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FINITE ELEMENT APPROXIMATION OF LARGE BENDING ISOMETRIES

SOREN BARTELS

ABSTRACT. A finite element scheme for the approximation of large isometric deformations with
minimal bending energy is devised and analyzed. The convergence and energy decreasing property
of an iterative algorithm for the numerical solution of the scheme is proved. Numerical experi-
ments illustrate the performance of the iteration and show that the discretization leads to accurate
approximations for large vertical loads and compressive tensile boundary conditions.

1. INTRODUCTION

Mathematical models for plate bending have recently been rigorously derived in [18] via T-
convergence from three-dimensional elasticity. For ¢ > 0 let the deformation y. : Q. — R3 of
the thin domain Q. = Q x (—&/2,¢/2) C R? be a minimizer of the energy functional

EP@y) = [ W(Vy)de— | foyde
Qe Qe
with an appropriate isotropic stored-energy function W, an external force f: Q. — R3, and subject
to boundary conditions y. = p on I'p x (—¢,¢) for I'p C 0. Provided that e 3E.(y.) remains
bounded as £ — 0 it has been shown that the cluster points of solutions (y:)s~o for € — 0 are the
minimizers of the reduced model

/WDQy,Vy da:—/f yd:c—/ 2 ulII)? + )\/Q(trII)Q)dx—/Qf-ydx

among smooth isometries y : Q — R3 with second fundamental form IT = (D?y)b whose trace is
denoted by tr I and with normal b = 0,y x d2y, subject to the conditions y|r, = yp and b|r, = bp.
The isometry condition means that the first fundamental form I = (Vy)TVy coincides with the
identity matrix I» almost everywhere in 2. The parameters A and p are defined through the second
derivative of W, the function f :  — R3 is an average of the function fin vertical direction, and
the boundary data yp and bp are defined through yp. This two-dimensional model coincides with
the formulation proposed in [21]. For related lower dimensional theories in different scaling regimes
we refer the reader to [17, 19, 11].

As a consequence of Gauss’s theorema egregium we have for an isometry y : Q — R3? that the
Gaussian curvature K vanishes. Therefore, we deduce that for the mean curvature H, which is
defined as half the trace of the Weingarten mapping, we have the identity |I1|> = 4H? —2K = 4H?>.
Moreover, we have for isometries that tr /1 = 2H and —Ay = 2Hb and

|D2y? = 11> = 4H? = [t 1| = | Ay,

cf. Appendix A.1. We therefore consider the energy functional
=5 [10%Pde— [ feyas
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among isometries y :  — R3 that satisfy the boundary conditions stated above. The first part
of the energy functional coincides with the Willmore energy proposed in [24] on isometries. We
remark that our numerical method is not restricted to the particular form of the energy F and flat
isometries but devises a general approach to the approximation of an isometry constraint.

Critical aspects in the numerical minimization of the reduced energy functional E are the occurence
of second order derivatives and the nonlinear pointwise constraint that the deformation g : Q — R3
is an isometry, i.e., that the first fundamental form I = (Vy)TVy satisfies I = I with the identity
matrix Iy € R?*2. Our approach to the iterative minimization of E results from the following steps:
We first relax the second order derivatives by introducing the variable ® ~ Vy, i.e., for a small
parameter ¢ > 0 we consider

Et<<1>,y>ffu@ V|2 + / VP dr — / foyde

subject to the boundary conditions y|r, = yp, ®|r, = ®p and the pointwise constraint Td = I,
i.e., the column vectors ®;,®y € R? of & = [@1, <I>2] are perpendicular unit-length vector fields
that are prescribed on I'p. Notice that the functional E; is convex and that the space of admissible
pairs (®,y) is non-empty (under moderate assumptions on yp and ®p). The fact that the original
problem may have no solutions, i.e., that the set of admissible displacements may be empty, is
related to the possibility that the minimal values of the energies (E;);~o may be unbounded as ¢
tends to zero. We remark that even if a minimizer for F exists, the Euler-Lagrange equations may
not hold, e.g., for the fully clamped plate described by yp(z) = (z,0)" and bp(z) = (0,0,1)" for
x € I'p = 012 the only admissible isometry equals yp.

For the minimization of E; we employ a discrete H' gradient flow of E; with respect to ®, i.e., we
consider the time-incremental evolution defined by the successive minimization of the functionals

n 1 e =2 !
B (®.9) = 5V @ = 8"+ o = vyl + 5 [ (VaPde— [ foyan

where ®"~! is the solution from the previous time step and 7 > 0 the time-step size. The iteration
may be regarded as an H? flow of the functional E and is justified by the fact that F is finite
only on deformations y € H%(Q; R3). Motivated by work in [1, 6, 3] the condition that ® satisfies
®T® = I, is in the minimization of E} replaced by the linearized condition

(@ o (bnfl)T(I)nfl + (I,n—l,T((I) o (pnfl) —_ O
i.e., for the two column vectors of ® = [@1, @2] and "1 = [@” ! , 5 1] we impose that
(@ — @) 27 =0, (@y— @) By =0
and
(@1 — D7) - 7 4 (B — @5 ) - BF T =0

The new approximation ®" is obtained from a correction of the minimizer ®" of E}, i.e., we set

po gy B
_ O g B
& ]

Notice that \@"\2 |7 2+ \(AI;? — @?_1\2 for j = 1,2 so that if |<I>;-L_1| = 1 then the projection
onto the unit sphere is well defined. Moreover, the projection of the vectors &D’f and 2133 will not
change their relative angle and the identity
BBy = @)@y 4 (B - @) (B -9y )
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together with the observation that the second term on the right-hand side is of higher order allow
us to employ an inductive argument to show that ®7 - ®3 remains small. We will show that
a discretization of this iteration with low order finite elements on a triangulation with maximal
mesh-size h > 0 converges to a stationary point of Ej, ; under the mild constraint on the time-step
size
T < Ch/3

provided that h < Ct. The limiting stationary point may not be an absolute minimizer but in our
numerical experiments we did not observe problems related to local minima.

The spatial discretization of the functionals E}* will be based on a continuous extension of a robust
mixed method for Reissner-Mindlin plates proposed and analyzed in [2] which is uniformly accurate
for 0 < ¢ < 1 for small vertical displacements. It realizes a softening of the term (¢t=2/2)||® — Vy||?
and leads to system matrices whose inverses are uniformly bounded in ¢ as long as the displacement
is small and exterior forces act in vertical direction.

The finite element approximation of bending problems such as the minimization of the Willmore
energy has recently attracted significant attention motivated by applications in biophysics and com-
puter graphics, cf. [10, 14, 13, 12, 4, 23, 15, 5, 7, 16]. The method developed in [23] replaces the Will-
more functional by a discrete quadratic curvature energy that can be regarded as a discretization of
Ay with Crouzeix-Raviart finite elements and imposes an isometry condition by requiring that the
lengths and the angles of edges in the underlying triangulation remain (approximately) unchanged
by the discrete deformation. The method can only lead to good approximations of the continuous
solutions if the directions of the edges are uniformly distributed. In general, mesh-dependence of
the approximations has to be expected. The algorithms devised in [5, 7, 16] approximate solutions
of the Willmore flow by computing a family of discrete closed surfaces, employing the identity
—2Hb = Aridr on I', and incorporating the constraint that the surface area remains constant.
Most algorithms that evolve the surface instead of computing a family of parametrizations have to
deal with problems related to emerging mesh irregularities.

Using an isometry constraint in large bending problems has several advantages: (i) computation-
ally, it allows us to work on one fixed grid which avoids difficulties related to mesh distortions,
(ii) analytically, the condition is the result of rigorous derivations of lower dimensional theories
from three-dimensional elasticity which imply existence of solutions, and (iii) physically, it is more
meaningful since it is a local condition and therefore appears better suited for the modeling of thin
incompressible elastic sheets. To our knowledge, the proposed finite element method is the first
one that approximates an isometry constraint and allows free boundary conditions on part of the
boundary of the plate. In addition, we provide a complete numerical analysis for the discretization
and the iterative scheme that solves the discrete formulation.

The outline of this paper is as follows. In Section 2 we recall a few facts about the considered math-
ematical model and the employed mixed finite element method. Section 3 provides a I'-convergence
result for the discretized functional which implies convergence of numerical approximations pro-
vided that smooth isometries are dense in the set of admissible deformations or that there exists a
minimizer 7 € H3(Q;R3). Sufficient conditions for the convergence of the discretized H? gradient
flow to stationary points are derived in Section 4 and its efficient implementation is discussed in
Section 5. Numerical experiments with vertical loads and compressive tensile boundary conditions
are reported in Section 6. Some auxiliary results are proved in Appendix A.

2. PRELIMINARIES

2.1. Notation. Throughout this paper we abbreviate the L? norm on Q by || - || and let (-,-) be
the L? inner product on Q. By |- | we denote the Frobenius norm of a matrix or a vector. For
3



a scalar function ¢ we define the vectorial curl operator by Curl ¢ = (—02¢,d1¢) and for a vector
field v : Q — R3? we define Curlwv : Q — R3*2 by applying the curl operator to each component of
v. We use standard notation for Lebesgue and Sobolev spaces. We always let C' denote a generic
nonnegative constant that is independent of discretization parameters.

2.2. Mathematical model. For a bounded Lipschitz domain  C R? with polygonal boundary, a

function f € L?(£2;R3), and functions yp, bp € L*(T'p; R?) on a closed subset I'n C 9 of positive

surface measure and such that yp has a tangential derivative dyp/ds € L?(I'p; R?) along I'p with

|0yp/0s| = 1 and |bp| = 1, the functional E : H'(Q;R3) — R U {+occ} is finite for deformations in
A={z¢€ H?*(Q;R?) : (VZ)TVZ =1Is, zlry = yp, (12 X 822)|rp, = bp}

and is for y € A defined by

[0
B) = [ 1D%Pds~ [ foydn
Q Q

We assume that the functions yp and ®p admit smooth extensions to €2 and are sufficiently smooth
so that they can be approximated with arbitrary accuracy in L?(I'p) by nodal interpolation on I'p.

Remarks 2.1. (i) The boundary condition blr, = bp can be replaced by the condition Vy|r, = ®p,
where ®p € L?(T'p; R3%?) is uniquely defined through the conditions CI)B‘I)D = Iy, opb = Jyp/0s
for the unit tangent vector 6 on I'p, and ®p1 X Ppo = bp.

(ii) The set of admissible displacements A may be empty in general.

We will use that smooth isometries are dense in .4 which is justified by results in [22, 20]. Since a
precise formulation of the conditions on the domain and boundary data is technical, we formulate
the result as an assumption. The use of this result can be avoided if there exists a minimizer
ye H(QGR)NAof E.

Assumption (D). For all z € A and & > 0 there exists z- € C°(Q;R3)NA with | D?(z —2.)|| < e.

2.3. Finite element spaces. For a regular triangulation 7j of the domain 2 with maximal mesh-
size h > 0 let N}, denote the set of nodes (vertices of elements) and &, the set of edges of elements.
For each E € &, let zg denote the midpoint of the edge E and for each T' € Ty let zp be the
midpoint of the triangle T'. We define the finite element spaces

LY%(Ty) = {¢n € L*(Q) : éu|r constant for all T € Ty},
SY(Th) = {¢n € C(Q) : ¢p|r affine for all T € Ty},
SL(Th) = {én € LN(Q) : ¢p|r affine for all T € T,
and ¢y, continuous at every zp, E € &,}.

With the nodal basis (¢, : z € Nj) the bubble function associated to an element T' € Tj, with
vertices z1, 22, 23 € N, is defined by by = ., ¢, 2, and we set

Bg(n) = {fbh = Z arby : (OJT)TETh C R}
T€ET,

We let Py : L?(Q2) — L°(T,) denote the L? projection onto £°(73) and Zp, : C(Q) — SY(Ty) the
nodal interpolation operator. We remark that for v, € S'(7,) and by, € B3(7T;,) we have

(2.1) (Vun, Vby) = 0.

For every v, € SY(T;,) and 1 < p < oo we have the equivalence

22) C M ol < 3 W) < Clonly o
ZENh
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We will occasionally employ inverse estimates of the form
IVonl < Ch™Hfonll

which hold for all v, € S'(T) and all v, € B3(T},) provided that 7y, is quasiuniform. We say that
Tr is weakly acute if for every interior edge the sum of opposite angles does not exceed m and for
every edge on the boundary the angle opposite to it is bounded by 7/2. In this case we have for
every vp, € V1 with [v,(2)] > 1 for all z € N, and v, € V1 defined by vy, (2) = vy (2) /|05 (2)| for all
z € Nj, that

(2.3) Vo]l < [[Von]|

We refer the reader to [6] and Appendix A.2 for a proof.

2.4. Discrete vector fields. Spaces of discrete vector fields are defined by setting

Vo= S (T3, Vp1,0 = {vn € Vp1 : valrp, = O}v

Ver = 86 (Th)?, Verp = {vn € Vor s vp(2) =0 for all E € &},
Vinini = SYTh)? @ B3 (Th)%,  Viminio = {0n € Vinini : vnlry = 0},

Vp = BXTy)?

and, with v denoting the outer unit normal to Q on I'y = 9Q \ I'p,

Qpuy = {qh € 81(771)3 : (gn,1) =0, (Curlgp)r =0 on FN}.
Given ¥, € V2 . - we define

Wonini,p[Wn] = { @1 € V20ip 0 @(2)  Up(2) + Up(2) T @y (2) = 0 for all z € N},

where a pair of vectors Vi,V € R? is identified with the matrix [Vi,V5] € R3%2. We note that for
every v € Vyin; we have vy, = Zpvy + Lpvy, with Zpvy, € Vi1 and Zgvy, € Vg, where

Ipvp = (1 — Zp)vp.

2.5. Discontinuous finite element functions. For a (possibly discontinuous) function v, €
SL.(Ty) its elementwise gradient Vv, is for every T € Ty, defined by

thh|T = V(vh]T).

The interpolation operator Zp, o, : H*(2) — SL.(T5) defined by T, u(zg) = u(zg) for all E € &,
satisfies

(2.4) lu = Znerull + Al Vi = VaZperull < ch?|| D]

for all u € H%(Q2). We note that we may extend the definition of Vj to elementwise weakly differ-
entiable functions and then we have V,u = Vu for every u € H*(). The following lemma shows
that bounded sequences of finite element functions in V. accumulate at functions in H'(€2;R3?). A
proof is given in Appendix A.3.

Lemma 2.1. For each h > 0 let y;, € V., be such that yp(z2g) = yp(zg) for all E € &, with E C I'p
and ||[Vpynll < C. Then there exists y € HY(Q;R?) with y|r, = yp such that (for a subsequence)
we have yp, — y in L? and Vyy, — Vy in L2.



3. CONVERGENCE OF APPROXIMATIONS
Let
A = {(xyh, ) € V2, X Vet Wy(2) = Bp(z) fa. 2 € Ny NTp, Un(2)  Uh(z) = I fa. 2 € N,

Zh(ZE) = yD(zE) fa. Ee€é&n FD}

and for t > 0 and (Vy, z5,) € Aj, consider the energy functional
=2 a
Ena(Un ) = 5 |10 = Vol + 5 [ (Ve [ £z
Q Q

Remarks 3.1. (i) The use of the projection operator Py implies the robust solvability of the problem
for small displacements with vertical loads, cf. Section 5.
(ii) Notice that under moderate assumptions on yp and ®p we have Ay # 0.

Proposition 3.1 (Existence). If Ay # () then there exists a minimizer (®y, yn) € Ap for Epy with
[Vaynl < C(A + [[Po@n])-

Proof. For every fixed W), the minimal yp, = L5V}, of yp, — Ep +(Vp, yn) among yp, € V¢, such that
the pair (¥y,yp) € Ay, satisfies

(Vayn, Vizr) = 2(f, 2n) + (Po%s, V)
for all z;, € V. p. Choosing zp, =y, — Zryp yields that
[Vaynll < C(1+ [[PoWal]).
For the functional F}, (V) = Ep+(¥p, L,¥),) we thus have for every 6 > 0 that
Fup(Un) > (a/2) V8|1 = G5l fII” = S|Pl — C,
i.e., F}, 4 is coercive and hence there exists a minimizer ®; such that (®p, L)) € Ap. O

Proposition 3.2 (Lower bound). Lett =t(h) — 0 as h — 0 and for each h > 0 let (®p,yp) € Ap,
with [|[Viypl| < C(1 + || Po®p]|) be such that as h — 0 we have

Ep+(®n,yn) < C.
Then, the sequence (Pp, yn)n>0 has weak accumulation points in Hl(Q;R3X2) X Hl(Q;]R3) and for
each such point (®,y) € H*(Q;R3*2) x HY(Q;R3) we have ® = Vy in Q, y € A, and
E(y) < liminf Ej (®p, yn)-
h—0

Proof. Following the proof of Proposition 3.1 the boundedness Ej ((®p,yn) < C and ||Vl <
C(1+4||Py¥y||) imply that (@) is bounded in H! and thus has weak accumulation points. Moreover,
(Vhyr) is bounded in L? and we deduce with Lemma 2.1 that (after extraction of a subsequence)
Viyn — Vyin L? as h — 0 with y|r, = yp. Let ® € H'(Q;R3*2) be a weak accumulation point of
(®1,) in HY(Q;R3%2). By weak continuity of the trace operator we have ®|r, = ®p. The sequence
®), — Vyyp, converges strongly to zero in L? so that Vy = ®. Since CIJh(z)Tq)h(z) = I, for all z € N,
we have by elementwise discrete Poincaré inequalities that

|®) @, — L|| < Ch|| V|

and therefore @' ® = I, in Q. In particular, we find that y € H? (£2;R?) is an isometry. The weak
lower semicontinuity of the H' seminorm implies the assertion of the proposition. (I

Proposition 3.3 (Attainment). Assume that Assumption (D) holds, let y € A, and suppose that
t7'h — 0 as h — 0. For every h > 0 there exists a pair (®p,yn) € Ap such that as h — 0 we have

Ep (@, yn) = E(y).
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Proof. Owing to Assumption (D) we may assume that y € H3(Q). Choosing yn, = Zj y and
O, =TIy, [Vy] € V;%l we have (®p,,yn) € Aj, and owing to standard interpolation results, cf. [8]
and (2.4),

|@n — Vyll + BV O, — Dyl + hl|®p — Vyll oo () + [y — yll + 2l Viyn — Vyll < ch®|lyll s @)-
To show that Ej, ¢(®p,yn) = E(y) we first note that

t | Po®n — Vaynll <t ([[Po®n — Pull + [|Pn — Vyll + [ Vayn — Vyl|) < Ct ' (h+ h* + h),

With & = Vy it follows that
/ |VO,|? de — / |D?y|* da
Q Q

as h — 0. Since we also have that fQ fypdx — fQ f -y dz we deduce the assertion. O

Remark 3.1. For the case that E has a minimizer § € H3(2) N A we have proved the one-sided
error estimate

min By, ; — min E < C(t72h? + h)

Ap, ’ A

which motivates the choice t = O(h'/?).

The propositions imply the following convergence result.

Theorem 3.1 (Approximation). Assume that Assumption (D) holds or that E has a minimizer
7 € H3(;R3) N A. For each (h,t) > 0 let (®p,,yn) € Ap, be such that |Viynl < C(1 4+ ||Po®4l|)
and

Ehy(®h,yn) < (\Ijhglhl)neAh Eny(Up,2n) e, < C

where g, — 0 as h — 0. Then, ift 'h — 0 as h — 0 the sequence (P, yn)n>0 has weak accumula-
tion points in H'(; R3*2) x HL(;R3) and for each such point (®,y) € H'(; R3*2) x H(;R3)
we have ® =Vy in Q, y € A, and

FE = min F = lim F; +(® .
(v) min (2) lim ht(Ph, Yn)

4. ITERATIVE ENERGY REDUCTION
We propose the following scheme for the computation of stationary points of the functional Ej, ;.

4.1. Tterative algorithm. For given ®) € V2. - such that ®)(z) = ®p(z) for all z € M}, NT'p

and @2(2)T<I>2(z) = I, for all z € NV}, we iterate the following steps.
Step A. Compute for given ®7~' € V2. . the pair (&)Z, yn) € V2, <V, with §7(zg) = yp(zg) for
all E € & NTIp, ®}(z) = Pp(z) for all z € M}, NT'p, and
I n— T an— n— n n—
(Bh(z) = ®p () B M) + 2F (=) (BR(2) — 2 M=) = O

that is minimal for

1 2 o
(®n,yn) = —IV(®n — PP)|I> + | Po®r — Viynl* + / IV, dx — / [ ynde.
2’7’ 2 2 9] O

Step B. Define @} = Tp®} + @ € V2, .. where &} € V2, is defined by setting

mini’

PR IR 1C) e = p2(2)
(I)h,l(z) - |&)h71(z)|’ (I)h,2( )_ |;Iv>h72(z)|

for all z € NV}, and let yj € V., be such that y}'(zg) = yp(zg) for all E € &, NT'p and
(Vhyrs Vizn) = (Po®}, Vizr) + 2 (f, 2n)
7



for all z;, € V. p.

Remarks 4.1. (i) Notice that the part of 5;; belonging to VQB remains unchanged in Step 2, i.e.,
only the nodal values are projected onto the unit sphere.
(i1) The iterates do not satisfy @} |(2) - @ o(2) = 0 for z € N, but this quantity remains small.

(i1i) For each n > 1 there exists a unique solution (&)Z,ﬂg) in Step 2 which is the solution of
1 (V[(AISZ - (I)Z]a V\I’h) + t=2 (Pogf)z — thﬁ, Uy, — thh) + a(V&)”, V\I/h) = (f, Zh)
for all (Up, zp) € V?mm,D X Verp with
(4.1) (Th(2) — @5 H2) T (2) + @5 (2) T (Th(2) — @77 (2) = 0
for all z € Ny. In particular, we have for all zj, € Verp that
(thﬁ, thh) = (P()(T)Z, thh) + t2 (f, Zh).
(tv) For all z,, € V¢ p we have that
(Vh[girzb - ylZLilL thh) = (PO[N;LZ - @Zﬁl]’ vhzh)-

4.2. Convergence of the iteration. We show that if the time-step size 7 is sufficiently small
then the iteration converges.

Theorem 4.1 (Convergence). Assume that Ty, is quasiuniform and weakly acute and that t—'h <
Co. If 7 < C1h2/3 then we have for all N > 1 with Nr||f||? < Cy that

N
Bne(®,un) + (1/2) Y IVadi®) 1> < By (B9, 47),
/=1
where CZ@% = (&)ﬁ - @flfl)/T, and
‘ In [@% ' q)hNJ] HLl(Q)

The constants Co, C1,Ca,Cs depend on upper bounds for VOV, IVrypll, || f]l, o, and a™.

< C37Ep (9, yg)

Proof. Given two sequences (a") and (a") we write d;a™ = (@™ — a™~!) /7 in this proof.

(i) Induction hypothesis. We argue by induction over N and assume that the first estimate of the
theorem has been proved for N — 1. This is true for N = 1. Since HJtyZH < CHCZ;‘I’ZH we have for
all 1 <n < N that

(4.2) Bt < B+ Cln— 17| f|* < 072,

where
o t—2 _ _ a _
B! = Bua@ai) + [ £uitde = IR0 - Vi P+ GV

From this we deduce with (2.1) that |[VZ5®} || < V@) | < Ct7'. Let 1 < n < N in the
following. N N
(i) Local energy inequality. Upon choosing V), = d;®} and z;, = dyy; in (4.1) we have

TN 7 t_2 n n (&7 n n
(4.3) ||[Vd: @} +dt<7HP0¢h — Vhypl? + §qu’hHQ - (f yh))

=2 ~ o~
+ (5 e (Po®f; = Vagh)II? + SV @R|2) = o.
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(i1i) Coarse bound for CEV‘PZ- From (4.3) and ||Vc7tyg|| < ”CE;@ZH we deduce that

IV d}I? < | Pyt = Tagp P+ SHIV @R + Ol
Since the columns of @Zil(z) are unit length vectors for every z € N} and since by local Poincaré
inequalities ||Zp®} || < Ch||VZ5®} | < Cht~! < C we verify with an inverse estimate that
1Po®y~ < €, IVeR~ < Ot +t7)
and, upon choosing z, = y;~ - yY in Step B,
IVny < [1Po®y I+ I Vaghll + O £l < C.

This implies the bound
IVd®} < C(1 472+ 1)),
() Bound for Zp®}. Using that HVcZgy,’;”H < HCZ@ZH the estimate (4.3), IB&)Z = Ip®P}, and
|VZp®}| < HV@ || imply
IVZp@}|® < Ept + Cr|lfIIP < B, + Corl| ) < Ot
and with elementwise Poincaré inequalities we find || Zp®} H < ChHVIB@ |<Ch t<cC.

(v) Bound for projection error. Since @} .(z) = (I)Z,j( z)/|®n h;(2)| and di® h(2) @ZJ.l( z) = 0 for
j =1,2 and every z € N}, we have

= ~ ~ 2\1/2 ~ 2
|<I>Z7j(z) — Z](z)| = }@%(z)‘ —1= (1 +7’2‘dt<1>}f(z){ ) 2y < (72/2)’dt(1>2(z)‘ .
A Sobolev inequality and (2.2) imply
187 — @)l < O dTn @} 1740y < O (1 VR,
where we also used that HthIh@ | < Hth(IDZH
(vi) Energy of projected iterates. We want to show that

n o, mn 2 n n n AN N
(4.4) En( h7yh):7||P0(I)h_vhth2 *HV‘P 12— (f.u) < E(Q,33) + (7/2)ld, V5>

Using [|Va(@; —yi) | < 95— @7, [d:Vagp ] < IIdt<I>Z|| IVhyn = < CL Vgl < O+ ([ PopD,
the identities @Z = o~ ! +Tdt¢’" and ¥l =y, +Tdtyh, and the coarse bound on dtV<I>" we verify
that

1Po®} = Vadill* = | Po®ft — Vayp|1®
< ||Po(®f — @) = Vi@ — yi) I Po(@F + F) — Va(@h + uib)l
< 2/|@p — (| (I1Po@p ]l + | Po®y || + IV RT | + I Vryill)
< CP||VdZh @R (|1 Po@ || + 7llde @l + @5 + [V hyp | + 7l deVayrll + [ Vayi])
< OV, 5|2 (1 + 7| de @y + 1 Zn @} + | Zp®})
< O7||Vd @} (r + 732 + 7).

By (2.3) we have
IVer| < IVer].

Finally, we estimate

/ny;? dz —/ﬂf@ﬁ dz < || flllyk = Till < CIF IR — @511 < O (If IV 27>
9



For h < Ct, 7 < Ch?/3, and 7||f|| < C the combination of the last three estimates leads to (4.4).
(vii) Global energy inequality. Using (4.4) in (4.3) shows

Ep (B, yp) + (1/2)|[Vd: B} |* < Epy (@771, 5771,

for all n < N and this implies the induction hypothesis for N and thus the first assertion of the
theorem. B
(viii) Almost-orthogonality of column vectors. Since for every z € N, we have d;®}; | (2) - <I>Z_21(z) +

cﬁ@}h(z) : @Z_ll(z) = 0 we deduce that
(1951 ()51 (2) - (195 2(2)| @] o(2)) = @y 1 (2)- @ 5(2) = Py (2) @y (2) + 72y @ 4 (2) - dr ] 5(2)

and thus, since ]:ISZ 1(2)], @Zz(zﬂ > 1, we deduce with (2.2) that

1Zn [@F 1 - @7 o] 1) < IZ6 @57 - 235 o) + 721, 1 [[1d:®F ol
<NZa[®p3t - 235 ) + CT2 AV DR
An inductive argument with Zj [@2,1 . @2’2} = 0 proves the second assertion of the theorem. O
Remarks 4.2. (i) The result of the theorem is based on the estimate
Ena (@5, up) < Ene(®5,5%) + (7/2)||d; V O}

which can be monitored during a simulation and used to adjust the time-step size. This is important
when the (unknown) constant Cy in T < C1h?/3 is small.
(i3) If Ty, is not weakly acute then we need to assume T < Ch? to derive the same result.

5. EFFICIENT IMPLEMENTATION

5.1. Motivation. To motivate an efficient implementation of Step A of the algorithm proposed
in the previous section, we discuss the numerical scheme in a semi-discrete setting. Given pn—l ¢
H'(£; R3*2) we need to find a minimizing pair (®",3") € H'(Q;R3*?) x H'(;R3) for

n 1 e t2 o
B @.9) = 5 V(@ =" )P+ @ = Wyl + G [ [VaPde— [ foyda

subject to the boundary conditions y™ = yp and " = ®p on I'p and the pointwise constraint
(Ef,n o (Ianl)T(I)nfl + (I)nfl,T((AISn N (I)nfl) —0.
The corresponding Euler-Lagrange equations read
1 ~ ~ ~
5.1) —(V(@" = @ 1), V¥) +t2(®" — V§", ¥) + a(VI", V) =0,
) T
—t72 (&)" - V", Vz) — (f, z) =0,

for all ¥ € HL(Q;R*>*?) and 2z € HL(Q;R?) with (¥ — &) Tor—1 4 on LT (¥ — o7~ 1) = 0.
Notice that on 'y we have t~2(®" — Vy™)v = 0. Following [2] we choose r" € H}(£;R3) and
p" € HY(Q;R?) with (Vr™)v = 0 and (Curlp™)v = 0 on I'y and (p", 1) = 0 such that
(5.2) t2(®" — Vy") = —Vr" — Curl p™.
Using that (Curlp™, Vz) = 0 for all z € Hj,(Q;R?) we can simplify the solution of (5.1) as follows:

(i) From (5.2) and the second identity in (5.1) we get for all n € H{(€;R3) that

(Vr", Vi) = (f.n).
10



(i) From (5.2) and the first equation in (5.1) we get for all ¥ € HJ(Q;R3*?) with (¥ —
o) Ton=t 4 =1 T (¥ — o"~1) = 0 that
1, ~ -
—(V(@" = @" 1), VU) — (Curlp", V) + a(VO", V¥) = (Vr", ).

-
(iii) Testing (5.2) with Curlq for ¢ € H'(€;R?) such that (Curlq)y = 0 on I'y and (g,1) = 0
yields that
(<I>”, Curl q) + tz(Curlp", Curl q) =0.
(iv) Testing (5.2) with Vz for z € H{(;R?) yields that

(Vy",Vz) = (®",V2) + 2 (Vr", Vz).

Notice that the formulation in (i) can be solved individually, that (ii)-(iii) defines a saddle-point
problem with penalty term (which in general is owing to certain boundary terms not the variational
derivative of a quadratic energy functional), and that (iv) can be solved once the solutions of (i)-(iii)
have been computed. We also observe that r™ is independent of n and that y™ is not required in
the solution of (ii)-(iii), hence the formulation (ii)-(iii) can be iterated without solving (i) and (iv).

5.2. Discrete realization. The reformulation described above leads to the following implementa-
tion of the iterative algorithm which we stop if the magnitude of the rate of decrease of the energy
is smaller than the prescribed parameter €40y > 0.

Step 0. Choose a parameter €40, > 0, a time-step size 7 > 0, a regular triangulation 7y, a parameter
t>0,and ®) € V2. . with ®9(z) = &p(z2) for all z € N}, NTp and &Y (2)T @) (2) = I, for

mini
all z € N},. Set n=1.
Step 1. Compute rp, € V. p such that

(Varn, Vime) = (f.mn)
for all n, € Ve p.
Step 2. Compute th)g € Wiini,D [@Z_l] and pp € @pLN such that
(Vdi®}, V) + a(V(rd®} + @71, VU;,)—  (Curlpl, ¥) = (Varn, W),
— T(thbﬁ, Curl qh) —t2( Curl py, Curl qh): (@Zﬁl, Curl qh)

for all ¥y, € Wmim’,D [‘I)Z_l] and qp € QPLN'
Step 3. Define @} = Zp®} + </I;Z € V2 where @} = [CIJZ 1, Pp 2] € Vf,l is defined by setting for

ming’

all z e N},
- Ot (2) +Td®E (2) O, (2) + Td Y o (2)
h1(2) : : ;o Ppo(2) : :

|<I>2711(z) + 7di @ 1 (2)] @Z;l(z) + 7di @], 5(2)]
Step 4. Compute y;' € V., with y'(2g) = yp(zg) for all E € & NI'p and
(Vayr, Vizn) = (Po®y, Vizn) + 2 (Vars, Vi)

for all z;, € V. p.
Step 5. Stop if Eh7t(®z,y2) — Eh,t(i",f_l,yz_l) > —TEstop-
Step 6. Set n =n + 1 and go to Step 2.

Remarks 5.1. (i) The projection Py®}, guarantees that there exists a discrete Helmholtz decompo-

sition t2(Py®7 — Vpylt) = —Vrit — Curlp?, cf. [2].

(ii) The degrees of freedom related to the functions in B3(T,) can be eliminated from the equations
11



since the related stiffness matriz decouples owing to (2.1) and can be explicitly inverted, i.e., Step 2
in matriz-vector notation reads

Sp1+7Lp; 0 _CI—JI—I @@pl Gpir —Lplq)?il
0 Sp+7Lp —Cj | |d®s|=| Gpr—Lp®y’
—7Cp1 —7CpR —t28p1 P Cp@}éjl + CB(I)%_I

and using that c?tq)B = Xgl(C;p + Gpgr — Lbe%_l), where Xp = (Sp + 7LR), this is equivalent
to the system

Sp1+ TLpy ~Chy di®pr _ Gpir — Lp1 @,
—TCpl —TCBX;CE —t28p1 P Cpl(I’;lgIl +CB(I)%_1 +blB

with by = TXgl(GBr — LB<I>%TI). We have Lpy = aSp; and L = aSg.
(iii) The inf-sup condition can not be expected to hold for the linear system of equations in Step 2 of
the algorithm, i.e., for U € R3*2 there does in general not exist ® € H'(Q; R3*2) with curl ® = F for

T
given F € L2(Q; R3) such that ®T W+ U ® = 0. The situation ¥ = B (1) 8} and F = (0,0, /)T
corresponds to small displacements and a vertical load and in this case the inf-sup condition holds,
cf. [2]. Nevertheless, a unique discrete solution always exists in Step 2.

(iv) The decrease of the energy Epy (@}, yp) < Eh7t(<1>2_1,y2_1) guaranteed by Theorem 4.1 for
7 sufficiently small can be monitored during the iteration. If this energy decrease is violated the
time-step size should be decreased.

6. NUMERICAL EXPERIMENTS

To illustrate the practical performance of our algorithm we study three prototypical specifications
of the model problem. These are defined by vertical loads with a fixed part of the boundary of
the plate and compressive tensile boundary conditions in the absence of an exterior body force. In
all of our experiments we employed trlangulatlons Tr = T¢ determined by a positive integer ¢ that
consist of halved squares with edge-lengths h = 2-¢ and diameters h = f h. The parameter ¢ was
defined by ¢ = h'/2/4 and the time-step size by T = h/4, where the extra factor h'/3/4 accounts
for the unknown constants in the condition 7 < Ch?/3. The stopping criterion of our algorithm
was specified by e50p = 1.0 X 1073, To display the possibly discontinuous discrete displacement
yn € V. we employed an L? projection of g, onto the respective C%-conforming finite element
space V1.

6.1. Vertical load on a rectangular plate. The first problem considers a rectangular plate that
is clamped on one side and subject to a vertical load.

Example 6.1. Let Q = (0,4) x (0,1), Tp = {0} x [0,1], @ = 1, yp(z) = (¢,0)" and bp(z) =
(0,0,1)T for x € T'p, and f(z) = ¢£(0,0,1)7 for z € Q with c; = 2.5 x 1072.

For £ = 2,3, 4 we plotted in Figure 1 the outputs of our approximation scheme. The deformed plate
is colored by the discrete mean curvature Hy, = (1/2) tr 11}, for the piecewise constant approximation
of the second fundamental form defined by

II, = (VT4 [@11 x @12]) | Vi

T

As initial guesses we chose the compatible pairs ®9(z) = (1) (1) 8 and y9(z) = (2,0)" for

x € ). We observe that the deformations do not differ significantly for the different mesh-sizes

and that the deformations can not be approximated as graphs of functions defined on 2. In the

second column of Table 1 we displayed for £ = 2,3,4,5 the number of iterations carried out by
12
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FiGure 1. Deformations of a clamped 4 x 1 plate for a uniform vertical load on
different uniform triangulations. The deformations are colored by the discrete mean
curvature Hyp,.

our algorithm before termination. As expected, the number of time steps needed to satisfy the
stopping criterion grows linearly. The computed energy Ej, ;(®p, yp) of the output is shown in the
third column and it increases as the mesh-size h decreases. The failure of being an exact isometry,
i.e., the L' norm of the elementwise constant function

o = (Vhyh)TVhyh — I,

is shown in the fourth column of Table 1 and we observe that this quantity decreases nearly linearly
to zero. We also displayed the L! norm of an elementwise constant approximation of the Gaussian
curvature defined by K}, = det I1,. The experimental results show that this quantity decays almost
quadratically to zero as h approaches zero. As is guaranteed by Theorem 4.1, the column vectors
of the computed approximations ®;, are nearly orthogonal and this is confirmed by the numbers
displayed in the last column of Table 1.

6.2. Vertical load on a square-shaped plate. To illustrate the performance of our algorithm
when the profile of the deformation is not one-dimensional in the direction of one of the coordinate
axes, we employ a square-shaped plate that is clamped on two nonparallel sides and a load as in
Example 6.1.

13



B Nier  Eny(®n,yn) 61l (o) [Knlloi) 11 Zal®ha - Prolllo)

272 20 —1.543 x 1072 7.304 x 10~* 6.035 x 1076 1.778 x 1076
273 56 —1.536 x 1072 3.656 x 10~% 1.498 x 10~6 2.463 x 107
274 110 —1.532x 1072 1.890 x 10~% 3.669 x 10~ 7 3.208 x 1078
27% 219 —1.531x 1072 9.717 x 107° 9.037 x 108 4117 x 1079

TABLE 1. Iteration numbers, computed energy, deviation of the discrete first fun-
damental form from I, norm of the discrete Gaussian curvature, and inner product
of the column vectors of ®;, for the iteration of the iterative algorithm on triangu-
lations with different mesh-sizes for a vertical load on a clamped rectangular plate.

Example 6.2. Let Q = (0,4) x (0,4), Tp = {0} x [0,4] U [0,4] x {4}, a =1, yp(z) = (x,0) " and
bp(x) = (0,0,1)" for all z € Tp, and f(x) = ¢;(0,0,1)7 for x € Q with ¢y = 2.5 x 1072.

We used the same initial pairs (@2, y,?) as in the previous experiment. The outputs of our algorithm
are for three different triangulations defined by ¢ = 2, 3,4 shown in Figure 2 and we observe a
nontrivial large deformation. We note that the employed triangulations are such that the diagonals
of halved squares are orthogonal to the direction (1, 1) so that the triangulations do not lead to an
artificial improvement of the computed solution. We also tested the algorithm with triangulations
for which the diagonals of halved squares were parallel to (1, 1) and observed nearly the same results.
Table 2 displays the iteration numbers, the computed energies, the deviation of the discrete first
fundamental form from the identity matrix, the L' norm of the discrete Gaussian curvature, and the
L' norm of the inner product of the column vectors of the output @, for different mesh-sizes. We see
that in this experiment the discrete first fundamental form approaches the unity matrix only very
slowly and also the discrete Gaussian curvature decreases slowly as the mesh-size becomes smaller.
The relative change of the area of the deformed plate is approximately 5.0 x 1072/16.0 ~ 0.03%.

h Niter  Eni(®n,yn) 011l 21 ) [Enllzr)  1Za[®h1 - Prolllr o)
22 26 —1.009 x 1072 5.444 x 1072 2.234 x 1073 2.551 x 1074
23 49 —9.864 x 1073 5.138 x 1072 2.162 x 1073 1.168 x 104
24 96 —9.721 x 1073 5.007 x 1072 2.130 x 1073 5.550 x 107°
275 185 —9.545 x 1073 4.776 x 1073 2.043 x 1073 2.672 x 107°

TABLE 2. Iteration numbers, computed energy, deviation of the discrete first fun-
damental form from I, norm of the discrete Gaussian curvature, and inner product
of the column vectors of ®; for the iteration of the iterative algorithm on trian-
gulations with different mesh-sizes for a vertical load on a clamped square-shaped
plate.

For clamped boundary conditions on I'p C 92 we expect that any isometric deformation coincides
with the identity inside the convex hull of I'n. Hence, in Example 6.2 the third component of the
discrete deformations yj, should converge to zero in the region above the diagonal {(z1,z2) € Q :
x1 = xo}. In Figure 3 we plotted the third component of the approximate deformations along
this diagonal for different mesh-sizes and for the relations ¢ = h1/2 /4 as well as for t = /f;/4 We
observe that the curves slowly converge to zero and that the curves related to the smaller value of
t lie below the ones for the larger values. Table 3 shows the maxima of the curves and we see that

these values decrease slowly as the mesh-size decreases. The numbers imply that we have a relative
14
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FiGURE 2. Deformations of a clamped 4 x 4 plate for a uniform vertical load on
different uniform triangulations.
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FIGURE 3. Third component of the discrete deformations for ¢ = 2,3,4,5 (top

to bottom) with ¢t = h1/2 /4 (plusses) and t = ﬁ/4 (crosses) along the diagonal
{(z1,22) € Q: x1 =z} for a vertical load on a clamped 4 x 4 plate.
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approximation error in L of about 10% and that a choice t ~ h1=¢ for some small parameter
€ > 0 may be preferable over t ~ h/2 in this example.

t h =22 h =273 h=2"1 h =25

RY2/4 4110 x 1072 3.973 x 1072 3.902 x 1072 3.804 x 102
h/4 3.931 x 1072 3.815 x 1072 3.510 x 1072 2.924 x 1072

TABLE 3. Maximum value of the third component of the discrete deformations
along the diagonal {(z1,z2) € Q : 1 = x2} for a vertical load on a 4 x 4 plate.

6.3. Tensile compression of a strip. We next study compressive boundary conditions on part
of the boundary of a rectangular plate. A small vertical load selects one of two possible solutions
related to the symmetry in vertical direction of the problem for f = 0.

Example 6.3. Let Q = (—2,2) x (0,1), I'p = {-2,2} x [0,1], @ = 1, f(x) = ¢£(0,0,1)" with
cy=1.0x 1075 for x € Q, bp = (0,0, 1)T on I'p, and

yp(z) = (21 + a,29,0) "

for (x1,x2) € I'p with x1 = F2. We set a = 1.4.
T

To start the iteration we set <I>2 = [(1] (1) 8 and defined the initial deformation for z = (x1,x2) €
Q by
(z1+a,72,0), —2<mz < —aq,
(0,22,21 +a), —a<z <0,
yh(a) =
(0, x2, —x1 + a), 0<x <a,
(1 — a,x2,0), a <z <2

We note that this choice of initial guesses is incompatible in the sense that ||[Py®) — V,y9|| # 0.
Owing to this possibly suboptimal choice of initial values we found that our choice of the time-step
size T = 7L/ 4 was almost optimal, i.e., for larger time-steps we did not observe convergence of the
iteration for the tested mesh-sizes. The outputs for different mesh-sizes are displayed in Figure 4
and we observe large curvatures along the line ;1 = 0. The computed energies, the iteration
numbers, the deviation of the discrete first fundamental form from the identity matrix, the L'
norm of the discrete Gaussian curvature, and the inner products of the column vectors of ®; are
displayed in Table 4. The displayed numbers reveal that a large number of iterations is required to
approximate a stationary point, that the minimal energies decrease as the mesh-size decreases in
this experiment, and that the approximation error for the first fundamental form is nearly linear
for £ > 3. The L! norm of the discrete Gaussian curvature is very small and decays quadratically
to zero.

Acknowledgements. The author acknowledges support by the DFG through the Collaborative
Research Center (SFB) 611 Singular Phenomena and Scaling in Mathematical Models.

APPENDIX A. AUXILIARY RESULTS

A.1. Elementary differential geometry. Given a parametrized surface y :  — R3 the first

fundamental form is given by g;; = 9;y - 9;y and the second fundamental form by h;; = 0;b- 0;y =

—b - 9;0;y, where b = 01y x day. The inverse of g has the entries g”/. The Gaussian curvature is
16
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FIGURE 4. Numerical solutions for 70.0% tensile compression of a 4 x 1 plate
on triangulations with different mesh-sizes. The deformations are colored by the
discrete mean curvature Hj,.

B Niger Eni(@nyn)  101] 020 IKrllr@) 1 Za[®hi - ol o)
22 115 —1.892 1.857 x 1071 2.798 x 10~ 7 9.614 x 1079
273 194 —2.713 1.698 x 1071 7.173 x 1078 8.003 x 1010
2—4 357 —3.295 1.052 x 1071 1.672 x 108 8.121 x 10~ 11
275 684 —3.619 5.753 x 1072 4.045 x 107Y 1.159 x 10~ 11

TABLE 4. Iteration numbers, computed energy, deviation of the first fundamental
form from identity, norm of the discrete Gaussian curvature, and inner product of
the column vectors of ®;, for the iteration of the iterative algorithm on triangulations
with different mesh-sizes for tensile compression.

the determinant of the Weingarten map L = (Zk hirg* ) and given by K = det h;;/det g;;. The

mean curvature is half of the trace of L and given by H = (h11922 — 2h12912 + ha2g11)/(2 det g;5). If

the parametrization is an isometry, i.e., if g;; = d;;, then Gauss’s theorema egregium implies K = 0.
17



Moreover, we have tr I = tr L = 2H and
112 = Z hi; = hiy + B3y + 2hiy = (ha1 + ho2)® — 2h11hag + 2h3, = 4H? — 2K = 4H>.

For a C? isometry with |9;y[* = 1, j = 1,2, and d1y - G2y = 0 we deduce that 8%y - d1y = 0
and 0%y - Doy = —O1y - D102y = 0. Analogously, we verify that 03y - 01y = —day - 0102y = 0 and
02y - oy = 0 so that —Ay = Bb. Since —Ay-b = tr I = 2H we verify that —Ay = 2Hb. The
vectors (01y, d2y,b) form an orthonormal basis of R? for every x € Q so that |0;0;y| = |9;0;y - b|
and hence |D?y|? = >3 10i05y - b2 = |I1]2.

A.2. Proof of (2.3). Given a weakly acute triangulation 7, we have for the entries k., =
(Vp., V) of the Stiffness matrix that k., <0 if z # y for all z,y € N}. The symmetry k., = k.

and the identity Eye N, k., =0 for all z € N}, show

[Vo||* = Z kzyon(2) - (vn(y) — vn(z + S Z kzyon(y) - (on(2) — vn(y))

7yeML 7yENh

=-3 Z sylvn(2) — vn(y)|*.

7yENh

The assertion follows from the fact that the mapping z +— x/|z| is Lipschitz continuous with
constant 1in {x € R? : |z| > 1}.

A.3. Proof of Lemma 2.1. A discrete Poincaré inequality shows that ||y,|| < C and hence there
exists y € L?(Q; R3) with (after extraction of a subsequence) y, —  in L2. Since ||Vypn|| < C there
exists & € L?(Q;R3*?) such that (after extraction of another subsequence) Vyy, — € in L2. We
have, using that [,[ys]ds = 0 for all E € &, and that the (row-wise applied) Fortin interpolant Ip®
of ¥ € C5°(Q; R**2) on the Raviart-Thomas finite element space, cf. [9], satisfies that (IpV)v|g is
constant on each E € &, that

/Vhyh:llfdx:—/yh div ¥ dz + Z/yh (¥ — IpUly)ds
Q

Eeé&y,
—/yh-div‘lldx—l—/vhyh:[\I’—IF\II]daz—i—/yh‘div[‘lf—IF\IJ]dx.
Q Q Q

Since the last two terms on the right-hand side converge to zero as h — 0 we deduce that £ = Vy.
The fact that y|r, = yp follows from an elementwise integration by parts as above provided that
yn — y in L?(I'p).
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