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In this article, the construction of nested bases approximations to discretizations of
integral operators with oscillatory kernels is presented. The new method has log-linear
complexity and generalizes the adaptive cross approximation (ACA) method to high-
frequency problems. It allows for a continuous and numerically stable transition from
low to high frequencies.

1 Introduction

In this article, the efficient numerical solution of Helmholtz problems

~Au—k*u=0 inQ° (1a)
u+ad,u =ug on I =00 (1b)

used to model acoustics and electromagnetic scattering will be considered. Herein, s denotes the
wave number and Q° := R3\ Q the exterior domain of the obstacle 2 C R3. The paramter a and the
right-hand side ug appearing in the impedance condition (1b) are given. A convenient way to solve
exterior problems is the reformulation as an integral equation [10, 13, 12] over the boundary T" of the
scatterer Q. The Galerkin discretization leads to large-scale fully populated matrices A € CM*N,

aij://K(x,y)cpi(x)wj(y)dsydsw, iel:={1,....M}, jeJ:={1,...,N}, (2)
rJr

with test and ansatz functions ;, 1;, having supports X; := supp ¢; and Yj := supp v, respectively.
We consider kernel functions K of the form

K(z,y) == f(z,y) exp(27ik|z — yl) (3)

with an arbitrary asymptotically smooth (with respect to z and y) function f, i.e., there are constants
Cas, 1, Cas,2 > 0 such that for o, 8 € N3

|f (2, y)

|z —y[P’

0208 F(2,9)] < Casiy B! p:=la+pl. (4)

*This work was supported by the DFG project BE2626/3-1.



An example is K (z,y) = S(x —y) used in the single layer ansatz, where S(x) = exp(2wik|x|)/(47|z|)
denotes the fundamental solution. Notice that the double layer potential K(z,y) = 0,,5(x —y) is
of the form (3) only if I, i.e. the unit outer normal v, is sufficiently smooth.

Depending on the application, low or high-frequency problems are to be solved. For low-frequency
problems, i.e. for kdiamQ < 1, the treecode algorithm [5] and fast multipole methods (FMM)
[30, 22, 21, 23] were introduced to treat A with log-linear complexity. The panel clustering method [28]
is directed towards more general kernel functions. All previous methods rely on degenerate approxi-

mations
k

K(z,y)~ Y ux)vi(y), z€X,yeY, (5)
i=1
using a short sum of products of functions u; and v; depending on only one of the two variables x
and y chosen from a pair of domains X x Y which satisfies the far-field condition

Mow dist(X,Y) > max{diam X, diam Y’} (6)

with a given parameter ne, > 0. Since replacing the kernel function K in the integrals (2) with
degenerate approximations (5) leads to matrices of low rank, a more direct approach to the effi-
cient treatment of matrices (2) are algebraic methods such as mosaic-skeletons [33] and hierarchical
matrices [24, 25]. An efficient and comfortable way to construct low-rank approximations is the
adaptive cross approzimation (ACA) method [6]. The advantage of this approach compared with
explicit kernel approximation is that significantly better approximations can be expected due the
quasi-optimal approximation properties; cf. [7]. Furthermore, ACA has the practical advantage that
only few of the original entries of A are used for its approximation. A second class are wavelet com-
pression techniques [1], which lead to sparse and asymptotically well-conditioned approximations of
the coefficient matrix.

It is known that the fundamental solution S (and its derivatives) of any elliptic operator allows for
a degenerate approximation (5) on a pair of domains (X,Y") satisfying (6); see [7]. This applies to
the Yukawa operator —A + rk? for any k, because the decay of S benefits from the positive shift x2.
However, the negative shift —x2 in the Helmholtz operator introduces oscillations in S. Hence, for
high-frequency Helmholtz problems, i.e. for xdiam {2 > 1, the wave number x enters the degree of
degeneracy k in (5) in a way that k grows linearly with x. In addition to this difficulty, the mesh
width h of the discretization has to be chosen such that kh ~ 1 for a sufficient accuracy of the
solution. We assume that

¢ = Kkh < i, h := max{diam X;,diam Y}, i € I, j € J} ~ 1/\/N,

which implies that x ~ VN ~ /M. Notice that the recent formulation [14] allows to avoid the pre-
vious condition and hence leads to significantly smaller N. For high-frequency Helmholtz problems,
one- and two-level versions [31, 32] were presented with complexity O(N3/2) and O(N*/3), respec-
tively. Multi-level algorithms [16, 2] are able to achieve logarithmic-linear complexity. The previous
methods are based on an extensive analytic apparatus that is tailored to the kernel function K. To
overcome the instability of some of the employed expansions at low frequencies, a wideband version
of FMM was presented in [15]. The H2-matrix approach presented in [4] is based on the explicit
kernel expansions used in [2, 31] for two-dimensional problems.

A well-known idea from physical optics is to approximate K (-,y) in a given direction e € S? by a
plane wave. The desired boundedness of k£ with respect to x when approximating

K(z,y) := K(x,y) exp(—27ik(z — y,€))



can be achieved if (6) is replaced by a condition which depends on x and which is directionally
dependent. This is exploited by the fast multipole methods presented in [11, 17, 18, 29]. The aim
of this article is to combine this approach with the ease of use of ACA, i.e., our aim is to construct
approximations to A with complexity kN log N using only few of the original entries of A. In this
sense, this article generalizes ACA (which achieves log-linear complexity only for low-frequencies) to
high-frequency Helmholtz problems. An interesting and important property of the new method is
that it will allow a continuous and numerically stable transition from low to high wave numbers k
by a generalized far-field condition that fades to the usual condition (6) if the wave number becomes
small.

The remaining part of this article is organized as follows. In Sect. 2, we prove estimates as (4) for K
in a cone around e. The desired asymptotic smoothness of K leads to a far-field condition on the pair
of domains (X,Y’) on which such estimates are valid. In Sect. 3, these conditions will be accounted
for by subdividing the matrix indices hierarchically. It will be seen that the number of blocks
resulting from this partitioning is too large to allow for hierarchical matrix approximations with
log-linear complexity. Therefore, nested bases approximations are required, and in Sect 4 directional
H2-matrices will be introduced as a generalization of usual H?-matrices [27] that incorporate a
directional hierarchy. Sect. 5 is devoted to the construction of such directional H2?-matrices using
only few of the entries of A. Error estimates for the constructed nested bases are presented and
complexity estimates prove the log-linear overall storage and the log-linear number of operations
required by the new technique. Finally, Sect. 6 presents numerical experiments that validate our
analysis.

2 Directional Asymptotic Smoothness

In [7] it is proved that the singularity function of any elliptic second-order partial differential operator
is asymptotically smooth. The latter property can be used to prove convergence of ACA and hence
the existence of degenerate kernel approximations (5). The wave number x enters the estimates
on k in (5) through the expression ¢, := max{l, x maxzecx,yey | — y|}, which in general becomes
unbounded in the limit x — oo. For parts X of the domain of small size, i.e. kdiam X < 1,
satisfying (6), ¢, and hence k in (5) are bounded independently of x. This follows from the fact that
the recursive construction of domains satisfying (6) ensures that (6) is sharp in the sense that there
is a constant ¢ > 1 such that

Mow dist(X,Y) < gmin{diam X, diam Y'}.

Hence, if x € X and y € Y with diam X ~ diamY’, then

max |z —y| < dist(X,Y) + diam X + diamY < < 7 4 2> diam X
zeX,yey Tow
and thus
¢ < max{1, ( 7 4 2) rkdiam X} < 49 (7)
low Mow

is bounded independently of x. In the other case kdiam X > 1, we will not be able to prove
asymptotic smoothness with bounded constants. However, a similar property can be proved if the
far-field condition (6) is replaced with a frequency dependent condition and if the corresponding far
field is subdivided into directions.



For the ease of presentation, K defined in (3) will be investigated as a function of x with fixed y.
Hence, after shifting x to « + y we consider

K(z) = f(x) exp(2nir||z| - (z,€)]),

which can be regarded as K divided by the plane wave exp(27ix(z, €)) with some given vector e € S?;
cf. Fig. 2. It will be shown that K is asymptotically smooth with respect to x in a cone around e.
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Figure 1: Re K(z1,22,0) and Re f((xl,xg,O) with e = (0,1,0)7.

To this end, K will be investigated in the coordinates r := |z| and
= |z = (z,e).
As a first step, we investigate the derivative of £ in direction e.

Lemma 1. Let x € R3 such that ¢ := £(x,e) > 0 and 2v/8sinp < 1. Then there is a constant
Cas,3 > 0 such that
|0P€ ()| < cas3 2P p! 2| P(sinp)?, p€N.

Proof. We may assume that e = e; := (1,0,0)7. Hence, p = £(x,e1) > 0 and &(z) = || — x1. In
order to estimate the p-th order derivative of ¢ with respect to z1, we define b = |z|>—2? = (|z|sin ¢)?
and extend £ regarded as a function in z1 to

£(2) = V22 + b2 — 2,

which is holomorphic in B,(z1), p := |z|/2. Consider z = a+i € B,(x1). Then a > 0 and o? > 32
due to cosp > 1/2, and with A := |22 + b?| = \/B2 + 402532, B := o? — 2 + b%, we have

1 1
V224 b= \/§(A+B)+isgn(,6’)\/§(A—B).
Due to |v/22 + 92 — |z|| < y?//22 £ 32 for all ,y € R, it follows that
b2 2

|(A+B)—a —]\/a2+52—b2) + 4022 — (a* + % - )‘<2T

and
5(A=B) = B2 = S |\/(aZ + B2 + P — 457 — (o + 6 + )| < 2

b262



Hence,

V22402 — 2 = \/ﬂ—aﬁm/ (A-B)— |8 < (ot B
T A2 \A+B A-B

- 8b* At |22 - 4b* 1
= A2 \ 202 — 4b2a2/A 4b262/A TOA21-20%2/A T A 1-8\2(sing)?’

which follows from |z|? < A and

1
A= 12+ 8) = VT 27— ) 48 2 VR 2 (el )

‘$’2 _ b2

T+t = 2plal) = T =

1
2 ﬁ(( p)?+1b%) > NG

From Cauchy’s differentiation formula we obtain

~ : 2
o 0 ()] < P E@ g, o 2P 8v2singl
6] =€l < 2 [ ) A Y g

O]

Using the previous estimate on the derivatives of £, we are now able to estimate the derivatives
of K in direction e and e € S? perpendicular to e. To this end, we exploit (4) and make use of

i@l < Y (1) obemingl 01w

i+j=p

< caplfi()] Y OEPEHEN (! ®)

7! r

1+j=p

which holds true for any direction v. Thus, we require an estimate for |9? exp(2mix¢)|. This will be
done in the following two lemmas for the cases v = e and v = e, respectively.

Lemma 2. Let x and ¢ be as in Lemma 1. Let d > 1/k and define n := kd?/r, v := kdsin . Then
A p VZEPN
K@) <cpt (5) K@), peN,

where ¢ 1= 2¢as,1 €Xp(8Tcas 377) and p := max{cas 2,4} max{y,n}.

Proof. In order to estimate |0? exp(2mixé)|, we apply Faa di Bruno’s formula expressed in terms of
Bell polynomials. Using Lemma 1 and xd > 1, we obtain

. ¢ . je
|3éexp(27ri/-ff)| = ’Z@?exp(Qﬂ-jﬁg) Z 7’7 H ( 52'(37)> |

14
k=0 ZV]V ]1 Jol. .. e
>, viv=i

i i—k+1 Ofs 2\ Je

, 1 Cas,3 2 (sin p)
<q! 27k )" _ <as
- Zy]l/ =1
>, viv=i
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. . 1
< 2% 2(271'035,3 r(sin @)2)Frk = Z

Jilgal

k=0 2o dv=h
y Viv=i
2\ o = !
_ (;-:dZ) i1y (@measyy)n' ™ Y e
k=0 >, dv=k S
S viu=i
925 i. 7 1
< <dp> i) @meass)t DL
s Zujl,:k J1:J2¢ ...
S viv=i

where p := max{n,~v} and j, = 0 for all v > i — k + 1. From the multinomial theorem for j € N¢

and L:=71—k+1 ;
= (-

3=k i=1
it follows that
1 2k B\ v g 28 & 4k
_ 2 —4\J il AL
D DI ) | RO UEE) S L
>, jv=k >, jv=k =0 =0
L Viv=i >, viv=ti

and hence |0! exp(27iké)| < @il(2p/d)" with ¢ := exp(8mcas 37). Together with (8) this yields

k@) < cwa L T (25 (d> <Ccaslp.< ) oY (C2)

i+j=p i+j=p
415\P .
< % corp! <max{62}0> R (@)

d
due to d/r =n/(kd) <n < pand Y F_ t! <27 for t > 2. O
Lemma 3. Let d,n,v as in Lemma 2 such that n,v < 1. Then

~ P\P | -~
0, K(@)] < 2caspt ()" 1K (@),

where p := max{lzTg, 2¢as2} p and p = max{n,v}.
Proof. First, we claim that 07 exp(2mix€) consists of at most 3’ summands of the form

(27ik)"™

g(l-) = CQW<‘T7 eJ_)Q(ner)*i

exp(2mikE),

where n,m € N with 2(m +n) > i > m +n and |cy| < 2%!. This can be seen by induction using

s \n+1 )
Oe, g(x) = 09%(1‘ ey )2 HIHmM)=(HD) exp (27ike)
r
+(2n+2m —1i)cq (27T71:) (z, e )2 Hm)=0HD) exp(2mikg)




(2mik)"

2(ntm+1)—(i+1
pn2(m+1) (2, 1) =

—(n+2m)cy exp(2mikE).

With ¢ := 47 we estimate

n n

o i~ (2m-+n)
|($,6L)|2(n+m)—z <& K

(7" sin 90)2(n+m)—i < 51 =

l9(2)| _ [eql (27r)
il T 4l pnt2m

d

Here, we used that |(z,e) )| < rsing = ry/(kd). As in the proof of Lemma 2 we have that d/r <n
and hence
d- Hif(2m+n)

2
?|g($)| _ 61' = ,72(n+m)—id2(i—n—m) _ 5i,'7i—(2m+n),y2(n+m)—z‘ <;1> m < 5iﬁ2m+n < 5i,5i/2.

(7)2(n+m)7i '

Fn2m

The last estimate follows from 2m +n > i/2. This implies that |8? exp(2mix)| < i!(3¢/d)’ p*/% and
together with (8) we get

dp . . N Caso d J A 3¢ ‘
— |08 K(2)] < casi|K 38)1 572 [ 222 ) < cast (Cas2 B)PIK
B K] <l T 695 (220) < ewstcwaiiicn) ¥ (25

i+j=p " +i=p
. P ¢ \° .
< Casj1 (Cas,Q ﬁ)p‘K($)|Z <c 2) < 203571(éﬁ)p’K(x)’,
i=0 N 2%
where ¢é := max{%, 2Cas 2} O

We return to the general case of estimating the derivatives of K (z,y) forz € X and y € Y. The
last two lemmata show that the derivatives of K can be controlled by the parameters 7, v, and d.
Let x(X) denote the Chebyshev center of X. Using the angle condition

. “high
X)— < — Y,
sind(x(X) ~y,e) £ —— =, Y€Y, (9)
and the high-frequency far-field condition
Mhighdist(X,Y) > r(diam X)? (10)

with 0 < Yhigh, high < 1, we obtain for the choice d = diam X and x — x —y that d > 1/k and

kd?  k(diam X)? < #(diam X)?
r |r—yl T dist(X,Y)

n = < Thigh-

Yhigh +7high
1—7Nhigh °

The following lemma shows that v = xk diam X sin £ (z — y, €) is bounded by
Lemma 4. Let X and Y satisfy (9) and (10). Then forx € X andy €Y

. “high + high 1
sin £ (x —y,e) < - .
Lz —ye) < 1 — Mnigh kdiam X

Proof. Let u x v denote the cross product of u,v € R3. Then
[z —y) xe] < |z —x(X)|+[(x(X) —y) x ] < dlam X + |(x(X) —y) x e].

It follows that _
[(z —y) x € < |(x(X) —y) x e] + diam X

0 L — _
sin £L(z — y,e) lz — 9 = IX(X) — y| — diam X




Due t0 Nhigh|X(X)—y| > r(diam X)? > diam X, we obtain that the denominator of the last expression
is bounded from below by (1 — pnign)|x(X) — y|. Hence,

1 X —_ 3 X
sin£(x —y,e) < [(X(X) —y) x e] 4 diam

1 — Mhigh Ix(X) =yl
1 ( “Vhigh diam X > < Dhigh =+ Mhigh 1
T 1 —thigh \kdiam X  |x(X)—yl/ = 1—1nen rdiamX’

O]

As a consequence of the angle condition (9) and the far-field condition (10) we obtain from Lemma 2
and Lemma 3 forxr € X and y € Y

" 1K (2,p), (11)

P K P K < epl 2
mas { |00, K (2.9)[. 107, K (2.p)|} < ep! (50 ) |

where c is independent of x, the directions e,e; € S? satisfy (e,e;) = 0 and 0 < p < 1 for small
enough 7pigh and Ynigh-

3 Matrix partitioning

The aim of this section is to partition the set of indices I x J, I ={1,...,N} and J ={1,..., M},
of the matrix defined in (2) into sub-blocks ¢ x s, t C I and s C J, such that the associated supports

X ::UXi and Y, := UYJ

i€t jEs

satisfy (10) in the high-frequency case k diam X; > 1 and (6) if x diam X; < 1.

Before we discuss the matrix partition, let us make some assumptions that are in line with the
usual finite element discretization. The first assumption is that the overlap of the sets X;, i € I, is
bounded in the sense that there is a constant v > 0 such that

> (X)) <vp(Xy), tCl (12)

ict
Furthermore, the surface measure p has the property that there is cp > 0 such that
(X)) < ep(diam X)?

for all X C I'. The usual way of constructing hierarchical matrix partitions is based on cluster trees;
see [26, 7]. We assume that a binary cluster tree Ty for I is constructed such that there are constants
g, cq > 0 with

27%/ce < pu(X;) and (diam X;)? < ¢,27° (13)

for all ¢ from the ¢-th level TI(Z) of Tr. We will make use of the notation S;(t) for the set of sons of a
cluster ¢ € T7. The same properties are also assumed for the sets Y}, j € J. Under these assumptions
it follows that the depth L of the cluster trees is of the order L ~ log N ~ log M.

Using the trees T7 and T}, a partition P can be constructed as the leaves of a block cluster
tree Try g, where we define Sy s(t,s) = (0 for the set of sons of a block ¢ x s if t X s satisfies the
low-frequency far-field condition

xmin{diam X, diam Y} <1, (14a)



Mow dist(X¢, Ys) > max{diam X;, diam Yy} (14b)

or the high-frequency far-field condition
k min{diam X;, diam Y} > 1, (15a)
high dist (X¢, Y5) >k max{(diam X;)?, (diam Y)?} (15b)

or min{|¢|, |s|} < nmin with some given constants Mow> Thigh, Pmin > 0. In all other cases, we set

Srxg(t,s) = Sr(t) x Sy(s). Notice that for k = 0 we obtain the usual far-field condition (6).

Furthermore, the transition from the low to the high-frequency regime is continuous in the sense that

for x min{diam X;, diam Y5} = 1 the conditions (14b) and (15b) are equivalent with nnigh = Mow-
As usual, we partition the set P into admissible and non-admissible blocks

P = Padm U Pnonadma

where each t X s € Phgy satisfies (14) or (15) and each ¢ X § € Pyonadm 1s small, i.e. satisfies
min{|¢|, |s|} < nmin. In order to distinguish low and high-frequency blocks, we further subdivide

Padm = Plow U Phigh7

where Py = {t x s € P : t x s satisfies (14)} and Phigh := Padm \ Plow-

The following lemma will be the basis for the complexity analysis of the algorithms presented in
this article. Notice that this lemma analyzes the so-called sparsity constant of hierarchical matrix
partitions introduced in [20] for the far-field condition (6). Since the lemma states that this constant
is unbounded with respect to x, usual H-matrices are not able to guarantee logarithmic-linear com-
plexity for the high-frequency far-field condition (15b). Therefore, in the next section a variant of
H2-matrices will be introduced.

Lemma 5. Lett € TI(E). The set {s € Ty : t X 8 € Pyign} has cardinality O(27K?).
Proof. The assumptions (12) and (13) guarantee that each set

N,:={se€ T}E) : ;%%/X|X(Xt) -yl <p}, p>0,

contains at most veger2(2p)? clusters s from the same level £ in T);. This follows from

[Nol2™ /e < ) n(Ys) < wp(Ya,) < wer(2p)*. (16)
sEN,

Let s € T such that t X s € Pjjgn. Furthermore, let t* and s* be the father clusters of ¢ and s,
respectively. Suppose that max,cy, |x(X¢) — y| > po, where

po i= K/ Thigh max{(diam X;+)?, (diam Yy)?} + diam X+ + diam V-
Then
dist (X, Yer) > max Ix(X¢) — y| — diam X3+ — diam Y-
YEYs
> K /Mhigh max{ (diam Xz« )?, (diam Ys+)?}

implies that t* x s* € Pyjgn. Hence, Phign cannot contain ¢ x s, which is a contradiction. It follows
that

max [X(X0) 1] < po < (627 C7)2 (24 (eg2 ) 2 )
YEYs
From (16) we obtain that
2
H{s €Ty:txs € Pugn}| <8vercygea (2 + (cg2_(z_1))1/2m/77high) ~ 161/crc£27002_£(/1/17high)2.

O]



Directional subdivision of high-frequency blocks

In the high-frequency regime, i.e. x min{diam X;, diam Y5} > 1, the matrix block corresponding to
t X s € Phigh cannot be approximated independently of x unless it is directionally subdivided; see the
discussion in Sect. 2. In view of the angle condition (9), we partition the space R3 recursively into a
hierarchy of unbounded pyramids. The first subdivision partitions R? into the 6 pyramids defined by
the origin and the faces of the unit cube as the pyramids’ bases. In each of the next steps, a pyramid
is subdivided by dividing its base perpendicular to a largest side of the base into two equally sized
halves. A pyramid Z resulting from v subdivisions satisfies

sin £ (z,e) < 2379/ for all z € Z, (17)

where e € S? denotes the vector pointing from the origin to the center of the base of Z. For a given
cluster t € T I(Z) from the ¢-th level of T let v; be the smallest non-negative integer such that

v > 2(vp +logy k) — £+ 1, (18)

where 1y € N is a fixed value which will be specified later on. Denote by £(t) the set of directions
e € S? associated with all pyramids Z, after v, subdivisions. Then

E(t)] =627 ~ K227¢ (19)

Given e € &(t), we define ¢/ € £(t') as the axis of the pyramid Z. from which Z. results after
subdivision. Notice that despite ¢ C t we have Z, C Z,. Furthermore, let

= = 3. si — < _ high

Fe(X)) = DelX) N F(X1), De(X) = {y € B s sin L(x(X) — y,) < 0oL,

be the directional far field of X;. Here, F(X) := {y € R3: Nhigh dist(X, y) > k(diam X)?} denotes
the far field of X C R3.

The following lemma will be important for the construction of nested bases used for the approxi-
mation. Notice that the directional far fields are nested up to constants.

Lemma 6. Let t' € S;(t) and €' be defined as above. Then the directional far field satisfies

v
Kk diam Xy

Fo(Xy) C Fu(Xy), Fo(Xy):= {y el :sind(x(Xy) —y,€) < } NF(Xy)

with the constant 7 = 217”0\/@ + (Yhigh + Mhigh)/ (1 = Mhign)-
Proof. For y € Fe(Xy) let ¢ = x(Xy) —y — (X(Xy) —y,e)e, "= x(Xy) —y — (x(Xyp) —y,€')e/, and
d:=( — (. Then

'] < < +19]
IX(Xy) =yl — [x(Xy) =yl

1]
Ix(Xv) —yl

Sini(X(Xt’) - Y, 6/) = = SinK(X(Xt’) - Y 6) +

and
0] = |(x(Xv) =y e)le — (e, )e’] — (\(Xur) —y, € — (e, €)e)e|
< [x(Xw) —yllle = (e, €)e’| +[€" = (e, €)e]] < 2[x(Xy) — ylsin £L(€, e).
Using Lemma 4, we obtain from y(Xy) € Xy C Xy

“high + high 1

in £(x(Xy) — < .
sin (X( t ) y’ e) _— 1 _ nhlgh Hdiath

10



From €’ € 07, it follows

9o 2. /e,
ind(e,e)<20m)/2 <2 olt/2 o 7 NI
sin £(¢, ) < - K ~ kdiam X;

due to (17) and (13). We obtain

. “Yhigh + 7high 1— 1
LAx(Xy) —y,e) < | =F—"F 4270 g ) ———.
sin £(x(Xe) =y, ¢) < ( 1 — Thigh + ‘9 k diam Xy
The inclusion F(X;) C F(Xy) is obvious due to Xy C X;. O

From the previous proof it can be seen that sin £(z,e) < E;Hm‘l/; for all x € Z,. With Lemma 6
it follows that
(X(X¢) + Ze) N F(Xy) C Fer(Xy) forall e € (1) (20)

provided that vy from (18) is chosen sufficiently large and nuign is chosen sufficiently small.
Since high-frequency blocks require special attention, we gather column clusters s which are ad-
missible with ¢ in direction e € £(t) in the (cluster) far field with direction e

F.(t) == U{s €Ty :3t Dtsuchthat £ x s € Pygn} N{j € J:Y; C Fe(Xy)}.

4 Directional H2-matrices

From Lemma 5 we see that H-matrices are not able to achieve logarithmic linear complexity. There-
fore we employ a nested representation similar to H2-matrices introduced in [27]. To account for the
required directional subdivision, we generalize the concept of nested cluster bases.

Definition 1. A directional cluster basis U for the rank distribution (k{)icr, cce(r) is a family U =
(Ue(t))tery ecer) of matrices Ue(t) € CY™Fi. It is called nested if for each t € Ty \ L(Ty) there are

transfer matrices Tt € (th’th such that for the restriction of the matriz Uc(t) to the rows t' it
holds that
Uty = U ()T for all t' € Sy(t). (21)

For estimating the complexity of storing a nested cluster basis U, we assume that ki < k for all
t € Ty, e € E(t) with some k € N. It follows from (13) that the depth L € N of T} is of the order
L ~ logy(k?). Since the set of leaf clusters £(7) constitutes a partition of I and according to (19)
for each cluster t € L£(Ty) at most |E(t)| ~ x227¢ matrices U,(t) each with at most k|t| entries have
to be stored, k|I|x?27F ~ k N units of storage are required for the leaf matrices U,(t), t € L(T7).
Using |E(t)| < 2|E()] for ¢’ € Si(t), we conclude that

E(t
S o= Y Esmi< 3 jew
ter® ter® vertt

and with |£(T7)| < |I|/nmin We can estimate the storage required for the transfer matrices

2

Y IE® <KL Y €M) S KPLKP27H LT S
telr teL(Tr)

Nlog N.

min
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Definition 2. A matriz M € C'*7 is a directional H?-matrix if My, is of low rank for all b € Py
and there are nested directional cluster bases U and V such that for t X s € Pyjgn

Mys = Ue(t)S(t, ) Ve (s) (22)

with coupling matrices S(t,s) € CF*k" and e € E(t) such that s C Fy(t).

The storage cost of the blocks in Phonagm and Py is bounded by the storage cost of a hierarchical
matrix, which is known to be O(max{k, nmin} N log N). We estimate the storage required for the

coupling matrices. According to Lemma 5, the number of blocks t X s € Pjgp, is 027 tk?) fort € TI(E).
Thus, the coupling matrices require at most

L-1
Y [{seTyitxsePug}| SK2Y D 270 SkL Y 27F
teTr =0 teT}l) teL(TT)

2
= k2227 IL|c(Ty)| <

Nlog N

min

units of storage. We obtain that the overall cost for a directional H?-matrix is of the order
O(max{k?/Nmin, k, nmin } N log N), which is O(k N log N) if npi, = k.

4.1 Matrix-vector multiplication

Let M € C'™*/ be a directional H2-matrix. Since its structure is similar to an #2-matrix, the matrix-
vector multiplication y := y + Mx of M by a vector z € C’ can be done via the usual three-phase
algorithm (cf. [27]) which we modified to account for the directions e. The following algorithm is a
consequence of the decomposition

Mz= Y Mo+ Y XYoo+ Y Ue)S(ts)Voe(s)a

tX S€ Phonadm tX SE Plow tXSEPhigh

with e € £(t) such that s C Fe(t).

1. Forward transform
The auxiliary vectors Z.(s) := Vi(s)H z,, e € £(s), are computed for all s € T;. Exploiting the
nestedness of the cluster bases V (with transfer matrices Tesls ), one has the following recursive
relation

Be(s) = Ve(s) ws = Y (T V(s ag = Y (T ia(s), ecéls),
s'e€Sy(s) s'eSy(s)
which has to be applied starting from the leaf vectors Z.(s), e € £(s), s € L(T).

2. Far field interaction
The products S(t,s)Z_c(s) are computed and summed up over all blocks t x s € Ppigp:

Jet) = > S(t,s)i_e(s), e€&(t),teTy

s:itX sephigh

3. Backward transform
The vectors ye(t) are transformed to the target vector y. The nestedness (21) of U yields a
recursion for the computation of y := ", cq > ce(r) Ue(t)e(t), which descends T7:

12



(a) Compute o (t') = Jer (') + T e(t) for all e € £(t) and all #/ € Sy(t);
b) Compute y; := y¢ + Ue(t)ge(t) for all clusters t € L(T7).
ec&(t)

4. Low-frequency interaction
For all t x s € P, compute y; := y; + XtSY;f:cs.

5. Near field interaction
For all t X s € Pyonadm compute y; := yr + Mysxs.

The total number of operations of the latter algorithm is bounded by O(k N log N) for the choice
Nmin = k, which can be proven with the same arguments as used for analyzing the storage complexity.

5 Construction of approximations

Our aim is to approximate A € C'*” defined in (2) with a directional H2-matrix. Blocks in Ponadm
are stored entrywise without approximation. From (7) it follows that K is asymptotically smooth
with constants independent of k£ on domains X; x Yy corresponding to blocks ¢ X s € Ploy. It follows
from the convergence analysis in [7] that the adaptive cross approximation

Ats ~ AtO'(ATO')ilATS (23)

with appropriately chosen 7 C t and o C s, k. := |7| = |o| ~ |loge|? independent of &, can be used
to generate low-rank approximations thth ~ A, where X € CH¥F< and Y, € CS*ke,

In the rest of this section, we will consider the remaining case t X s € Pijgn, i.e. we assume
that (15) is valid. To be able to apply the results from Sect. 2 and prove existence of low-rank
matrix approximations it is required to additionally partition the far field F(X;) into subsets F.(X})
corresponding to directions e € £(t). Although ACA generates approximations of high quality, the
number of blocks is too large (see Lemma 5) to construct and store the approximations as in the low-
frequency case. To overcome this difficulty, we consider the approximation (see [8] for the application
of this kind of approximation to Laplace-type problems)

Ats [ Ato’f (ATtO'f)_lATtO'S (A _1ATL:€S’ }/5 C .Fe(Xt), (24)

T;eos)

instead of (23), which is of type (22) with coupling matrices S(t,s) = Ar,. The aim of this section
is to prove error estimates for the special type of low-rank approximation

Aps = Ub(£)S(t, 8)V_o(s)H (25)

with nested bases U and V approximating Ayqe(Ar,q¢) ™ and (ATS_eUS)*lATS—eS, respectively.

A crucial part of the approximation (24) is the construction of what we call proper pivots 7, C t
and of C Fe(t), || = |of|. They have to guarantee that A,,,¢ is invertible, and for proving error
estimates they have to be chosen so that

[ Ats = Atoe (Areos)  Ansll < cre || Arg]| for all s C Fu(t)

with some c¢g > 0; cf. Lemma 9. Hence 7 and oy represent t and its far field F,(t), respectively. We
refer to [8] for a method for choosing 7 and of. Note that it is sufficient to choose of so that

Yoe C (X(X¢) + Ze) N F(Xy). (26)

13



In the sequel, € > 0 denotes a given accuracy that (up to constants) is to be achieved by the
approximations. Let {(1,..., (k. } be a basis of the space

ﬂzafl := {uexp(27ik(-,e)) :u € H2571}7

where k. := dim Hgfl ~ pg’ and p. € N is the smallest number such that p. > |logp5| with p
from (11).

Assumption 1. Let t € Ty. If |t| > ke, we assume that there is 7 = {i1,..., ik } C t such that the
following two conditions are satisfied.

(i) There are coefficients &y such that

ke

(@iij)LQ(F) = Zéif(@i[aCj)LQ(F)’ 1€ t) ] = ]-7 e 7k57 (27)
/=1

and the norm of the matriz = = (£;¢)s € C>**= is bounded by a multiple of 2P provided that
lpillpry =1, i €,

(i) each matriz A;, g, ), e € E(t), has full rank.
In the remaining case |t| < ke, we set 7w =t and assume that Ay, has full rank.

Notice that with the previous assumptions it is possible to guarantee that the rows 7 used for
the approximation of A;s can be chosen independently of s C F,(t). This will be crucial for the
construction of nested bases.

In the following lemma, we prove error estimates for the multivariate tensor product Chebyshev
interpolant jpf((-, y) € Hz?; of K(-,y) :== K(-,y) exp(—2mik(- — y,€)) with fixed y € Y.

Lemma 7. Let X,Y C R3 such that Y C Fo(X). Then

p
R Ge) = TupaKCo) < ) (25 ) ma | for iz € X,y e .

where c3(p) = 8ecp(1 + p)(1 + 2 log p)>.

Proof. Without loss of generality we may assume that X is contained in a cube @ = H?:l (Q; which
is aligned with e and that Y C F.(Q). Notice that this can be achieved by slightly modifying the
constants Yhigh, Mhigh- Let K; be the function in the i-th argument of K(, y), i =1,2,3. From (11)
we obtain

P

k
—2% ) Ko, 0, ke€N.
T ) il ke

1R 910 < el (

Using [9, Lemma 3.13], this implies

P
. ~ N p ~
min ||K; — o Zcp|l —= Ko, co,
gelly 1K — qllQ;00 < Cp <p+ 2) 1Kl @100

where ¢ := 4ec(1 + p). With this estimate the proof can be done analogously to Theorem 3.18
in [7]. O

14



Although most of the estimates will hold also in other matrix norms, throughout this article the
maximum absolute column sum

14] := _ max Z |aij]

of A € C™*" will be used if not otherwise indicated.

Lemma 8. Let assumption (i) be valid and let @;, ¥;, and f in (2) be non-negative. Assume that
Cas,2 Thigh < 1. For t € Ty satisfying |t| > ke and e € E(t) there is = € Rk« and ¢; > 0 such that

HAts - EATtSH < 61€HA753H
for all s C J satisfying Yy C Fe(Xy).

Proof. Due to K(z,y) = exp(2mik(z — vy, e))K(m y), we can apply Lemma 7 and obtain for x € X,
y € Y, that with T),_(x,y) := exp(27is(z, €))Tup. 1 K (2, 1)

Pe
K (e) = Ty (o) = K (o) = Do K] < calp) (25 mae 1RG0l

Without loss of generality we may assume that [|¢;|| ;1) = 1. Then assumption (27) is equivalent

with .
/F (goz(m) - Zgiggpi[(a:)> ((z)ds, =0 forall (e ﬂi—l-
=1

Defining the matrix = € R?* with the entries &, from

ke
_;&zam:/F/F (%’ quf@u ) x y)zpj( )dSydsx
:// (%(x)—i&e@u(:ﬂ) (K (2, y) — T, (2, y)]¢; (y) dsy ds,,
rJr =

we see that
iy ~ stamr_ (525) max [IRE D0l as,

with ¢ := ¢5(p=)(1 + HEHOO . From the Taylor expansion and the asymptotic smoothness of f it can
be seen that for cas 2 Mnigh < 1

If(,y)| <élf(x,y)| forall z,2’ € Xy (28)

with a constant ¢ > 0. Estimate (28) and [|¢;][z1(ry = 1 imply for y € Y

o K ()] = s 11, 0)] < ¢ mip |(2,p) é/m I ()] s
z'eXy r'eX reX.

From

laij| = |e2mik[-le(x a”| > Re//(pl z)Y;(y ,y)e2minlle—yl=le(Xa) — (V)] ds, ds,

— /F/F%(x)i/’j(y)f(x,y) cos(2mk[|z — y| — |€(X;) — £(Y5)]]) dsy ds,
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> [ [ s ds, ds,
with ¢ > 0 independent of x and h due to
1
rlle =yl = €(Xi) = E)I] < wllz — £(X)| + |y — €(Y))[] < 2rh < 26, < 5,

we obtain exploiting the non-negativity of ¢;, v;, and f

ke A% De
ce P
o E Las | < L
|a/1j v gzéau]| > <p+2> |Clzj|

Hence, the matrix = satisfies

_ éé :
[Ats — EArs| < pr [Ass|l < crel| Al

because j(;:g;gs (1 4+ ||E]|co) is bounded by a constant ¢; from above due to the assumption that

IZ|loc is bounded by a multiple of 2Pe. O

The expression
cs = maX{H(ATtgte)_lATtSH 15 CJ, Yy C Fe(Xy), e € &(t), t € Tr}

will play a central role in the following error analysis. Note that cg depends on the choice of the
pivots T, of.

Lemma 9. Let Assumption 1 be valid. Then fort € Tt and e € E(t) there are proper pivots (1, 0%),
|| = |of| = min{k., |t|}, i.e., for all s C J satisfying Yy C Fe(X})

”Ats - Ataf (Aftaf)_lAns” < C2<€”AtJ”’ (29)
where ¢ := c1(1 + cg).

Proof. Since Ayp, ;) has full rank, there is of C Fe(t), |of| = |7| = min{k., |t|}, such that A e is
invertible. If [t| < k., we have 7y =t and Ayqe (Anote)*1 = I. Hence, (29) is trivially satisfied. We
may hence assume that |t| > k.. Let = € R***= be as in Lemma 8. We have

Ats - Ataf (ATtaf)_lA‘rts = {Ats - EATtS} - {Ataf - EATtaf} (A‘rtof)_lATts

and thus
||Ats - Ataf (ATtof)_lATtsH § ||Ats - EATtSH + CSHAtaf - EATtate ||
< cre(|Aus | + sl Awog ) < c2el| Al
The second last estimate follows from Lemma 8, because Yoe,Ys C Fe(Xy). ]
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5.1 Construction of directional cluster bases

Based on the previous estimates, we are going to construct and analyze nested bases approximations.
The construction of nested bases is usually done by explicit approximation of the kernel function K;
see, for instance, the fast multipole method [32] and the method in [29], which uses interpolation.
In this section, we construct the nested bases via a purely algebraic technique which is based on
the original matrix entries and thus avoids explicit kernel expansions. In this sense, the presented
construction is in the class of kernel independent fast multipole methods; see [3, 34, 17].

We will define a nested basis U consisting of matrices U,(t) € C***< for each t € Ty and e € £(t)
in a recursive manner starting from the leaves. Due to (15a), it is actually sufficient to consider the
sub-tree

Ty = {t € Ty : kdiam X; > 1}

of Ty. For its leaf clusters t € £(T}) and e € £(t) we set U,(t) = B!, where for t' C t
Bélt = Atlgf (Anaf)_l-

Assume that matrices U, (#') have already been constructed for the sons t' € S;(t) of t € 17 \ L(T})
and e € £(t'). Then in view of (21) we define for e € £(t)

Ue(t)|y == Ue/(t/)B;—t/t’ t' e Si(t),

where €’ € £(t') is defined before Lemma 6.
The following lemma estimates the accuracy when expressing Bgt by the product Bél,t/BeTt't. As
stated in [8], Bgt may be regarded as the algebraic form of an interpolation operator.

Lemma 10. Let t' € Ty satisfy t' C t € T; \ L(T7) and e € E(t). Then for all s C J satisfying
Ys C Fe(X3) it holds that
I[BE* = BY Bi' Ars| < cacse]| Avll-
Proof. 1t is clear that
[Bgt _ Bé’/t’B;}/t]Ans — [Atlaf — A

-1 -1
(A ) ATt/ Uf] (ATtO'te ) ATtS .

’ ’
! € €
tot, Ty Oy

Due to (26) and (20), it holds that Yye C Fer(Xy). Hence, Lemma 9 yields
I1BE! = BEY B Aol < o2 Aug | (Aria) ™ Arisll
O

Theorem 1. Let Assumption 1 be valid. Let t € Tr and let ¢ = L(Tt) denote the depth of the
sub-tree Ty of Tt rooted at t € Tr. Then for all e € (1)

I[Ue(t) — B Arsll < csellAs|l - for all s C Fu(t),
where

(205)4
2cg —1°

c3:=c1(1+cg)
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Proof. From Lemma 10 we have for ¢ € 17 \ £(17)

! Tt 4
I[Ue(t) = BYArsl < 3 MU — B Azl = Y (U (£)BE" — BY Ars|
t'eS(t) t'eSy(t)
< > Ue(t) = BE 1B Ay + |I1BLY — BLY BI''| Ay |
t'eSy(t)
< Y cslllUe(t) = BUY | Ar ot || + ccacs || Al
t'eSr(t)

< 2cpcsel| Al +es Y U (t) — BU Ar, o5
t'eSy(t)
We set ay = ||[Ue (t') = BYY) Ay, ¢ || for ' € Sp(t). From (26) and (20) we obtain that Y,e C Fur(Xy).

Hence, we can apply the latter inequality recursively replacing s by of and obtain the recurrence
relation

ar < 2cacsel| Ayl + cs Z ap, teTr\L(Ty). (30)
e85 (1)
We show that o
2 -1
o < 202052 Ly ey, (31)
2cg — 1

where ¢ = /(t) denotes the depth of the sub-tree T;. This estimate is obviously true for leaf clusters
t € L(Tr) as ay = 0. Assume that (31) is valid for the sons Sy(t) of t € T7 \ L(T7). Then (30) proves

2cg)2 -1
ar < 2cocgel| Ayl + cs Z ay < 2cocse|| A || + 2020%6()1 Z | Ay ||

2cg —
veS;(t) teS1(t)
2c)2 —1 2c5) 1 —1
< 2cpcge [ 1+ QCSL |Aes || = 202055LHAUH.
2cg — 1 2csg — 1
Hence,
I[U:(8) = B Ars|l < 2esese]|Ausll +es Y aw
€S (t)
(205)£71 (265)6
<2 || A < A
< 2ep05e5 " lAwll < e2eg ~ [ Au
together with co = ¢1(1 + cg) proves the assertion. O

Similar results as for the row clusters ¢ can be obtained for column clusters s € Ty and e € £(s)
provided assumptions analogous to Assumption 1 are made. In particular, this defines clusters o C s
and ¢ C F.(s), |7§| = |os|, where

F)(s):=|_J{t € Ty : 38 D s such that t x 8 € Pugn} N{i € I : X; C Fo(Ya)}.

For s’ C s we define the begin
CE® = (Areo,) MArey.

For leaf clusters s € £(T) and e € E(s) we set Vo(s) = (C*5)H. Assuming that matrices V,(s')
have already been constructed for the sons s’ € Sy(s) of s € Ty \ £(T) and e € £(s'), we define for
e€&(s)

Ve(t)ls := Var ()T, 5" € 85(s),
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where €’ € £(s') is defined before Lemma 6. Due to the analogy, we omit the proofs of the following
error estimates.

Lemma 11. Then for s € Ty and e € £(s) there are proper pivots (15,0¢), |7F| = |o¢| = min{ke, |s|},
1.€.,

||Ats - Atas (ATgoS)_lAT§S|| < C45||AI$||
for all t C I satisfying Xy C Fe(Y5).

Theorem 2. Let s € TJ and let ¢ = L(Ts) denote the depth of the cluster tree Ts. Then there is
¢5 > 0 such that for all e € E(s)

140, [C2* = Ve() ][] < esel| A
for all t C Fl(s).

Using the previously constructed bases U and V, we employ S(t,s) := A, in (25) for each
block A, t X s € Phign. In the following theorem, the accuracy of the nested approximation based
on the matrix entries of A is estimated.

Theorem 3. Let all previous assumptions be valid and t x s € Pyjgn,. Then there is e € E(t) such
that s C Fe(t) and the approximation error is bounded by

[Aes — Ue()S (2, )Voe(8)|| < [e2 + esllC2% el Aes || + eall BEI| + es]|Ue(t) el Azl
Proof. From s C F,(t) it follows that t C F’ _(s). We have that
A — BUS(t,5)C%, = Ay — B A, + BY [Ans — ATwsCise] .

From Lemma 9 it follows that ||[A; — BY Al < coel|Ars|, and from Lemma 11 we have that
|Ars — Aro, C% || < cse||Ars||. Therefore,

[Azs — BES(t,s)C2 || < eleal|Aws || + call BE || Ars]l]-
Furthermore, Theorems 1 and 2 yield

|U(t)S(t, s)V_c(s) — BES(t,s)C*S

Al

< NUONIS(E, 8)[Ve(s)™ = C2N + I[Ue(t) = BEIS(E, s)[1C2
< cse|[Ue(®) | Azs] + cael| CZ | Avsll,

which proves the assertion. ]

6 Numerical Results

We consider the sound soft /hard scattering problem (1) imposing either the Dirichlet datum u = up
(sound soft) or the Neumann trace d,u = vy (sound hard) on the boundary I'. We denote U the
single and & the double-layer-operator with the kernels S(z —y) and 9,,5(z —y), respectively. Using
Green’s representation formula v = fu — U (J,u) in Q¢ and the jump relations, we end up with the
integral equation

YV(Oyu)=(R—=0)u onT, (32)

N | =
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which can be solved either for the unknown 0, u|r in the case of a Dirichlet problem or for the
unknown u|p in the Neumann case. The Brakhage-Werner ansatz

uw=R¢—iBVp in Q° (33)

with an arbitrary coupling parameter 8 > 0 uses an unknown density function ¢ that satisfies the
integral equation
1 .

(ij—i—ﬁ—lﬂ‘l])gb: up. (34)
In either case, Galerkin discretization of the integral equations leads to a linear system with matrices
of the form (2) that can be approximated by directional H2-matrices. The solution can then be
obtained via GMRES using the matrix-vector multiplication from Sect. 4.1, which we proved to have
logarithmic-linear complexity.

Approximation of U

As a first step, we validate the logarithmic-linear complexity of the directional H?-matrices (labeled
dirH2-ACA). Moreover, we compare our new approach with the standard H-matrix approximation
via ACA (labeled H-ACA). In the sequel, we focus on the approximation of the single-layer oper-
ator 2U. Since we assumed kh to be constant, we increase x with growing number of degrees of
freedom N. By ”acc.” we label the relative error to the full matrix in the Frobenius norm.

Table 1 shows the memory consumption of the approximation of the discretization of U with
piecewise constant ansatz and test functions on the prolate spheroid, i.e. an ellipsoid with ten times

N 6496 28108 114258 469010 1905242

k16 32 64 128 256

mem. [MB] 48 198 988 4754 20077

dirH2-ACA  compr. [%] 15 33 099 028 0.07
KB/N 78 74 9.1 10.6 11.0

time [s] 14 66 299 1372 6079

acc. 59_4 13-4 1.5_4 — —

mem. [MB] 47 223 1327 10432 -

H-ACA  compr. (%]  14.7 3.7 1.33 0.62 -
KB/N 7.7 8.3 12.2 23.3 -

time [s] 12 66 404 4803 -

accC. 7.5_3 5.8_3 7.0_2 — -

Table 1: Prolate spheroid: kh ~ 0.15, Nyigh = 5.

the extension in z-direction. The gain in both time and memory becomes visible for larger N. For
small N, both methods have about the same performance. This is due to fact that directional H2-
matrices adapt to the wave number and fade to usual H-matrices for low frequencies. Due to a
limited amount of storage, the largest example could be computed only for the new approach.

Observe that the achieved error of H-ACA deteriorates for a growing number of waves, whereas
dirH2-ACA is able to achieve the prescribed accuracy. The reason for this behavior is that the
standard matrix partitioning leads to blocks corresponding to domains on which the kernel function
is asymptotically smooth with a large constant. The accuracy for N = 469010 and N = 1905242
was not computed, because the calculation of the difference to a full matrix in Frobenius norm takes
O(N?) time.
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Figure 2: Memory (left) and time (right) on prolate spheroid for dirH2-ACA and H-ACA.

Neumann Problem

We consider the sound hard scattering problem and use piecewise linear ansatz and test functions
for the Galerkin discretization of (32). The approximate Dirichlet datum 4p ~ u|r is obtained
from solving (32) with approximations (¢ = 10~%) of the discrete operators V and K of U and f.
We use the Neumann datum vy := 9,S(- — xg) with an interior point zop € Q. In this case,
we are able to compute the L2-error |ap — ul|z2(ry/[lullL2(ry to the exact Dirichlet trace given by
ulp = S(- — xg). Tables 2 and 4 show the behavior of the error on the sphere with radius 1 for fixed

N 642 2562 10242 40962 163842 655362

K 2 4 8 16 32 64

time [s] V 2 12 94 755 4571 27247
mem. [MB] V 2 16 105 481 2145 9409
KB/N V 3.8 6.6 10.7 12.3 13.7 15.1
time [s] K 2 13 100 811 4921 29539
mem. [MB] K 2 16 105 471 2081 9187

L2-error 26_3 21.3 2.0_.3 1.9_5 1.9_3 2.0_3

Table 2: dirH?-ACA: L?-error of @p with xkh = 0.19.

kh and fixed k, respectively. Furthermore, the CPU time and the memory consumption required by
the approximations to V and K is shown and can be seen to behave logarithmic-linear for both fixed
and growing wave numbers. As a reference, we made the same computations also using H-matrices.
The corresponding results are shown in Tables 3 and 5. As before, the advantage of dirH?-ACA
becomes visible for a growing number of waves. It is remarkable, however, that even in the fixed
frequency case the directional approach outperforms H-ACA in terms of memory and computation
time for larger degrees of freedom. For smaller degrees of freedom the performance of H-ACA is only
slightly better.

Visualization of Dirichlet Problem with Brakhage-Werner

We consider the sound soft scattering problem, i.e. we seek a solution u = wu; + us of the Helmholtz
equation (1), where u;(x) := exp(ir(x,e)) with e = (1,0,1)7/v/2 denotes the incident acoustic wave
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N 642 2562 10242 40962 163842 655362

K 2 4 8 16 32 64
time [s] V 2 11 64 464 6890 —
mem. [MB] V 2 13 80 491 3150 -
KB/N V 31 52 82 126 202 —
time [s] K 3 14 77 520 7050 -
mem. [MB] K 2 12 78 478 3073 -

L2-error 273 20_3 19.3 2.0_3 2.7 5 —

Table 3: H-ACA: L?-error of @p with xkh = 0.19.

N 642 2562 10242 40962 163842
time [s] V 6 42 75 286 1613
mem. [MB] V 3 15 66 345 1613
KB/N V 51 62 67 88 110
time [s] K 747 84 317 1734
mem. [MB] K 3 15 64 334 1669

L2-error 189 45.3 12.3 394 2.3_4

Table 4: dirH2-ACA: L?-error of 4p with fixed kK = 6.

and ug is the unknown scattered field. The incident wave is reflected on a sound soft obstacle §2,
which is described by the Dirichlet condition us|r = —u;|p.

The obstacle is composed of 4 cylindrical spheres with 507904 panels and 253 960 vertices. We
solve (34) for the unknown density ¢ with piecewise linear ansatz and test functions. Following [19],
we use the coupling parameter § = k/2. In a second step, we evaluate the potential (33) on a uniform
discretization of a screen behind the obstacle in order to compute the scattered wave us. Figure 3
shows the resulting pressure field of the total wave |u; + us| for x = 10 and x = 40.

Figure 3: Pressure field |us + u;| for £ = 10 and x = 40.
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