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Abstract

We consider the loading of an elastic perfectly plastic body governed by the Prandtl-
Reuss law. It is shown that the stress velocities of the body have fractional derivatives of
order 1/2 — ¢ up to the boundary in the direction of the loading parameter, and of order
1/3 — 6 in the interior of the body in direction of the space variables.
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1 Introduction

The Prandtl-Reuss problem describes the deformation of an elastic perfectly plastic body
occupying a bounded domain 2. We prove a regularity result for solutions to the associated
variational inequality.

For the proper formulation we need to fix some notations. Let Q C R™, n > 2 be a bounded
domain in R™ with Lipschitz boundary 02, the main application naturally is the case n = 3.
By R, we denote the set of all symmetric n x n matrices 7 € R™*" with unit matrix I.
For 7,0 € R™™ "™, the scalar product o : 7, Euclidean norm |o|, the trace tr o and the deviator
op are given by:

n
tro
oiT = E cikTie, ol =(o:0)Y? tro= E oii, op=0——1I.
n
i k=1 i

The symbol LP(2), with 1 < p < oo, denotes the usual Lebesgue-space, where we do not
distinguish between scalar-, vector- , or tensor-valued functions as long as no confusion arises,
in all cases we indicate the L?(Q)-scalar product with brackets (-, -). Let I = [0,7], T > 0
be a fixed interval, then for a Banach space X (which is always a function space in the
sequel), the symbol LP(I, X) stands for measurable and p-summable functions defined on the
interval I with values in X. For X = L9(Q), we frequently shorten the notation to LP(L%),
if no confusion arises. Now let f € L2(I, L*(Q)), po € L*(I, L?>(05)) be given vector fields
representing volume forces and external loading.
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We introduce the class of admissible stresses o i.e. functions defined on the interval I = [0, T]
with values in the set of symmetric matrices,

o: [0,T] x Q@ — RY" o e L*(I; L*(Q)),

sym>

satisfying the balance of forces (in the weak formulation) for almost every t € T

(0(0.70) = (0.0 + [ mlt)pdo forall p € HED). (11)
O\
Here, T is either void or a relatively open subset of 92, and H%(Q) is the Sobolev space
containing all functions ¢ : € — R™, such that Vo € L?(Q), and ¢|r = 0 in the sense
of traces. Neither 02 nor I need to be connected. Note that all derivatives that arise are
to be understood in the distributional sense. The variable ¢ is interpreted as the ’loading’
parameter, we use the notation ¢ = %g (for any function g under consideration), and, with
some abuse of notation, we refer to it also as time derivative.
In addition, the formulation of the Prandtl-Reuss law involves a yield condition and the
compliance tensor A. We confine ourselves to the von Mises yield condition

lop| < k (1.2)
where k > 0 is the so-called yield constant. Furthermore, the compliance tensor A = (ai”,f ), a
given symmetric tensor of rank four, must satisfy the usual positivity or ellipticity condition

B:AB > co|BJ* for all B € RZ" with some ¢y > 0,

sym

for simplicity, we assume that the entries aj}' are constant.

We introduce the convex set K(?):
K(t) ={r € LQ(Q;RZJTQ) sit. |[Tp(x)] < k a.e. in z € Q, and 7 satisfies (1.1)} (1.3)

where o has to be replaced by 7 in (1.1), of course. For the data f and py we assume the
following additional regularity properties

f.fe L=(0,T; L>()), (1.4)
po,po € L>®(0,T; L=(0%)), (1.5)

i.e. these functions are essentially bounded. In addition we fix an initial value oy € K(0).
Now we consider the following variational inequality (Prandtl-Reuss law): Find

o € L*(0,T; L*(Q,R2;7) with 6 € L*(0,T; L?), s.t. (1.6)
o(t):==o(t,) € K(t) for a.e. t € [0, 7], (1.7)
(Ao (t),o(t) —7) <0 for all 7 € K(t), a.e. in t € [0,T], (1.8)
0‘(0,') = 09- (1'9)

The inclusion ¢ € L?(L?) ensures that o(0) is defined. In fact, there holds the stronger
regularity property [6, 16, 2]

o€ L>®(0,T; L. (1.10)

It is well known, that the Prandtl-Reuss problem has a unique solution, i.e. there there exists
an admissible stress function o satisfying (1.6) — (1.9) [10, 16, 2, 6].

For the reconstruction of strains, and more specifically, the displacement field from the
stresses, additional assumptions are needed which are known as safe load condition:



There exists a function & € L?(0,T; L*(;R2X™)) and a 6o > 0 such that

o€ L®(I,L®(Q)), ¢ € L'(I,L>(Q)), (1.11)

for allt, 6(t) satisfies the balance of forces (1.1) together with the initial condition
4(0) = 09, and
60 < K — o (1.12)

almost everywhere.

If the safe load condition is fulfilled a vector field v € L*°(1, Lﬁ(Q,R”)) exists with @ €
L(I, L=t (Q)) (cf. [16]),

(i) = %(vu +vaT) € I°(1,C(Q)),
(Ao —e(u),0 —7) <0 for a.e. t €1, (1.13)

where, as usual, C(Q), C(Q)* stand for the space of functions continuous on the closure of
the underlying domain and its dual space, respectively. The inequality (1.13) holds for all

T € o+ C(Q; R with |rp| < k. Here the brackets ( , ) have to be understood as L2-

sym
scalar product, ify both arguments are in L?(€2), and in general in the duality pairing (C*,C).
However, it is not allowed to split up the sums: since o is not known to be in C(Q2), e.g. the
term (e(4), o) may have no sense and has to be defined in an appropriate way [15, 1].
In the sequel we will not dwell upon these results; however, for describing the physical situa-
tion, the relation (1.13) is useful: If there were more smoothness, in particular the quantity

¢ an L'-function (which is not the case), (1.13) would imply
Ao (t,x) = e(u)(t, z) in points (¢,x) where |op| < k in a neighborhood U (t,x).  (1.14)
In general we have
(i) — Ag = A (1.15)

with A € C(Q, R7™)* and, if A were smooth enough,

sym
A-(op—7p) >0 forall T € K(t), (1.16)

i.e. A is an outer normal to the yield surface |7p| = k.
The quantity @ can be interpreted as displacement velocitiy and (1) as the strain velocity.
Thus, if the stress satisfies |op| < k in a neighborhood of a point (¢, ), the stress and strain
velocity ¢ and e(u) satisfy the relations of linear elasticity (differentiated with respect to t).
If the boundary of the yield surface is touched, then the additional plastic deformation A
together with the corresponding velocity A appears such that (1.15) and (1.16) hold.
Due to the bad behaviour of v and 1, not many regularity results for the Prandtl-Reuss law
are available. In [2] the so called Norton-Hoff approximation is used to prove that the stresses
o satisfiy

o< LOO(O> T; Hlloc(Q))’

i.e. the spatial derivatives of o are locally in L2. This result “was also shown in [5] by means
of a different approximation.



The situation of regularity for Prandtl-Reuss’s law is very similar to that of the Hencky
model. In [14], Seregin constructed approximations to the Hencky model which indicate that
the normal derivatives of ¢ are NOT in L? near the boundary 0. For special geometric
situations, in [7] and [4] it was shown that the tangential derivatives of o are in L? up to the
boundary.

One can prove analogous results to [4] as for the Prandtl-Reuss problem. Furthermore, the
improved LP-property u € LﬁM(Q) for Hencky’s law due to Hardt Kinderlehrer [9] can be
done for the Prandtl-Reuss law in the sense that @ € L"O(LﬁM(Q)) for some § > 0. Up to
now, no regularity results are known for the stress velocities &.

The purpose of the present paper is to prove that ¢ has fractional derivatives in time direction
of order % — 6, for all § > 0, up to the boundary. Using the aforementioned Hﬁ)c—regularity
result for o, cross interpolation implies that ¢ has local fractional derivatives of order % )
in spatial direction. An imbedding theorem for anisotropic fractional Sobolev spaces applied
in the case n = 3 then leads to ¢ € L9(L7), with ¢ = % — ¢ for all &' > 0. The classical
theory gives & € L>(L?), see also estimate (2.10) below. Our technique can also be applied to
problems with elastic plastic deformation with hardening. In the latter case, interior H 370
regularity can be achieved also for the fractional derivatives in space direction, but we do not
elaborate this here.

2 Penalty approximation

We introduce a common approximation of the Prandtl-Reuss problem via a penalty potential.
To this end we define for 7 € R”  the function

sym
1
Bulr) = 52 7l - K%, n>0, (2.1)

where for any real function [¢]+ := max{¢, 0} is the positive part of £, and get

poHIrl =l ol Th o for [T #0

2.2
0 for |7| = 0. (22)

Br) = () = {

Now we want to find o = o, € L*(0,T; L*(2, R?%")) and u,, € L*(0,T; H}:(Q,R™)) such that

sym

o, € L*(L?), w, € L*(H}) (2.3)

(04, V) = (f, @) + /89 pop do  for all ¢ € HL(Q,R™), a.e. int € [0,7) (2.4)
e(ty) = Ady + B, (0.p) for a.e. (t,x) € [0,T] x Q, (2.5)
a,(0) = a9 (2.6)

Note that the penalty potential ist just 5,(o,p). It is well known that the penalized problem
(2.3)-(2.6) has a solution cf. the methods worked out in [15]. To prove this (2.5) is turned
into the equivalent weak formulation

(A7, 7) + (Bu(oup), D) = 0

2.7
for all 7 € L*(L?) with (1, Vi) = 0 for all ¢ € HA(Q). @7



Now the problem can be solved using a Rothe-Approximation. Thereby the ’time’ -derivative
o(t,x) is approximated by the difference quotient

Dot z) = % (o(t,z) — ot — h, 7)),

considered on a discrete set of time steps t, = kh, k =1,..., N, kN = T. The discretized prob-
lem can be solved successively at each ’time’ step t; via a minimization argument. Thereby
the existence of an admissible stress has to be assumed, while the safe load condition is not
yet needed for this step. The details can be done following the arguments in [2, 13]. Essen-
tially the proof consists in using o — & and D"(o — &) as testfunctions and then performing
the energy-approach. Extending the Rothe solutions by piecewise linear interpolation to o
routine energy estimates lead to the following uniform bounds

lotllreoy < Kuy  60llz2zzy < Kuy h—0,

here the condition |ogp| < k is needed. Since o satisfies the equation (1.1) for the balance
of forces, we get the additional estimate

”O'ZHLOO(LQ) < Kp,-

Passing to the limit h — 0 for a subsequence and using monotonicity arguments imply the
convergence of the Rothe-approximations to the solution o, of (2.3), (2.4), (2.6), (2.7) together
with the estimates

“Uu“Lm(LQ) < Ka /’L_>07 Hdﬂ“LOO(LQ) < Klln (28)

A decomposition argument involving Korn’s inequality gives the existence of v, () € H{ (2, R")
such that

1
e(vy) = B (Vv# + Vv;) = A6y + B,(oup) a.e. in (t,x).

Setting v, = 1, establishes equation (2.5). With the additional assumption of the safe load
condition there holds the uniform estimate

181 (0up) | ooty + (i)l Loy < K, p—0. (2.9)

and we may conclude
loullpeo(rey < K,p— 0. (2.10)

Finally, any weak L?(L?) - limit (up to the choice of subsequences) o = }Lirrb o, satisfies
(1.7)-(1.10). The variational inequality (1.8) follows from (2.4), passing to the limit and the
monotonicity of 3,,.

Unfortunately, the estimate (2.9) cannot be improved substantially. Thus (after passing to
subsequences), the strain velocities €(u,) weakly converge in the space C* only as p — 0. By
Temam’s imbedding theorem, (2.9) implies

[0l poo(pn/-ny < K, p—0 (2.11)

uniformly. As already mentioned, using techniques based on reverse Holder inequality, (2.11)
can be improved with L‘X’(L"/("*l)) replaced by L*°(LY), ¢ > "1, for some ¢, but we shall
not need this.



Other penalty approximations give similar uniform estimates. One possibility is the Norton
Hoff approximation where ,(op) is replaced b %K%]ap\p with p — oo (see [16, 2]). The
penalization with 3,,(cp) as in the present paper has the advantage that 3, (o0p) grows linearly
in op, and then some steps in the proof are simpler, for example the existence of v with (2.5)
is derived in an L?-setting while for the Norton-Hoff approximation LP-theory has to be used.
The advantage of the Norton Hoff model is, that we immediately have an LP°-estimate for op
(thereafter, for o), po arbitrarily large, uniformly in p > pg. This is important for the proof
of local L®(H} )-regularity of o, in the limit y — 0 or p — oo, cf [2, 5].

If one uses the penalty approximation (2.3) - (2.6) with £, (cp) up to now the proof of the
L>®(H\ )-regularity of o works only in dimensions n = 2, 3,4, while the approach via the
Norton-Hoff approximation works in arbitrary dimension.

In the present paper, we use 3, (o p) for the approximation (2.5) since it is convenient, however,
for fractional differentiability of ¢ in space direction we need o € L>°(H,..). Because of the
uniqueness of the stresses in Prandtl-Reuss problem fortunately it does not matter by which
approximation the differentiability of o is obtained. We do not need a uniform bound of o,

in L>®(HL.) as p — 0.

3 An asymptotic property of the penalty potential and its
derivative

For optimization problems and their penalization it is a rather common and simply proved
fact, that the penalty term tends to zero provided the admissible set is not empty. We need
the analogue statement also for the Prandtl-Reuss problem and its penalization, but since we
are not dealing with an optimization problem here, so we have to prove it.

Lemma 1 Let 0, be the solution of (2.3)-(2.6) and assume f € L>(L?), py € L°°(L?*(98))
and oo € K(0) (see (1.3)). Then

T T
1
/ /BM(JuD)dxdt: / /[|O'#D|—I€]3_ drdt — 0 asp— 0.
0 Jo 21 o Ja

Proof. We may assume that o, converges to o weakly in L?(L?), and the uniform estimates
(2.8) are valid. We obtain from (2.7)

T ) 1
[ {100 = o)+ (Il = W, auplounl o — o) fat =o.
0

Since |op| < Kk, we estimate

Ou

D _ OuD .
[lownl — "v‘]+ W t (oup —op) = [loup| — ’f]+ (‘%D| - m? : 0'D>

> [lowp| — "3]+ (loupl — k).

T 1T 2 T
5 | G en-aho,—aarr [ [ ol n2 < - [(s.0,-0) b @)



The right hand side of (3.1) tends to zero due to the weak convergence of o, the left hand
side consists of two definite terms, since 0,,(0) = 0¢. and the Lemma is proved. O

The next considerations are crucial for the proof of the main result. Recalling the definitions
(2.1) and (2.2) for B, and B, the convexity of 3, implies

Buloun(t +h, ) = Bulou(t, ) = Buloun(t,-) : (Gup(t + h,-) — ou(t,-))
- ﬂu( uD (t’ )) : Ahgu(tv )

where Apo,(t,x) = ou(t + h,x) — ou(t, ). Now we deal with the quantity

to—
h2/ /t . (0uD), D50 )dt ds. (3.3)
1

We decompose T = 77 — 75 where

1 to—h h
T = hg/ <ﬂl/L(GMD)7/ ou(t +s,-) d3> dt,
t1 0

1 to—h , ) 1
Ty = h/ (B.(0uD),0,) dt = h/96“<0“D> dx

t1

(3.2)

to—h

31
Due to Lemma 1,

Ty — 0 as u— 0, for fixed h >0, and a. e. t; <to <T — h. (3.4)
Next we rewrite 77, for t1 < to — h, ta <T — h we use (3.2) to estimate

1 to—h ]_ ta—h
T = hg/ (ﬂ;(UuD)aAhU#) dt < h2/ / AnBu(oup)dz dt

h2[+h/ﬂu O',uD)dl'dt h2/ /ﬂu O'MD dwdt
1

Hence, in view of lemma 1, we have for fixed h > 0

limsup7Zy; <0 a.e. with respect to ty,ts, t1 <to— h.
pu—0

Together with (3.3) this gives the following result:

Lemma 2 For almost all t1,ts € [0,T] with t; < te — h there holds the inequality:

to—
limsup{hQ/ / O’MD ), A U‘u) dt ds} < 0.
pu—0

4 Fractional time-differentiability of the stress velocity

Recalling the notation for the difference in 'time’ direction Agw(t,z) = w(t + s,x) — w(t, x).
we now formulate our main result.



Theorem 1 Let o be the solution of the Prandtl-Reuss-law (1.6) — (1.9), where the data f,
po satisfy the reqularity conditions (1.4) and (1.5), respectively. Assume further the existence
of a safe load & such that (1.12) together with the regqularity assumptions (1.11) hold. Then

1 b [T-h
sup 2/ / /]Asd|2dxdtds<oo. (4.5)
o<h<t h* Jo Jo Q

Remark 1 This estimate has not to be confused with the Nikolski-space inclusion

1 T—h
sup / / |ARG|? drdt < oo (4.6)
Q

0<h<T

which states that ¢ has the fractional derivative of order % in t-direction in the sense of
Nikolski-spaces.

Our result is slightly weaker. However, if we define the periodic extension & of o by

_ ~Joa(t,), t€[0,T] 5 N — 8t for
a(t,-) = {0(—757 ). telT.0’ (t+2kT,-) =5(t,-) for k € Z,
then -
G(t,x)= > cml(x)exp(imm/T), (4.7)

and by simple Fourier analysis, we obtain the following conclusion, which follows from The-
orem 1 and Lemma A.1 in the appendix. Note that for differentiability up to order 3/2 in ¢
this extension is acceptable though not for higher order derivatives.

Corollary 1 Under the hypotheses of Theorem 1 there exists for all small § > 0 a bound K,
depending on the length T of the “time interval” with

Z /ym|3 em (@) de < K. (4.8)

m=—00

Thus (4.5) is almost equivalent to (4.6). Function spaces with derivatives defined via Fourier
transformation are sometimes called Liouville spaces. Hence Corollary 1 states that the stress
velocity ¢ has fractional derivatives with respect to t of order % — ¢ for any ¢ > 0 in the
sense of Liouville spaces.

Proof of Theorem 1. We fix h > 0, h < T and choose A0}, = 7, (- +s5,-) — ) as test function
in the penalty equation (2.5), integrate the variable s from 0 to h and the variable ¢ from ¢;
toty —h, 0 <ty <ty <T,ty >ty + h. Recalling that e(u,) : 7 = Vi, : 7, if 7 is symmetric,
this yields

1 h to—h
£uim o / /t (Vity, Ay, dt ds — (4.9)
1
to— to—
h2/ / (Ac,, Asey,) dtds + — / / B;L oup), A Uu) dtds
t1
:Z%Ml = ;42



We analyze £,, using the safe load condition:

1 [k t2_h . . B
L, :h2/ /t1 VUM,AS (quo>) dtds
to—
+2h2/ / (Vi + Vi), AF) dt ds

The first term vanishes since ¢, and - satisfy the equation for balance of forces differentiated
with respect to t, we used the symmetry of & in order to resume the term = (Vuu + Vu ) in
the last equality. Thus

241

AT T
L,] < h2/0 HvuﬁvuuHLw(Ll)

Due to the safe load condition we may use the estimate (2.9) which means that ||V, +
Vu;H reo(rty < K uniformly as 4 — 0. Furthermore we observe

L1(L>)

Lo Lo x
17 [ 188 ds < g [ 1Dy ds < [

The latter quantity is bounded according to the assumption (1.11) on the safe load stress.
Hence

|L£,] < K uniformly as yu — 0 (4.10)

On the other hand, we have £, = R,1 + R 2 where lim SUp, .o Ru2 < 0 due to Lemma 2.
Thus by (4.10) and (4.9) we get

hmlnf Ru1 = hm 1nf(£ —Roy > Ky (4.11)
pn—0

We rewrite
. . 1, . ) 1 ) .
Acy, Aoy = _§Asau AN, + §As (6 : Ady),

which implies

to—
2h2/ /t1 /A o, AN dr dt ds =
to—
L s sdearase
h 0 t1 Q

1 t2
+2h2/ / /A5<O'MAO'M)dxdtd$ = _Rul'i‘Rug
0 t1 Q

Inspecting the last term we find

to—h+s t1+s
Rus = 2/ / /Uu Ao dx dt—/ /dﬂ cAdy dxdt p ds (4.12)
2h . .



and with ||6y][zee(z2) < K2 and [s| < h we arrive at the following estimate, which holds
uniformly as 4 — 0

I . :
Rl < gz [ A5y < Ko eirey < K (4.13)
Thus we derive from (4.12) and (4.11) that
h to—h
lim sup h_2/ / (Ago,, AAGGy,) dtds < limsup g — 0(—Ru1 + Rimuz) < K + Ks.
0 t1

pu—0

and we obtain from the lower semi-continuity of positively definite quadratic forms that
1 h to—h
= / / (A6, ANG) dtds < K (4.14)
0 t1

for the weak L2(L?)-limit 6 = lin}) Oy, a.e. with respect to t1, t2, 0 <t; <t —h <T. K
pn—

does not depend on t1, to. From the absolute continuity of Lebesgue’s integral we conclude
from (4.14)

1 h T—h
= / / (Ay6, ANG) dtds < K
0 0

which implies Theorem 1.

Remark 2 If the requirements of Theorem 1 are met the solution o of the Prandtl-Reuss
problem satisfies o € L>(0,T; H. () (see [2, 5] ). We can combine this result with our
main theorem to gain that ¢ has local spatial derivatives of order 1/3 — § for any positive .
To be more precise, let @ C [0,7] x © be a closed cube with edge length R. We extend each
component o;; by symmetric reflection into a periodic function S;; defined on a cube Q D Q,
where Q has edge length 2R and center (%o, zo), then (we omit the subscript ;; for simplicity)

Se L

per

0,T; H.,(Q)), (4.15)

per
and we have the Fourier expansion
S = Z cm exp(im/ (z — o)) exp(img(t — to)),
m
where the summation is taken over all multi-indices (mg, m’) € Z""!. From (4.15) we have
Z [’ [?|enm|* < oo,
m

while Theorem 1 and Lemma A.1 from the appendix give

Z Imo|> 0| em|? < 0.

m

Now Holder’s inequality implies

2_
Y 1m' 157 fmo*em|” < oc.

m

10



In other words, if bi(¢) are the Fourier coefficients of & belonging to the expansion in spatial

direction, we get
> \k|§—5’/|bk2dt < 0.

kezZm

For n = 3, e.g., embedding theorems (e.g. [12, p. 390]) lead to

: 4-2 1 1., 1 . N\]" o 4
N e I I CHORRICED RS | G SRR

Note that we only used the fact that o € L*(H} ), not o € L*(H} ). The latter slightly
stronger fact could be used to establish an additional Morrey condition for the spatial deriva-
tives of ¢ of order % — 0. In some cases it can be shown that the tangential derivatives (near
the boundary) of ¢ are in L? up to the boundary. In [7, 4] this was shown for Hencky’s
law, but the proof works also for the Prandtl-Reuss law. Thus one obtains the existence of
fractional tangential derivatives for ¢ of order % — ¢ for positive §. Furthermore, since the
existence of spatial fractional derivatives of order % — ¢ for o are known to exist up to the
boundary in case of dimension 2 (see the proof for Hencky’s model in [11]), we obtain in
a similar manner that the fractional derivatives of order % — ¢ for ¢ exist in L? up to the

boundary.

Appendix. Quasi-equivalence of norms describing fractional
derivatives

As mentioned above, we work out the correspondence between the quantity defined in (4.5)
and fractional time derivatives defined by means of Fourier transforms. Recall that any

S e Lf,e,,([—T ,T], L?) can be expanded into a Fourier series
> immt >
S(t,z) = Z cm(T) exp . em € L2(Q,C), Z / |em|?da < oo, (A.1)
m=—oo m=—oo ’

If in addition S € L2, ([~T,T], L?), then for a.e. (t,z),

per
. oo . . t oo
S(t,x) = Z Z?Wcm(x) exp %, and Z m2/ lem|?dx < oo, (A.2)
m=—o00 m=—o00 Q
Lemma A.1 Let S,S € L2..([-T,T],L?), and assume that
1 [h T ‘
I(S)? := sup 2/ / /|A552d$dtd8<oo. (A.3)
o<h<T h* Jo Jo1 Jo

Then, for any § > 0,

o0

> |m\3|1n(1+|m|)|—1—5/Q|cm|2dx < C5I(9)%

m=—00
In particular, this implies that S has fractional derivatives with respect to t of order % -, if
the fractional derivatives of a function are defined via the Fourier series.

11



Proof. The relation (A.2) together with (A.3) implies

JR h imms T2
72 Z m2/0 | exp T —1|2ds/Q]cm(a:)\2dx§ EI(S)Q. (A.4)

m=—00

With

h .
1mms T mrh
—1Pds =2 h— — sin(——
/0 | exp T |“ds ( sin( T ))

mm

we deduce from (A.4) forall 0 < h < T

1 > of, T . mzh ) T? )
5 Z 2m (1 s1n(T)> /Q]cm\ dx < PI(S) . (A.5)

m=—00, m#0

Now put h; = 277, and M; = {m € Z|32T < |m| < }2/T}, which basically means
|m| ~ h;l = 2J for m € M;. Then, for m € M;, we have

T mmh,;
2(1- i 1Y) > A.
( iy sin( T )> >c>0 (A.6)

with some universal constant ¢g = co(sin). We choose h = h; in (A.3), multiply with ]1%
and sum with respect to j > jg, where jy is the minimal exponent fulfilling the condition
2790 < T'. This implies

; T mmh;
—1-§ . j 2. |2
E 27 4 E <1— o sin( T )) /Qm lem|“dx

i>j0 m=—00, m#0

T21(S)? 1
<) i =K (A7)
Jj=Jjo

Using (A.6), the last inequality leads to the estimate

COZijflf‘; Z /m2]cm|2daz
Q

j>jo meM;
< Z 91 j=1=9 Z 1-— T sin(mﬂhj) /m2\c ?dz < K’
- L mhjm T Q m -
Jj=Jjo meM;, m#0

Since |m| ~ 27 for m € M;, it follows |m| (log(1 + Im[))™17% < K29571% Hence we conclude

S % ml? (og(1 + m]) /Q em[2dz < CI(S).

Jj>jo meM;

Finally we have to observe that the union U;ijo M; contains all m € Z except those m
with |m| < 727073, But for this finite number of m’s we find a constant C such that
Im|In(1 + |m|)~17% < C(1 — mfw sin(m;ﬁho), where hg = 2779, and then use (A.5), which
finishes the proof of the lemma. O
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Under the hypothesis of Theorem 1 we know for the solution ¢ of the Prandtl-Reuss-problem
that for fixed positive hg < T,

1 h T—hg . %
lolz o = ( sup 2/ / / |ASS’]2dwdtds> < 00 (A.8)
2 0<h<h, N* Jo Jo Q

Now S be the even extension (with respect to t) of the function ¢ to the interval [T, T and
denote the periodic extension from [T, T) again by S Since o, & € L>([0,T], L?), we have
S, S € L, ([-T,T),L?(£2)). In addition, for I(S) defined as in (A.3), we get

per

1(8) < Clols gy + 1]l e (22))- (A.9)

In fact, since S = —¢ a.e. in [-T,0] and S = & a.e. in [0,T7], and since (A.8) holds, (A.9) is
proved once the ’transition integrals’

I :
J:h2/ / /’ASS|2dajdtdS, E;={t<0|t+s>0}, or Es={t<T|t+s>T}
0 s JQ

are bounded uniformly with respect to h € (0, ko], which is obvious since A S € L®(L?) and
Es is of length at most h since s € (0, h).
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