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CONVERGENCE TO EXTREMAL PROCESSES IN RANDOM
ENVIRONMENTS AND EXTREMAL AGEING IN SK MODELS

ANTON BOVIER, VERONIQUE GAYRARD, AND ADELA SVEJDA

ABSTRACT. This paper extends recent results on aging in mean field spin glasses on short
time scales, obtained by Ben Arous and Giin [2] in law with respect to the environment, to
results that hold almost surely, respectively in probability, with respect to the environment.
It is based on the methods put forward in [8} 9] and naturally complements [6].

1. INTRODUCTION AND MAIN RESULTS

Spin glasses have, for the last decades, presented some of the most interesting chal-
lenges to probability theory. Even mean-field models have prompted a 1000 page mono-
graph [[16}[17] by one of the most eminent probabilists of our time. Despite of these efforts
and remarkable and unexpected progress, a full understanding of equilibrium problem, i.e.
a full description of the asymptotic geometry of the Gibbs measures, is still outstanding.
In this situation it is somewhat surprising that certain properties of their dynamics have
been prone to rigorous analysis, at least for some limited choices of the dynamics. The
reason for this is that interesting aspects of the dynamics occur on time-scales that are far
shorter than the those of equilibration, and experiments made with spin glasses usually test
the behaviour of the probe on such time scales. Indeed, equilibration is expected to take
so long as to become inaccessible to real experiments. The physically interesting issue is
thus that of ageing [4, 5], a property of time-time correlation functions that characterizes
the slow decay to equilibrium characteristic for these systems.

The mathematical analysis has revealed an universal mechanism behind this phenom-
enon: the convergence of the clock-process, that relates the physical time to the num-
ber of “moves” of the process, to an a-stable subordinator (increasing Lévy process)
under proper rescaling. The parameter « can be thought of as an effective temperature
that depends both on the physical temperature and the time scale considered. This has
been proven for p-spin Sherrington-Kirkpatrick (SK) models for time scales of the order
exp(3yn) (where n is the number of sites in the system with 0 < v < min(3,¢(p)),
where ((p) is an increasing function of p such that ((3) > 0 and lim,. ((p) = 2In2.
Such a result was obtained first in [1] in law with respect to the random environment, and
was later extended in [6] to almost sure (resp. in probability, for p = 3,4) results. The
progress in the latter paper was possible to a fresh view on the convergence of clock pro-
cesses, introduced and illustrated in two papers [8, 9] that takes the clock process as a sum
of dependent random variables with a random distribution, and then employs conveniently
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suited convergence criteria, obtained by Durrett and Resnick [7]] a long time ago, to prove
convergence. This will be explained in more detail below.

The conditions on the admissible time scales in these results have two reasons. First,
it emerges that & = /[3, so one of the conditions is simply that « € (0,1). The upper
bound v < ((p) ensures that there will be no strong long-distance correlations, meaning
that the systems has not had time to discover the full correlation structure of the random
environment. This condition is thus the stricter the smaller p is, since correlations become
weaker as p increases.

A natural questions to ask is what happens on time-scales that are sub-exponential in
the volume n? This question was first addressed in a recent paper by Ben Arous and Giin
[2]. This situation would correspond formally to o = 0, but O-stable subordinators do
not exists, so some new phenomenon has to appear. Indeed, they showed that the limiting
objects appearing here are the so-called extremal processes. In the theory of sums of heavy
tailed random variables this idea goes back to Kasahara [[10] who showed that by applying
non-linear transformations to the sums of «,-stable r.v.’s with «,, | 0, extremal processes
arise as limit processes. This program was implemented to clock processes by Ben Arous
and Giin using the approach of [1]] to handle the problems of dependence of the random
variables involved. As a consequence, their results are again in law with respect to the
random environment. An interesting aspect of this work was that, due to the very short
time scales considered, the case p = 2, i.e. the original SK model, is also covered.

In the present paper we show that by proceeding along the line of [6], one can extend the
results of Ben Arous and Giin to guenched results, holding for given random environments
almost surely (if p > 4) resp. in probability (if 2 < p < 4). In fact, the result we present
for the SK models is an application of an abstract result we establish, and that can be
applied to a wide class of models.

Before stating our results, we begin by a concise description of the class of models we
consider.

1.1. Markov jump processes in random environments. Let us describe the general
setting of Markov jump processes in random environments that we consider here. Let
Gn(Vn, L) be a sequence of loop-free graphs with set of vertices V,, and set of edges L,,.
The random environment is a family of positive random variables, 7,,(x), z € V), defined
on a common probability space (2, F,P). Note that in the most interesting situations the
T.’s are correlated random variables.

On V,, we consider a discrete time Markov chain J,, with initial distribution g, tran-
sition probabilities p,(z,y), and transition graph G,,(V,, £,,). The law of J,, is a priori
random on the probability space of the environment. We assume that .J,, is reversible and
admits a unique invariant measure .

The process we are interested in, X, is defined as a time change of J,,. To this end we
set

() = Cmp(x) /70 (2), (1.1)

where C' > 0 is a model dependent constant, and define the clock process

Su(k) =) A (Jn(@))ens, keEN, (1.2)
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where {e,; : i € Nyg,n € N} is an i.i.d. array of mean 1 exponential random variables,
independent of .J,,. The continuous time process X, is then given by

Xo(t) = Jo(k), if Sp(k) <t <Sy(k+1) forsomekeN, t>0. (1.3)

One verifies readily that X,, is a continuous time Markov jump process with infinitesimal
generator

M@, y) = M(@)pn(z,y), (1.4)

and invariant measure that assigns to = € V,, the mass 7,,(z).

To fix notation we denote by 7/ and F* the o-algebras generated by the variables J,,
and X,,, respectively. We write P, for the law of the process .J,,, conditional on F, i.e.
for fixed realizations of the random environment. Likewise we call P, the law of X,
conditional on F.

In [8, 9] and [6], the main aim was to find criteria when there are constants, a,, c,,
satisfying a,,, ¢, T 00, as n — oo, and such that the process

ant]—1

L
Sut) = ¢, Sullant)) = ¢ Y A (uli))ens, t>0, (1.5)
=0

converges in a suitable sense to a stable subordinator. The constants c,, are the time scale
on which we observe the continuous time Markov process X,,, while a,, is the number of
steps the jump chain .J,, makes during that time. In order to get convergence to an a-stable
subordinator, for o € (0, 1), one typically requires that the A~'’s observed on the time
scales ¢, have a regularly varying tail distribution with index —«. In this paper we ask
when there are constants, a,, ¢,, o, satisfying a,,c, T oo and o, | 0 respectively, as
n — oo, and such that the process (S,,)*" converges in a suitable sense to an extremal
process.

1.2. Main Theorems. We now state three theorems, beginning with an abstract one that
we next specialize to the setting of Section [I.1] Specifically, consider a triangular array
of positive random variables, Z,, ;, defined on a probability space (€2, F,P). Let o, and
a, be sequences such that «,, | 0 and a,, T 00 as n — oo, respectively. Our first theorem
gives conditions that ensure that the sequence of processes (S,,)*", where S,,(0) = 0 and

lant]

Sult) =D Zni, t>0, (1.6)
=1

converges to an extremal process.

Theorem 1.1. Let v be a sigma-finite measure on (R, B(R)) such that v(0,00) =
oo. Assume that there exist sequences a,, o, such that for all continuity points x of the
distribution function of v, for all t > 0, in 'P-probability,

lant]

lim Y P (27 > @l Fuimr) = to(, 00), (1.7)
=1

and
lant]

lim Y [P (23 > | Faia)]” =0, (1.8)
=1
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where F, ; denotes the o-algebra generated by the random variables Z,, ;,5 < i. If,
moreover, for all t > 0

Lant] n
lim sup(Z 5112”7651/%5—1/%2”,) <00, ¥§>0, (1.9)

then, as n — oo,
(Sp)" =2 M,, (1.10)

where M, is an extremal process with one-dimensional distribution function F(z) =
exp(—v(z,00)). Convergence holds weakly on the space D([0,00)) equipped with the
Skorokhod J,-topology.

In the sequel we denote by L weak convergence in D([0,00)) equipped with the
Skorokhod .J;-topology.

In order to use Theorem [I.1] in the Markov jump process setting of Section [I.1} we
specify Z, ;. In doing this we will be guided by the knowledge acquired in earlier works
(8], [9], [6]]: introducing a new scale 0,, we take Z,, ; to be a block sum of length 0,,, i.e. we

set
i0n

Zni= > N n(d)eny - (1.11)
G=(i—1)8n+1
The role of 6, is to de-correlate the variables Z,, ; under the law P, . In models with
uncorrelated environments and where the probability of revisiting points is small, one
may hope to take 6,, = 1. When the environment is correlated and the chain .J,, is rapidly
mixing, one may try to choose 6,, < a,, in such a way that, the variables Z,, ; are close to
independent. These two situations were encountered in the random hopping dynamics of
the Random Energy Model in [9], and the p-spin models in [6] respectively. Theorem
below specializes Theoremto these Z,,;’s.
Fory € V,, and u > 0 let

(ZA ))en; > cnul/a"> (1.12)

be the tail distribution of the blocked jumps of X,,, when X, starts in y. Furthermore, for
kn(t) = [lant]/0,],t > 0, and u > 0 define

vit(u,00) = Zan Y)Q(y) , (1.13)
=1 yeVpy
kn(t) 2
(o) (u,00) = [Z Pl Y)Q:(y )] . (1.14)
i=1 LyeV,

Using this notation, we rewrite Conditions (1.7)-(1.9). Note that Q% (y) is a random vari-
able on the probability space (£, F, P), and so are the quantities v(u, 00) and 0 (u, 00).
The conditions below are stated for fixed realization of the random environment as well as
for given sequences a,, ¢,, 0,,, and «, such that a,, ¢, 1 co, and o, | 0 as n — oo.
Condition (1) Let v be a o-finite measure on (0, co) with v(0, c0) = oo and such that for
allt > 0andall u > 0

lim P,MOV u, oo)—ty(u,oo)| >5> =0, Ve>0. (1.15)
n—oo
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Condition (2) For all w > O and all ¢t > 0,
lim P, (( 2(u, 00) > g> —0, Ve>0. (1.16)

n—oo

Condition (3) Forallt > Oand all 9 > 0

Lant] an
hmsup<z Enn s L ())en.s <Y/ @n }(cn(;l/om) (T ))6m> <oo. (1.17)

n—00
=1

Condition (0) For all v > 0,

lim L(x)e v mendn(@) — (1.18)
”*O"xezvnu ()
For ¢t > 0 set
kn (t) Oni Qn,
(Sh()™" = (Z( )R WO ))em> +c;1A;1<Jn(0>>envo> . (L.19)
i=1 \j=0,(i—1)+1

Theorem 1.2. If for a given initial distribution p,, and given sequences a,,, c,, 6, and .,
Conditions (0)-(3) are satisfied P-a.s., respectively in P-probability, then

(S0 =2 M, , (1.20)
where convergence holds P-a.s., respectively in P-probability.

Remark. Theorem tells us that the blocked clock process (S%)* converges to M,
weakly in D([0,00)) equipped with the Skorokhod .J;-topology. This implies that the
clock process (.S, )*" converges to the same limit in the weaker M;-topology (see [6] for
further discussion).

Remark. The extra Condition (0) serves to guarantee that the last term in (I.19)) is asymp-
totically negligible.

Finally, following [6], we specialize Conditions (1)-(3) under the assumption that the
chain J,, obeys a mixing condition (see Condition (2-1) below). Conditions (1)-(2) of
Theorem are then reduced to laws of large numbers for the random variables Q" (y).
Again we state these conditions for fixed realization of the random environment and given
sequences a,, ¢y, 0, and .

Condition (1-1) Let J,, be a periodic Markov chain with period ¢. There exists a positive
decreasing sequence p,, satisfying p,, | 0 as n — oo, such that, for all pairs x,y € V),
and all 7 > 0,

Z P (J(i 40, + k) =1y,J.(0) =2) < (14 po)m(2)ma(y) - (1.21)

Conditlon (2-1) There exists a o-finite measure v with (0, c0) = oo and such that

v (u,00) = ky(t) Z mn(2)Qu(x) — tv(u, 00) (1.22)

xre Vn
and

(7)* (u, 00 ()Y Y ml@)pD(z,2")Qu(x)Qu(a') — 0. (1.23)

€V '€V,

where p{; )(x, ') =3, v, Pn(T,y)pn(y, 2') are the 2-step transition probabilities.
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Condition (3-1) For all¢ > 0and 6 > 0

11m Sup (LantjgﬂnIL{)\ZLl(Jn(l))enJScn(?l/o‘"}cgl(s_l/a")\;l(Jn(1>>€n71> m < 0. (124)

n— oo
Theorem 1.3. Let i, = m,. If for given sequences a,, c,, 0, < a,, and o, Conditions
(1-1)-(3-1) and (0) are satisfied P-a.s., respectively in P-probability, then (S2)*» AN M,
P-a.s., respectively in P-probability.

1.3. Application to the p-spin SK model. In this section we illustrate the power of The-
orem|[I.3|by applying it to the p-spin SK models, including the SK model itself, i.e. p > 2.
The underlying graph V), is the hypercube ¥, = {—1, 1}". The Hamiltonian of the p-spin
SK model is a Gaussian process, H,,, on X.,, with zero mean and covariance

EH, (x)H, (') = nR,(x,z")?, (1.25)

where R, (z,2') =1 — w and dist(-, -) is the graph distance on 3,,,
1 n
: N — /
dist(x,2") = §;|xz—xl| (1.26)
The random environment, 7, (), is defined in terms of H,, through

To(2) = exp(BH,(z)), (1.27)

where 0 € R, is the inverse temperature. The Markov chain, .J,,, is chosen as the simple
random walk on X,,, i.e.

0, else.

l -f . / — 1
pn(a:,:c’):{n’ if dist(z, 2) =1, (1.28)

This chain has unique invariant measure 7, (x) = 2~". Finally, choosing C' = 2" in (L.,
the mean holding times, A\ '(z), reduce to A\ !(x) = 7,(x). This defines the so-called
random hopping dynamics.

In the theorem below the inverse temperature (3 is to be chosen as a sequence (/3,,)nen
that either diverges or converges to a strictly positive limit.

Theorem 1.4. Let v be given by v(u,00) = Kyu™* for u € (0,00) and K, = 2p. Let
Vs B be such that ~,, = n™¢ for c € (O7 %), Bn > Bo for some By > 0, and ~,3, < O(1).
Set v, = v,/ By Define the jump scales a,, and time scales c,, via

a, = \/27?717,:1 e37n (1.29)
¢, = b (1.30)

Then (Sz)a" N M,. Convergence holds P-a.s. for p > 5 and in P-probability for
p=2,3,4. For p =5 it holds P-a.s. if c € (O, }1) and in P-probability else.

Remark. Theorem H immediately implies that (.S,,)*" 28 M, on D([0,00)) equipped
with the weaker M- topology.

In [2] an analogous result is proven in law with respect to the environment, for similar
conditions on the sequence ~,, and fixed [.

Let us comment on the conditions on ~,, and 3, in Theorem [1.4] They guarantee that
a, | 0 as n — oo, and that both sequences a,, and ¢,, diverge as n — oo. Note here that
different choices of the sequence [3,, correspond to different time scales c,. If 5, — 3 >0
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as n — oo then ¢, is sub-exponential in n, while in the case of diverging 3, ¢, can be
as large as exponential in O(n). Finally these conditions guarantee that the rescaled tail
distribution of the 7,,’s, on time scale ¢, is regularly varying with index —av,.

We use Theorem [I.4] to derive the limiting behavior of the time correlation function
C:(t, s) which, fort > 0, s > 0,and € € (0, 1) is given by

Cvi(tv 8) = Pﬂn (Ai(t7 S)) ) (131)
where A (t,s) = { R, (X, (tY"¢,), Xu((t + 5)/%¢,)) > 1 — ¢}

Theorem 1.5. Under the assumptions of Theorem|l.4

t
lim CZ(t, 8) = H—S, Ve € (0, 1)7 t, s> 0. (132)

n—oo

Convergence holds P-a.s. for p > 5 and in P-probability for p = 2, 3,4. For p = 5 it holds
P-a.s. if c € (O, }L) and in P-probability else.

Theorem establishes extremal aging as defined in [2]]. Here, de-correlation takes
place on time intervals of the form [t'/" (¢ + s)'/®»], while in normal aging it takes place
on time intervals of the form [¢, ¢ + s].

The remainder of the paper is organized as follows. We prove the results of Section|1.2
in Section [2| Section [3|is devoted to the proofs of the statements of Section |1.3| Finally,
an additional lemma is proven in the Appendix.

2. PROOFS OF THE MAIN THEOREMS

Now we come to the proofs of the theorems of Section The proof of Theorem
hinges on the property that extremal processes can be constructed from Poisson point
processes. Namely, if &' =}, 0(y .1} is a Poisson point process on (0, 00) x (0,00)
with mean measure dt x dv/, where v/ is a o-finite measure such that 2/(0, co) = oo, then

M(t) = sup{a) : t, <t}, t>0, (2.1)
is an extremal process with 1-dimensional marginal
Fy(u) = e (w0, (2.2)

(See e.g. [15], Chapter 4.3.). This was used in [7]] to derive convergence of maxima of
random variables to extremal processes from an underlying Poisson point process conver-
gence. Our proof exploits similar ideas and the key fact that the 1/«,,-norm converges to
the sup norm as «,, | 0.

Proof of Theorem([I.1} Consider the sequence of point processes defined on (0, co) x (0, 00)

through
= Zé{k/amzm}- (2.3)
keN

By Theorem 3.1 of [[7], Conditions (I.7) and (I.8) immediately imply that &, N &, where
¢ is a Poisson point process with intensity measure dt X duv.

The remainder of the proof can be summarized as follows. In the first step we construct
(S, () from &, by taking the ! power of the sum over all points Z,, ;, up to time | a,t].
To this end we introduce a truncation threshold ¢ and split the ordinates of &, into

(o 7T (079 Qn
Zn,k — Zn,k]]'Z::jLS(s + Zn7kﬂzsl>5. (24)
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Applying a summation mapping to Z,% 1 zon ~.5, we show that the resulting process con-
verges to the supremum mapping of a truncated version of &. More precisely, let & > 0.
Denote by M,, the space of point measures on (0, 00) x (0,00). For n € N let T? be the
functional on M,,, whose value at m = >, 0¢4,.5,1 18

@m)(E) = (Lcrdt " Liimny) + t>0. 2.5)
Let 7° be the functional on M,, given by
(T°m)(t) = sup {xlyssy  te <t}, t>0. (2.6)

We show that T°¢,, N To¢ as n — oo.
In the second step we prove that the small terms, as 6 — 0 and n — oo, do not contribute
to (S5,)*, i.e. that fore > 0

hm lim sup P (poo (T‘sfn7 SO‘”) > 5) =0, 2.7

-0 nooo

where p., denotes the Skorokhod metric on D([0, o0)). Moreover, observe that T°¢ =N
M as 6 — 0. Then, by Theorem 4.2 from [3]], the assertion of Theorem [I.1]follows.

Step 1: To prove that T°¢, =2 T°¢ as n — oo we use a continuous mapping theo-
rem, namely Theorem 5.5 from [3]. Since the mappings 7° and T° are measurable, it is
sufficient to show that the set

E= {m € M, : 3 (my),cy St my, — m but Tgmn,gT‘;m} , (2.8)

where > denotes vague convergence in M, is a null set with respect to the distribution
of £. For the Poisson point process £ it is enough to show that P (£¢ N D) = 1, where

D={meM,:m((0,t x [j,x)) < ooVt,j>0}. (2.9)
LetCps = {t > 0: P¢ ({m: T°m (t) = T°m (t—)}) = 1} be the set of continuity points
of £&. By definition of the Skorokhod metric, we consider m € D, a,b € Cps, and (mn)neN
such that m,, — m and show that

lim pia) (Tgmn, T(Sm) =0, (2.10)
n—oo

where pj,;) denotes the Skorokhod metric on [a, b]. Since m € D, there exist continuity
points z, y of m such that m((a, b) x (5,0)) = m((a, b) x (z,y)) < oo. Then, Lemma 2.1
from [[13]] yields that m,, also has this property for large enough n. Moreover, the points
of m,, in (a,b) x (z,y) converge to the ones of m (cf. Lemma 1.14 in [14]). Finally, we
use that o, | 0 as n — oo and thus T ,‘f can be viewed as the 1/q,,-norm, which converges

as n — oo to the sup-norm 7°. Therefore, T°¢,, N To¢ as n — oo.

Step 2: We prove by showing that the assertion holds true for the Skorokhod metric
on D([0, k]) for every k € N. Assume without loss of generality that k = 1. Let ¢ > 0.
We have that

P (SUPogtg ’T,ffn (t) — Spm (t)‘ > 5)
(Zﬁ’i” Zn,ﬂlzn,m;uan) - (Z}i’;” Zn> ‘ > g) (2.11)

Since for n large enough «,, < 1, we know by Jensen’s inequality that

‘(ZW”Z ILZn,z~><sl/o<n> (ELMJZ ) ‘ZWHZ ilz, i<s1/an

= P (SUpogtgl

. (2.12)
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and therefore

@D < P (superes |15 Zuil g, <o

All summands are non-negative. Hence the supremum is attained for ¢ = 1. Applying a
first order Chebychev and Jensen’s inequality, we obtain that (2.13)) is bounded above by

S g) . 2.13)

6_1 <Zf;1 gﬂZn’igdl/an ZTL,Z) " — g (Z?il gﬂzn?igal/ang_l/anzn’i> m 3 (2.14)
By (1.9) the sum is bounded in n and hence, as 6 — 0, (2.14)) tends to zero. This concludes
the proof of Theorem|[I.1] O

Proof of Theorem[1.2] Throughout we fix a realisation w € € of the random environment
but do not make this explicit in the notation. We set

SP(t) = S8(1) — AT (Jn(0))eno,  t > 0. (2.15)

(SP(t))* differs from (S (¢))* by one term. All terms in (S (¢))®" are non-negative and
therefore we conclude by Jensen’s inequality that, for n large enough,

Sh(t)en < 8P < SE(6) + (A0 (Jn(0))eno) ™" (2.16)

By Condition (0) the contribution of the term (c, '\ 1 (J,,(0))e,0)"" is negligible. Thus

we must show that under Conditions (1)-(3), (§Z)°‘“ i M,. Recall that k,(t) =
| lant| /0, and that for i > 1,

Zni = 30 11 Cn A () en- (2.17)

We apply Theorem to the 7, ;’s. It is shown in the proof of Theorem 1.2 in [6] that
Conditions (1) and (2) imply (1.7) and (1.8)). It remains to prove that Condition (3) yields
(I.9). Note that forall i > 1 and all (i — 1)0,, + 1 < j <0,

Lszion At Un(en<enst/on} S LOG I ))en s Senst/an) - (2.18)

J=(=1)0n+1
Using (2.18)), we observe that (1.9) is in particular satisfied if for every § > 0 and ¢ > 0

Lant] X
hmsup(Z Lot aen s <engtionyd 1/anc;1A;1(Jn(j))en,j) <o, (219

n—oo

which is nothing but Condition (3). The proof of Theorem [I.2]is done. O
Finally, having Theorem [1.2] and the results from [6], Theorem [I.3]is deduced readily.

Proof of Theorem[1.3] Let p,, be the invariant measure 7,, of the jump chain .J,,. By Propo-
sition 2.1 of [6] we know that Conditions (0), (1-1), and (2-1) imply Conditions (0)-(2)
of Theorem Moreover, since (i, = m,, Condition (3-1) is Condition (3). Thus, the
conditions of Theorem are satisfied under the assumptions of Theorem and this
yields the claim. O
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3. APPLICATION TO THE p SPIN SK MODEL

This section is devoted to the proof of Theorem [I.4, We show that the conditions of
Theorem [I.3] are satisfied for the particular choices of the sequences a,,, ¢,, and a,.

The following lemma from [9] (Proposition 3.1) tells us how to choose the block length
0,,.

Lemma 3.1. Let P, be the law of the simple random walk on %, started in the uniform
distribution. Let 0,, = 31n2 n?. Then, for any x,y € 2, and any i > 0,

1

> P (Ju(bn i+ k) =y, Jo(0) = 2) — 2m, () (y)| < 27 (3)

k=0

This implies that Condition (1-1) holds true for §,, = 2222,

The proof of Condition (2-1) comes in three parts. We first show that Ev? (u, 00) con-
verges to tv(u, 00). Next we prove that P-almost surely, respectively in P-probability, the
limit of v/ (u, 00) concentrates for every u > 0 and every ¢ > 0 around its expectation.
Lastly we verify that the second part of (2-1) is satisfied in the same convergence mode

with respect to the random environment.

3.1. Convergence of Ev/, (u, c0).

Proposition 3.2. For everyu > 0andt > 0
lim Ev/,(u,00) = v'(u,00) = Kytu™"' . (3.2)

n—o0

The proof of Proposition [3.2] centers on the following key proposition

Proposition 3.3. Let for t > 0 and an arbitrary sequence u,,

74 (1, 00) = k(1) Pr, ( max AN (i) ens > ulforcy ) (3.3)
Then, for every u > 0 andt > 0,
lim E 7 (u, 00) = v'(u, 00) . (3.4)
n— o0

The same holds true when u is replaced by w,, = u 0, °".

Proof of Proposition[3.2] By definition, v/ (u, 00) is given by

vl (u,00) = P, (Z P ))eni > ul/a”cn> ) (3.5)

The assertion of Proposition[3.2]is then deduced from Proposition [3.3|using the upper and
lower bounds

7! (u,00) <V (u,00) < U (ub,*", 00) . (3.6)
U

The proof of Proposition [3.3] which is postponed to the end of this section, relies on
three Lemmata. In Lemma [3.4] we show that (3.4) holds true if we replace the underlying
Gaussian process by a simpler Gaussian process H'. Lemma yields (3.4) for the
maximum over a properly chosen random subset of indices of H'. We use Lemma [3.7|to
conclude the proof of Proposition
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We start by introducing a Gaussian process H'. Let v,, be a sequence of integers, where
each member is of order n* for w € (c + %, 1). Then, H' is a centered Gaussian process
defined on the probability space (€2, F,P) with covariance structure

AL = {1 —2pn7 i =gl it Lifva) = Li/val, 37)

0, else.
For a given process U = {U;, i € N} on (€2, F,P) and an index set [ define
Fo(un, U, T) = P (maxig VUi 5 41/ "‘”cn), (3.8)

and

Gn(un, U, I) =Py, (maXiej e\/m“Uiem > uil;/a"cn

F). (3.9)
Lemma 3.4. Foreveryu > 0andt >0

lim k,(O)EG, (u, H', [0,]) = v'(u, 00), (3.10)

n—o0

where (k] = {1,...,k} for k € N. The same holds true when u is replaced by u,, =
u g,

We prove Proposition [3.3] and Lemmata [3.4] [3.5] and for fixed v > 0 only. To
show that the claims also hold for u,, = uf, ", it is a simple rerun of their proofs, using
0 "1 1asn — oo.

Proof. It is shown in Proposition 2.1 of [2] that, by setting the exponentially distributed
random variables to 1 in (3.9), we get for every u > 0 that

lim a,v, ' F,(u, H', [v,]) = v(u, 00) . (3.11)

n
n—o0

Assume for simplicity that 6, is a multiple of v,,. Note that blocks of H'! of length v,, are
independent and identically distributed. Thus,

k() Fou, HY [00]) = a(t) (1 — (1 — Fy(u, HY, [fun]))@n/”")
~ k()00 Fy(u, HY [0,)])
TH—O>O I/t(u, OO) . (3'12)

To show that k, (t)EG,,(u, H', [0,]) also converges to v*(u,c0) as n — oo we use same
arguments as in (3.12) and prove that a, v, 'EG,,(u, H', [v,]) — v(u,00) as n — oo.
Using Fubini we have that

a_nEGn(u7 Hly[vn]) _ a_n/ dZ/ dyfmaxie[vn]en,i(y>fmax.6[
c 0 Y '

eBnvnHL(i) (i)

vn]

Un Un, nul/an
a, [ o
- & / 0 Frasrepy s (W) Faluy ™ HY [0]) . (Bu13)
n JO

where f(-) denotes the density function of Z. Since we want to use computations from
the proof of Proposition 2.1 in [2], it is essential that the integration area over y is bounded
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from below and above. We bound (3.13)) from above by
(3.13) < 173< max ep; <e "”;1_6> (3.14)

=1,...,un

—1/2-5

+ anvgl / dyfmaxie[vn] €n,i (y)Fn(u t_an’ Hlv [Un]) (3'15)

—1-6
—nvy,

+ 173< max €,; > envn 5) : (3.16)

=1,...,un

where § > 0 is chosen in such a way that nv,, =% diverges and v22 | 0 as n — o0, i.e.
6 < min {2¢, =2}, Then,

314 — aanZI (1 o eXp<_e—ny;1—6>> n S ane_nvn —0 <€—nv;5(1—'y721v§1)> 7 (317)
i.e. (3.14) vanishes as n — oo. Similarly,
1 —1/2-6 n 2 nv;1/275 n—00
B.16) = anv (1 . (1 . exp( —no )) ) - o(e%”—e ' ) (). (3.18)
As in equation (2.31) in [2] we see that (3.13) is given by

—1/2-8§
e™’n e e Un —hg(at,...,avy )
/ dyf el nl Z/ dCLQ davn/ daleﬁ s (319)
e—mon 70 %Un i log(uy—on) (2m) 2
where for k € {1,...,v,}
hk(al, o ’avn> a; — CL% 11 ZZ ) Z a2+.‘.+ak7a;i;;1nf...favn)ang 7 (320)

for some constants C', Cs > 0 and a sequence of sets D; C R~ ! such that
v 2o Z/ day - - day, (2m) /> 22 Ditaal 2% ¢ (3.21)

The aim is to separate a; from as, . . ., a,,, in (3.20). We bound the mixed terms in e~"* up
to an exponentially small error by 1. This can be done using a large deviation argument

for |ag+. . .+ a,, | together with the fact that | logy| € [nv 18 oy, 270

yield that, up to a multiplicative error that tends to 1 as n — oo exponentially fast, (3.15)
is bounded from above by

/ —1-6 dyfmaxie[vn] en,i(y)yan u_le S y(u’ OO) / dyfmaxie[vn] €n,i (y)yan : (322)
e 0

—nuy,

] . Computations

Moreover by Jensen’s inequality,
(079
) Er max e Z)

ETY) < v(u.o0)(&r, mas
- (/ dy?’(,fg%zﬁewy))a"
woo ([ (1= (-en)))”

< (ua OO)UTL ’ (323)

which, as n — oo, converges to v(u, o).



CONVERGENCE TO EXTREMAL PROCESSES 13

To conclude the proof of (3.10)), we bound (3.13)) from below by

a, [ W
6y > © / Ay fon, (9) Fut =, HY, [0,]) (3.24)
n J0o

To show that the right hand side of (3.24)) is greater than or equal to v(u, 00), one proceeds
as before. O

In the following we form a random subset of [,,] in such a way that on the one hand,
with high probability, it contains the maximum of e»vrH# '@ over all i € [0,] . On the
other hand it should be a sparse enough subset of [¢,,] so that we are able to de-correlate
the random landscape and deal with the SK model. This dilution idea is taken from [2].

If the maximum of e#»V™H'() crosses the level ¢,u!/*", then it will typically be much
higher so that, due to strong correlation, at least ~y,, 2 of its direct neighbors will be above
the same level. To see this, we consider Laplace transforms. Set for v > 0

Fu(v, H',0,) = [ dz e=*P (5n S i e > z) , (3.25)
where §,, € [0, 1] for every n € N. We have that
Bu(o, B 0) = 1 (1= Eexp (=00 S0 Loy 0mtren ))
-1 (1 — (Bexp (=00 0 1ot rag o)) ) (3.26)

From [2], Proposition 1.3, we deduce that for the choice §,, = yflpn, where p,, is any
diverging sequence of order O(logn),

lim, o0 anv, ' (1 — Eexp (=6, Y07, leﬁnﬁHl(i)xnuUan)) = v(u,0) . (3.27)
Therefore we have for the same choice of §,, that
ke (1) Fy (0, HY, 60,) — tv™v(u, 00) . (3.28)

From this we conclude that if the maximum is above the level ¢, u!/*" then immediately
O(,,%) are above this level. More precisely, we obtain

Lemma 3.5. Let p, be as described above. Let {,; : i € N, n € N} be an array
of row-wise independent and identically distributed Bernoulli random variables such that
P& =1) =1—-P(&ni = 0) = 2 pn, and such that {&,,; : i € N, n € N} is independent
of everything else. Set

Iy ={ie{l,....k}: &, =1}. (3.29)
Then, for every u > 0andt > 0
lim k,(t)EG,(u, H',T,,) = v'(u, 00) . (3.30)
n—oo

The same holds true when w is replaced by u,, = u 0, “.
Proof. 1t is shown in Lemma 2.3 of [2] that
lim a,v,'F,(u, H',T,,) = v(u, 00) . (3.31)

n—oo

Since the random variables ¢,, ; are independent, the claim of Lemma is deduced by
the same arguments as in (3.12)). O

To conclude the proof of Proposition we use a Gaussian comparison result. The
following lemma is an adaptation of Theorem 4.2.10of [[11].
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Lemma 3.6. Let H® and H' be Gaussian processes with mean 0 and covariance matrix
AY = (AY) and A' = (A}), respectively. Set A™ = (A7) = (max{A);, Al;}) and
AM = hA® + (1 — h)AL, for h € |0, 1]. Then, for s € R,

P(max;er HO(1) < s) — P(max;e; H' (1) < s)
< Ser(By = AL exp (— iy ) Jy dh(1 - (AR))E, (332)
where (x)T = max{0, x}.
We use Lemma |3.6|to prove that

Lemma 3.7. Let H° be given by H°(i) = n~'/2H,,(J,(i)), i € N. For every u > 0 and
t>0
lim k,(t)E,, |EG,(u, H®,0,) — EG,(u, H',0,)| = 0. (3.33)

n—oo

The same holds true when u is replaced by u,, = u0,“.

Proof. The proof is in the same spirit as that of Proposition 3.1 in [2]. Together with
Lemmal[3.5] it is sufficient to show that

kn(t)E,, (EG,(u, H',[0,]) — EG,(u, H,[0,]))" — 0 (3.34)

and
kn(t) By |EG, (u, H", Ty ) — EG,(u, H°, Ty, )| — 0. (3.35)
We do this by an application of Lemma[3.6] Let $,, be given by

~

Sy = \/ﬁlﬁn (log Cn + f—z log u — max;ejg,, log em;) . (3.36)

Then we obtain by Lemma [3.6| that

(.34
+
= kn(t)Ex (E&r” [ﬂmaxie[en] HY(i)<én — ﬂma’%e[en] HO(@)<5n |]:JD

m 1 _1
S (t)Eﬂ'n Z’L ]E Gn](Ale - AO ) gﬂ'ne 1+A ) f dh (AZ)Q) 2 (337)
To remove the exponentially distributed random variables e,,; in (3.37), let B,, = {1 <

max;cp,] ¢; < n}. We have for s, = (n'/23,)~} <10g cn + f—: 10gu — log n> that
Er, (Lp, exp (=85 (1 + A7) 1)) <exp (=si(14+ A7) . (3.38)

One can check that &, (t)P(B¢S) | 0. Moreover, by definition of s,,, there exists for every
u > 0 a constant C' < oo such that for n large enough

B38) < Cho(t)Er, Y, seip (AL — A% Fe WD [Ldh(1 — (AL)?) 72 . (3.39)
Likewise we deal with (3.35). The terms in (3.33) are non-zero if and only if i, j € Z, .
By assumption, the probability of this event is (y2p,)?. Hence, (3.39) is bounded above
by

Ckn(t)(V2pn)* Er, Zije 62] |AQ. — Alle ANCHAR L g1 — (AL)?)72 . (3.40)
We divide the summands in (3.39) and (3.40) respectively into two parts: palrs of 7, j such
that |i/v,| # |j/v,] and those such that |i/v,| = [j/v.]. If [i/v.] # |j/vn] then
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we have by definition of H' that Aj; = 0. For i, j such that [i/v,] = |j/v.], we have
A}j < A?j. In view of this, we get after some computations that

(B.39) < Cky(t)Ex, [Zf:/vnjyél_j/unj (Agj)feﬂ’%n] ) (3.41)

and

4 2 L+AO) 1
" S Okn (t)’ann T, [z I_z/U‘ILJ?éI_J/UnJ |A7“7 |€ ’Y
—v?n 0y-1 _1
ey 189 = ALl AT (1 — (A (342)
Since (AJ;)” = O(n) we know by definition of a,, and 6,, that

@41 < C’@nn3/2ozgle*%7%" , (3.43)
which tends to zero as n — oo. Thus (3.34)) holds true.
To conclude the proof of (3.35) we use Lemma [.1] from the appendix. We get that
(3.40) is bounded above by
C_’tan ZZ:O e—van(1+d)~! (iﬂdﬁz + exp(nyz min{d,n—d})) ’ (3.44)

UHW%

for some C' < oo and 77 < oo. With the same arguments as in the proof of (3.3) in [2], we
obtain that (3.44)) tends to zero as n — cc. O

Proof of Proposition Observe that

‘]Eﬂi(u, ) — v (u, oo)‘ = ‘kn(t)E,rnEGn(u, H [0,]) — v'(u,00)] , (3.45)

which is bounded above by
k() Er, |EG,(u, H, [0,]) — EG,(u, H', [0,])| + |ku(EG, (u, H', [6,]) — ' (u, 00)| .
(3.46)
By Lemma|[3.4]and Lemma 3.7} both terms vanish as n — oo and Proposition 3.3|follows.
U

3.2. Concentration of v/’ (u, 0o0). To verify the first part of Condition (1-1) we control the
fluctuation of v/, (u, o) around its mean.

Proposition 3.8. For every u > 0 and t > 0 there exists C = C(p, t,u) < oo, such that
E (7! (u, 00) — B (u,00))* < 20t P2 (3.47)

The same holds true when u is replaced by u,, = u0,“". In particular, for p > 5 and
c € (0, %) orp=>5andc < }L, the first part of Condition (1-1) holds for every u > 0 and
t >0, P-a.s.

Proof. Let {¢,;:i € N,n € N} and J;, be independent copies of {e,; : i € N,n € N}
and J,, respectively. Write

Gr(u, H°,[0,]) Pr,. (maxepp,) e n/nlDe, ; < cnul/a"‘ F7)
G (u, H”, 0.]) = P (max,-e[gn] ePntn(a@)e! < ¢ ul/a"‘ fJ) (3.48)
Then, as in (3.21) in [6],
E (&, Co(u, H, 16,])) = EE,Golu, H, [6,))Ex Gn(u, H”, [6,])
= &n&nEG,(u, V7, [26,)), (3.49)
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where V' is a Gaussian process defined by

V(i) = nV2H, (J,(i)), if1<i<6,, (3.50)
| 0 V2HL(J()), if6,4+1<i<26,. ‘

To further express (EE,, G, (u, H, [Gn]))Q, let V! be a centered Gaussian process with
covariance matrix

AL _ {A?j, if max{i, j} < 6,,, or min{i, j} > 6,

3.51
0, else, ( )

where A? = (AY;) denotes the covariance matrix of V°. Then, as in (3.23) in [6],
(EE, G (u, HY, [0,)))° = Ex, Ex EG (u, V', [26,]) . (3.52)
As in the proof of Lemma (3.7 we use Lemma [3.6[to obtain that
k2()E (Ex, Gnlu, H, [0,]) — EEr, G (u, HY, [0,]))

2

< AU S By B Al 1A (3.53)
0t T55<00,
It is shown in (3.29) of 6] that
n
E. Ew 1 m\p = 27 , f N 3.54
o A= ( ) ((n—m)/?) ormE{O n} ( )

From this, and with the definition of a,,, we have that
2

633 < 2 22 ( /2) (5) e (#(g”)p
267, Z Q_R”((n —7:71) /2) (%) exo (75”%)

= 2% 22 n( ) (1—%) exp <7’2‘n1f(;—j#z;)p>
< 27 _2Zn1/2< ) (1—%1)]:6)@ (nYop (£)) J0 (2) . (3.55)

where for u € (0,1) we set T, ,(u) = 42 — I(u) —2(1 4+ |1 — 2u|P)~! and J,(u) =
Q_H(L:uJ) ne™ ™ for I(u) = ulogu + (1 — u)log(1 — u) + log2. Note that (3.53)
has the same form as (3.28) in [1]]. Following the strategy of [1l], we show that there exist

0,0" > 0 and ¢ > 0 such that

r <{‘C<u—§>2, ifu € (50,5 +9) 356

IN

np >
-0, else.

Since 7, = n~ ¢ this can be done, independently of p, as in [2] (cf. (3.19) and (3.20)).
Finally, together with the calculations from (3.28) in [[1] we obtain that

E (7! (u, 00) — B (u, 00))* < Cy 20t P2, (3.57)

The same arguments and calculations are used to prove that (3.47) also holds when u

is replaced by u, = uf,*". Letp > 5and ¢ € (0,1) orp = 5 and ¢ < 1. Then,

72 4
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by Borel-Cantelli Lemma, for every v > 0 and ¢t > 0 there exists a set {2(u,t) with
P(Q(u,t)) = 1 such that on Q(u,t), for every € > 0 and n large enough, we have that
|7E (u, 00) — Vi (u, 00)| < € and |7, (uy, 00) — V' (u, 00)| < e. From this we conclude that,
on (u, t) and for n large enough,

V' (u,00) — e < v (u,00) < v (uy,,00) + &, (3.58)
i.e. Condition (1-1) is satisfied, for every v > 0 and ¢ > 0, P-a.s. O

Proposition 3.9. Let p = 2,3,4 and ¢ € (0, %) orp=>5andc> }L. Then, the first part of
Condition (1-1) holds in P-probability for every u > 0 and t > 0.

Proof. For every € > 0, we bound P (|v/} (u, 00) — E(V (u,>0))| > ¢) from above by

P (v} (u,00) — kn(t)Er, Gulu, H, Iy,)| > £/3) (3.59)
+ P (ka(t)|Er, Grlu, H*, Iy,) — EEr, G(u, H°, Iy, )| > /3) (3.60)
+ LB (4,00)) —kn (EEny, G (u, HO Ty, )|>2/3} - (3.61)

Observe that by a first order Chebychev inequality,
(339 < |EV!(u,00) — k() EE,, Gr(u, H, Ty, )|. (3.62)

By Lemmata [3.4] 3.5 and (3.62) tends to zero as n — oo. For the same reason,
(3.61) is equal to zero for large enough n. To bound (3.60), we calculate the variance
of k,(t)Er, Gn(u, H°, Zp,). As in the proof of Proposition [3.8] we use Lemma but
take into account that there can only be contributions to the left hand side of (3.32)) if
i,j € Iy,. This gives us the additional factor (72p,)” in (3.33). Therefore the variance
of ky(t)Er, Gn(u, H°, Ty, ) is bounded above by C(v,p,)>n'"P/2 which, for all p > 2,
vanishes as n — oco. Hence, we have proved Proposition (3.9 UJ

3.3. Second part of Condition (2-1). We proceed as in Section 3.4 in [6] to verify the
second part of Condition (2-1) . With the same notation as in (I.12)), we define for u > 0
andt >0

M) = k(™' > (Qu(x)* (3.63)
mhw) = k() D> >l 2)Qu(x)Qu(a) (3.64)

where i, (-, -) is the uniform distribution on pairs (z, z’') € .2 that are at distance 2 apart,
ie.

2 n_2 if dist =2
un<x,x’>={ S (3.65)

0, else.

We prove that the expectations of both (3.63)) and (3.64) tend to zero. First and second
order Chebychev inequalities then yield that the second part of Condition (2-1) holds in
P-probability, respectively P-a.s.

Lemma 3.10. For everyu > 0andt > 0

lim E7Y, (u) = lim En}(u) =0. (3.66)
n—oo n—oo
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Proof. We show that lim,, ., En!,(u) = 0. The assertion for 7}‘, (u) is proved similarly. Let

Qi) = Pu (X0 A (i) < cqutlen) (3.67)
Rewrite (3.59) in the following way
n(t) S, Sres, il ') (1= Qi) (1 - Qu(a))
= k() [1 = Xpaness (@, 7") (Qhl) + Qhle) — Qu@) Qi)
= halt) [1 =25 e, Ma(@)Q(@) + X sy Qu(@Q)] . (368)

To shorten notation, write

-----

FI) = e, 2N (), (3.69)
where 6,, = 2nlogn and

K'(z) =P, (maxle{g _____ 0. }e*/m"HO(i)en,i > cut/on

]-"J>. (3.70)

Using the bound Q% (z) < &,(1 — K¥(z)) = £,K%(z), z € %, and taking expectation
with respect to the random environment we obtain that

Eny,(u) < kn(t) = 2 (ka(t) — Evj,(u, 00)) (3.71)
+ k() X aryese Hn(z, 2)E (&K (2)Ew K2 (2)]. (3.72)

For G}i =P, (maxie[gn] e\/m”HO(")envi < cnul/a”> observe that

BTI) < kn(t) — 2kn(t)EG,. (3.73)
We add and subtract EE,, (1 — K%) = EE,, K* as well as
Z(w,x’)eE% pn (2, 7 VEE, K (1) Ep KX (2). (3.74)

Re-arranging the terms and using the bound from (3.73)) we see that En/ (u) is bounded
from above by

2k, (t) (EKy — EGY) (3.75)
+ ke Zﬂn (2,2 \EE, K" (2)EE,y K (2) (3.76)

Z pin(w,2") (B [E,K(2)Ep KU (a')] — BE K (2)EEL K (2)) (3.77)

From Propositionwe conclude that (3.73]) and (3.76)) are of order O (k’%) and O (0,a;,1)
respectively. To control we use the normal comparison theorem (Lemma for
the processes V% and V! as in Proposition However, due to the fact that we are
looking at the chain after 6, steps, the comparison is simplified. More precisely, let
A, = {V0, <i <6, dist(J,(0), J, (1) > n(l — p(n))} € F/ x F7', where p(n) is
of the order of m. Then, on A, by Lemma and the estimates from (3.33),

E[K)(z)Ki(2')] — EK}(2)EKY (a') < 27,7 Z Ale (1AL < O(0%a;?).

1<i<6p
On+1<j<20p

(3.78)
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Moreover, on A¢,
E [K(2) K} (a")] - EK(2)EK ;) (2') < O(a,). (3.79)
But in Lemma 3.7 from [6] it is shown that for a specific choice of p(n) and every = € %,
P (A,|dist(J,(0),J.(0))=2) > 1—-n""
P(A;) < a7t (3.80)
Therefore we obtain that lim,, ., En’, (u) = 0. O

Remark. Lemma(3.10,immediately implies that the second part of Condition (2-1) holds in

P-probability. To show that it is satisfied P-almost surely for p > 5 and ¢ € (0, %) orp=>5

and ¢ < i it suffices to control the variance of (3.75)). We use the same concentration

results as in Proposition [3.8|to obtain that the variance of &, (t)(K* — G%), which is given
by

K1) [E (K —EEKY) + B (Gy — BGy) - 2 (EGAK - EGLEKY)|,  (3.8D)
is bounded from above by Cy-2n!'=7/2,
3.4. Condition (3-1). We show that Condition (3-1) is IP- a.s. satisfied for every ¢ > 0.
Lemma 3.11. It holds P-a.s. that
lim sup (an (cnél/o‘") Exn A (Jn(1))enal, - “1.0 ))emgcn&l/%)an < oo, Vi>0.
n—o0
(3.82)
Proof. We begin by proving that for every § > 0, for n large enough,
5t Er EA, Y Jn(1))enady A (Jn(1)ena <cndl/on = Y wex, 2EY, 5(2)
< 40P, (3.83)
where Y, 5(z) = ay, (¢,6"%) " A (@) en 1 1yt ey <engt/ans TOT T € .

n
For z € XJ,, we have that

00 Yn B
EYn,(S(iL') = an(Cn51/Oén)—1(27r)_l/2/ dy/ dz ye—y—7+,3n\/ﬁz
0 —00

22

= an(cndl/a")l(Zﬂ)l/Q/ dy/ dzye’“&?n’T, (3.84)
0 nf Yn

where y,, = (v/n8,) ™" <log Cn + f—” logd — log y) for y > 0. In order to use estimates on

Gaussian integrals, we divide the integration area over y into y < n? and y > n?.
For y > n?, there exists a constant C’ > 0 such that

(27r)_1/2an(cn(51/0‘")_1/ dy/ dz ye ¥~ 7 vz < C'ann46_"2, (3.85)
n2 —0c0

which vanishes as n — oo.
2 ) . _ _ Yn __ _logé logy
Let y < n?. By definition of ¢,, we have 3,\/n—y, = \/nS, (1 ey il )

'Y’nﬁnn
Since o, | 0 as n — oo, it follows that for n large enough 3,,/n — y,, > 0. But then,

since P(Z > z) < (v/2m) 'z~ **/2 for any z > 0 and Z being a standard Gaussian,

n? o0 2, 2 -y T nvn—yn
/ dy/ dz ye v+ 7 g/ PP L S Y )
0 Y/ o Bux/T— yn
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Plugging in the definition of a,, and ¢, (3.83) and (3.86)) yield that, for n large enough, up
to a multiplicative error that tends to 1 as n — oo exponentially fast,

—1
@ < f0n2 dy yaﬂe_y(%ﬁn&_l (1 . :/Bm . % + %) 6210g510gn(n7n6n)*1

<2 dyyrens)
0
< 20 (1+2) (mbd) (3:87)

where I'(-) denotes the gamma function. Since I'(1 + «,) < 2 for o, < 1, the claim of
(3.83)) holds true for every 6 > 0 for n large enough.
Lemma 3.10 from [6] yields that for every 0 > 0 there exists x > 0 such that

E (Er,Yns)? — (BE Yos)® < a2 (ca6'/on) " nl P2 < e, (3.88)

where & Y, 5 = > .oy, 27"V, (). By Borel-Cantelli Lemma for every § > 0 there
exists a set (9) with P(Q(d)) = 1 such that on €(¢), for every € > 0 there exists n’ € N
such that
En Vs <4 (VnBud) " He, Yn>nl. (3.89)
Setting 27 = (V5c0n(0,00)) $2(0), we have P(Q7) = 1.
Let § > 0 and € > 0. We can always find 0’ € Q such that § < ¢’ < 2§. Note that Y,

is increasing in §. Moreover, by (3.89) there exists n’ = n/(¢’, €) such that on 2 and for
n>n'

(ErYas) "™ < (EnYus) ™ < (40nB0) " +2) " < 4(B) " (3.90)
Since (v,3,)"*" } 1 as n — oo, we obtain the assertion of Lemma O

3.5. Proof of Theorem[1.4, We are now ready to conclude the proof of Theorem[I.4]

Firstlet p > 5and v, = n “for c € (0, %) orp=>5andc > }1. Then we know by
Propositions 3.3]and 3.8 that for every u > 0 there exists a set Q(u) with P(Q(u)) = 1 and
such that on Q(u)

lim v} (u,00) = Kytu™", Vt > 0. (3.91)

n—o0
The mapping that maps u to v/ (u, 0o) is decreasing on (0, co) and its limit, u ™", is contin-
uous on the same interval. Therefore, setting ] = (¢ (g,.)ng $2(1), we have P(27) =1
and holds true for every u > 0 on 2]. By Section [3.3| there also exists a subset €2
with full measure and such that the second part of Condition (2-1) holds on €27.
Condition (3-1) holds P-a.s. by Lemma [3.T1] Finally, we are left with the verification
of Condition (0) for the invariant measure 7,(x) = 27", x € ¥,,. For v > 0, we have that

Z 2 eV enAn(2) — Z 27"P,. (/\;1(1‘)6”71 > cnvo‘") . (3.92)

TEX, TEX,

By similar calculations as in (3.87), we see that, for n large enough and = € %,,,
EPx, (A, (2)ens > cuv®™) ~ay ' viv ™, (3.93)

n

which tends to zero as n — co. By a first order Chebychev inequality we conclude that for
every v > 0 Condition (0) is satisfied P-a.s. As before, by monotonicity and continuity,
this implies that Condition (0) holds P-a.s. for every v > 0. Therefore, Theorem [I.4]holds
in this case.



CONVERGENCE TO EXTREMAL PROCESSES 21

Forp = 2,3,4and ¢ € (0,3) or p = 5 and ¢ > 1, we know from Propositions
and Section [3.3] that Condition (2-1) is satisfied in P-probability, whereas Condition
(0) and (3-1) hold P-a.s. This concludes the proof of Theorem |1.4

3.6. Proof of Theorem[I.5 We use Theorem [I.4]to prove the claim of Theorem[I.5]

By the same arguments as in the proof of Theorem 1.5 in [6], we obtain that for ¢ > 0,
s > 0,and € € (0, 1) the correlation function C:(t, s) can, with very high probability and
P- a.s., be approximated by

Ci(t,s) = (1—0(1)) Pr, (RN (£, (t +8)*) = 0)
= (1-0(1)) Pr,(Ra, N(t,t+s)=10), (3.94)

where R, is the range of the blocked clock process S? and R.,, is the range of (S%)". By

Theoremwe know that (S2)*" L M, Pas. forp > 5ifec € (0,1),p=5ifc< i,
and in P-probability else. By Proposition 4.8 in [[15] we know that the range of M, is the
range of a Poisson point process £ with intensity measure v/(u,c0) = logu — log K.
Thus, writing R, for the range of M,,, we get that

PRy Nt t+s5)=0)=PE(tt+s)=0)=ebIT) = L (3.95)
The claim of Theorem follows.

4. APPENDIX

In the appendix we state and prove a lemma that is needed in the proof of Lemma

Lemma 4.1. Let D;; = dist(J,(4), Ju(j)) and Ay = (1 — 2dn~")P. For any n > 0 there
exists a constant C' < oo such that for n large enough and d € {0, ... n}

O = 2
() 32 = o) B Ly =dl 8G = D] < Ctan - i, (4.1)

On =
k() 2213 um 113 fon) Bren LDiy=a < C'

Proof. We use ideas from Section 3 in [1] and Section 4 in [2] and write the distance
process D;; = dist(.J,,(¢), J,(j)) as the Ehrenfest chain (), = {Q,(k) : k € N}, which
is a birth-death process with state space {0,...,n} and transition probabilities py ;1 =
1 — prj+1 = % for k € {0,...,n}. Denote by Py the law and E}, the expectation of @),
starting in k. Let moreover T, = inf{k € N : @, (k) = d}. By the Markov property of
Jn, we have under F,, in distribution, that

an exp(n"/,% min{d,n—d})
'Un’y'r%

. (4.2)

dist(J,(0), Jo(k)) £ dist(Ju(5), Ju(j + k) = Qu(k), Vi, k>0.  (4.3)

Recall for the proof of that if |i/v,| = [j/va], we have that Aj; < A?.. More-
over, since for such i, j necessarily |i — j| < v, we have that D;; < v,,. Thus, let
d € {1,...,v,}. By Lemma 4.2 in [1] we deduce that there exists a constant C' < o0,
independent of d, such that

On

Moreover,

(A= AL) = (1-2)° - (1 _ —QP‘;—J") =2 (i—jl—d)+0 (g—) . @45)
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Therefore the main contributions in (4.1)) are of the form
en . . en Un 1TUn - .
D im=tjjon) (T =Gl = d) Ex, 1p,—a = n S/ S (j — i = d) Ex, 1p,—a
= v, S Byl y—a (7 — d). (4.6)

Setting Z = Z;gl 1o, (j)=d (7 — d), @.6) is nothing but 0, £, Z. It is shown in [2] (page
31-32) that there exists a constant C' < oo, independent of d, such that

EyZ < CEy(Ty—d)lr,<,,
< C(EoTy—dPy (Ty <wv,) < C(EgTy—d(1—v,"EgTy)) , (4.7)

where the last inequality is obtained by a first order Chebychev inequality. To calculate
EyT; we use the following classical formulas (see e.g. [12], Chapter 2.5)

BTy = Y1, ET, where (4.8)
BoiTi = g Il e (L S0 T pes) “9)

Plugging in the transition probabilities we obtain that for all [ < d,

_ n 1 i -1 l k
El_lﬂ = 7 <Hz’:1 n—itl + Zj:l szj—i—l nfk+1)

n -1 17!

= 2y o ey e (4.10)
Forany ! < dand 0 < j <[ — 1 we have that

n l k n l d

T = i | (T (4.11)
In view of (4.8)) we get that

d 1 d \! d
EoTq < 21:1 1—2dn—1 (1 - (m) ) B (1—2dn=1)" (4.12)

But then, since % J 0asn — ooand d < v,, there exists a constant C’ < oo, independent
of d, such that

EyZ < C'E, (4.13)
Together with (4.4) and (4.3) this concludes the proof of (4.1].

For the proof of (4.2) we distinguish several cases. If ||d|| = min{d,n — d} >
(log n)'*¢4;2 for some fixed & > 0 then the claim of (#.2)) is deduced from the bound

On eanan
kn(t) 22 215 fon )] Eren LDyy=a < anty, < ant : (4.14)

UnYg

Assume next that ||d|| < (logn)'*v,2. It is shown in [2], (page 35-36), that in this case
one can neglect values of d such that d > 7. Thus, let d < (log n)l“%j 2 Note that

On On O,
kn(t) ZI_Z/UnJ?éI_J/'UnJ Eﬂ'n]]‘Dij:d S kn(t) Zk:o Zm:jk Eﬂnﬂ'Dk,k—o—m:d ? (415)

where ji = inf{i € N: |[k/v,] # |(k+1)/v,]}
We further distinguish the cases j, < 2d and jj, > 2d. If j;, < 2d then, setting Z, (d) =
Zen - 1p, . =d> Wehave Z;, (d) < Zy(d). Itis shown on page 685 in [1] that there exists

m=Jjk

C' < o0, independent of d, such that EyZy(d) < C. Since moreover [{k € {1,...,6,} :
Jr < 2d}| < 2%, we know that for every 1 > 0 there exists C’ < oo such that

kn(t) ZZn:O m=ji Eﬂ-nﬂD”_d < Ctand < C/tw

vnY2

(4.16)
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Let ji > 2d, i.e. in particular Zj, (d) < Z,4(d). By the Markov property and by Lemma
4.2 in [1]] we obtain that there exists C' < oo such that

EoZoal(d) < Po(Ty € (2d,6,)) (1+ Ea (X0 To,09-a) ) < CP(Tu € (24,6,).
(4.17)
The probability that () gets from 0 to d after 2d steps is bounded by the probability that it
takes at least d steps to the left, i.e.

Py(Ty € (2d,6,)) < () (4)" < 2d ()" <« L. (4.18)
The claim follows as in (4.16)). This concludes the proof of (4.2). O
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