformly in @2,
~0

me—0

and from
= ~0 ~ m
Edomain(m27 w) % ﬂ

~0\4
(”};) o (mg)2

A~ =

we gather R
lim iglf Edomam(fﬁg, w) >0 for fixed (mg)‘* > 0.

W—

LN . ~0 ~
Therefore, min Egymain is assumed for mg ~ 1 and w ~ 1.
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