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In this article we present and analyze a new scheme for the approximation of multivari-
ate functions (d = 3,4) by sums of products of univariate functions. The method is based
on the Adaptive Cross Approximation (ACA) initially designed for the approximation of
bivariate functions. To demonstrate the linear complexity of the schemes we apply it to
large-scale multidimensional arrays generated by the evaluation of functions.

AMS Subject Classification: 41A80, 41A63, 15A69.
Keywords: data compression, dimensionality reduction, adaptive cross approximation.

1 Introduction

Representations of functions k of several variables by sums of functions of fever variables have been
investigated in many publications; see [22] and the references therein. The best L?-approximation of
functions of two variables is shown in [23, 25] to be given by the truncated Hilbert-Schmidt decom-
position. This result was extended by Pospelov [21] to the approximation of functions in d variables
by sums of products of functions of one variable. For some classes of fuctions the approximation by
specific function systems such as exponential functions might be advantageous; see [8, 9], [7]. One
of the best known decompositions in statistics is the analysis of variance (ANOVA) decomposition
[15]. Related to this field of research are sparse grid approximations; see [28, 10].

An important application of this kind of approximation is the approximation of multidimensional
arrays generated by the evaluation of functions. In this case a d-dimensional tensor is approximated
by the tensor product of a small number of vectors, which significantly improves the computational
complexity. Multidimensional arrays of data appear in many different applications, e.g. statistics,
chemometrics, and finance. While for d = 2 a result due to Eckart and Young [12] states that the
optimal rank-k approximation can be computed via the singular value decomposition (SVD), the
generalization of the SVD for tensors of order more than two is not clear; see the counterexample in
[18]. In the Tucker model [27] a third order tensor is approximated by

Ty T2 T3

Zzzgijsz‘@)yj@%

i=1 j=1 k=1

with the so-called core array g and the Tucker vectors x;, y;, and z;. The PARAFAC model [11] uses
diagonal core arrays. A method for third order tensors is proposed in [16]. Multi-level decompositions
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are presented in [17]. The most popular method is based on alternating least squares minimization
[19, 26]. In [29] an incremental method, i.e. the approximation is successively constructed from the
respective remainder, is proposed. While our technique also is based on successive rank-1 approxi-
mations, in [29] the optimal rank-1 approximation is computed via a generalized Rayleigh quotient
iteration. Since all previous methods require the whole matrix for constructing the respective ap-
proximation, they may be computationally still too expensive. We present a method having linear
complexity using a small portion of the original matrix entries.

In [3] the adaptive cross approximation (ACA) was introduced. ACA approximates bivariate
functions k by sums of products of univariate functions. A characteristic property of ACA is that
the approximation is constructed from restrictions of k to lower dimensional domains of definition,
ie.

k
H(.%', y) ~ Z Oéij"i(xia y)k(z, yj)
i,j=1
with points z;, y; and coeflicients c;; which constitute the inverse of the matrix s(x;,y;), 4,7 =
1,...,k. The advantages of the fact that the restrictions s(x;,y) and s(x,y;), 4,5 = 1,...,k, are
used, are manifold. First of all it can be seen that this kind of approximation allows to guarantee
quasi-optimal accuracy, i.e. the quality of the approximation will (up to constants) be at least as good
as the approximation in any other system of functions of the same cardinality. Furthermore, matrix
versions of ACA are able to construct approximations without computing all the matrix entries in
advance, only the entries corresponding to the restrictions have to be evaluated. Furthermore, the
method is adaptive because it is able to find the required rank k in the course of the approximation.

In the present article the adaptive cross approximation will be extended to functions of three and
four variables. The latter two classes of functions will be treated by algorithms which together with
the bivariate ACA can be investigated in the general setting of what we call incremental approxima-
tion. These will be introduced and investigated in Sect. 2. The convergence analysis of the bivariate
ACA can be obtained as a special case. Furthermore, in Sect. 3 we will show convergence also for
singular functions. A principle difference appears if ACA is extended to more than two variables, be-
cause the dimension of the restricted domains of definition of the approximations are still more than
one-dimensional. Hence, further approximation of these restrictions by an ACA of lower dimension
is required. As a consequence, the influence of perturbation on the convergence has to be analyzed.
In the trivariate case treated in Sect. 4 one additional approximation using bivariate ACA per step
is sufficient. The approximation of functions of four variables is treated in Sect. 5 and requires two
additional bivariate ACA approximations per step. To demonstrate the linear complexity of the
presented techniques, our theoretical findings are accompanied by the application of the presented
schemes to large-scale multidimensional arrays. A method that is similar to the kind of matrix ap-
proximation treated in this article (at least for the trivariate case) was presented in [20]. Although
it is proved in [20] that low-rank approximations exist, the convergence of the actual scheme has not
been analyzed.

As the need for techniques required to analyze the influence of perturbations on the convergence
already appears in the cases of three and four variables, the results of this article are expected to
be useful also for problems of more than four dimensions, because algorithms can be constructed by
recursive bisection of the set of variables; see also [14]. In this sense this article lays ground to the
adaptive cross approximation of high-dimensional functions.



2 Incremental Approximation

The approximation schemes considered in this article will be of the following form. Given a set X
and a function f: X — C, define ro[f] := f and r¢[f], K =1,2,..., as

_ ri—11f1(@k)
Cr ()

Here, zy; is chosen such that ¢ (z)) # 0. The choice of the functions ) : X — C defines the respective
approximation scheme. Since the evaluation of functions at given points is central for our methods,
we assume that f and ¢ are continuous on X. In the following lemmas properties of ri[f] will be

rk[f] = rr-1[f] C. (1)

investigated.

Lemma 1. For ri[f] the non-recursive representation

a4
nlfl=f=1 | Ut (2)
f(zr) Cy
holds, where
61(1‘1) El(xk)
U := O 62‘('%'2) :
0 .0 f(m)

Proof. The assertion is obviously true for £k = 1. Assume that it is valid for £ — 1. Then we obtain
that

Tr—1(Tk)
e T O () ‘
fle) 17 2 fle) 17 () ,
ol I o/l IR I VACTO R R R 2/l I RENT
fzr—1) lr—q f(zr—1) lr—1(xg)

which ends the proof, because
[A b] o [A—l —A—lb/y} @)
gl /v |’
where A is a non-singular matrix and 0 # v € C. O

The previous lemma shows that the constructed approximation

self] = f —r&lf]

is in the linear hull of the functions £1, ..., ¢;. The following lemma shows an equivalent expression
for the coefficients. In addition to the vector in (4) the quantities

k

oi = sup Y [¢ ()|

zeX —i



defined on the components of £*) : X — CF,

2
W =ut
Cr
will play an important role in the stability analysis.
Lemma 2. It holds that
rolf](z1)
f(xl) £1(z1)
e N )
rie—1[f](zx)
fl@y) 5;(931@)
Hence,
sklf] = ;Ti_lm(%)&(m)'
Proof. Formula (4) is obviously true for £ = 1. Assume that it is valid for & — 1, then using (3)
T T
f(x1) f(z1) 1
: Ul = : Ui kall
) ) L (x ’
fax) F () o)
where
()
ve-1 = ~Uy : /i (k).
Cr—1(wy)
From (2) together with the assumption, we obtain
T
f(@1) f(z1) g (@)
. -1 _ | ro(z1) re—2(Tr_1) . flzp) | — [rolz1) TE—1(Tk
: Up™ = z(1)(901)""’ /;—?(x:—i)’ : Uk—1 1 fk(l‘];) T b)) Zlc(llfk) ] ’
f(z) f(xr-1)

O

In the following lemma we will investigate under which conditions on ¢ the function si[f] in-
terpolates f. Notice that ri[f](z;) = 0. However, 74[f](z;) does not vanish for j < k in general.
The desired interpolation property will be characterized by the coincidence of the upper triangular
matrix U, with the k x k matrix

El(xl) e fl(xk)
My = | :
Ue(z1) .. Le(zk)
or equivalently by £;(x;) = 0 for i > j.
Lemma 3. For1 < j <k it holds that
0 T
T :
f(z1) 0
r Ti) = — : Ut 5
k[f]( J) : k €j+1(xj) ( )
f (k) :
()




Hence, s([f](x;) = f(z;), 1 < j <k, if M} = Uy. In the other case we have that si[f](z;) = (f&);,
1 <5<k, where

i f(@1)
fo = U M) |
f(zk)
Proof. Since r;(z;) = 0, we have that
fa)]" [a)
flaj)=| = Uit
f(@;) C(;)
Formula (5) follows from
fa)]t [h)
ri(zs) = flz;) — | - Uyt (6)
flan) Cr(z)

and the upper triangular structure of Uy which contains Uj in the leading j x j subblock.

The second part
T

su@)]” [f(@)
. . U];le

s LS

follows from s, = f — r; and (6).
O

Remark 1. Let My be non-singular. We denote by M,gi) (x) € C¥** the matriz which arises from
replacing the i-th column of My, by the vector vy, := [(1(x), ..., lx(x)]T. The functions

_ det M(i) z
L[ f](x) == (M, 1vk),~ = ﬁ]\fi) € span{ly,..., 0}
are Lagrange functions for the points x1,. .., xy, i.e. L;[f](xj) = 0i5, 4,5 =1,..., k. As a consequence
of Lemma 3, the approximation
k
Sk[f] = Z(fk)le[f]
i=1

is the uniquely defined Lagrangian interpolating function.

The following lemmas will help estimating the remainder r; of the approximation. We first observe
the following property.

Lemma 4. Let My = Uy and let functions O1,..., 0y satisfy span{@l,...,ék} = span{/y,...,l;}.
Then M € CF*F defined by M;; = li(x5), 1,5 = 1,...,k, is non-singular and

T

f(x1) )
nlfl=r—1 | M
[ () 14"



Proof. Let C € C**¥ be an invertible matrix such that

2 2

Lemma 1 gives the assertion. ]

In the following lemma the remainder r[f] is expressed as the error

T
f(z1)
Elfl(z) = f(z) — | V()
f(zx)
of a linear approximation in an arbitrary system {¢1,...,¢} C C(X) of functions. Here, we set
\I]k; = [7,[)1, s 7¢/€]T'
Lemma 5. It holds that
Fla)]” fla)]” Eilt1]
(=&l = ¢+ | U My=U)— | ¢ | Ut
f(xk) f (k) Ex[Ck]
In particular, if My = Uy, then
fan]' (&l
(=&l - | M
f(xk) Erllr]
where M, and @1, e ,ék are as in Lemma 4.
Proof. The assertion follows from
[fx)]" b flan]” flan]” 0
re=f—1] Ul =r-1 Uy "My, — | Ut D My
| f () | U, f(xr) f(xr) ly
(F)]” fan]” fa)]t T&d]
=f=1 ] | | U (M= U)W - || U]
| f () ] f(xr) f(xr) Exllr]
The second part of the assertion follows from Lemma, 4. O



Remark 2. The previous lemma relates the remainder ri[f] to the error E[f] in the system Wy.
Assume that Wy are Lagrange functions, i.e. ¥;(xj) = i, i,5 = 1,..., k. If ri[f] is to be estimated
by the best approximation error in Wy, then one can use the estimate

1€xfTlloo < (14 1Z4ll) inf 11F = Dlloo, (7)

where Iy, : C(X) — C(X) defined as I f = Zle f(zi)y; denotes the interpolation operator in Wy,
and || T := sup{||Zx fllocs f € C(X), ||fllcc = 1}. Estimate (7) is a consequence of

If = Zeflloo < I1f = Ylloo + 1 Ze(f = ¥)lloo < (1 + | Zklloo)Ilf = Pl
for all ¥ € Vy.

2.1 Perturbation analysis

The next question we are going to investigate is how approximations 0}, to the functions ¢}, influence
the approximation error rg[f], i.e., we will compare the remainder ri[f] with 7 [ f] defined by 7o[f] = f

and -
_%@, k=1,2,.... (8)

In (8) zy is chosen such that Uy (21) # 0. Define Uy, €%), and i by replacing /; in the respective
definition with ¢;. Notice that we use the same points xj, from the construction of 7[f] also for the
construction of ri[f]. Therefore, we have to make sure that Uy, is invertible.

T f] = Tr-1[f]

Lemma 6. Let ¢; := ||0; — li]loo such that e; < |li(x;)], i=1,...,k. Then £;(z;) # 0 and
3~ Il
- i—1 i)l -
7% [f] = 7% [f]lloo < W(0i7k+1) €.
i=1 P

Proof. From |0;(z;)| > |li(x;)| — &; > 0 it follows that Uy, is invertible. Setting

0 — 0
E,=U, — Uk and 5(k) = R
O — 0,
due to Lemma 1 and Lemma 2 we have that
()] 0 2 fla)]” 0] [a
Th—re= | O el =U o =] 0 | U@+ BU | ] - |
_f(xk)_ Ek Ek f(xk) fk fk
_ 4T - ro(z1) T
f(z1) 6 (en)
= | ot [P BT =] (60 + B .
J rp—1(Tk)
_f(xk)_ gk n(or)
The assertion follows from ||5§k)\|oo <&, [(Ek)ijlloo < iy and (Ey);; = 0 for i > j. O

In addition to (8) one may also consider the following scheme, in which 7x_1[f](zx) is replaced by
some value aj, € C:

rlf] = Tho1lf] — = C. 9)




Then 7, [f] will usually neither vanish in the points x;, 1 < j < k, nor a representation (2) will hold.
However, the following lemma can be proved. We will make use of the recursive relation

®) _ 1) bk k1) :

=€ — ‘ xE), t=1,...,k—1, 10a
& =¢ AEN & (k) (10a)

*) _ Lk 10b

for the components of £*), which follows from (3).
Lemma 7. Let ¢ := 7j_1[f](x;) — a; such that |¢j| < e, 1 < j < k. Then

T

Hence,
k
- ~ ~(k ~
17471 = 74l f]lloo < sup S 1€ (@) lej| < 1pe
TEe j—l

Proof. The assertion is proved by induction. It is obviously true for £ = 1. Assume that it is valid
for kK — 1. Then

rea(a) U

= Tho1 — — U+ = £k
T T
€1 ~ €1 Z
=Tp_1+ | gh-l) - Tr—1(xk) + R (zy) —F g
k(Tk) Ci(xg)
k-1 €k—1
T T

&1 g €1 ~

=i+ | 0| EFDo—E ) g+ gy
Cp (k) Cp (k)
€k—1 €k—1
Equation (10) finishes the proof. O

2.2 Estimating the amplification factors

As it can be seen from Lemma 6 and Lemma 7, for the perturbation analysis it is crucial to estimate
the size of the amplification factors £(¥). The following lemma is an obvious consequence of (10).
Let v; : X — C, j =1,...,k, be given functions and set

U1

§(k) = Ul;l

Vg
Lemma 8. If there is > 1 such that ||vi|lco < p|li(x;)| fori=1,...,k, then
k—1
A k >
1€ e < o [ 147167 loe
j=i

Furthermore, H&Z(R)HOO < v(1 4 )7 provided that ||4;|ee < v|li(2;)| for some v € R.



Proof. 1t readily follows from (10) that ||¢; (k) HOO < v(1+v)*~". Similar to (10) we obtain the following
recursion formula for the components of f

ck) _ Yk
v =

which shows Hél(l) loo < p and the recursive relation

2(7+1 (7 i .
HE9 D o < 119 oo + € 0y G =k —1,... i
Hence, we obtain that

k—1
» |
1P oo < 1t 103 1167 oo
j=i

O

In particular the previous lemma shows that H{Z(k)HOO < 2k provided that z; maximizes |¢;]. In
this case we have

k k
ik < Z ”gl(jk)Hoo < sz,,, _ 2k72+1 1.
v=i v=i
If4;,7=1,...,k, are smooth, i.e. if we may assume that
Eh—illivp](@)] < ellipp(@ivp)l, w=0,....k—1, (11)

with some € > 0 and if 4;(x;) = 0, i > j, then significantly better bounds for H&Z(k) loo can be derived.
Due to (10) each f(k 1 < ¢ < k, can be regarded as a remainder function of an approximation of

type (1) with f/':= 5(2 and £} := fljj;] , because it follows from (10) that

0 b
00 = ey

i+j itj— Ui i+j— ; ;
& (@) = g™ ”(az%ﬁ%sﬁ Vi) J=T ki

Since span{¢},..., ¢, .} =span{l;;1,...,¢;}, Lemma 5 shows that

i T
&7 (zi41) Enillist)(@)
k ) . — .
eV (@) = EnileM @)~ | (M} : ,
& () Ex—ilt](z)
where (M} ) = litp(®itw), p,v =1,..., k —i. Hence, from (11) and Lemma 8 we obtain that
k—i ) k—i—1 ' ‘
16PN < e+ Y 16 @) [ 14+ Y 2777 | < 2h e, (12)
v=1 j=v

because M; , =U, . and |£Z(l) (zj)] £1,j=14+1,...,k, provided that x; maximizes |¢;|.
We will, however, see in the numerical examples that typically |y§§’“> |loo is significantly smaller than
predicted by our worst-case estimates.



3 Adaptive Cross Approximation

The adaptive cross approximation (ACA) was introduced for Nystrém matrices [3] and extended to
collocation matrices [6]. A version with refined pivoting strategy and a generalization of the method
to Galerkin matrices was presented in [5]. The following recursion is in the core of this method.
Given k: X xY — C, let Ry(x,y) = k(z,y) and

Ry _1(z, yr) Rp—1(wx, y)
Ri—1(xk, yr)

Ri(z,y) = Ri—1(z,y) — , k=1,2,.... (13)
The points xj and yj, are chosen such that Ry_i(xg,yr) # 0. The previous recursion corresponds to
the choice

f=rke, Li:=Ri1(zi,)

in (1) if x € X is treated as a parameter. Then Ry(z,y) = ri[kz](y) holds, where k, is defined
by kz(y) = k(z,y) for all x € X, and ¢;(y;) = 0 for ¢ > j can be seen from inductively applying
Lemma 3. Since

span{ly, ..., 0} = span{k(z1,-),...,k(xk, )},

we see that f; = k(x;,-) is a possible choice in Lemma 4. Hence, the degenerate approximation
Sk := k — Ry, of k has the representation

sa)]" )] .
Sk(x,y) = : M : = > (M )igs(a, yi)k (s, y)
K(Z, yk) K(ZTk,Y) 4=1

with (My)i; = k(z4,y5), i, =1,... k.

In Lemma 5 we showed how the remainder Ry of the approximation can be estimated by relating
the approximation to linear approximation in any system {¢1,...,¢y}. In particular we obtain from
the second part of Lemma 5 that

Exlra))]"
Ry(2,y) = Exlkal(y) — ; §W (@),
where
k(@ Y1)
EW@) =M T ¢+ |ecCk
K(, yr)

can be regarded as an amplification factor with respect to . Therefore, we obtain

[Ri(z, )| < (o1 +1)  max  [&[k:](y)]. (14)

ze{z,x1,..., Tk

Similar to Remark 1 we denote by M ,gi) () the matrix which arises from M}, by replacing the i-th

row with the vector [k(z,y1),...,k(x,yk)]. Then due to Cramer’s rule we have that
f(k)( ) det Mél) ()
D) = ——E——.
’ det My
Hence, if the pivoting points z;, i = 1,..., k, are chosen such that

| det M,gl)(xﬂ < |det M| forallze X andi=1,...,k,
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then H{Z(k)HOO =1, and we obtain

[Ri(z,y)] < (k+1)  max |&[k:](y)]-
ze{x,x1,....Tx }
In this case of so-called matrices of maximum volume we also refer to the error estimates in [24]
which are based on the technique of ezact anhilators; see [2, 1]. In practice it is, however, difficult
to find matrices of maximum volume. In Lemma 8 we observed that

€W |0 < 2670, i=1,... kK,
under the realistic condition
\Rk,l(m,yk)] < \Rk,l(mk,yk)\ for all z € X. (15)

In this case (14) becomes
[Ri(z,y)l 2% max  [E[k:](y)].

ze{z,x1,....x% }
If k is sufficiently smooth with respect to y and if the system W, is appropriately chosen, then it can
be expected that for all x € X
1€k [Fa]lloo ~ ’7k (16)

with some 0 < =« < 1, which results in an approximation error of the order (27)’“ . Hence, ACA
convergences if v < 1/2. Notice that the choice of y; does not improve our estimates on the
amplification factors £). However, it is important for obtaining a reasonable decay of the error
Ex[kz]; for details see [5].

Up to now we have exploited that x is smooth only with respect to the second variable y. If &
is smooth also with respect to z, then the arguments from the end of Sect. 2.2 can be applied to
improve the error estimate. Condition (11) is satisfied, because according to assumption (16) for
pw=0,...,k—1 we have that

‘Ekfi[Ri—i-u—l(Hyi—i—u)](x)‘ < E‘Ri-f—u—l(xi-i-myi—i—u)‘? €~ 'Ykii-

Hence, if £ is smooth also with respect to z, then according to (12) we obtain Hgi(k)Hoo < 2k~ and

2]?,.)/2]?

k k )
|Ri(z,y)| ~ AR 2kTink=i < ok 20N o7y i < 2

which converges for v < 1/v/2.
Although the estimate has improved, the dependence of oy on k is still exponential. The actual
growth with respect to k seems to be significantly slower; see the following numerical examples.

3.1 Matrix approximation
The previous estimates can be applied when approximating function generated matrices

aij:ﬁ(pi,qj), i=1,...,m,j:1,...,n,

with p; € X and ¢; € Y. In this case (13) becomes the following matrix iteration. Starting from
Ry := A, find a nonzero pivot (ix, jx) in Ry and subtract a scaled outer product of the ix-th row and
the jg-th column:

Riy1 = R — [(Ri)irji] " (Ri) 1 (Bi)ig 1m0

where we use the notations vy := (Rk—_1)i,,1:n and uy := (Rg—1)1:m,j, for the iz-th row and the ji-th
column of Ry_1, respectively. We use (15) to select ;. The choice of ji is detailed in [5].

11



Since we are able to control the remainder Ry, of the approximation by our estimates, it is sufficient
to construct Sy = A — Ry, which requires the computation of only

N (Bet) ~ (v0)
0—1)i,i ) i
up = (Rr—1)1m i = G1om,ji, — (Ri’.”.’Wszl)nw = Qi — ) #W (17)
—1 l—1)igge -1 0)ig
d
a k—1 (R ) k—1 (u )
0—1)igj l)i
Ve = (Rep—1)i, 1:n = @iy 1:m — 7WR, is1m — Qi 1:m — —k’l}. 18
k ( k 1)zk,1.n i, lim ;:1 (RZ—I)i[je( 74 1)@4,1.n i, 1lim ZZ:; (Ué)ie {4 ( )

In particular this means that only k(m + n) of the original entries of A have to be computed. The
number of operations required for constructing Sy = 22:1 uw’{ is of the order k%(m + n), while the
storage required for the approximation Sy is of the order k(m + n). For further details see [4].

In the following example we consider the smooth function

k(z,y) = (1+ 2 + y2)_1/2, z,y €R,
and the points p; = ¢; = %(z — %), i=1,...,n=m. Table 1 shows the rank k required to satisfy
A= Skllr < ellAllr (19)
and the CPU time in seconds on a single core of an Intel Core2 X5482 processor at 3.2 GHz. The
e=10"" e=10"° e=10""
ACA SVD ACA SVD ACA SVD
n |k time[s] | k& time [s] | £ time [s] | £ time [s] | £ time [s] | & time [s]
1250 | 4 0.00 | 3 4.2 | 4 0.00 | 4 4215 0.00 | 4 4.2
2500 | 4 0.00 | 3 43.1 | 4 0.00 | 4 4315 0.00 | 4 43.1
5000 | 4 0.00 | 3 381.7 | 4 0.00 | 4 381.7| 5 0.00 | 4 381.7
10000 | 4 0.00 -1 4 0.00 | - -15 0.00 | - -
20000 | 4 0.00 4 0.01 5 0.01
40000 | 4 0.01 4 0.01 5 0.01
80000 | 4 0.02 4 0.03 5 0.03
160000 | 4 0.06 4 0.06 6 0.09
320000 | 4 0.13 4 0.13 6 0.21
640000 | 4 0.29 5 0.37 6 0.48
1280000 | 4 0.61 5 0.81 6 1.01

Table 1: Comparison of ACA and SVD.

approximation via SVD gives the best approximation but requires O(n?) complexity. Notice that the
CPU time for both methods includes the computation of the required matrix entries. For problem
sizes larger than 5000 the SVD could not be computed within 30 minutes. ACA shows a linear
complexity, and the approximation rank is insignificantly larger than the optimal one, which does
not seem to depend on the problem size. Note that in order to guarantee linear complexity we
replaced (19) with

[urtill2llvrsallF < €l Seaallp, (20)
because ||A||r = ||Sk+1llr and ||Sk+1 — Skllr = ||A — Sk||F-

Table 2 shows the expression

k
_ (k)
Ok = jn%?_%’nzl &7 (q5)]-
1=

The amplification factors do not seem to grow exponentially with k.

12



k| 1 2 3 4 5 6
320000 | 1.00 1.04 125 263 4.70 3.61
640000 | 1.00 1.04 1.26 2.61 3.76 3.70
1280000 | 1.00 1.05 1.27 254 3.01 3.08

Table 2: Amplification factors oy, for the case € = 1077,

3.2 Application to singular functions

In previous publications the adaptive cross approximation was applied to functions x on domains
X x Y which are well-separated from singular points of k. The following lemma shows the rate
of convergence in the case that X x Y approaches singular points. As an important prototype we
consider

r(a,y) = (ja]? + [y|?) (21)
with arbitrary ¢ € N.

Theorem 1. Let 61,65 >0 and X C {x € R : ||zl > 61}, Y C {y € RY: |ly|l2 > 02}. Then for Ry
applied to K from (21) there is a constant cx > 0 such that

8.9l/q /i

B (2, 9)| < ek —g——avi7g© 7
T+

re X, yeY.

Proof. In [9] it is proved that for the approximation of the function f(t) := ¢t~'/9 by exponential
sums

k
sp(t) = wie ™', wi,q; €R,
=1

it holds that

: . 8.9l/a
1F = 3klle,00) = nm 1f = sklljg,00) < e~ ™VE/4,

Without loss of generality we may assume that the coefficients a; are pairwise distinct.
Setting 1;(y) := e~ ¥’ for z € X it holds that §;(|z|7+|-|9) € ¥s. Hence, for the approximation
of k on X XY we obtain that

sup inf ||k(z, ) = Ylloo,y < sup [ f(|2[7+ [ [T) = Sk(|2]T + |- [D oo,y
reX VeV zEX

R 8- 21/q —m/k
< = Sellspsagon < gy g

The assertion follows from (14) and Remark 2 with ¢, := (1 + || Zg||) (01,5 + 1). O

As a consequence, the rank k required to guarantee an error of order € > 0 depends logarithmically
on both ¢ and the maximum § := max{d1,d2} of the distances to the singularity provided that

o < exVk/a:
T i a 4
o8 oYV <o — k> —g[\logal—l—\logé\+(3+1/q)log2]2. (22)
T

We will now construct matrix approximations for matrices A € R™"*" generated by (21) for ¢ = 2,5
and € = 107°. Table 3 shows that in contrast to Table 1 the rank increases with the problem size
due to the singularity of k. As predicted in (22) the dependence is logarithmic. The column labeled
“factor” shows the compression ratio 2k/m, i.e. the ratio of the number of units of memory required

13



q=2 q=>5
ACA SVD ACA SVD

n| k  factor time [s] | k time[s] | k£  factor time [s] | k time [s]

1250 [ 18 3-1072 0.00 | 16 42131 5-1072 0.00 | 29 4.2

2500 | 19 2-1072 0.00 | 18 43.1 |35 3-1072 0.01 | 32 43.1

5000 | 21 8-1073 0.00 | 19 381.7 | 38 2-1072 0.03 | 35 381.7

10000 | 22 4-1073 0.02 | - ~ |41 8-1073 0.06 | — -
20000 | 24 2-1073 0.06 44 4-1073 0.25
40000 | 25 1-1073 0.16 46 2-1073 0.59
80000 | 27 7-107¢ 0.41 49 1-1073 1.36
160000 | 28 4-1074 0.96 52 7-107* 3.21
320000 | 28 2-1074 2.41 55 3-107* 8.93
640000 | 30 9-107° 6.57 58 2-107% 23.85
1280000 | 31 5-107° 14.12 61 1-107* 52.91

Table 3: Comparison of ACA and SVD for ¢ = 107°.

for the approximation and for the original matrix. Additionally, it is visible that ¢ increases the
approximation rank. However, the difference of the optimal rank and the one computed by ACA is
still small.

Table 4 shows the corresponding amplification factors oy .

n\k 1 2 3 4 ) 6 7 8 9 10 15 20 25 30 31
320000 | 1.0 1.0 1.2 26 25 19 25 33 27 28 30 33 83
640000 | 1.0 1.0 12 26 25 19 25 33 27 28 3.0 33 48 144
1280000 | 1.0 1.0 12 26 25 19 25 33 27 28 30 33 42 11.0 10.1

Table 4: Amplification factors o for the case ¢ =2, e = 107°.

4 Adaptive cross approximation of trivariate functions

In this section functions k : X x Y x Z — C in three variables will be considered. An obvious
generalization of the bivariate method to such functions is the following recursion

_ kal(xa Yk, Zk)
Ri—1(xk, Y, 2)

Rk(x>y> Z) = Rk—l(xayaz) Rk;—l(xk,y’ Z)

for k =1,2,... and Ry(x,y,2) = k(x,y,z). The previous recursion still contains a function in two
variables, which can be approximated using ACA. Instead of R we will therefore use the following
recursion B

kal(x7 Yk, Zk) ./4

Ri—1(zh, Yk, 21) velBiilad] (v:.2) (23)

Rk(x>y> Z) = Rk—l(xayaz) -

for k=1,2,... and Ro(z,y,2) = k(z,y, z). Here, Ay[f] denotes the approximation of the bivariate
function f(y,z) as presented in Sect. 3. The number of ACA steps for the construction of Ay.[f]
will be denoted by &’. The points zy, Yy, and z; are chosen such that f?k,l(xk, Yk, 2k) 7 0.

Before we analyze the decay of |Rk| with k£ in the setting of incremental approximations, we show
how the approximation Sy, := k — Ry, can be represented in terms of x and Ry, £ =1,... .k — 1.

14



Lemma 9. The function Sy is of the form

’

Ry_1(,ye, 20) O ( N F €)
_— RZ l(xfa Y,z )RZ (1’@, y£ ’
1 R£—1($£,W,Z€) Z

M=

Sk(waya Z) =

~
Il

uul

I
M»

Klﬂ? ZM’ZZ Z Z ﬂ(zjg xlaya /J,) ('I]ayl(/])’ )

1 4,7=1 p,v=1

~
I

with points y&j ), z,g) and suitable coefficients a,(fy), ,Siﬁg).

Proof. We have seen in Sect. 3 that

kl

.Ayz[f](y7 Z) = Z auuf(y7 z;l,)f(yl//7 Z)

=1
with coefficients 3, and points y,,, z depending on f. Hence, it is easy to see that

k/

gl(%% Z) = ’%(wayhzl) Z

pr=1

Qpy

T (1) (1)
K(xl,y1,21)ﬁ(x1’y’2'u ) (xlayy ) )

Assume that the assertion is valid for k — 1. Since

2)

(24a)

(24b)

k' k-1 K k—1
Sk—1(zk,y, 2 ZZ%J (25,90, 2) and  Sp_y(wx,y, 2P ZZ%” T3y, 20),
=14=1 w'=11=1
where
k—1 k'
g )
= Z K('Ik’yf,zﬁ) Z Blsl/‘z,/)ﬁ(xuyl(/k)? ELZ))
1,0=1 w'=1
and
k—1 k' 40 )
T8 =57 wlwnye 20) S B k() 2 ),
j=1 V=1
it follows that
Rk*l(mlmyyﬁ% )_’k';(xk y£k)7 ) Sk 1 xkayy ) % ZZC mj7yy/7 )

=1j=1
and similarly

Re—y(zp,y, 2P ZZC,” k(i y, 20).

w'=11i=1

Hence

k'
Ayz[kal‘xk](y7Z) = Z (k)Rk 1($k7y7 ())Rk l(xk7y£k)7 )
w,r=1
k k' o ‘ '
- Z Z ,L(LZ/‘Z/)’ “(xiay,sz/)) If(xj,yl(,],),z),
t,j=1p' v'=1
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where ﬁu ft = z];,y 1 ,(fy)cls ,)C(V)- Together with
Ri—1(x, yk, 1) ),
Yo k(T Ye, 20)
Ry 2k, Yk» 2k) ;
we obtain the assertion. O

Whereas in the bivariate case only the amplification factors o entered the error estimates, the
perturbation introduced by A,.[Rj_1ls,] is also amplified by the expression

) oy ARl 2)

Piv T ey ez ’Rk71(xkayk‘7 zk)|

as we shall see in the following theorem. Notice that the factor cgfz

step of the iteration to check its size.

can be evaluated easily in each

Theorem 2. Let ¢ > 0 be sufficiently small, and for j =1,... k assume that

sup |Rj_1(x5,y,2) — Ayz[Rj-1]a,](y, 2)| <e.
yeY, zeZ

Then forxe X, ye€Y, and z € Z

|Ri(2,y,2)| < (01 +1)  max , | Eklkr]lloo,y xz + cie,

TELL,X1,...,T

where ¢ 1= 01 + 2 Zle 01,51 Hi?:]( I(OZI)V +1)(Gik +1).

Proof. Notice that |Ry(x,y, z)| was estimated in the last section if (y, z) is treated as a single variable;
see (14). Hence,
|Ri(2,y,2)| < (orp+1)  max  [|E[kr]lloo,yx2-
Te{z,x1,...,T }
Furthermore, for fixed y, 2 we have that Ry, = ry, [ky,2] is of type (1) if we choose £} 1= ri_1[Ky, 2],
while the recursion for Ry, is of type (9), i.e. Ry(2,y,2) = 74[#,..](z) for the choice
Z ":: 1[”%,%] = Rk—l("yk’ Zk)a ap = Ayz[Rk—lka](ya Z)-

We obtain from Lemma 7 that
1Flry,z) — Frlriyzllloo < D NEM ool [ky,:) (x5) — as] < F1e,
j=1

because ) . .
751Ky} (x5) — aj] = [Rj—1(x5,Y, 2) — Ay [Rj-1]a;](y, 2)| < e

Let Fy := sup, , [[rk—1[ky,z] — Tr—1[Ky,2][lco- Then it follows that

106 = Ckllos = Iri—1lriy, 2] = To—1yy,2) oo
< k1B z] = Te—1lByp 20l lloo + 1Fr—1[Fyy 2] = Tr—1[Fyy, 2] lloo
< Fi + 01,16

For sufficiently small € we may assume that

- 1~
Fi + (G151 + e < k()] (25)

16



Then Lemma 6 proves the estimate

k

Iy < ZPz(F@ +G1,i-1€) (26)
=1
with e i) (29)
sup,, . |1i—1[ky,2) (@) ,_
pi = —5 ‘g_(m)z‘;z —(Gi +1).
3 (A

From |r;_1[ry.](2i) — Ayz[Ri—1]2](y, 2)| < F; + (6141 + 1)e we obtain that

supy . |ri—1[ky,2] (@) <SPy |-’4yz[Rf71|:v¢](ya z)| +~Fz‘ + (01,1 + 1)e <2 1
i ()| |0i(z;)| — F; — 61,i—1€

due to (25).
Define | =0 and F}_ | = Sk pi(F! 4 614-1¢). We see that

Fioy = Fy+ pe(F + 018-16) = (o + 1) Ff + pro1p—1€

and thus
k—1 k—1
Fo=eY a5 [] (i+1).
j=1 i=j+1

From F; = 0 and (26) we see that

Fk<Fk—5ZJL] 1Pj H p2+1 <5ZUIJ IH pz"’l

i=7+1
It follows that
[7klloo < 17k = Frlloo + Frs1 + 17k lloo
k

k
< rilloo + Frre +26 Y 6151 H(Cl(;fi)v +1)(04k + 1).
i=1 i=j

4.1 Matrix approximation

We apply the approximation (23) to the matrix A € R™*™*" with entries a;,iyis = K(Diy, Piy, Pis) and
D = %(z - %), i1=1,...,n, generated by evaluating the smooth function

K(z,y,2) = (L+2° +y° + 22712
From (24a) we obtain the representation
k k¢
Sk 112213 Z w@ i1 Z ufl/)ig(vfl/)ig
(=1 v=1
with appropriate vectors uy,, vg,, and wy, v = 1,..., ks, £ = 1,...,k. Here, ky denotes the rank of
the /-th two-dimensinal approximation. Hence,

n k
HSICH%’ = Z (Sk)lllgzg - Z (wfawf’)aUH
iy iz=1 00=1

17



where
ke Ky

e =YY () (Ve Vo),

v=1v'=1

can be exploited to evaluate || Sk || with linear complexity. Furthermore, we have that || S, 1—Sk||% =
| w1 /30k+1.k+1, and condition (20) becomes

lwriill2v/@r 11 < €llSkrallr

in the case of third order tensors. Notice that the computation of Rj can be avoided by tracing back
the error as in (17) and (18).
(k) (k) (k)

The pivoting indices (i} ,i5 ,i5 ) can be obtained in many ways. The aim of this choice is to

(k)

reduce the amplification factors &1 and Cpiv- I the following numerical examples we have chosen

igg) as the index of the maximum entry of the vector Al'n A0 (0 where (i;éJrl),ing)) is the index
Thytg  Hlg

of the maximum entry in modulus of the rank-k, matrix Ug‘/ZH, Uy € Cvke and V, € C"F. The
maximum can be found with complexity (’)(k:gn) via the following procedure. Let u; and v; denote
the columns of Uy and V;, respectively. In [13] it is pointed out that the n? x n? matrix

k
C:= Z diag(u;) ® diag(v;)
j=1

has the eigenvalues (UngH )i;j for the eigenvectors e; ®e;, i,j = 1,...,n. Hence, the maximum entry
can be computed, for instance, by vector iteration. Here, the problem arises that

k¢
Clx®y) = (dag(y;)x) ® (diag(v;)y),

J=1

i.e. the rank increases from step to step. In order to avoid this, C(z ® y) € C™*™ is truncated to
rank-1 via the singular value decomposition. The latter can be computed with O(k:%n) operations;
see [4].

Hence, the complexity of the matrix approximation algorithm is O(n Z?:l k‘?), while the storage
requirement is O(nkg), where kg := Z?:l ke. Table 5 shows the number of steps k, the Kronecker
rank kg, and the CPU time required for constructing the approximation. The column labeled “factor”
contains the compression ratio (2kg + 1)/n?.

e=10"3 e=10"* e=10"°
n|k kg factor time [s] | k& kg factor time [s] | k& kg factor time [s]
160000 |3 9 7.10710 063 11 9-10719 0714 18 1-107% 1.5
320000 |3 9 2-10719 1503 11 2-10710 1.814 19 4.10710 4.0
640000 | 3 9 5-107 3813 10 5-107 45|14 20 1-10719 10.6
1280000 |3 9 1-107 693 10 1-107" 904 20 3-107 21.3

Table 5: ACA for third order tensors.
Table 6 shows the results obtained for the functions
K(x,y,2) = (29 +y? + 29) "1

with ¢ = 1,2, which are singular for x = y = z = 0. The ranks increase compared with Table 5, but
the complexity is still linear with respect to n.
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qg=1 q=2
n| k kg factor time [s] | k kg factor time [s]
160000 | 21 308 2-107%8 127.1 (32 706 6-107%8 597.7
320000 | 17 214 4-107% 190.8 | 30 660 1-107%  1416.3
640000 | 26 405 2-107%7  1426.2 | 31 667 3-107%7  3653.2
1280000 | 24 421 5-10710 31025 |28 574 7-10710  5756.9

QLN = N

Table 6: ACA for third order tensors and € = 1073,

5 Adaptive cross approximation of functions of four variables
The construction of approximations to functions

k:WxXxYxZ—-C
of four variables w, z,y, z can be done by applying ACA to the pairs (w,z) and (y, 2):

Ry_1(w, z,yx, z1) Rk—1(wk, T, Y, 2)

Rk(w7x7y7 Z) = kal(w7x7y7z) - kal(wk Ty Yk Zk)

Since this leads to bivariate functions, we approximate them using ACA again. Hence, in this section
we will investigate the recursion

~ ~ Aw:vR— z wax-AzR—wm y 2
Ri(w,z,y,2) = Rp_1(w, 2,y,2) — B 1]5(’“ lfl]lék |) y]([w: ;]L)k ul2)
wx —1lyk,2k )

(27)

for k =1,2,... and Ry = k. The choice of (wy, Tk, Y, 2) guarantees wa[Rk—ﬂyk,zk](wk,CEk) # 0.
Here, Ay[f] and Ay [g] denote ACA approximations of the bivariate functions f and g with rank
K.

Lemma 10. The approzimating function Sy, := k — Ry, is of the form

B

k k'
Sk(w,x,y,z) = Zw(w,x)w(y, z) = Z Z Qi fri(w, 2,9y, 2), (28)

=1 lpl=1|i|=1

. 4 e
where pr,4 € N%, |p] = maxj=1 44,

k
uf(wax) = Z ﬁl'(‘f)Rgfl(w7xz(£)ayfaZ@)Rgfl(w.g‘g)axayfa'zé%
1,7=1
Y ) 7 O\ 5 4
W(C% Z) = Z ’YZ'(j)Rgfl(w&xfayazzg ))Rffl(wfax&y‘; )72)7
1,7=1

and

fu/i(w, x> y> Z) = K(’U), %(iu), ym,zm)n(wgm), x> yHQaZ,uz)li(wHS?x,usaya ngg))ﬁ(w“4,$#4,yi(f4), Z)

() o (n2)  (u3)  (na) O (€

with points x; ",y ", 20, Yy, and coefficients ay;, ﬂij , and 7,
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Proof. We already know that
k/
Awel fl(w,x) = Y Bij f(w, 2}) f(w], )
ij=1

with suitable coefficients §;; and points 7, w; depending on f. Hence, it is easy to see that S is of
the desired form. Assuming that the assertion is true for kK — 1, we obtain from

k-1 kK
Sk 1(wk,xkay] y % Z Z’Y],LMM ’U)ﬂ4,$ﬂ4,y§54),2),
pa=11i4=1
where
— (M) (p2) (k) (ns)
Yipaia ‘= Z Z Ouik (wy, x ' ,ym,zm)n(w ? xk‘ayugazm) (wu37xu37y] ) Zig )s
1 p2,pu3=111,i2,i3=1
that
~ k k
Rk—l(wka$k,y§ ),Z) = l{(wk‘,xkay‘g )a ) Sk; 1(wk‘,xkay] y % Z Z C]/J4Z4 wﬂ4?xﬂ4?y§54)7’z)

pHa=1lig=1

and similarly
5 (13)
Rk 1(wkaxk,y’ Z; Z Zgl,ugz:g R\ Wpys, Tpsgs Yy 2 i3 )
n3=1liz=1

Hence

Ayz[Rk—1|wk,Ik](y’Z) = Z ’YU wk‘,xkaya Z( ))Rk_l(wk,xk,y§k),2)
i,j=1

_ }: }: F (13) (114)
- Cﬂsﬂ4i3i4’{(wu3axu3ay, Zi3 )K(wﬂwxuuyu ,Z),

u3,pua=1143,i4=1

e 14 k) 2 .
where Cugpyigis = Zi,jzl BZ(J )Cmaisgj;mm- Similarly

(m) (n2)
wa[Rk 1y, 2] (w, ) E : E : w1 pgirinf ’yﬂl’zﬂl)’{(w STy Ypins Zas )
pi,p2=111,92=1

where ¢/ from which the assertion follows. O

1122112 = Z 1= 16 Z/J,lll _]/,1,2227

For four variables we obtain a similar result as Theorem 2 in the trivariate case. Here, in addition
to the amplification factor o1 ; the expression

9 e AlBitlu 2]
yeY,zeZ |-Aw:r[Rk—1|yk,zk](wkaxk)|

will enter the estimates.
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Theorem 3. Let € > 0 be sufficiently small, and for j =1,...,k let

sup |Rj_1(wj, 25, Y, 2) — Ayz [Rj 1w 2;](y, 2)| < e, (29a)
yeY, zeZ

sup |R]'*1(w’x’yj’ Zj) - wa[éjfﬂywz]’](w’x” Se. (29Db)
weW,zeX

Then forweW,xe X, yeY, and z € Z

Ry(w,z,y,2)| < (1+ & + cxe,
|Ri(w, 2,y,2)| < (14 01) (U,T)E{(w,x){?gfmZ,lek}H klForllloo,yxz + cre

where

k k
=061k +2Y (Frj1+1) H(Cgi)v + 1)(0i + 1)

i=1 i=j

Proof. For fixed parameters y, z the recursion for Ry, is of type (9), i.e. Ry(w, x,y,z) = fk[my,z](w, x),
if we choose

gk(wv z) = wa[ﬁkfl[ﬂykyzk“(wv z) = AwﬂC[Rk*l‘yk,Zk](wv ), ag = Ayz[kallwk,xk](% Z)
Let ry, be defined as in (1) with £ (w,z) = r5_1[Ky, 2] (w, z). From Lemma 7 we obtain
17 ly,2] — Tlrige)loowsex < S MEM lloolFjmtlriy,:] (ws, 25) — aj] < G1pe,
j=1

because . ) )
|7j—1lky, 2wy, x5) — aj| = |Rj—1(wj, 25,9, 2) — Ayz[Rj—1lw; 2,1y, 2)| < e

Let Fy := sup, , [|rk—1[ky,z] — Tr—1[Ky,2]llco,wxx. Then from assumption (29b) we have that

106 = Cklloo,wxx = Tk—1[Fy, 2] — Awe[Fre1 K,z loowxx
< H’rk_l[ﬁ'ykyzk] - fk—l[ﬁymzk]noo + H"zk_l[ﬁyk%k] - fk—l[ﬁyk,zk]uoo +e€
< Fy + g,

where 0y, := €(61 -1 + 1). For small enough ¢ we may assume that

1 -
F + 0 < 5 (wp, zx)]. (30)
Then Lemma 6 proves the estimate
k
Frq1 < sz‘(Fz‘ + 6;) (31)
i=1

with

e i (w;, x;)

From |r;_1[ky,2](wi, z;) — Ayz[}é¢,1|wi,xi](y, z)| < F; + 0; we obtain that

SUpy » |7"z;1[’fy,z](wia 5'3@)| (&' - 1)
\ b '

(%)
- < 2c v T 1
i (ws, )| — F; — 6; P

sup, , |ri-1[ky,2](wi, ;)| _ SuPy; |Ay=[Ritlws,2,) (4, 2)| + Fy + 6;
[0i(wi, ;)|
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due to (30). Similar to the proof of Theorem 2 from F; = 0 and (31) we see that

k—1 k—1 k-1 k-1
Fk§26jpj H(Pz+1)§ 0j (pi +1).
j=1 i=j+1 j=1 =7

It follows that

178 oo xx < 175 — 7rlloo.wxx + Fra1 + 7k]lcowxx
k

k
< rwlloo,wxx +51,k6+225j ;l)v+ D)(Gig + 1).
7j=1 =7

Notice that that ||rg]e Wwas estimated in Sect. 3. O

5.1 Matrix approximation

We apply the algorithm (27) to a matrix A € R™*™*™*™ with entries a;,iyiziy, = K(Piys Pigs Diss Piy)
and p; = %(z — %), 1=1,...,n, generated by evaluating the smooth function

k(w,z,y,2) =(1+w+z+y+z)~"
The stopping criterion (see (20))
[1Sk+1 = Skllr < €l Skr1llF
can be evaluated with linear complexity, because from (28) we obtain the matrix representation
ko[ ke ki
k)ivinizis = Z (Z (uew )iy (Vew )iy > Z(u}“)m(véﬂ)u
=1 \v=1 =1

with suitable vectors wuy,, vy, u@u, and Uéu’ which shows that

k
1SklI3 = Z o Bewr s
00=1
where
ke ke ky Ky
Qupr = Z Z(WV’W’M)(WV’W’M) and By = Z Z(u}wuzlu)(véy,vé,u).
v=1 p=1 v=1 p=1

Furthermore, [ Sg+1 — Skl|% = @kt1k+1 Bk+146+1. Also in the case of four dimensional arrays the
computation of Ry can be avoided by tracing back the error as in (17) and (18).

The pivots (g ),zgg)) are chosen as the indices of the entry of maximum modulus in the rank-k,
matrix U, V!, while (ig () igfﬂ)) corresponds to the maximum entry in the rank-kj matrix Uj(V)),
where Uy, Vi, Uj, and V/ consist of the columns wg,, vy, up,, and vy, respectively. Both maxima
can be found with linear complexity using the technique from Sect. 4.1.

Hence, the complexity of the matrix approximation algorithm is O(n Zle k2 + (k})?) and the
storage required by the approximation is O(n(ks + k%)), where kg := Zle k¢ and kY == Zle ky.

Table 7 shows the number of steps k, the ranks kg and k%, and the CPU time required for
constructing the approximation. The column labeled “factor” contains the compression ratio 2(kg +

Kg) /.
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e=10"3 e=10"" e=107°
n|k ks ki factor time [s] | K kg Ky timels] | k kg Ky time [s]
160000 | 4 19 13 2.10°" 2515 27 18 40| 7 53 35 10.6
320000 | 4 19 13 2-10715 6.2 5 27 19 10517 59 35 31.9
640000 | 4 19 13 2-.10716 15815 26 19 261 |7 57 34 69.8
1280000 | 4 19 13 3-107Y7 315 |5 28 19 556 | 7 55 35 142.3
Table 7: ACA for fourth order tensors.
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