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ABSTRACT. We study properties of the random variable i with in-
dependent identically distributed differences of digits of the second
Ostrogradsky expansion. Necessary and sufficient conditions for 7
to be discrete resp. singularly continuous are found. We prove
that 7 can not be absolutely continuously distributed. An ergodic
theory for the second Ostrogradsky expansions is also developed.
In particular, it is proven that for Lebesgue almost all real num-
bers any digit ¢ from the alphabet A = N appears only finitely
many times in the difference-version of the second Ostrogradsky
expansion. Properties of a symbolic dynamical system generated
by the natural one-sided shift-transformation 7" on the difference-
version of the second Ostrogradsky expansion are also studied. It
is shown that there are no probability measures which are invariant
and ergodic (w.r.t. T') and absolutely continuous (w.r.t. Lebesgue
measure).

We also study properties of subsets belonging to some classes of
closed nowhere dense sets defined by characteristic properties of the
second Ostrogradsky expansion. In particular, conditions for the
set C[O2%,{Vi}], consisting of real numbers whose Ostrogradsky
symbols take values from the sets V}, C N, to be of zero resp.
positive Lebesgue measure are found.

Finally, we compare metric, probabilistic and dimensional theo-
ries for the second Ostrogradsky expansions with the corresponding
theories for the Ostrogradsky-Pierce expansion and for the contin-
ued fractions expansion.
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1. INTRODUCTION

The presented paper devoted to the investigation of the expansion
of real numbers in the Ostrogradsky series (they were introduced by
M. V. Ostrogradsky, a well known ukrainian mathematician who lived
from 1801 to 1862).

The expansion of z of the form:

n—1
x:l_i+...+¢+...’ (1)
@1 142 Q142 - - -4n
where ¢, are positive integers and ¢,+1 > ¢, for all n, is said to be the
expansion of x in the first Ostrogradsky series. The expansion of x of
the form:
n—1
x:i_i+...+i+...7 (2)
a Q2 4n
where ¢, are positive integers and ¢,+1 > ¢, (g, + 1) for all n, is said
to be the expansion of x in the second Ostrogradsky series. Each irra-
tional number has a unique expansion of the form (1) or (2). Rational
numbers have two finite different representations of the above form
(see, e.g., [16]).

Shortly before his death, M. Ostrogradsky has proposed two algo-
rithms for the representation of real numbers via alternating series of
the form (1) and (2), but he did not publish any papers on this prob-
lems. Short Ostrogradsky’s remarks concerning the above representa-
tions have been found by E. Ya. Remez [16] in the hand-written fund of
the Academy of Sciences of USSR. E. Ya. Remez has pointed out some
similarities between the Ostrogradsky series and continued fractions.
He also paid a great attention to the applications of the Ostrogradsky
series for the numerical methods for solving algebraic equations. In the
editorial comments to the book [13| B. Gnedenko has pointed out that
there are no fundamental investigations of properties of the above men-
tioned representations. Since that time there were a lot of publications
devoted to the first Ostrogrdsky series (see, e.g., [1, 2] and references
and historical notes therein). Unfortunately the metric theory of the
second Ostrogradsky is still not well developed.

The second Ostrogradsky series converges rather quickly, giving a
very good approximation of irrational numbers by rationals, which are
partial sums of the above series.

The representation of a real number z in the form (2) is said to be
the O*-expansion of x and will be denoted by O%*(q1(), ..., qu(z),...).
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For a given set of k initial symbols, the (k+1)-th symbol of the O*-
expansion can not take the values 1,2,3,4,5,...,qx(qx + 1) — 1, which
makes these O%-symbols dependent.

Let

di=q and dgp1 = ey — @l +1)+1 VEe N.

Then the previous series can be rewritten in the form

=3 (=)™ — Oy (@), da(x), . de(), ).

—~ Qo1 () (qe-1(2) + 1) = 1+ di(2)
] (3)
Expression (5) is said to be the O%-expansion (the second Ostrogradsky
expansion with independent increments). The number dy = di(z) is
said to be the k-th O%-symbol of 2. In the O%-expansion any symbol
(independently of all previous ones) can be chosen from the whole set
of positive integers.

The main aims of the present paper are:

1) to develop ergodic, metric and dimensional theories of the O? -
expansion for real numbers and compare these theories with the cor-
responding theories for the continued fraction expansion and for the
Ostrogradsky-Pierce expansion;

2) to study properties of the symbolic dynamical system generated
by the one-sided shift transformation on the O?-expansion:

V2 = 0%dy(x),dy(2),...,dy(x),...) €]0,1],

T(x) = T(OX(dy(x), do(), . .., du(z), ...)) = O(da(2), ds(2), ..., du(), . .

3) to study the distributions of random variables

17 = 0_2(7717/’727 "'7/)771’ "')7

whose O?-symbols 7, are independent identically distributed random
variables taking the values 1, 2, ..., m, ... with probabilities p, po, ...,

Pm, --- respectively, p,, >0, > p,=1.
m=1

2. PROPERTIES OF CYLINDERS OF THE O?- AND THE
O?-EXPANSIONS

Let us remind that the representation of a real number x in the form

— Z %, where qi(7) € N, qri1(z) > qu(z)(qr(z) +1) (4)

is said to be the O?-expansion of x and it is denoted by O?(q1(z), . . ., gu(), ..

Let
di=q and dp1=qeyr —@(ge+1)+1 VEEN.

)i

).
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Then the previous series can be rewritten in the form

- <_1)k+1 =: 0? x xr X
P22 @@ @ D 1t de O @ @) ).,
(5)

Expression (5) is said to be the O?-expansion (the second Ostrogradsky
expansion with independent increments). The number dp = di(z) is
said to be the k-th O%-symbol of z.

Let (¢1,¢2,...,¢,) be a given set of natural numbers. The set

2 R
Ac0102 .Cn _{x:x:OQ(q17q27"'7Q717"‘)JQi:CiaZ:17n7Q’n+j GN}

is said to be the cylinder of rank n with the base cicy ... ¢,
Let us mention some properties of the O2-cylinders.

02 —
1 Acl .Cn U Acl Cnt”®
i=cp(cn+1)
02 2m71( 1)k71 L )
2. inf A¢:1...2m—1 = kz_:l Cr _CZm—l(sz—H—l) =0 (Cla <oy Com—1, chfl(Cmel‘i‘

1)) =

2
= 02(61, eeey, Com—9,Com—1 + ) € AO

C1...C2m—1"

2m—1 (_1)k—1 ) 02
SupAcl 2m—-1 — kz_:l e =0 (Cl7 s 762m*1) Aq Coam—1)
0? & (ot 2 02
ll'lfAC1 Qm:’;T:O (017-~~702m) Acl CQm.
SR (0 2
sup ACl oy = kgl o +02m(62m+1 = O%*(c, . -+, Com, Com(Com~+
1) = 2
= 02(01, ooy Com—1, Cgm ) Ag Com*
3. sup ACI ey = inf Acol ot (i41);
02 _
inf A ., ;= sup ACl om(i+1)"
Lemma 1. The cylinder A2 . is a closed interval [a,b], where
. Os(c1y ..y Cnycnlcn +1)), if nis odd
| Oxeqy ..y cn), if nis even ;
- Os(cyy ...y cn), if nis odd |
| Oxery..oyenl(en +1)), if nis even
Proof. 1t is clear that A9> . C [a,b]. Let us prove that [a,b] C A2
Since a,b € A2 _ | it is enough to show that any = € (a,b)belongs to
A2
c1...cn"

If a <z <b, then

1

r=a+x;, wherea <z, <b—a=———"—.
! ! cn(en + 1)
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The Ostrogradsky-Remez theorem states that x; can be decomposed
into the second Ostrogradsky series by using the following algorithm:

(l=qz+5 (0< 6 <uw),
G =q@b+B (0< 8 <p),
g = @l + P (0L P < fa),

Q- 20 = Gh+1 Bk + Brrr (0 < Bryr < Br),

ie.,
1 1 1 1
=t = (D
@ 92 43 T
Let us show that ¢} > ¢, (¢, + 1). Since
1 1 1 1
7 <——5<2 < —,
n+l - a @ T
we get

< < —
¢ +1 =0 cn(en + 1)

and hence, ¢,(c, +1) < ¢} + 1 and ¢,(¢,, + 1) < q.

So, the number z has the following Os-expansion: z = Os(cy, ..., Cn, ql, G5, - -
and, therefore, z € A2 | which proves the lemma. O

Corollary 1. For the length of the cylinder of rank n the following
relations hold:
02 o 1

=—— = —0 — 00);
Clownn. cn’ Cn(Cn+ 1) (TL 00)7

Corollary 2. The length of a cylinder depends only on the last digit
of the base:

1 .
|Ac012cnz| - Z(Z 4 1) = ’A?:smzL VZ Z maX{Cn<Cn + 1)7 3m<3m + 1)}

~ Any cylinder of the O?-expansion can be rewritten in terms of the
O?*-expansion:
2

A9* = A0

c1...Cn ai...... an’?
where a1 = ¢, ay =cx+1—cp1(cr1+1), 1 <k <n.
Properties of O?-cylinders generate properties of the O%-cylinders.
Let us mention only some of these properties.

Lemma 2.
_ o2
|A¢(1)£2__.ani| _ | c1...cn(cn(cn+1)—1+i)| 1 < i
|AQ? A . Teplen +1)Fi 2

ai...an

);
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Proof.
02
|Aa1 anz| _ |Ac1. cn(cn(cn+1)—1+i)| _ Cn(Cn + 1) _
’Aal an’ |Ac1 cn| (Cn(cn + 1) 41— 1)(Cn<Cn + 1) —+ Z)
1 1 1
- i1 - Sc(c +1)—|—i<c_2'
(1 =+ cn(lcn+1)) (Cn(Cn -+ 1) + Z) n\tn n
O
Remark 1. For the continued fractions
’Am anz’ 1
322 - ]AZI an| 2’

independently of the previous digits.

Lemma 3. For any sequence of positive integers ai, as, ..., ax the fol-
lowing 1nequalities hold:

|Aa012a2 akj| 1
< , V5 € N;
|Aa012a2 ak| 221@—1 j
A
%%%:%% b%,VbeN'V7€N
basy...ay

Proof. From lemma 2 and from the fact that ¢, > 2, > &, > & 4 >
- > Cii}z_g) > 27 > 2277 it follows that

2
Apagl L _ 11
A al G @) 27

Similarly, taking into account the fact that ¢, > ci 2 and ¢, >

b(b+1) > b% we get

|Aba2 akj| < 1 1 < 1 1
|AD”

3 ETT T T

Vb e N.

ba2 Qg |

3. PROPERTIES OF SYMBOLIC DYNAMICS RELATED TO THE
O?-EXPANSION

Let us consider the dynamical system generated by the one-sided
shift transformation 7" on the O*-expansion:

YV z = 0Xdy(2),do(2), ..., dn(z),...) €[0,1],

T(x) = T(O*(dy(),da(z), ... ,dn(z),...)) = O*(dao(z),d3(z), ..., dp(z), ...

Recall that a set A is said to be invariant w.r.t. a measurable trans-
formation T, if A = T7'A. A measure u is said to be ergodic w.r.t. a
transformation 7', if any invariant set A € B is either of full or of zero

).
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measure i. A measure y is said to be invariant w.r.t. a transformation
T, if for any set E € B one has u(T'F) = u(FE).

It is well known that the development of metric and ergodic the-
ories of some expansion for reals can be essentially simplified if one
can find a measure which is invariant and ergodic w.r.t. one-sided
shift transformation on the corresponding expansion and absolutely
continuous w.r.t. Lebesgue measure. For instance, having the Gauss
measure (i.e., the measure with the density f(z) = ﬁH—m on the unit
interval) as invariant and ergodic measure w.r.t. the transformation
T(z) = X(modl), one can easily derive main metric and ergodic prop-
erties of the continued fraction (c.f.)-expansion. In this section we shall
try to find the O%*analogue of the Gauss measure.

Let N;(z,k) be the number of the symbols 7" among the first &

symbols of the O%-expansion of x. If the limit lim Ni(wk) exists, then

k—o0

it is said to be the asymptotic frequency of the digit (symbol) "i" in the
O?-expansion of the real number z. We shall use the notation VZ(IE, 0?),
or v;(x) for cases where no confusion can arise.

Theorem 1. In the O%- expansion of almost all real numbers from the
unit interval any digit i from the alphabet A = N appears only finitely
many times, i.e., for Lebesque almost all real numbers x € [0, 1] and
for any symbol v € N one has:

lim sup N;(z,n) < +o0.

n—0o0

Proof. Let N;(x) be the number of symbols 7i” in the O*-expansion of
the real number x. We shall prove that the Lebesgue measure of the
set

A; ={x: N;i(z) = o0}

is equal to zero for any i € N.
To this end let us consider the set

Af = {LC = OﬁZ(dl,...,dkfl,Z',korl,...);dj € N,Vj 7é k},

of all real numbers whose O%-expansion contains the digit 7 at the k-th
position, i.e., di(x) = 1.

Lemma 4. For anyi € N and k € N one has

@A) =L <L

o~
—~
~
+
—_
~—
[\

- 1

Proof. Since Al = A9* = [5 4], we have A (A}) = -4

i+1° i(i+1) <

N [—=
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From the above mentioned properties of cylindrical sets and from
the definition of the set A¥ it follows that

A U U Aal ak—1%

a1=1 ap_1=1
and
|Aa1 Qe 1Z| ]-
02 — 2k—2"
|Aa1...ak_1| 2
Therefore
00 0o
_ E E 0?2 02
- Aal Qg 1z| — 22k 2 E § : Aa1 Qg _ 1
a1:1 ak_lil al=— 1 ar_1=— =1

U
It is clear that A; is the upper limit of the sequence of the set {AF},

ie.,
A; = limsup AF = ﬁ (G Af) .
m=1 \k=m

k—oo

Taking into account the Borel-Cantelli Lemma and the fact that

;A(Af) < kz QQL < oo,
=1 =1

we deduce that
AMA;) =0,Vi e N.

So,
Let
i=1
Then A\(A) = 1, which proves the theorem. O

Corollary 3. For Lebesque almost all real numbers x from the unit
interval and Vi € N : v;(x) = 0.

Corollary 4. For any stochastic vector F) = (p1,p2, -, Dk, - - ) the set
I ={2: v =0di(x),...,d(2),...), vi(x)=p; Vie N}
15 of zero Lebesgue measure.

Theorem 2. There are no probability measures which are simultane-
ously invariant and ergodic w.r.t the one-sided shift transformation T
on the O?-expansion, and absolutely continuous w.r.t. Lebesque mea-
sure.

1

= 92F2"
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Proof. To prove the theorem ad absurdum, let us assume that there
exists an absolutely continuous probability measure v, which is invari-
ant and ergodic w.r.t. the above defined transformation 7. Then for
v-almost all = € [0,1] (and, so, for a set of positive Lebesgue measure)
and for any function ¢ € L'([0,1],v) the following equality holds:

o1
lim —
n—oo M

S ot @) = [ etwitvta)) = [ elors i

where f, () is the density of the measure v.
Let p;(z) = 1, if z € A?; and ¢;(z) = 0 otherwise.
Then the condition

1
/ wi(x) fo(x)de = / - fu(z)dz > 0 holds at least for one digit i € V.
0 IEAZ.OQ

Let the latter condition hold for some fixed number ig.
On the other hand we have

n—1
1 , Niy(z,n)
i _ ) ] — 1 BV S A,
dim 5 2 ealTV(e) = lim =€ =0
i
for A-almost all x € [0, 1].
So,
lim Yol
n—o0 n
for A-almost all = € [0, 1], and simultaneously, we have
N;
lim Niy(,) >0
n—00 n

for a set of positive Lebesgue measure. This contradiction proves the
theorem. O

Corollary 5. The application of the classical "king approach” to the
development of the metric theory (i.e., the exploitation of the Birkgoff
ergodic theorem with a measure which is absolutely continuous w.r.t.
Lebesque measure and which is ergodic and tnvariant w.r.t. the one-
sided shift transformation on the corresponding expansion) is impossible
for the case of the O*-expansion for real numbers.

4. ON SINGULARITY OF THE RANDOM O?-EXPANSION

Let

n=0%nN,M2, . Ny ), (6)

be the random O?-expansion with independent identically distributed
O?-symbols 1, i.e. . are ii.d. random variables taking values 1,
2, ..., m, ... with probabilities p;, ps, ..., Pm, ... correspondingly,

with p,, >0, > pn =1
m=1
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The following theorem completely describes the Lebesgue decompo-
sition of the distribution of 7.

Theorem 3. The random variable n with independent identically dis-
tributed increments of the second Ostrogradsy expansion (i.e., the ran-
dom variable defined by equality (6) is:

1) of pure atomic distribution with a unique atom (iff p; = 1 for
some i € N);

2) or it is singularly continuously distributed (in all other cases).

Proof. 1) The first statement of the theorem is evident and we added
it only for the completeness of the Lebesgue classification.

2) To prove the second statement we firstly remark that the proba-
bility measure i, is invariant and ergodic w.r.t. 7. So, from the latter
Theorem it follows that p, can not be absolutely continuous. Let us
show now that in the case of continuity the distribution of n can not
contain an absolutely continuous component.

Secondly let us remark that a direct application of the strong law
of large numbers shows that for x, - almost all € [0, 1] the following
equality holds

vi(z,0% =p;, Vi€ N. (7)

Let us choose a positive integer i such that p;, > 0 (there exists at
least one such a number) and let us consider the set M;, = {z : = €
[0, 1], v (x,0?) = p;, > 0}. From (7) it follows that this set is of full
[y-Ieasure.

Let us also consider the set L} = {z : z € [0,1], v;,(z,0?) = 0}.
From the corollary after Theorem 1 it follows that A(L;) = 1. The
sets M;, and L; do not intersect. The first of them is a support of
the probability measure p,, and the second one is the support of the
Lebesgue measure on the unit interval. So, the measure p, is purely
singular w.r.t. Lebesgue measure, which proves the theorem. O

5. CANTOR-LIKE SETS RELATED TO THE 0_2—EXPANSION
Let V,, C N and let
C=Cl02, {Vi}] ={x: v=0%dydy,...,dy,...),dy € Vi,¥k € N}.

The main goal of this section is to study metric and fractal properties
of the set C[0O?,{Vi}] and their dependence on the sequence of sets
{Vi}. B

It is clear that the set C[O?, {V}}] is nowhere dense if and only if the
condition Vj # N holds for infinitely many indices k.

Let

F,={x: z e AP

aiaz...ap’

aj € V}a] :L_k}a

— 62 . R
Fk+1 = {‘I. Y E Aa1a2,,,akak+17 a] 6 ‘/]7] = 17k7ak+1 g Vk‘+1}
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)\(Fkﬂ) = A(Fk) = A(Fies1)
AFps1) 1 AMFry1)

ANF) A(Fy)
Lemma 5.
= A Fy)
A(m:ml‘m ]
Proof.
: AMFy)  A(Fj-1) A(Fy) A1)
MC)Z;}L%A(F’“)_ILOOA(F,C:) A(F:_2)" NEY NFo)

ACO{WY]) =0 & > MFY)

a) First of all let us consider the case
Vi = {Uk+ 1,1}k—|—2,...},
where {v;} is an arbitrary sequence of positive integers.

Theorem 4. Let Vi, = {vy + 1,1 € N}, where vy € N. If there exists a
positive integer b such that
> Ukl 4o,
b2
k=1
then M\(C[0?,{V4}]) > 0.

Proof. Let ¢ be an arbitrary positive integer such that ¢ > max{vy,b}
and let us consider the cylinder A9 of the first rank. Then
B Vk+1
A (Fk—&-l ﬂ Ac02> = Z Z |an2---akj|‘
az€ Va, ..., ap€ Vi j=1
Taking into account Lemma 3, we have

Vk+1

_ — 1 I
Z |Aca2...akj| S Vk+1 - |Aca2...ak1| < Vk+1 * bF . |Aca2...ak|7

j=1
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and therefore

Vk+41

A (Fk+1 ﬂAC@2> R Z Z ‘Acag...akj’

ey A€ Vi =1

= — <
A (BN A9?) 3 |Acay...an|

az€ Va, ..., ag€ Vg

Uk+1
2 Acas...ar|

a2€ Va, ..., ar€ Vj Ukt

B 2 Beagal

a2€ Va, ..., agp€ Vj
From the construction of the set C[0?,{V;}] it follows that

MC[O? {Vi}]) = MC[O* {Vi}](AY) = lim )\(FkﬂA?Q) —
~ lim AFNAZ) AFENAY) - (FzﬂAOQ) MENAY) _
koo A(Fr1 NAP) A(FraNAZ) T AFL AP A(FyNAP)

o0 A ACOQ o0 A ACO2
i a :Hllwgﬂkinm?z)

k=1 k=1
Since
= A <Fk+1 ﬂACOQ) < — Ukl
— XN(FNA?") — &= v
and the series Z 2L converges, we have A (C[O?, {V,}]) > A (C’[OQ, {V&} N A?2> >
0, which proves the Theorem. O

Proposition 1. If V, = {m + 1,m + 2,m + 3,...} for some m € N,
then

AC[O",{Vi}]) > 0;
A(Cle.f, {Vi}]) = 0;
AC[O*{Vi}]) > 0. (

Proof. Inequality (8) follows from Theorem 5 of the paper [1].

To prove (9) let us remind that for A-almost all x € [0,1] a given
digit "+" appears in the continued fractlon expansion of the real number
x with the asymptotic frequency = 05 In 512:2 This fact is actually a

direct corollary from the Blrkgoff ergodlc theorem and the fact that
the Gauss measure G(F) := ln2 f o4 is invariant and ergodic w.r.t.

8)
9)
0)

=~

one-sided shift transformation on the continued fraction expansion.
If i =1, then
1 4
“lz)=—1In= 11
V() = s (1)
for A-almost all z € [0,1]. On the other hand,

z/f'f'(x) =0, Y € Cle.f, {Vi}],
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which proves equality (9).
Finally, inequality (10) is a direct corollary of the latter theorem. [

Proposition 2. IfV, = {3¥ + 1,3k + 2,3k +3,...}, k € N, then

MCO" AVi}]) = 0; (12)
A(Cle.f, {Vi}]) = 0; (13)
MNC[O? {Vi]) > 0. (14)

Proof. Equality (13) follows from the proof of the previous proposition
and inequality (14) is a direct consequence of the latter theorem.

To prove (12), let us prove two auxiliary lemmas, which have a self
standing interest.

Lemma 6. Let O;l (2)92(2).-gn (... be the Ostrogradskyi-Pierce expansion

in the difference form, g,(x) € N.
Then for A-almost all x € [0,1] one has

lim /ga(x) <e (15)

n—o0

Proof. In [18] it has been proven that for the standard Ostrogradskyi-
Pierce expansion Oy, ()¢ (2)...qn(2)... (dnt1 > @n) for almost all (in the
sense of Lebesgue measure) x € [0, 1] one has:

lim /q,(x) = e, (16)

n—oo

where ¢,(z) = g1(z) + g2(z) + ... + gu(2).
From (16) it follows that Ve > 03 N(e,z) >0: Vn > N(e,x)

(e—e)" <qu(z) <(e+e)"
(e —&)"™ < gnii(z) < (e+e)""

SO; gn('r> - Qn—i-l(x) - Qn<$> < (6 + €>n+l - (6 - E)H < (6 + 6)n+l'
Therefore,

V(@) < (e +e)Fn, Vn > N(e, z),

and, hence,
— <

Tim {/ga(2) <e,
which proves the lemma. O
Lemma 7. If

Vk:{vk—i—l,lEN} (17)

and

h_H”c—wo{c/v_k > €, (18)
then

MCO" {Vi}]) = 0.
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Proof. From (17) it follows that gi(x) > vy, Vo € C[O,{V;}]. There-
fore,

khnl v gk’(x) > h_HUc—mo\k/U_k > €, Vr € 0[017 {Vk}]

— 00

Taking into account the latter lemma, we get
A(ClOY (Vi) =o0.
OJ

So, to show inequality (12), it is enough to apply lemma 7 with
Vi — 3k. Ol

Remark. Proposition 1 shows essential differences between the met-
ric theory of continued fractions and the metric theory of the O%*-
expansion. At the same time this proposition shows some level of
similarity between O'- and O?-expansions of real numbers. Indeed,
from (8) and (10) it follows that the deleting of any finite number of
digits from the alphabet does not affect the positivity of the Lebesgue
measure of the set C[O!,{V,}], and therefore, does not change the
Hausdorff dimension of this set. Moreover, both the mapping f;, : £ —
ENCIOY, {1,2,...,m}] and the mapping f» : E — E(C[0? {1,2,...,m}]
do not change the Hausdorff dimension of any subset E C [0, 1].

On the other hand Proposition 2 demonstrates obvious differences
in the metric theories of O'- and O%*-expansions. To stress these dif-
ferences, let us mention that the transformations Tp2_,o1 and Tipe_,. 5.
are strictly increasing singularly continuous functions on the unit
interval, where

B ~ 62 o 61
To201 (Bg ()9 (@)..-g1@).) = Dgy@)ga(@)..- g1 (@)... (19)
and )
_ 02 _ Acf
To2se.£.(A g, ()92 ()01 ()-) = Dogs(2)ga(0)egn(0). (20)

Actually the singularity of the function Tp2_,51 follows from (12) and
(14). The singularity of the function Tp:_,. ; follows from (11) and
from the fact that for A-almost all x € [0, 1] the asymptotic frequency
of the digit 1 in the O%*-expansion of z is equal to zero.
So, the continued fraction expansion, O'-expansion and O%-expansion
are "mutually orthogonal", and their metric theories differ essentially.
b) Now let us consider the case where

and {my} is an arbitrary sequence of positive integers.
Let M; :=1, and

Mk—H = (Mk + 1)2 + Mg, Vk € N.

ME+1

Theorem 5. If i Mi < +o0, then A (C[O% {V}}]) > 0.
k=1
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Proof. Let Aal an
{1,2,...,k}. Then

__ A2 - 2 1
AN(FraNAg,) = AY il = ,
k+1 ﬂ ap...ak Z ’ ar.. ““l Ck(ck + 1) + Mit1

be an arbitrary cylinder of rank k with a; € V;,Vj €

i:mk+1+1
where ¢ can be calculated via ay, as, ..., a; : ¢;i11 = ci(ci+1)—1+a;4q
with ¢; = a;. It is clear that
02 02 o 1 o _—
)\(kaAal ak) )\(Aal ak) —m, CLJG‘/}, = ,k.
Therefore
_ 52
A <Fk+1 NA; .ak> _ —C et Dt _ ce(cr + 1)
(Fk ﬂ Aal ak) ck(ci—l-l) Ck(ck + 1) + M1
From (21) it follows that
1 S C1 S ma,

2<c <cer+1)—14+my < (mg+1)%+my,
23 < c3 < cy(cat+1)—14+ms < (co+1)*+ms = ((m1 +1)% + 7712)2—|—m37

So,
22k72 <c¢, < M, Vk € N.
Therefore

2y A <F’“+1HA‘?1 ) < MilMir 1)

22K2(225°2 L 1) Loy~ A(FRNAL L) T Mi(Me+1) + mypa

(22)

Since the estimation (22) holds for any cylinder A9 a; € V;,j =

ay...ar?

1, k, we get

22! AMFrer) (M +1)°
92kl 4 mprr  AFR) T (Mi+ 1)+ mpyr

A

If Z A@ﬁk)—;ﬁm < 400, then ) ’\E\%,:)l) < 400, and taking into

account corollary 6 we deduce that A (C[O?,V;]) > 0. One can easily
verify that

2
Mp+1 2
1 Mp o (Mpt1? (T’Zk ) - M
mk+1 2 — 2 - 2
1+ T ME g~ (Mg + D)2 (Mﬂl) M2+ my
aMp 1 AM?

— 2 — Mk4+1 — :
AME +mp — L+ 75 T mi

<
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2
Therefore the convergence of the series Z Mfr - implies the positivity

of the Lebesgue measure of the set C [02 {Vk}] O

22k 1

=T
2257 g

Theorem 6. If Z = 400, then A (C[O? {V;}]) = 0.

Proof. Using the estimation (22) we have
)\ (Fk+1 n Aaéf ~0«k) 22k—1
Z ok—1
(Fk m Aal ak) 2 + Mgy
Q; € V},] = L_k

for all cylinders A9

Therefore e
A i) 27 en
MEFp)  — 22t oy
If Z 22k 1 = 400, then, applying corollary 6, we get A (C[O?%, {V,}]) =
0, Wthh proves the Theorem Il

Proposition 3. Let V;, = {1,2, ..., 221671}. Then

ACO" AVi}]) > 0; (23)
ACle.f, {Vi}]) > 0; (24)
ANC[O? {Vi}]) = 0. (25)

Proof. Equality (25) is a direct corollary of the latter theorem.
To prove inequality (23), let us remind (see, e.g., [5]) that the con-

dition Z Wﬁfk—w < +oo implies the positivity of the Lebesgue
k=1

measure of the set C[O!, {V,.}] with Vk ={1,2,...,my}. Since the series

Z mitmate e diverges for my, = 22" we get (23).

k=1 et
To prove inequality (24), let us remind (see, e.g., [13]) that
|Aa1 anz| l
322 — |Ac1 an| — 427
So,
> 1Al
ai...ant 0o

i€Vt 2 4
< = < =,
|A21 an| - Z 72 22’6*2

i=22F"1 11
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and therefore ;
o0 A FCA . o0
S AR S Y e < oo
o AET) S
which implies the positivity of the Lebesgue measure of the set A(Cle. f., {Vi}])-
U

_c) Finally let us consider the case where both the set V} and the set
Vi := N\ Vj are infinite for any k;nN.

Theorem 7. Let Vi, = N\ {b1 A }, where {b&’i)}fgﬂ is
an increasing sequence of positive mtegers Vk € N, and let for any
k € N exist a positive integer d € N such that

bE ., — bk <dy, YneN. (26)
Then if

i e = 400, (27)

then X (C[O* {Vi,}]) = 0. :

Proof. Let A2 be an arbitrary cylinder of rank £ — 1 with a; €

a1az2.. ak 1

Vi, V5 e{l,2,. —1}. Then
|AY° | > |AY

a1as...a,_ 1b<k) aiaz...a5_ 1(b<k)+1)| -

> A

a1az...a,_ 1(b(k> 1)|

Therefore
b —1

1

02

|Aa1a2 ap_ lb( )| = (k) (k) ) Z |Aa1a2 -1t
On the other hand,

o)1 bE) 1

Z IAc(z)Qa .a z Z 1 N T
R (cg—1(ch—1 +1) = 1 +3)(cr—1(c—1 + 1) + 1)

i—1

M1

1 1
B Z (ck_l(ck_1+1)—1+z' a ck_l(ck_l—i—l)—i—i) B

=1

1 1 P —1

Ckfl(ck—l + 1) Ck—l(ck—l + 1) + bgk) -1 B Ck;_l(Ck—l + 1)(Ck_1(Ck—1 + 1) + bgk) — 1)'
Hence

bk 1 *)

> 1AZ, o ST

=1 @102k -1 Ck71(0k71+1)(Ck71(0k71+1)+b1 —1)

‘AOQ - 1 -

alaz...ak_l(bgk)) ’ (ck_l(ck_l-i-l)—i—bgk) —1) (ck—1(0k—1+1)+b(1k))
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R O | +b(k) b(k)
_ G (k-1 +1) + b _(bgk) _1> — (14 1 (bgk)—l) <
cp-1(cr-1+1) Cr—1(cr—1 +1)
b\
So,
0? 1 bgk)_l 0?2
|Aa1a2...ak,1b(k)| Z E ' Z |A“1“2 Qf— 1Z|‘
1 i=1
by —1 (28)
>__1
|Aa1<l2 ak— 1b(k>’ - bgk)—bgk) .7%:) |Aa1a2 ak—11
i=by" +1
1 b -1
02 02 .
|Aa1a2...ak_1bgk>| 2 b(k) . b(k) ’ Z |Aa1a2 ap_1il
3 2 b(k)+1
2
2 1 bi’fk“)'l 2 ]. bg:)—l 2
o] O O
|Aa1a2 ap— lb( )| — b . b k) Z ’Aalaz...ak,li’ Z d_k Z |Aa1a2...ak,1i :
i i=b{)+1 i=b() +1
From (28) it follows that
b(k) 1 . bék)_l
62 OQ
|Aa1a2---ak 1b(k)| - 2[ Z | a1az...ag— 1z Tdk Z |Aa1a2..‘ak,1i’ Z
A i=bM 41
] by 1 N
O
= 21y, - dy, Z ‘Aala%-ak—u’ :
i=1, i#b{®

Therefore,

E:’ aiaz...ap_ 17,’—2ld §:| ajas...ag_ 17,

1€V 1€Vy

‘v’(al,ag,...,ak_l), a; € ‘/J,] S {172,...,]{3— ]_}

Hence
{ /\(Fk) > 2[kldk )‘(Fk)a
A(Fr) + A(Fy) = M(Fy-1)
So,

MFy) - 1 1
MFi1) ~ 2lkdy +1 7 dlgdy,
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If Z z = 400, then Z N0G F’“)) = 400, and, therefore, A\(C[O?,{V}}]) =

0. It is clear that

=1 1 1
> Iy > e " + o o
k=1 keA [ 1+ 22k s |0y -dp kEA (14 Qk s | -0y - dy

(k)
WhereA:{k: 2; 5 §1}

ok—2 |°

o0
. 1 . . . . 1
The series > O diverges if and only if the series > G
k€A [ 1421 bg >‘dk k=1%1 "%
2

does, and the series

> 1
(k)
kA <1+ o 2) -bgk) - dy

always converges.
Therefore the divergence of the series Z dr d is equivalent to the

k=1
o0

divergence of the series > ﬁ, which proves the Theorem. O
k=1"1 "%k

Corollary 7. Let Vi, = N\ {b1,ba,...,bp,...}. If
ddeN: b,y —b,<dVneN,
then A (C[O?,{Vi}]) = 0.
Corollary 8. If Vi, = N\ {1,3,5,...}, then X (C[O?,{V};}]) = 0.

Theorem 8. If Vi, = N\ {1,4,9,...,m? ...}, then X (C[O* {V};}]) >
0.

Proof. Let Aam ak . be an arbitrary cylinder of rank k — 1 with a; €
Vi, V5 €{1,2,. — 1}. Then
S 1
F A > == ’
( g ﬂ a1kt = (cp-1(cp-1+ 1) = 1+ m?) (cg-1(cp-1 + 1) + m?)
) 1
|A;)12 a 1| = ’*
e Cr-1(cp—1 +1)
_ 52 .
)\ (Fk m Aal,,.ak,1> . Z Ckil(Ck,l + 1) <
) G P T e T
ai...ak—1

o0

<§: Crho1(cp—1 + 1) — 1+ m? :Z 1

<
= (cp-1(ch-1 + 1) = 1+ m?)(ck-1(ce—1 + 1) + m?) —~ ci-1(ck—1 + 1) + m?
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“+o0

- / 1 J T < T
€r = —
, Ck—l(ck—l + 1) + a2 2 \/(ck_l(ck_l + 1)) - 2.22¢77

Therefore
)\(Fk) 0
< -
ANFpq) 2-22
Since
— A(F)
< 400,
; AN Fy_q)
we get A (C[O%,V;]) > 0,which proves the theorem. O

6. FRACTAL PROPERTIES OF REAL NUMBERS WITH BOUNDED
O2-DICGITS

In the case of zero Lebesgue measure, the next level for the study of
properties of the sets C[O?, {V}.}] is the determination of their Haus-
dorff dimension dimg(-) (see, e.g., [8] for the definition and main prop-
erties of this main fractal dimension).

We shall study this problem for the case where V;, = {1,2,...,my}.
A similar problem for the continued fraction expansion were studied
by many authors during last 60 years. Set

Ey={z:z= AZ{ﬁx)...ak(x)... cap(z) € {1,2}}.
In 1941 Good 9] shows that

0,5194 < dimgy(F>) < 0,5433.
In 1982 and 1985 Bumby [6, 7| improves these bounds:

0,5312 < dimy (F2) < 0,5314.
In 1989 Hensley [10] shows that

0, 53128049 < dimpy(E,) < 0,53128051.
In 1996 the same author ([11]) improves his estimate up to
0,5312805062772051416.

A new approach to the determination of the Hausdorff dimension of
the set Fy with a desired precision was developed by Jenkinson and
Policott in 2001 [12].

Our nearest aim is to study fractal properties of sets which are O%-
analogues of the above discussed set Fy, i.e., the set C[O?, {1, 2}] and its
generalization C[O% {1,2,...,m}]. The following theorem shows that
from the fractal geometry point of view the sets E, and C[O?, {1,2}]
(as well as their generalizations) are cardinally different.
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Theorem 9. Let Vi, ={1,2,3,...,my}, where my, € N.
If for any positive a the following equality
. m1~m2~...~mk_
Jim, = =0 )

holds, then the Hausdorff dimension of the set C[O? {Vi}] is equal to
zero, i.e.,

dimg (C[O* {Vi}]) = 0.

Proof. From the construction of the sets Vj it follows that the set

C[O?%, {Vi}] can be covered by m; cylinders of the first rank, by m; -mq

cylinders of rank 2, ..., by mq - msy - ... - m; cylinders of rank k, ... .

The cylinder le 1 has the maximal length among all cylinders of
—

k

rank k:

|A | < ! <t
U 1S o) < ey

Let us consider the coverings of the set C[O?, {V,}] by cylinders of
rank k:

Aaulg...aku ai S ‘/17(12 € ‘/27 cee, Qg S Vk

It is clear that ( U > D C[O% {Vi}].

a1 €Vy,..., ap €V
For a given ¢ > 0 there exists £ € N such that 2(2k—1,1) < ¢. In such
a case the length of any k-rank cylinder of the O%* expansion does not

exceed e. So,

HY(C[O? {Vi,}]) = inf B~ < Aoyag.an|® <
SCLRUARIN | DI DU
1 Y omyome ey,
Sml.m2...'.mk. W — 2a(2k_1) .

H(CIO%, (Vi) = lim HE (CIO* (Vi) = lim HE,(CIO%, Vi),

where
1
Er = W
Since - my - Mo« ... My
HE (CI0% (Vi) < T
we have

my-Mmo - ... 1N
a(2k-1)

H(CO? {Vi)]) = Jim HE,(CO* {Vi}]) < Jim =0 (Yo >0)

. Therefore, H*(C[0? {V;}]) =0, Va >0, and so
dimg (C[O% {V}}]) = inf{a: H*(C[O* {V}}]) =0} = 0.
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Corollary 9. If there exists a number a € N such that my, < a*, Vk €
N, then

dimy (C[O0?,{V}.}]) = 0.
Corollary 10. If my = mgy, Vk € N for some positive integer my,
then

dimgy (C[0?,{V}.}]) = 0.

Let B(O?) be the set of all real numbers with bounded O%-symbols,
ie.,

B(O*) ={z: = Au(w)ap@.. : IK(x) € N: a;(z) < K(x), Vj € N}.

Theorem 10. The set B(O?) of all numbers with bounded O?-symbols
is an anomalously fractal set, i.e., the Hausdorff dimension of B(O?)
15 equal to 0:

dimy B(0?) = 0.
Proof. The set B(O?) can be decomposed in the following way:

B(0?) = UB"@?)’

where
Bi(0?) ={z: aj(z) <i, Vj € N}
Since,
dimy B;(0*) =0, Vi € N,
we have
dimy B(O?) = sup dimg B;(0% =0,
which proves the theorem. Il

Remark 2. From [14] it follows that the set of continued fractions with
bounded partial quotients is of full Hausdorff dimension:

dimyg(B(c.f.)) =1,

which stresses the essential difference between the dimensional theories
for the O%-expansion and the continued fraction expansion.
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