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Abstract

We investigate the transition to synchrony in a system of phase oscillators that are glob-

ally coupled with a phase lag (Sakaguchi-Kuramoto model). We show that for certain uni-

modal frequency distributions there appear unusual types of synchronization transitions,

where synchrony can decay with increasing coupling, incoherence can regain stability for

increasing coupling, or multistability between partially synchronized states and/or the in-

coherent state can appear. Our method is a bifurcation analysis based on a frequency

dependent version of the Ott-Antonsen method and allows for a universal description of

possible synchronization transition scenarios for any given distribution of natural frequen-

cies.

The Sakaguchi-Kuramoto model [1]

dθk

dt
= ωk −

K

N

N
∑

j=1

sin(θk(t) − θj(t) + α), (1)

is a fundamental paradigm for the emergence of collective behavior (synchrony) in a system

of non-identical oscillators, described here by their phases θk ∈ R mod 2π, k = 1, . . . , N ,

that are weakly coupled by the mean field. It has been used to explain the behavior of a huge

variety of systems in physics, biology, and other fields [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12]. In the

most simple setting, where the natural frequencies ωk are drawn from a unimodal probability

distribution g(ω), a classical synchronization transition is observed, where at a critical coupling

strength Kc a stable branch of partially coherent states appears and the synchrony, measured

by the magnitude of the global order parameter [3, 13, 14], increases gradually with further

increasing coupling strength K, see Fig 1(a). According to the classical paper of Sakaguchi

and Kuramoto [1] also a phase-lag parameter α < π/2, which has to be taken into account in

many cases, “. . . does not seem to change the result in an essential way”. At the other hand,

it is known that changing the system, e.g. to a bimodal frequency distribution [15], distributed

shears [12], or to more complicated coupling schemes [16, 17, 18, 19, 20, 21], results in a

wealth of interesting dynamical phenomena.

In this paper, we demonstrate that also in the classical Sakaguchi-Kuramoto system (1) for

certain unimodal frequency distributions and carefully chosen phase-lag parameter α, one can

observe several nontrivial synchronization transitions, see Fig. 1(b)–(c) and Fig. 3(b)–(c):

� decreasing synchronization with increasing coupling strength,

� incoherence regaining stability for increasing coupling,

� coexistence of stable incoherence with a partially synchronized state

� coexistence of two stable partially synchronized state.
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Figure 1: (color online) Examples of synchronization transitions (dependence of the order pa-

rameter r on the coupling strength K) for the Sakaguchi-Kuramoto system (1) with various

choices of unimodal frequency distributions g(ω) and of the phase-lag parameter α. Solid

(dashed) lines: analytical prediction of stable (unstable) branches, based on the Ott-Antonsen

equation. Circles: numerical simulation of system (1) with N = 10000 and suitably chosen

initial data. (a): classical synchronization transition for α = 0 and Lorentzian frequency dis-

tribution. (b) and (c): synchronization transitions with bistability and incoherence regaining its

stability (frequency distributions and phase-lag parameter are specified in Fig. 2).

Our method is a detailed bifurcation analysis that can be carried out in the limit of large N for

a frequency dependent version of a corresponding Ott-Antonsen equation. An equation of this

type has already been used in [22] to demonstrate the appearance of nonuniversal synchro-

nization transitions for certain globally coupled excitable systems.

The Ott-Antonsen approach. In the thermodynamic limit, i.e. for N → ∞, different partially

synchronized regimes observed in Eq. (1) can be effectively analyzed with the help of the Ott-

Antonsen method [23]. Following this approach, we describe the state of the oscillator system (1)

at time t by a probability distribution function f(ω, θ, t). Since g(ω) is time independent, the

function f satisfies
∫ 2π

0

f(ω, θ, t)dθ = g(ω).

To derive the evolution equation for f , we first rewrite Eq. (1) in the complex form

dθk

dt
= ωk +

K

2i

(

e−iαr(t)e−iθk(t) − eiαr∗(t)eiθk(t)
)

, (2)
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where

r(t) =
1

N

N
∑

j=1

eiθj(t) (3)

is the Kuramoto’s order parameter and the star ∗ denotes complex conjugation. Then, express-

ing the conservation of oscillators law for Eq. (2), we get a continuity equation

∂f

∂t
+

∂

∂θ
(fv) = 0, (4)

where

v(θ, ω, t) := ω +
K

2i

(

e−iαr(t)e−iθ − eiαr∗(t)eiθ
)

(5)

and r(t) is now given by

r(t) =

∫

∞

−∞

dω

∫ 2π

0

f(ω, θ, t)eiθdθ. (6)

In their seminal papers [23, 24, 25], Ott and Antonsen pointed out that all the attractors of Eq. (4)

can be found using the following ansatz

f(ω, θ, t) =
g(ω)

2π

(

1 +
∞
∑

n=1

[z∗(ω, t)]neinθ + c.c.

)

, (7)

where c.c. stands for the complex conjugate of the preceding sum. Indeed, by a direct substitu-

tion one can easily verify that formula (7) represents a solution to Eq. (4) if z(ω, t) satisfies

dz

dt
= iωz(ω, t) +

K

2
e−iαGz − K

2
eiαz2(ω, t)Gz∗, (8)

where for any ϕ ∈ C(R; C) we denote by Gϕ the integral operator

Gϕ :=

∫

∞

−∞

g(ω)ϕ(ω)dω. (9)

Equation (8) will be our main tool to study the partially synchronized regime in the original

Sakaguchi-Kuramoto system (1). As shown in [23], one has to restrict to solutions of (8) satisfy-

ing |z(ω, t)| ≤ 1. There, the summation in (7) yields

f(ω, θ, t) =
g(ω)

2π

1 − |z|2
1 + |z|2 − 2|z| cos(θ − arg z)

, (10)

degenerating into a delta function f(ω, θ, t) = δ(θ − arg z) for |z(ω, t)| approaching 1 from

below. Indeed, the Ott-Antonsen ansatz (7) describes a probability density function f , which for

any (ω, t) looks as a bunch in phases θ. In particular, arg z(ω, t) reflects the location of the

bunch peak, whereas |z(ω, t)| characterizes the degree to which the oscillators are bunched.

Based on this interpretation, we say that oscillators with natural frequencies ω are coherent or

incoherent at time t, if |z(ω, t)| = 1 or |z(ω, t)| < 1, respectively. Note that the function f is
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Figure 2: (color online) Bifurcation diagram for a piecewise linear frequency distribution (see

insert panel or formulae (21), (23) with δ = 0.1 and τ = 0.6). Red/gray: stability boundary of

the completely incoherent state. Blue/dark: fold of partially synchronized states. Dashed vertical

lines indicate the cross-sections given in Fig. 1(b)–(c).

uniquely determined for any complex-valued functions z with |z(ω, t)| ≤ 1, since (7) implies in

particular that

g(ω)z(ω, t) =

∫ 2π

0

f(ω, θ, t)eiθdθ. (11)

Stability of the incoherent state. Equation (8) always has the trivial solution z(ω, t) = 0,

which after substitution in (7) results in the completely incoherent state

f(ω, θ, t) =
g(ω)

2π
.

Linearizing Eq. (8) around zero, we obtain the linear equation

du

dt
= iωu +

K

2
e−iαGu (12)

that gives for u = u0(ω)eλt the spectral equation

1

K
eiα =

i

2

∫

∞

−∞

g(ω)dω

ω + iλ
.

The completely incoherent state looses its stability if the above equation has a solution λ =
iΩ + 0 with Ω ∈ R, i.e. the stability boundary for incoherence is given parametrically by the

singular integral

1

K
eiα = J(Ω) := lim

ε→+0

i

2

∫

∞

−∞

g(ω)dω

ω − Ω + iε
(13)

that, for a given distribution g(ω), can be calculated by standard methods.
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Partially coherent states. Since Eq. (8) is equivariant with respect to the complex phase shifts

z 7→ eiφz, we may expect solutions of the form

z(ω, t) = ẑ(ω)eiΩt, (14)

where Ω is a real common frequency and ẑ(ω) is a continuous, complex-valued function of ω
alone. According to (10), functions ẑ(ω) with |ẑ(ω)| = 1 for all ω ∈ Supp g correspond to

completely synchronized states, whereas those with |ẑ(ω)| = 1 on a proper subset of Supp g
only, correspond to partially synchronized states. In order to find all possible partially and com-

pletely synchronized states described by ansatz (14), we substitute (14) into Eq. (8) and obtain

an integral self-consistency equation

Keiαẑ2Gẑ∗ − 2i(ω − Ω)ẑ − Ke−iαGẑ = 0,

which connects the collective frequency Ω with corresponding complex amplitudes ẑ(ω). It is

convenient to rewrite this equation in a shorter form

Z∗ẑ2 − 2(ω − Ω)ẑ + Z = 0, (15)

where

Z = iKe−iαGẑ. (16)

Solving Eq. (15) with respect to ẑ(ω) we find two roots

ẑ±(ω) =
(ω − Ω) ±

√

(ω − Ω)2 − |Z|2
Z∗

,

which are complex conjugate for |ω −Ω| < |Z|. Recalling that we are restricted to solutions of

Eq. (8) with |z(ω, t)| ≤ 1, we can construct by

ẑ(ω) = h

(

ω − Ω

p

)

(17)

with

h(s) =

{
(

1 −
√

1 − s−2
)

s for |s| > 1,

s − i
√

1 − s2 for |s| ≤ 1.
(18)

a suitable solution of (15), where (16) leads to the self-consistency condition

1 = iKe−iα 1

p
Gh

(

ω − Ω

p

)

.

Using (9) we can rewrite it as

1

K
eiα =

i

p

∫

∞

−∞

g(ω)h

(

ω − Ω

p

)

dω

= i

∫

∞

−∞

g(Ω + ps)h(s)ds =: H(p, Ω). (19)
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Figure 3: (color online) (a): Bifurcation diagram for a frequency distribution given as a superpo-

sition of two Lorentzians (see insert panel or formulae (21), (22) with δ = 0.075 and τ = 0.8).

Red/gray: stability boundary of the completely incoherent state. Blue/dark: fold of partially syn-

chronized states. (b) and (c): Examples of synchronization transitions with bistability (α = 0.8
and α = 0.9 as indicated by dashed lines in panel (a)). Stable and unstable branches are

marked as in Fig. 1.

In this form, it can be interpreted as a complex function that uniquely determines the system

parameters α, K from the solution parameters Ω, p. Remarkably, the degeneracies

χ(p, Ω) := det

(

Re Hp Im Hp

Re HΩ Im HΩ

)

= 0. (20)

of this functional dependence provide immediately the set of bifurcations in the system param-

eters α, K.

Bifurcations in the synchronization transitions. We will use now this general result to study the

bifurcations in the synchronization transitions for various choices of the frequency distribution.

It turns out, that for a simple Gaussian, Lorentzian or finitely supported constant distributions

there are no bifurcations and the critical coupling rate, given by (13), is a monotonously increas-

ing function of α ∈ (0, π/2). However, for slightly more complex but still unimodal frequency

distributions, e.g. superposition of two Lorentzians, piecewise linear, or step functions, one can

find bifurcations leading to non-trivial synchronization transitions. As an example, we will use

two parameter families of distributions, constructed by an interpolation

g(ω; δ, τ) = τg1(ω) + (1 − τ)gδ(ω), (21)

between two distributions of the same type gσ, but different widths indicated by the index. Pos-
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Figure 4: (color online) Bifurcation diagram for the two parameter family of frequency distribu-

tions (21), (22). Hatched region: parameters of frequency distributions that allow for the com-

pletely incoherent state to regain stability with increasing K. Shaded region: parameters of

frequency distributions that allow for a bistability.

sible choices for gσ are Lorentzians (cf. Fig 3)

gσ(ω) =
1

π

σ

ω2 + σ2
(22)

or normalized triangular distributions (cf. Fig 2)

gσ(ω) :=

{

(σ − |ω|)/σ2 for |ω| ≤ σ,

0 for |ω| > σ
. (23)

At first, we calculated from (13) the critical coupling, where the completely incoherent state

changes its stability, given by gray (online red) lines in Figs. 2 and 3(a). In the classical scenario,

there is a single change of stability for each fixed α and the critical coupling strength increases

with increasing α. However, for suitably chosen g(ω) this curve folds and multiple transitions

occur, i.e. incoherence regains stability for increasing coupling. Then, we use (20) to identify the

locations, where the synchronization transition curves fold (cf. Fig. 1) and coexistence of stable

solutions emerges (dark (online blue) lines in Figs. 2 and 3(a)). Finally, in Fig. 4 we present for

the two parameter family (21) of Lorenzians the parameter regions where folded synchronization

transitions and multiple changes of stability of the incoherent states occur for suitably chosen

parameter α.

Conclusions. Employing a frequency dependent version of the Ott-Antonsen approach, we per-

formed to a large extent analytical bifurcation analysis, which unveiled several nonuniversal

synchronization transitions that can occur for certain unimodal frequency distributions and suit-

ably chosen values of the phase-lag parameter α. The results were confirmed by numerical

simulations of the original Sakaguchi-Kuramoto system. In contrast to earlier studies, where

an immediate reduction to finite dimensions has been performed, our approach allowed for a

direct exploration of the infinite dimensional space of frequency distributions. The obtained re-

sults strongly underline that, as already pointed out in [22], the behavior in the general class of

frequency distributions is not always covered by the easily tractable case of a simple Lorentzian
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distribution, which has been believed in many studies to provide the generic scenario for uni-

modal distributions. Indeed, already for the simple classical Sakaguchi-Kuramoto system with

unimodal and symmetric frequency distribution a nonuniversal behavior can be found.
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