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ON BOUNDARY REGULARITY FOR THE STRESS IN
PROBLEMS OF LINEARIZED ELASTO-PLASTICITY

M. BULICEK, J. FREHSE, AND J. MALEK

ABSTRACT. We investigate regularity properties of the stress tensor near the
boundary for models of elasto-plasticity in arbitrary dimension. Focusing on
special geometries, namely on balls and infinite strips, we obtain L2-estimates
for the tangential derivatives of the stress tensor near the boundary. We indi-
cate why these estimates may fail for more general domains. In addition, we
establish L2-estimates for (the trace of) the stress tensor on the boundary.

1. INTRODUCTION

We study regularity properties of solutions to problems arising from mechanics
of linearized elastic plastic materials (this part of continuum mechanics is usually
called linearized elasto-plasticity). Before we formulate results regarding mathemat-
ical analysis for some of these problems we briefly characterize what we mean by
linearized elastic plastic response of materials and we end up the presentation with
the formulations of relevant boundary value problems for the Prandtl-Reuss and
Hencky model of plasticity. Then we provide an overview of known results concern-
ing theoretical analysis of problems of linearized elasto-plasticity. We also introduce
notation, define suitable approximations of the original problem and summarize re-
sults concerning mathematical properties of these approximations. Boundary regu-
larity is then investigated for the Hencky model of plasticity although the analysis
for the Prandtl-Reuss model can be treated in a similar manner. In Section 2, we
establish results on uniform (approximation independent) estimates of tangential
derivatives in special geometries, and we indicate in Appendix why these estimates
are not proved for more general domains. Section 3 is devoted to the uniform
estimates for & on the boundary again in special geometries. Finally, for sake of
completeness, interior regularity estimates are proved in Appendix. Moreover, some
version of the Korn-type inequality and the trace theorem in infinite domains are
established in Appendix as well.

1.1. Linearized Elasto-Plasticity. Let us consider a cylindrical steel bar with
the cross-section A subjected to a cyclic loading consisting of tension and compres-
sion along the axis of the bar. Assuming that the load F' is uniformly distributed
over the end cross-sections of the bar then the stress o equals F/A. The associated
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strain € is equal to (Af)/¢, where £ is the original length of the bar and A/ is its ex-
tension. It reveals (and these investigations go back to Hooke (1678)) that for small
deformations the ration between o and € is a constant of a given material. This
constant F is called Young’s modulus. Thus, for a bar under small cyclic loadings
we have F = o/e. Such a linearized elastic response holds up to a certain values
of the stress and strain. Complicated responses happen once this critical point in
the stress-strain plane is overcome; these responses are connected with the phe-
nomena such as nonlinear elasticity, yielding, (kinematic and isotropic) hardening,
softening, fatigue, to name a few. Except for nonlinear elastic response, the other
phenomena are associated with undergoing microstructural (entropy producing, ir-
reversible) changes in the body. Similar results as in the tension and compression
tests concern torsion or bending as well.

Linearized elasto-(perfect) plasticity idealizes this (in general very complicated)
response of the material as follows. If the value of the stress is below a critical
value k (called the yield stress) the material responds as a linearized elastic solid.
Once the value of the yield stress « is attained during the loading process then
without any change of stress the strain increases and this type of response is called
perfect plasticity. Upon unloading the material responds as a linearized elastic
material and we assume (as it is mostly done in linearized elasto-plasticity) that
this elastic response is the same independently of the state of the body in which the
unloading takes place. Due to microstructural irreversible changes that took place
when the yield condition was activated, this unloading process leads to a stress-
free state that is different from the initial (stress free) state. Rajagopal (1995)
and Rajagopal and Srinivasa (2004) call this stress-free configuration natural (or
preferred) configuration associated to the body. Thus, we can view (see Rajagopal
and Srinivasa (2004) for details) linearized elasto-plasticity as a class of elastic
responses from a corresponding class of evolving natural configurations (as said
above in the context of traditional elasto-plasticity it is assumed that these elastic
response functions are identical). From this point of view it is natural to split
the deformation into the sum! of plastic and elastic response. How the class of
underlining natural configuration evolves (or how to characterize the constitutive
relation for the response relevant to plasticity) is determined by the maximization
of the rate of entropy production. For the sake of completeness we repeat here
this procedure in the context of small deformations (and refer to Rajagopal and
Srinivasa (2004) and Kratochvil et al. (2004) for the complete treatment in the
context of large deformations).

Let us assume that a body occupies a set  C R%. Since we assume a priori
that considered deformations are small, the initial, current and preferred (natural)
configurations coincide and the deformation gradient is well approximated by the
linearized strain tensor e(u) defined as

e(u) i= 5(Vu -+ (Vu)"),

where w is the displacement. We also assume that the density is uniform (and the
balance of mass is automatically fulfilled) and the inertia effects in the balance of

1n the context of large deformations the sum is "replaced” by a composition of two deformation
tensors; one is relevant to instanteneous elastic (reversible) response of the body, the other to
microstructural (irreversible) changes, see Rajagopal and Srinivasa (2004).
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linear momentum are neglectable, which leads to the equation
(1.1) —dive=f in[0,7] x 9,

where o is the Cauchy stress, f denotes the density of given external body forces
and T > 0 is a given time.

Even in a purely mechanical context considered here we require that the reduced
thermomechanical identity (RTI in short) holds. Since for the linearized strain the
symmetric part of the velocity gradient equals to e(w), RTI takes the form

(1.2) o-g(u) -y =¢,
where ¥* is the Helmholtz potential and £ denotes the rate of entropy production;
if £ > 0 then the second law of thermodynamics is satisfied. At this point we focus
on the appropriate constitutive equations for £ and ™.

As stated above, the linearized elasto-plasticity is characterized by the decom-
position of the linearized strain e(u) into the elastic part e and the plastic part
ep, i.e.,

(1.3) e(u) =eq +ep.
The Helmholtz potential is supposed to be a function of e.. This means that
(1.4) Y =" (ea) =P (e(u) —ep).
Inserting (1.4) with ee; = e(u) — e, into (1.2) we obtain
op* oyt
1.5 — . — &, =¢&.
(1.5 (o= G ) et + g ey =

If the response of the material does not dissipate any energy, i.e., if the material
responds elastically, then £ =0, e, =0 and?

oP*
1.7 = .
(1.7) ® = Feu
In elasto-plasticity, requiring that (1.7) holds, (1.5) simplifies to
op* |
1.8 -ép=¢.
( ) aeel €p 6

Next, we assume that the constitutive equation for £ is of the form
5 . . 1/2
(1.9) &= (&) = nlepl (= (ep-e)?)  (x>0).
Since the plastic part of the strain is relevant to fluid like behavior of the incom-
pressible material it is reasonable to also assume that
(1.10) tre, =0.

Applying the principle of maximization of the rate of entropy production, which
means that we maximize £ w.r.t. &, considering (1.8) and (1.10) as the constraints,
the necessary condition for the extremum of this constrained maximization then

2For example, the isotropic homogeneous linearized elastic solid is characterized by the consti-
tutive equation:

« A
(1.6) P (eel) = E(tr eel)2 + peel - e -

Note that if ep, = 0 (1.7) leads to 0 = X tre(u) + 2ue(u).
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leads to the equation (here 77 and 7, denote Lagrange multipliers associated to the
constraints (1.8) and (1.10))

1+7187£~_8w* e 0trép o2

1.11 = = -
( ) ga! aep aeel ga! aep At

)

where the last equality holds due to (1.7).

Hence, taking the scalar product of (1.11) with é, and using (1.8) and (1.9)
we deduce that (1 4+ v1)/y1 = 1. Then, taking the trace of (1.11) and using the
constraint (1.10) we obtain that 72/y; = 2 tro. Thus, setting op := o — 2 (tro)l
(the deviatoric part of o) and using (1.9) and (1.11) we end up with the equation
ép

(1.12) i

op .

This equation however holds only if é, # 0. If so, then (1.12) implies the so-called
von Mises yield condition

(1.13) lop| = k.

It also follows from (1.12) that |op| < k implies €, = 0 and the material responds
purely elastically. One can thus summarize all these observations into the following
compact Kuhn-Tucker form

(114) éy=¢op with 620, |op|—#<0 and ¢(lop|—r) =0,

where ¢ = |é,|/k = |ép]/|oD]-

There are other activation criteria that may be obtained by considering aniso-
tropic elastic response and that are connected with names such as Rankine, Saint-
Venant, Tresca, etc. Since we deal in our theoretical analysis only with von Mises
condition (1.13) we skip details concerning the other conditions here.

1.2. Formulations of boundary value problems. Let us assume that the do-
main Q that is occupied by the body is an open (possibly unbounded) C?-domain
with two parts of boundary 02; and 0€Q3. We assume that the displacement is
given on 0{2; and the normal traction is given on 0Q3. We also prescribe the
initial stress and assume that (1.7) and (1.14) hold. If we summarize all these rela-
tions we obtain a mixed boundary value problems for the Prandtl-Reuss model of
elasto-plasticity (see Prandtl (1924); Reuss (1930)):

To find (0, u, eq, €p) : [0,T] x Q — R>*? x R? x R4 x R4 such that

—dive=f, &(u)=ea+ep, UZ&Z}T@GI) in [0,7] x Q,
el

ép=lep] 72 with |op| < K and [éy](lop| —K) =0,
K

u=1wugon [0,T] x I, on=Ff,on[0,T]x 00,

0(0,z) = op(x) in Q.

(1.15)

Another popular model of elastoplasticity is the Hencky model that is fomally
obtained from (1.15) by replacing é, by e,. Thus, the mixed boundary value
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problem for the Hencky model (see Hencky (1924)) of elasto-plasticity reads as:
To find (0, u, eq, €p) : @ — R x RY x R¥* x R guch that

51/)*(6:;1)

—dive=f, e(u)=eqy+e, o0=—"7—= in Q,
(1.16) fooelw) =eatey deal

ep = lep] 22 with |op| < K and |ey|(jop| — k) =0,
K
u =1ug on dy, on=Ff, on 0.

Before we provide a variational formulation of (1.15) and (1.16) we recall several
facts concerning primar and dual formulations in linearized elasticity. In what
follows, we thus assume that e, = 0 (and consequently e(u) = ee) and that the
stress and the strain are given by an invertible mapping

™ (x,€) . 0Y(z,0)

(1.17) o =B(z,e) := % e =B (z,0) =A(z,0) = e

If the relations in (1.17) are linear and the material is homogeneous in the sense
that the response is the same at all x € © (1.17) simplifies to

(1.18) o =Be and e=Aco B=A"1).

Recall that the invertibility of A and the symmetry of Ao lead to the observation
that A has to satisfy

(1.19) Aijkn = Aijnk = Ajikh = Aknij (4,4, k;h=1,...,d)
and that B is consequently given by
Bijkh Akhim = 6i10jm.-

It is also worth remarking that the linear structure stated in (1.18) gives the relation
between the corresponding Helmoltz potential 1*(e) and its dual potential (o),
namely,

(1.20) 2¢Y(0) =Ao -0 =Be - =2¢"(e).

This (and Hooke’s relation as well) underlies certain symmetric role of o and € in the
linearized elasticity. Recently, Rajagopal and Srinivasa (2007) develop the elasticity
for general ¥ of the form ¢ = 1[)(0’76) and showed that one can incorporate a
very complicated nonlinear hysteretic response within such an implicit constitutive
framework.

A reason why the explicit form (1.18); has been preferable is obvious: inserting
(1.18); into (1.1), we see that it immediately leads to an elliptic partial differential
equation of second order (assuming that B is positively definite) for which the theory
is well known (see Korn (1907); Lichtenstein (1921) for the proof of the existence
of a classical solution and Duvaut and Lions (1976); Necas and Hlavacek (1980) for
the formulation in Sobolev spaces). In addition, the regularity of the solution for
these models is known and one can simply apply the theory developed for elliptic
partial differential equations of second order.

It is however well known that (weak formulations of) mixed boundary value
problems of the linearized elasticity can be reformulated equivalently (again either
in terms of €(u) or in terms of @) by incorporating methods of calculus of variations.
Indeed, if we define the set of all admissible displacements as

Do = {u € W) u = up on 994},
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and the set of all admissible stresses as
Fa:={oec >0 g =0T, —dive = f,0-n=f, on 0},

then (weak formulations of) mixed boundary value problems of the linearized elas-
ticity is equivalent to (note that € := e(u))

1
(1.21) Find u € D,; that minimizes: 7/ Be-e — f-edx— fn-udS,
2 Ja 99

or to
1
(1.22) Find o € F¢; that minimizes: 3 / Ao -0 dxr — / on-ugdS.
Q (21951

For the proof of equivalence we refer to Duvaut and Lions (1976) or to Temam
(1985). Note that (1.21) is called primary formulation (of relevant problem) and
(1.22) is called the dual formulation.

At this point, we return to the boundary value problems 1.15 and 1.16 of lin-
earized elasto-plasticity by generalizing the dual formulation (1.22). We first ob-
serve that in the linearized elasto-(perfect) plasticity the Helmholtz potential is
given through (compare it with (1.20);)

1
Ao -0 if lop| <k,
(1.23) (o) =14 2 ool <

+ o0 if lop| > k.

Such a formulation reflects the requirement that the magnitude of op cannot over-
come the critical yield stress x and consequently such a possibility is penalized by
infinite amount of energy.

Thus, defining a new set of admissible stresses as

F={oc I?(N)™% g =07, —~dive = f,0-n=f, on 0y, |op| < K},

we can reformulate the Hencky model (1.16) (and generalize (1.22)) in the following
way:

1
(H) Find ¢ € F that minimize: 7/ Ao -0 dr — / on - ug dS.
2 Ja ot}
Analogously, we can reformulate the Prandtl-Reuss model (1.15):
1
(PR) Find o € F that minimize: B / Ac -0 dr — / on - ug dS.
Q o

Note that a function ¢* that would be dual to v, from (1.23) cannot be written
down explicitly as a function of € in general, but only as a function of ee). For further
discussion see® Duvaut and Lions (1976); Prager and Hodge (1951), Anzellotti and
Giaquinta (1980, 1982) (where the authors firstly recovered the displacements in a
primal formulation for which they used variational integrals with convex functions

3Note also that in this case (1.17); is still valid but (1.17)s must be represented as a multi-

valued mapping that has the form
e=Ao +e,

where €1 is an arbitrary matrix satisfying for all §, |€p| < & the relation €1 - (6 —o) < 0. Here, we
refer to Rajagopal (2003), Rajagopal (2005) and Rajagopal and Srinivasa (2008) for more details
regarding modeling of material responses within the context of implicit constitutive theory, and
to Bulicek et al. (2009) and Mélek (2008) for mathematical results for implicitely constituted fluid
models.
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of measures), Kohn and Temam (1983) (who firstly presented the adequate setting
of the function spaces which are used in the dual formulation of Hencky’s model)
and Temam (1985) (where the existence of a solution of such a minimum problem
and also the corresponding displacement w is established in details).

1.3. A survey of results dealing with regularity of stress tensor in lin-
earized elasto-plasticity. We are interested in knowing if it is possible to prove
that for some a > 0 the quantity o, a unique solution of (), belongs to W®2(Q)?*4,
and if the analogous result holds for the Prantl-Reuss model (PR) as well.

Interior regularity (it means o € W,2?(2)%?) to (H) has been established in
Seregin (1990, 1992, 1996a) (for primal formulation) and Bensoussan and Frehse
(1993) (for dual formulation). See also Bensoussan and Frehse (1996) for the exten-
sion of the same result to (PR) (and Demyanov (2009) for an alternative proof).
On the other hand, there are only few results for regularity of o near the bound-
ary: while the results proved in Frehse and Malek (1999); Knees (2006); Steinhauer
(2003) and Blum and Frehse (2008) suggest that at least L? -regularity of the
tangential derivatives of o should hold up to the boundary and that the normal
derivatives belongs to some fractional Sobolev space, the result of Seregin (1996b)
who constructed a sequence of approximations for which some essential quantity
explodes when approaching the limit problem (H) gives a significant warning re-
garding the global (even fractional) regularity. We discuss both types of results in
a more detail.

The usual procedure how to obtain the desired regularity (or even how to es-
tablish the existence result) is to penalize the problem () in a suitable way (this
approach is used in Duvaut and Lions (1976) and Johnson (1976) for problems
involving perfect-plasticity problem, and by Johnson (1978) and Hlavacek et al.
(1988) for problems with hardening). One such a possibility is to replaced the
Helmholtz potential ¥, see (1.23), by a penalized function U? of the form (here a
real parameter p should guarantee the validity of von Mises yield condition |op| < &
if p— o)

(1.24) PP (o) == %Aa -0+ wgen(ap),

Then one can similarly as in (1.17) look for the solution to (1.1) with relevant
boundary condition and the constitutive relation of the form

pen(oD) _ e(u).

80'D
Assuming that A, one can insert (1.25) into (1.1) and apply the theory for elliptic
PDE’s (for a fixed p) and then investigate the behavior of soutions as p — oo.
Among many, there are several kinds of penalization that are frequently used. The
first one is the so-called® Norton-Hoff model (see Hoff (1954); Norton (1929) or
Temam (1985))

1
(1.26) Vpen(0D) 1= ﬁk’D\p-

(1.25) Ao +

Next, a very important general class of penalizations is the so-called Hohenemser-
Prager model dated to 30’s, see Lubliner (1990). If one is interested in approxi-
mating the von Mises relation (1.13) by the Hohenemser-Prager model, then one

4This model is also called the Ramberg-Osgood model (see Ramberg and Osgood (1943)).
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arrives at the Per¢ina-Mises model (see Lubliner (1990) for details) for which the
penalty term has the form

(1.27) WPonlop) = %mm — )

Another possibility for approximation is to penalize the distance of o from the set
{o; |lop| < Kk} (see Lubliner (1990) for details).

In the present paper we use the Per¢ina-Mises model (1.27). The main advan-
tage of this approximation is the fact that one can use standard L? theory for
elliptic PDEs to get W12 regularity for the approximation from the very begin-
ning. On the other hand, it is an interesting open problem for this approximation
to get VVﬁ)f(Q) estimates independently of p for dimension d > 5 (see Appendix for
details) although we already know that the limit solution of the Hencky problem
satisfies such a property. This can be shown by using for example the Norton-Hoff
approximation. Indeed, in case we consider (1.26), we immediately get L estimates

on op which are used to estimate certain pollution terms while proving Wl{)’z es-

timates on o independently of p. However, also the Norton-Hoff approximation
(1.26) is connected with some open problems: it is not known whether for fixed
p, the stress tensor ¢ is bounded; the regularity near the boundary is worse (for
fixed p) than the regularity of the solution to the model (1.27) and it depends very
essentially on p and moreover blows up as p — oo.

There are only a few results dealing with regularity near the boundary. The first
global result was established by Frehse and Malek (1999) where the Norton-Hoff
approximation is used and the uniform (p-independent) estimates on tangential
derivatives in whole € in case that Q is a two-dimensional ball and if Qs =
and uo = 0 are established. If d = 2,3, Knees (2006) (Theorem 3.6, page 1373)
showed (by using the Norton-Hoff approximation) that for sufficiently smooth data
the solution @ belongs for all § > 0 to the space W%*‘s’z(Q) uniformly as p — oo.
Steinhauer (2003) showed that for d = 2 and all p € (2,00) fixed, the solution &
of the Norton-Hoff approximation of the Hencky problem belongs to C%(£2)2*2 for
some « > 0 (for similar result ses also Bildhauer and Fuchs (2007)). Recently,
Blum and Frehse (2008) have considered a planar stress model where the three-
dimensional situation is reduced to a two-dimensional Hencky type model where
the von Mises condition (1.13) is replaced by the condition

sym)

t
o € R0 = 0 for alli:1,273;|a—%al| < k.

The authors used the fact that tensors from this set have better properties than
tensors satisfying |0 p| = [0 — 221| < &, that is of course the relation corresponding
to (1.13) and to the two-dimensional setting. and this fact allowed them to establish
that the tangential derivatives of the stress o belongs to the space L? and that the
normal derivatives belongs to the space® W32 provided that Q is smooth enough
(2 is C! domain). It remains to mention that for sufficiently smooth f it is an
consequence of a priori estimates and the Necas theorem that the solution of Hencky
model o € L(0)?*? for arbitrary ¢ € [1,00) (see Temam (1985); Steinhauer (2003)
for details).

5In fact the authors showed the estimate on derivatives in normal direction only for flat bound-
ary, but it can be straight-forwardly generalized to arbitrary domains.
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An observation made by Seregin (1996b) is of a completely different character.
In the two-dimensional torus 2 := B(0,2) \ B(0,1) Seregin constructed a sequence
of smooth approximations (o, u?) that converges to the solution of () and in
addition satisfying

(1.28) / e(uP)-VoPn dS"=" 0.
oN

Seregin’s conjecture was that either his approximation is not suitable or W12 regu-
larity does not hold at least for non-convex domains. The fact that (1.28) strongly
indicates irregular behavior of the solution to (H) follows from the following ob-
servation. Applying V to (1.25) and multiplying the result by Veo? and finally
integrating over {2 we obatin the identity where the integrals that give the desired
estimates for W' ?-regularity remain on the left hand side (we assume that ¢&,,
is a “good” penalization). However, on the right hand side one obtains (assuming
u = 0 on boundary; see Appendix for details) that

/Vs(up)-Vap dx:—/u”~Af d:r+/ e(u?) - VoPn dSs.
Q Q o9

Since the first integral on the right hand side can be usually bounded from apriori
estimates if one puts a suitable assumption on f, we indeed observe that (1.28)
indicates some blow-up effects.

This paper shows how one can overcome such difficulties in some domains of
special geometry (the domain from Seregin (1996b) is allowed) and how one can
get the full estimates on tangential derivatives in arbitrary dimension. Moreover,
if Q is a d-dimensional ball, we establish the estimates on L?-norm of o on the
boundary that are independent of approximation. Having in addition interior reg-
ularity and also regularity in tangential directions, this also indicates that at least
Wiz—02 regularity should hold that is in perfect coincidence of 2D or 3D results in
Knees (2006); Blum and Frehse (2008). For simplicity we prove our results only for
homogeneous Dirichlet boundary condition on 9y, i.e, we set

ug = 0.

To complete this overview of known results we recall the results concerning the
regularity of the displacement w. It is a consequence of embedding theorem that

u € Ld%l(Q)d (see Temam (1985) for details). Moreover, Hardt and Kinderlehrer

(1986) proved that there exists § > 0 such that u € L%%(Q)d. Concerning the
higher regularity of the displacement wu, in general dimension it is known that e(u)
belongs to the space of measures.

1.4. Notation and auxiliary results. By bold italic letters we always mean a
vector or a vector-valued function on R, i.e. v(z) := (v1(x),...,v4(z)). Tensors of
dxd order are written by bold Greek letters, e.g. (0);; := 0;;. Tensors of dxdxdxd
order are written by bold capital letters. If a € LP(Q) and b € L¥' (Q) (p/ denote
the dual exponent, i.e., p’ := p%l) we use the abbreviation (a,b) := fQ ab dr and
we use the same notation also for vector- or tensor-valued functions. We also use
the standard notation for Lebesgue and Sobolev spaces. Moreover, for these spaces

on unbounded domains 2 and for some o € R we define

I2(9) = {v / (Iol(1+ [2)*)? dx < C}
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and similarly we define

WhP(Q) := {v;Vi=0,....k /(|viv|(1 + |z|)*)P dx < C}.
Q

Consequently, we define |[ullyp (o) = Zf:()(fﬂ(|viu|(1 + |x])*)? dx)% Since we
consider only one type of unbounded domain we say that €2 is an infinite strip if
Q:={(z1,...,24);0 < zq < 1}.

For simplicity, we omit the dependence of A on x and we assume that it is a

constant symmetric tensor that for all o € ngxrﬁ satisfies
(1.29) vlol? <Aoo < vilol*

In order to be able to get some a priori uniform estimates we have to assume the
existence of a “safe” load (introduced by Duvaut and Lions (1976), see also Johnson
(1976)), i.e., the existence of some o such that for some fixed §p > 0

(130) |(0’0)D| SFC—(S(), —diVO’U:f, 0‘0-’"L|E)Q2 :fn'

Next, we introduce a p-approximation of (H) for which we get the final estimates
on regularity near the boundary and consequently, after letting p — 04 also for
limit problem (). Such a procedure is somehow standard and from this reason we
focus only on the estimates that are independent of p. Hence, we define (by using
(1.25) and (1.27))

Ao+ (lop| — )4 2 =e(u) inQ,
oD
(H,) —dive=f in €,

u=0 on 09,
o-n=Ff, ondQs.

Note, that one can also introduce the corresponding approximation to (PR) as

A+ (jop| — k)4 o2 =e(i) inQ
oDl
(PR,.) —dive = f in Q,
u=0 on 0¥,
o-n=Ff, ondQs.

We should mention that in Frehse and Mélek (1999), that is somehow basis
for this paper, the authors considered the Norton-Hoff approximation, for which
they were able to establish their regularity results. The reason why we use slightly
different structure is that we can simply use elliptic theory to obtain regularity
of solution for our approximative problem and therefore at least on the level of
approximation we have regularity up to the boundary. These results are formulated
without proof in the following lemma where the constant C' is an universal constant
depending only on the data but not on the order of approximation p. If there is
any dependence on p it is clearly denoted in the text.

Lemma 1.1. Let Q be an open bounded smooth domain or infinite strip. Assume
that f € L*(Q). In addition, if 00 = 0, assume that the compatibility condition

(1.31) — [ fdz={ £,dS
Q (1923
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holds. Then there exists a solution to (H,) such that
(1.32) lolliz + lullz < C(u™").

Moreover, if (1.30) holds and f € WE4(Q)? for some o > 451 then the following
uniform estimate holds

lollz + | divullz + 1~ [(lop] = K)+ (1 +lon)]1 < C,

1.33
(1.33) lull s oy + €@)1—ay < C.

7hr(—a

Moreover, assuming that f € Wz’d(Q)d and that d < 4 we have

loc

(1.34) Vo ll2ioe + 1" / WWUDF dx < C.
. D

oc

Here we add only a few comments to the proof of Lemma 1.1. The existence and
uniqueness of solution that satisfies (1.32) follows from standard elliptic theory.
The first part of the estimate (1.33) can be shown by testing (H,):1 by ¢ — a9
and by using (1.30) (Note that o( satisfies the safe load condition (1.30)). The
second part then follows from the Korn-type inequality. For the proof of uniform
(u-independent estimate) (1.34), see Lemma C.1 in Appendix.

For sake of completeness we recall the Korn-type inequality and the trace theo-
rem for bounded domains. The proof can be found in Temam (1985). A proof for
unbounded domains is given in Appendix of this paper.

Lemma 1.2. Let Q € C' be an open bounded set. Define the space LD as
(1.35) LD :={uc L'(Q)%e(u) € L} Q)4

endowed with the norm |ullLp = ||u|l1 + ||le(w)|1. Then the space LD is continu-
ously embedded into Ld,(Q)d. Moreover, there exists the linear continuous surjective
trace operator tr : LD — LY(9Q)? such that for all u € C*(Q)%, tru = u|gq. In
addition, assume that either there exists 023 C OS2 of non-zero measure such that
tru = 0 on Q3 or that fQ u = 0, then there holds

(1.36) [ull1,00 < Clle(w)],
(1.37) ullar < Clle(w)])x.

2. UNIFORM ESTIMATES OF TANGENTIAL DERIVATIVES FOR (H,,)

This section consists of the estimates of derivatives of ¢ in tangential directions
for the approximative model (H,). We deal with two types of domain Q. The
first one consists of a ball or an annulus, the second one is an infinite band located
between two parallel plates.

First, we assume the case for balls centered at zero with radii R, i.e., we assume
that the normal vector m at each point of 9 can be written asn = £|R|~ (21, ..., 14).
We also introduce the projection of the gradient of a scalar function w to the tangent
plane as (we denote @ := (z1,...,24))

(2.1) Tw := |2]*Vw — (Vw - x)z.

In such a setting we prove the following uniform estimate for tangential derivatives
of o, i.e., for To, where (To);; := Toy;.
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Theorem 2.1. Let d be arbitrary, R > r > 0. Assume that Q = B(0, R) \ B(0,r),
00y = 0B(0,r) and 0 = 0B(0,R). In addition assume that f,, = 0. Ifo is a
solution to (H,) and f € W>4(Q)? then o obeys the following uniform estimate

o, 1 [ (oDl =K)y = 0 1 Tlop*?
22 [Tolg+u | LT | xtpion o

Theorem 2.1 extends the result established in Frehse and Mélek (1999) and Blum
and Frehse (2008) in two directions. First, it holds in arbitrary dimension while
in Frehse and Malek (1999) and in Blum and Frehse (2008) the same® result was
proved only in dimension two. Second, we permit also the Neumann boundary
condition for ¢ which was also not included in Frehse and Mdlek (1999) and Blum
and Frehse (2008). The result of Theorem 2.1 can be also easily extended to the
case when 9Q; = 0 or 9Q2 = (), or onto the case when Q = B(0, R), i.e.,, Qis a
ball. However, since this is in fact no generalization but just a simplification we do
not deal with it.

In addition, if one considers only two-dimensional case than the result can be
strengthen also for non-concentric balls (now circles) and we formulate the result in
the following Corollary. Since the proof is based on using interior regularity result
(see (1.34)) and on using the same procedure as in the proof of Theorem 2.1 with
a proper cut-off function, we do not present it here for simplicity.

<C.

Corollary 2.1. Assume that Q C R? be a bounded open set with smooth boundary
IN. In addition, assume that there are £y € Q and r > 0 such that the one-
dimensional Hausdorf measure of’ T := 0Qy N OB (xg,r) is not zero. In addition
assume that f, = 0. If o is a solution to (H,) and f € W*2(Q)? then o obeys the
following uniform estimate

— Op| — R —
23) [Taelgn [ U8 =D ToPer e [ oo
Q D Q

where £ € D(R?) such that 0 < & < 1, and for sufficiently small h there holds
E(x) = 1 for all x € Q such that dist (x,T) < h and dist (x,0T) > 2h, and
&(x) =0 if dist (x,T') > 2h or dist (z,0T") < h.

Tlop|?|? _
anthe <o,

The second setting we want to deal with is the case when 02 consists of two
infinite hyperplanes, i.e., we assume that Q := {x € R%0 < x4 < 1}. For this
model we establish the following result:

Theorem 2.2. Let d be arbitrary, 00 = {x; xq = 0} and 00y = {x; x4 = 1}.
Assume that f € W24(Q)¢ for some a > dgl. Setting Dy = %& for all s =
1,...,d —1, then the following estimate holds for the same s:

@) [Dol3+u [ YD Do 4 it [ oo
Q lop| Q
We would like to emphasize that the right-hand side of (2.4) is p-independent
and that we are able to include also the Neumann boundary condition. It is also
clear from the proof that as in Theorem 2.1 we can extend our results to case
with only Neumann boundary conditions or Dirichlet boundary conditions. For
simplicity we omit it here.

|Dslop|??

lop|?

<C.

6In fact, in Blum and Frehse (2008) the result holds for slightly different yield condition.
"The same result holds if one replaces 021 by 99Q2.
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Proof of Theorem 2.1. For simplicity, we assume that R = 1 and r = % We also

introduce the notation for tangential derivatives in one tangential direction as®

(25) Tal...ad,Q = gijay“adfzxiDj

that fully describes all tangential derivatives on 0€). Note that the symbol €4, 4,
(with ar € {1,...,d}) represents the d-generalization of the classical Levi-Civita
symbol, i.e., we assume that it is fully antisymmetric d—order tensor, or in other
words it can be defined as &4, .. 4, := sign {a1,...,aq}. To be more specific, in three
dimensional setting, the definition (2.5) includes just three tangential derivatives

T1 = SL'QDg — 1’3D2, T2 = (E3D1 — (Eng, and T3 = .’ElDQ — .’E2D1.

Finally, it is easy to observe that the operator T is generated by operators Ty, .. .a, »»
namely we have that [Tu(x)|? = C(d)|z|?> 3 |Tu, ..a,_,u(z)|?. Having (2.5), one can
easily observe the following commutator relation

(2’6) DlTal...ad_Q - Tal...ad_ng = slmal...ad_gDm~
Next, we apply the operator Ty, . 4, , to (H,), take the scalar product with T, . 4, ,0,
sum over all indices ay,...,aq_o and integrate the result over® Q, we simply get
(using Einstein summation convention)
(2.7)
_ Op| — K +
(ATaln-ad—Qo”Taln-ad—za) ""ﬂ 1/ M‘Tay--adfzaD‘Q
Q lop

|T Can 0.D22
os..00|0 D] = (Tay...ag_06(w), Ty, ...ay_,0).

4—1 —1 / .
TR | Xdlen|>r) EE

The left hand side of (2.7) can be estimated as follows

(LHS) > C(d) (VO||Ta|\2 ﬂﬂ/ (CLIRDEY: AL
Q lop|

1 \TIUDIQIQ)
+ /@/QX{\aD\M} \UD|3 .

(2.8)

The essential step is to estimate the right hand side of (2.7). In order to do
it rigorously, we define for arbitrary 6 > 0 the cut-off function V5 € D() as
Vs(x) := Vs(|z|?) such that Vs(s) =0 for s € [1 — §,1], V(s) =1 for s € [0,1 — 26]
and such that |V{| < C6~! uniformly for all §. Then the RHS of (2.7) can be

rewritten as
(Talmad—ze(u)7 Tal~~~ad—2a) = (Ta1~~ad—2Djuiv Ta1~~-ad—2aijv5)

(2.9)
+ (Tal'uad—QDjui’ Ta1~"ad72aij<1 - ‘/;5))

Clearly, the second term in (2.9) tends to 0 as 6 — 0. So it remains to discuss
the first integral in (2.9). Next, for fixed 4, we define for arbitrary 0 < 1 < ¢ the
standard mollification w” := u * v where v" is standard mollification kernel with

8Note that some of them are taken several times. Also, for d =2 we set T := x1 D2 — 29D;.
9Note that due to the even nonuniform estimates (1.32) such procedure is rigorous at the level
of p-approximations
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support in a ball of radii . Hence, for fixed d, we can decompose the first integral
in (2.9)

(2.10) (Tay..awoDjuis Tay . ay 20iiVs) = (Tay...ay_ s Dj(wi — w)), Tay..ay_»0ii Vs)

' + (Tal.“ad,nguZ]aTal...ad,gaijv;s)

such that the first integral tends to zero (for fixed §) as 7 — 0. Finally, we start to
estimate the remaining integral from (2.10). Hence,
If] = (Ta Djuzl?Tal-nad—Qo'ij‘/é)

(2.6)
= (DjTlll‘--ad—2u;]? Ta1-»-ad—20ijv5) —&jmay...aqg_» (Dmu?’ Ta1-»-¢ld—20—ijv5)

1---Qd—2

by parts

_(Ta

n n
+ aklal.“ad,g(DjTal...ad,zui 7O'ij‘/§xknl)69 - Ejmal..Aad,z(Dmui 7Ta14..ad,20ij‘/6)-

n n
1--<ad—2DjTal--<ad72ui 7Uij‘/15) - (DjTal-nad—Zui 7UijTa1~--ad72V5)

Since €gia;...ay_, IS antisymmetric w.r.t. k,l and zxn; is symmetric on 0 the
third integral vanishes (it is a consequence of the fact that T}, ., , is a derivative
in a tangential direction). Also since Vs depends only on |x| and consequently
T4, .04, Vs =0, the second integral vanishes as well. Therefore

o __ 7 i
177 = _(Tal..Aad,szTal...adfzui 70'12]"/6) - Ejmal.“ad,g(Dmui 7Ta1...ad,20ij‘/6)

(2.6)
- _(DjTal...ad,gTal...ad,zu?v O'ijV5) + Ejmay...ag_s (DmTal...ad,zuyv Jijvé)
- 6jrnal...ad,g (Dmu?a Tal...ad,gaijvzs)-
Next, we apply the integration by parts to the first term and use (7, )2. We obtain
If] = _(Ta1~~~ad—2Ta1~~ad—2u?’ fl%) + (Ta1~~ad—2Ta1~'ad—2u;}7 O-iij‘/(;)
- (Tal...ad_gTal...ad_Qu?a O’Zjn]‘/é‘)aﬂ + Ejmal...ad_g (DmTal..‘ad_gu?7 Uzg‘/;i)
- Ejmal..‘ad_g (Dmu?7 Tal‘..ad_QO—ij%)
The third integral again vanishes because o;;n; = 0 on 92y and V5 = 0 on 9.

Next, integration by parts applied to the second integral leads to (boundary integral

again vanishes since Ty, . 4, , is tangential derivative)

6 _ n n
In - _(Tal~~ad—2Ta1~~~ad—2ui ) flw) - (Ta1~~~ad—2ui7Ta1~~ad—20iijV5)
- (Ta1~~ad—2u?7 JijTalmad—z (DJV:;)) + €jmay...aq—2 (DmTa1~~ad—2u?7 Uij‘/é)
- Ejmal...ad_g(Dmuyv Tal...ad_zo'ijv:?)

Next, we let n — 0 and then § — 0 and investigate behavior of involved terms
separately. This procedure is simple with the first, fourth and fifth term on the
right hand side since we have to our disposal the estimate (non-uniform in u) (1.32).
It is also easy to take the limit  — 0 in the second and third term and observe

that
1 (Tal-»~ad—2ui7 T O'T"Dj‘/:s) = (Talu-ad—2ui7 Ta1mad—2o—ij‘DjV:5)v

e Qg —
=0 1--@d—2%4j

%LO(TQI‘““d*2u?’ OijLay. .a4 s (DJV5)) = (Ta1~~-ad72ui7 Oijla;. .aq—s (Djvé))

li
n

Moreover, since Ty, .. a,_,V5=0 and the commutator relation (2.6) holds we obtain

(Ta1~~~ad—2ui7 JijTa1~~ad—2 (D]V:s)) = €jmai...aq—2 (Talmad—zui’ Uiij%))'
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The next step is to let § — 0 in remaining integrals. Since V2w € L?(2)4*4*4 and

u = 0 on 09, we see (since Ty, . .q, , is derivative in tangential direction) that

Tay...au_,ui =0 on 9Q; and therefore %_281&()@ € L*(9). Hence,

Ta1~~~ad—2ui(w)
dist (z,00)

Using the same procedure we also obtain that

6—0
||V¢7 2,B(0,1)\ B(0,1-26) — 0.

2

(Tal...ad,guia Tal...ad,ggiij‘/&) S C H

6—0

(Ta Ui,UiijV(s)) — O

Thus, we can conclude that

1---Qd—2

(Tas s 2€(), Tay. 0, ,0) = I iy 1)

(211) = *(Tal...ad,gTal...ad,guia fz) + Ejmay...ag_s (DmTal...ad,guia Jij)
— Ejmar...ag_s(DmUi, Ta; . .ay_,045) = 11 + I + I3.
Regarding I; we first integrate by parts (note that boundary term vanishes due

to the fact that T, represents a derivative in tangential direction) and then
conlcude that

ad—2

(1.33)
(2.12) I = —(ui, Tayccaa—2Tarcaa—o fi) < Cllull_o_[Ifllza < C

Regarding I, we use the commutator estimate (2.6) and then integrate by parts
w.rt. Ta, a,_, (boundary integral again vanishes) and obtain

(2.13)

Iy =" €jmar...aus(Tay...au_s DmUi, 055) + €jmay ...au_sEmnay...ag_s (Dnli, 05j)
= —€jmay...ag_2(PmUisTay. ag_20i5) + €Ejman...au_sEmnas...ag_s (Dnli, Tij)-
Consequently, combining (2.11) and (2.13), we deduce that
I+ 13 = —2¢may...ay_»(Dmti, Tay ..y 20ij) + Ejmas...ag_sEmna...ag_s (Dnlli, 05j)
= I+ Is.

Next, recalling the definition of €pq,...a,_, and we observe that it is enough to take
the sum in for I5 only over indices j = n. Moreover, using the antisymmetry of
€jmas...aq_, and integrating by parts (boundary integral disappears because u = 0
on 991 and - n = 0 on Js) we are led to the following observation:

IS = —€mmnai...aqg_2Emnay...ag_o (Dnui7ain) = _(d - 1)'(Dnuzaazn)

(Hp), (1.33)
= (d =D us, Dpoin) =" =(d— 1w, f) < Cllull_a_|flla < C.

Regarding I, we have
Ii = —2¢jmay...ag o (Dmti + Dittn, Tay . cag 20i5) + 2€jman..au_s(Dittms Tay...ay_»0i5)
= —2¢may...ag_s(DmWi + Dittr, Tay . ay »,(0D)ij)
— 2€jmay...aa—o (DmUi + Dittm, Ta, ...ag_»(0ij — (0D)i5))
+ 2€may...ag_o(Dittm, Ty .. ay_»0i5) =t I + I7 + Is.

To estimate I we use the equation (H,); and obtain

1 _
(2.14) 5 (Dmtts + Ditim, Tay a4 ,045) < A0l Toplls + p~ ((lop] = £)1[Topl)
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Consequently, using the assumption on A (1.29), the estimates that are uniform
w.r.t. p (1.33), the relation (2.8), and the Young inequality, we observe that

1
Is < Cdlvy||o||2||Toll2 + Cdlp ((lop| — k)4 [Top|) < C + 5 (LHS) of (2.7).
Further, since 0;; — (0p)i; = d_léijtm', we can simplify the equation for I7 and
obtain
It = =2d "¢ jmay..au »(Dimtj + Djttm, Tay ay_, t10).

Since €jmay...ay_, 1S antisymmetric w.r.t. j,m and Dy,u; + Dju,, is symmetric, we
can easily conclude that I7 = 0. Finally, to estimate Is we integrate twice by parts,
first'? w.r.t. To,...a,_, (boundary integral vanishes, since Ty, . 4, , is derivative in
tangential direction on the boundary), secondly we use the commutator relation
(2.6) and finally we integrate by parts w.r.t. D; (the boundary integral again
vanishes since Ty, 4, ,u = 0 on 90 and on = 0 on J§2y), more precisely

Iy = _25jma1...ad,2 (Tal...ad,gDium7 Uij)
_25jma1...ad,2 (DiTal...ad,guma Uij) + 25jma1...ad,QEinal...ad,g (Dnumv Uij)
= _25jma1...ad_2 (Tal...ad_Qum7 f]) + 25jma1mad_gginal...ad_Q (Dnu'rru Uij)
= Ig + I10~

In Iy we integrate again by parts to obtain

3)
Iy = 2Ejma1_“ad,2(um7Tal.“adfzfj) < CHUH%H,f”Ld < C.

Finally, we need to estimate I1¢. To do it, we first observe that it is enough to take
into account the case when j = ¢ and m = n, or the case when j = n and i = m.
(Another choice of indices leads t0 €jma;...ay_»€inas...aq_, = 0.) Hence we have

110 = _25mja1...ad,25ina1...ad,Q (Dnumaaij)
_ 2 2
- 72€mna1...ad,2 (Dnum’ gmn) + 2€mia1...ad,2 (Dmumv Jii)

=2(d — 2)!(0mn — 1) (Dptim, Tmn) — (Dmtim, Onn))
= 2(d — 2)! (=(Dptm, 0mn) + (Dntn, 0nn) — (Dptin, 0nn) + (Dmtim, 0nn))
= —-2(d — 2)/(Vu,0) + 2(d — 2)!(div u, tro).
Consequently, integrating by parts in the first term and using (1.33) we conclude
Lo =—-2(d—2)!(u, f) +2(d — 2)!(divu, tro) < C.

Combining all the above estimates for I;—I;o and inserting them into (2.7), we
observe that the estimate (2.2) holds. The proof of Theorem 2.1 is complete. O
Proof of Theorem 2.2. First, we define the cut-off function Vj as

1 iffa| <k Vie{l,...,d—1},
(2.15)  Vi(@) = Vi@, 2a-1) = {0 if 3 {1,....d— 1}, |z| > 2k,

such that

(2.16) |DsVie| <

= Q

10T his procedure is possible because for the approximate problem we have enough regularity,
namely (1.32)
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Then, for arbitrary fixed s € {1,...,d—1}, we apply D, to the equation (H,), take
the scalar product of the result with DsaV}), and integrate the result over €. This
results to the equality

AD,o - D,oV;, + u_l/ (op|—K)+ |D.op|* Vi

(217) 7 o ool

R Dlopl|?|?
+47 IH/QX{|,,D|>,€}| |(|’ D|3|| Vi = /Dse -Dyo Vi = 1.

It follows from the assumption (1.29) that LHS of (2.17) leads precisely (after
letting & — oo and using e.g. the Fatou lemma) to the LHS of (2.4). So, it remains
to estimate I;. To do it, we use integration by parts'’ and since Dyu;|on, = 0
and D;0;400, = 0 all boundary integrals are zero. Hence, using also the fact that
—dive = f, we observe that

I = (DsDjui, Dyoi;Vy,) = (Dsug, Dy fiVi) — (Dsug, Dsoij D Vy,)
—(ui, D2 fiVi) = (us, Dy fiDsVi,) — (Dstiy, Dsoi D Vi) := In + I3 + Iy.

Using the a priori estimates (1.33) and the assumption on f, one can easily conclude
that

I <lull_o ol fllza) < C.
Using also the property of Vi (2.16), we immediately obtain that
I, "= 0.
Finally, to estimate I, we use (1.32) and (2.16) and observe that
I < C(;fl)% F=p0,
which completes the proof of Theorem 2.2. O

3. L?-ESTIMATE OF 0 ON THE BOUNDARY

In this section we establish L? estimates on boundary for o provided that € is a
ball. Even if the proof is very straightforward it seems that it is a new result.

Theorem 3.1. Let d be arbitrary, Q = B(0,R) be a ball and f € WhH4(Q)?.
Assume that either 00 = 0 and f,, € L=(0Q)?, or 0Qy = 0. Then there holds

(3.1) /d o+ 1 ((lon] = #)1)* 45 < C.

Proof of Theorem 3.1. First we denote by symbol Dy the normal derivative, i.e.,
we define

DN = :L‘I.Dz
Note that we immediately obtain the commutator relation
(3.2) D;Dy — DnyDj; = D;.

First we consider the case 90 = @), which means that u = 0 on 9Q. We multiply
(H,) by Dyo and integrate the result over Q to get

71((|0D| — K+

(33) L+ 1+ I3 := (AO‘,DNO') + 1
lop|

op,Dno) — (e(u), Dyo) = 0.

Hywye prove it only formally, since we do not know what is the meaning of DsD;o;;. However
the whole procedure can be made rigorously, for details see the proof of Theorem 2.1.
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Using the symmetry of A we observe that

(3.4)

d (1.33),(1.29)
/DN (Ao -0) Aa-o—f(Aa,o) > Y lo|> dS — C.

2 2 o

For I we use similar procedure to get

.[2: /DN ‘O‘D|—I€) )
(35 =5 [ Wonl =0 as =2 [ (ol =r))°
B Joo
(1.33) R
> o [ ((opl=r)p)?ds—c.
B Joq

Finally, considering I3, we integrate by parts (boundary integral disappears because
u = 0 on boundary), use the commutator relation (3.2) and the equation — dive =
f. Then we conclude that

(1.33)
(3.6) —I3 = (Djui, Dyoij) = (u, Dnf) + (u, f) < Cffl,qa <C.

Combining (3.3)—(3.6) we easily get (3.1).
For second case, i.e., if 9Q; = @ we slightly change the procedure as follows. We
apply Dy to (H, )1 and then multiply the result by ¢ and integrate over Q to get

(3.7) L+ Io+1; = (ADNU,J)Jr,ul(DN(WraD),J) — (Dye(u),0) = 0.

The reason for this change follows from the way how I3 is treated. Now we can
again integrate by parts in I3 (all boundary integrals vanish because o -1 = 0 on
09) to obtain

(3.8)
—I3 = (DyDjui,045) = —(DjDyui, 045) — (Djus, 0455) = —(Dnusg, fi) — (us, fi)

=(d—-1)(u,f)+ (u,Dnf) — R? /652 u; f; dS

(1.33)(1.36)

Clflla+ [ flloc.00) < C.

For I; we have exactly same relation as (3.4). So it remains to estimate Io.
b= [ (0] = R)i + K€(apio) Dl
=it [ D ((lap] =)0 + w(lon] = r).)
(39) =R [ ((Uon] = R + r(apl = w).) as
i [ (onl =) + (] ),

St [ (ool =)+ wlon] - n).) ds—c

Consequently, having (3.7)—(3.9), (3.1) easily follows. O
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APPENDIX A. WHY THE PROOF OF THEOREM 2.1 FAILS FOR ELLIPSE

This part is devoted to a short discussion why the proof of Theorem 2.1 cannot
be simply adapted to other domains, e.g., ellipse. Hence we assume that ) C R? is
an ellipse with center at 0 and axis of the length a, b. In this setting, the tangential
derivative (now we denote it by T') is given by

T .= 0,1‘1D2 - bl‘ng
and the corresponding commutator relation has the form
(Al) DlT - TD1 = Cll)g7 DQT - TD2 = —bDl.

Next, we will follow step by step the proof of Theorem 2.1 (we just omit the regu-
larization procedure and we will make all computation formally). Hence, applying
T to (H,,), taking the scalar product with To and integrating it over €2, we get

_ o — K
VOHTUH2+/J 1/ (‘ D| )+|T0_D|2
Q lop|

+ 4_1111’_15 /Q X{lop|>~r}

Following the proof of Theorem 2.1 (we also use the same notation for I, for
corresponding terms), we integrate by parts (all boundary integrals again vanish)

A2
(4.2) Tl pf??

|0D|3 S C(TD]’LL“TO'W)

I = (TDj’LLi,TO'ij) (Azl) (DjT’U,i,TO'ij) — (aDgui7Tai1) + (bD1Ui7T0'i2)

= —(Tul-, DjTO’ij) — (aDgui,Toﬂ) + (bDlui,TO'iQ)
= ——(Tui, Tfl) - (Tui,aDgail) + (Tui, bDlo'ig) - (aDgui,TO'il) + (bDl’ui,TO'iQ).

Iy I I3

Similarly as before, we deduce that
(4.3) I < Cllull o, I 2
Next,
12 + 13 = —CL(DQU,', TO'“) — ab(Dlui, Uil) + b(Dlui, TO'Z'Q) — ab(D2ui, O'ig)
— (QDQUi,TJil) + (bplui,TUiQ)
= —ab(u, f) — 2(1(D2’U,i, TO'il) + 2b(D1Ui7 T(Tiz).
—_———

Is Iy

For I, we derive
Iy = —2a(Dou; + Diug, T(0p)i1) + 2b(D1u; + Diuy, T(0p)i2)
—2a(Dsou; + Dijug, T(0 — op)in) + 2b(Dru; + Diur, T(0 — 0p)iz)
+ 2a(Djug, Toi1) — 2b(Dyuy, Toin) =: Is + I7 + Is.
The integral I can be estimated in the exactly same way as in the proof of Theorem

2.1. Note that the fact that we test the equation by tensor with zero trace is
essential. For Ig, we can compute

1
5-[8 = —a(ug, D;To;1) + b(ur, DiTos2) = a(uz, T f1) — b(u1, T f2)
— a*(ug, Da011) + ab(uz, D1o21) + ab(uy, Dao12) — b*(u1, D1o2a) =: Iy + I1g
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and we see that Iy can be again simply bounded. Thus, it remains to estimate I
and I1g. Since o;; — (0p)i; = 2_15ijtra, we can simplify the relation for I7 as

I; = (b - a)(D1UQ + D2U17Ttr0')
and we see that I7 = 0 only if a = b, i.e., for ball. From a similar reason the

computation that has been successfully used in the proof of Theorem 2.1 to bound
110 cannot be used here and we are not able to handle I7,.

APPENDIX B. TRACE THEOREM AND KORN-TYPE INEQUALITY IN UNBOUNDED
DOMAINS

This part of the appendix is devoted to estimates in unbounded domain that
corresponds to

I llar < ClleClls - lloe < CU -l + lleC)l)

that are valid in bounded open sufficiently smooth domains (for proof see for exam-
ple Temam (1985)). For simplicity'?, we assume that Q = {(21,...,24);0 < 24 <
1}. For such domain we can proof the following

Lemma B.1. Let d > 2 and u € WH2(Q)%. Then for all a < —%}gdil) and
all'® p € [1,2), there holds

(B.1) lull g, < Cla)lle(w)]
whenever the right hand side of (B.1) is finite.

b,

Proof. From the definition W2(Q2) we can find a sequence {u"}2°; C D(R)?
such that Vu™ — Vu strongly in L2 Defining V(z) := (K + |z|)~ and using
the standard Korn inequality (for the case p = 1 see (Temam, 1985, the proof of
Theorem 1.2, page 125)) we get that

(B.2) [V} 2 < Clle(u" V)],
where the constant C depends only on the dimension. Next, we can compute
B3) le(@™ V)l < lle(m™)Vi + [[w"[VV]], B
< lle@™)Vllp + [w" VI _an [IV=VV]]la
Next, since [VV|V =1 < C(d)(K +|z|) !, we see that (using the fact the our domain

is “infinite” only in (d — 1) variables) we have that ||[V~1|VV]||qs < C(K), where
C(K) — 0 as K — oo. Hence, we can find such K € (0,00) that

1
V9Vl < 5

Substituting this into (B.3) and using (B.2), we finally get
(B4) [ V| 2 < Clle(u™)V],-

2 fact, the result can be extended in many directions. First one is that we may assume
more general domains for which we get estimates with slightly different weights. Second possible
extension is that we can prove the result under weaker hypothesis on u, namely we could assume
that

e(u)=F1+F2
where F € L9(Q) and F2 being a measure.

L1t g > 3 we may consider also the case p = 2.
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In order to pass to the limit in (B.4), we use the Fatou lemma to get the lower
limit on LHS of (B.4). Such a procedure is possible, because of locally compact
embedding W12 << L2 . To pass to the limit on the right hand side it is enough

to show (since e(u™) is compact in L?) that V € L. This is however equivalent

to
2 — -1
0> ZoPd=1)
2p
which is exactly the assumption put on «. Thus, the proof is complete. (I

As a simple consequence of Lemma B.1 is the following

Corollary B.1. Let u € Wh%(Q) be such that

E(U) F, + FQ,
where Fy € L2(Q)4*? and Fy € LY(Q)4*4. Then for all o < —25L there holds
(B.5) [ullar @) < Cl@)([Fall2 + [IFl1)-

Proof. Using (B.1) we obtain that
[wllar @) < CUF1 ) + [IF2ll1 (@) < CUIF2ll2fl (1 + [2[)*[l2 + [IF2([1)
and (B.5) easily follows provided that (1 + |z|)* € L? <= a < -4 O
We also establish the estimates concerning the behavior of the trace.

Lemma B.2. Letd >2 and u € WH2(Q)9. Then for all a < —45L, there holds

(B.6) /Em ul(1+ |z])* dS < Cla)((lull1, (o) + lle(w)]1.a)

whenever the right hand side of (B.6) is finite.

Proof. Here, we give only a formal proof. For details we refer to the procedure
described in (Temam, 1985, Proof of Theorem 1.1, page 121). For simplicity we
analyye the behavior of w only on the part of the boundary consisting from I' :=
{z;x4 = 1}. First, we estimate the behavior of ug. For a.a. z € ', we have

ug(z) = ug(x1, ..., Ta—1,8 / —ud (x1,...,T4-1,8) ds.

Multiplying it by (1 + |x|)®, taking absolute value and integrating over I' w.r.t.
T1,...,Tq_1 wWe obtain

/|ud|(1+|x|)”‘ dSS/ / |lug(z1, ..., xa—1,8)|(1 + |2]|)* dzy ... dre—1
T _

3ud

+ligg, e

Consequently, integrating the result over s € (0,1) and using the fact that \g—gy <
le(w)| we obtain

(@)

/F gl (1 + L) dS < lull o + (@)
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Next, we prove the same result but for different component of w. For simplicity we
prove it only for uy, for other u;’s the proof is same. First, we deduce that

up(z) +ug(z) =wi(xr +s— 1, za,...,24-1,8) +ug(z1 + s — 1,22,...,24-1,5)
1
d
(B?) +/ ﬁ(ul(xl —l—t—l,xg,...,Id_l,t)) dt

1
d
+/ &(Ud(ffl +t—1,22,...,24-1,t)) dt.
Since

d
pn (ui(z1 +t—Lao, ..., xa-1,t) tua(z1 +t = 1,22,...,24-1,1))

< 2|E('LL(.T1 +1t - 1, T2, .. 7xd—17t))|

we can take absolute value in (B.7) multiply the result by (1 + |z|)* and integrate
w.r.t. x1,...,x9-1 and s to get

/F ur — ugl(1 +[2])* dS < Cllully,(a) + Clle(w) 1)

Using the same procedure for arbitrary u; we finally conclude (B.6). (]

APPENDIX C. INTERIOR REGULARITY ESTIMATES

For the sake of completeness we end this paper with the proof of interior reg-
ularity result for our approximative problem and consequently (as the estimates
are u independent) also for limit problem. To be more concrete under non-uniform
assumption (1.32) we prove uniform estimate (1.34). This result can be found also
in Lobach (2007) by using the same approximation or in Bensoussan and Frehse
(1993), via the Norton-Hoff approximation that has the advantage that it works in
arbitrary dimension. The approach here works also for our different approximation
but from very essential reasons we are able to prove local regularity result only for
d < 4 (see also Lébach (2007)).

Lemma C.1. Let d < 4. Assume that (o,u) is a solution to (H,) satisfying (1.33)
and (1.32). If f € W2%(Q) then (1.34) holds.

Proof. Let € Q and let € > 0 be such that B(zx,2¢) C Q. We find € € D(B(x, 2¢))
such that £ =1 in B(x,¢). Next, we apply the operator V to equation (H,,)1, take
the scalar product with Va&?™ for some m € N and integrate the result over Q.
Note that having (1.32), such procedure is rigorous. Hence, we get the equation

(lopl = K)1op

(C.1) (AVo,08*™) + = H(V
o]

,Va&e?™) = (Ve(u), Va&™).

Using (1.29), we immediately deduce that

LHS of (Cl) Z C,U,_l/ (|0-D|7_H)+|VO.D|2€27U

B(w,2¢) lopl

Voo [*|?

(C.2)
+ c;fl/@/ X{|0D|>N}W£2m + 1/0/ Vo - Vo&?™ dx
B(z,2¢) D B(x,2¢)
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that is in fact the LHS of the estimate (1.34). We follow by estimating RHS of
(C.2). Hence, we use integration by parts and the identity (#,)2 to get

RHS of (Cl) = (Dijui,Dkai]me)

= (Dyui, Dy fi€*™) — (Drus, Doy D;E2™)

= —(u, AFE™) — (ui, Dy fi Dr&*™) — (Dyus, Dyoiy D;E™)
= J1 4+ Jo + J3.

(C.3)

Using (1.33) and the fact that f € Wlicd(Q) we immediately deduce that
J1+ Jo < C(e,m).
The remaining integral is estimated as follows
J3 = —(Dyu; + Dsug, Do D;E%™) + (Djug, Dyoi; D;E™)

= —(Dyu; + Dyug, DyoigD;€*™) + (ug, Dy f;D;6°™) — (uk, Doy DiD;E*™)
= Js+ J5+ Js.

Next, for .J4 we use the equation (H,,); to obtain that (using that [VE*™| < C(g)é™)

J1 < Ce)loll2Vae™ ||z + Cle)n™ /B(x 28)(|¢7D| = £)4|Vale™ dr.

Consequently, having the point-wise estimate |Vo| < C|Veop|+ C|dive| and using
the Young inequality, a priori estimate (1.33) and the assumption on f we conclude

1Z0) m
Jo < S IVae™ I3 + Ce, o) lol3

+C(5)u‘1/

B(z,2¢)

< Cle,vp) + %(LHS of (C.1)).

1|VO‘Dfm|2

(ool = ). (Clrl+ 5728

+C|UD|) dx

The term J; can be simply estimated as

(1.33)
Js < ulla | fllha < C

For the remaining integral, we have
: 242 2 (1.33) 342
Jﬁ = (le’u,,O' . V f m) —+ (Uk,O'ijDiDjDkf m) S O+ |u|\a||V f m| dI
Q

The last term is simply bounded if dimension d = 2 (using (1.33)). For d = 3,4 we
use Holder inequality to conclude that

/QIUHUIIV%Q’”I dr < ||ug™ "V |l olog]a =: Jr.

Next, setting m = 3 we see that £~™|VE?™| < C. By means of the embedding
theorem, we obtain

(1.33) 1
Jr < Cllulla V@™l < C+CflIVale™| < € + S (LHS of (C.1)).

Finally, combining all above estimates, we come to the conclusion that (1.34) holds.
O
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