WeierstraB-Institut
fir Angewandte Analysis und Stochastik

Leibniz-Institut im Forschungsverbund Berlin e. V.

Preprint ISSN 0946 — 8633

Closed-loop optimal experiment design: Solution via moment

extension

Roland Hildebrand', Michel Gevers?, Gabriel Solari

submitted: June 18, 2013

' Weierstrass Institute 2 CESAME, Université Catholique de Louvain
Mohrenstrasse 39 Avenue Georges Lemaitre 4
D-10117 Berlin B-1348 Louvain-la-Neuve
Germany France
E-Mail: roland.hildebrand@wias-berlin.de E-Mail: gevers@csam.ucl.ac.be

% Dalmine SpA
Piazza Caduti 6 Luglio 1944, 1
I-24044 Dalmine
Italy
E-Mail: gsolari@dalmine.it

No. 1802
Berlin 2013

U\

\§!

2010 Mathematics Subject Classification. 93E12.

Key words and phrases. Optimal experiment design, closed-loop identification, convex programming, power spectral density,
moment method.

This work is supported by the Belgian Programme on Interuniversity Attraction Poles, initiated by the Belgian Federal Science
Policy Office.



Edited by

WeierstraB3-Institut fir Angewandte Analysis und Stochastik (WIAS)
Leibniz-Institut im Forschungsverbund Berlin e. V.

MohrenstraBe 39

10117 Berlin

Germany

Fax: +493020372-303

E-Mail: preprint@wias-berlin.de

World Wide Web: http://www.wias-berlin.de/



Abstract

We consider optimal experiment design for parametric prediction error system identification of
linear time-invariant multiple-input multiple-output (MIMO) systems in closed-loop when the true sys-
tem is in the model set. The optimization is performed jointly over the controller and the spectrum
of the external excitation, which can be reparametrized as a joint spectral density matrix. We have
shown in [18] that the optimal solution consists of first computing a finite set of generalized moments
of this spectrum as the solution of a semi-definite program. A second step then consists of con-
structing a spectrum that matches this finite set of optimal moments and satisfies some constraints
due to the particular closed-loop nature of the optimization problem. This problem can be seen as a
moment extension problem under constraints. Here we first show that the so-called central extension
always satisfies these constraints, leading to a constructive procedure for the optimal controller and
excitation spectrum. We then show that, using this central extension, one can construct a broader set
of parametrized optimal solutions that also satisfy the constraints; the additional degrees of freedom
can then be used to achieve additional objectives. Finally, our new solution method for the MIMO
case allows us to considerably simplify the proofs given in [18] for the single-input single-output
case.

1 Introduction

Optimal experiment design for system identification has seen an intense development in the last decade.
This advance was initiated by the appearance of modern convex optimisation methods in the nineties,
most notably semi-definite programming. Accordingly, most of the recent work in optimal input design
focusses on casting different input design problems as semi-definite programs. Once an optimization
problem is available in the standard format of a semi-definite program, it can be solved by commercially
or freely available solvers. One of the pioneering contributions introducing semi-definite programming
into optimal input design for open loop identification was [25]. For further motivation and an extensive
reference list we refer to [20].

However, converting optimisation problems into semi-definite programs is often far from trivial. Some-
times this is due to the NP-hardness of the problem. If a semi-definite description cannot be obtained,
one usually tries to relax the problem in order to construct a semi-definite approximation. Often such a
relaxation is easily at hand, but nothing about its quality is known.

In this paper we provide an optimal solution to a general class of optimal experiment design problems for
the identification of parametric linear time-invariant (LT1) systems operating in closed loop. The degrees
of freedom which are relevant for closed-loop experiment design problems are the power spectrum of
the external excitation signal fed into the system and the feedback controller transfer function. Both can
easily be converted into a joint power spectrum of some signals present in the loop. These spectra are
frequency-dependent functions and as such infinite-dimensional objects. Their infinitely many degrees
of freedom have to be condensed into a finite-dimensional vector of design variables. A semi-definite
description of optimal experiment design problems in this class has for years been elusive.

Two basic approaches to the choice of the design variables can be distinguished in the literature. The
first is based on a finite dimensional approximation of the joint spectrum, the second, often called partial



correlation approach, is based on expressing the criterion and the constraints as a function of a finite
number of linear functionals of the joint spectrum, called generalized moments. In both cases, the optimal
experiment design problem is then transformed into a semi-definite program expressed in terms of the
parameters of the finite dimensional approximation for the first approach, and the generalized moments
for the second approach.

In [19] the finite dimensional approximation approach was used. A solution was obtained by first parametriz-
ing the joint spectrum mentioned above using a Youla-Kucera parametrization to constrain the solution
set to deliver a stabilizing closed loop controller, and then using a finite dimensional approximation of this
joint spectrum. The finite set of design variables are obtained as the coefficients of a truncated series
development of the input power spectrum and of the Youla parameter. The optimal design problem is
then reduced to a convex optimization problem under linear matrix inequality (LMI) constraints over the
coefficients of this finite dimensional approximation. Given that the solution space is restricted by the
finite dimensional approximation, it leads to a suboptimal solution.

In [18] we provided an optimal solution based on the partial correlation approach. Our solution applies
to a wide class of optimal design problems in which the criterion and the constraints are expressed as
integral functions over the frequency range.

In this framework the criterion and the constraints can be expressed as linear functions of a finite set
of n + 1 generalized moments, which are linear functionals of the joint power spectrum. They become
the design variables of the optimal design problem. The conditions on the vector of design variables to
correspond to a realizable experiment design are then shown to be equivalent to the satisfaction of an
LMI, possibly involving additional auxiliary variables. The optimal moment sequence is then obtained
by solving a standard semi-definite program. Geometrically, the optimization is performed over a finite-
dimensional projection of the infinite-dimensional cone of possible joint power spectra. The optimal finite
moment sequence will then in general correspond to an infinite set of spectral density matrices rather
than a single spectrum, and every possible spectrum is represented by some point in the cone generated
by the finite set of optimal moments, thus resulting in a truly optimal solution.

The construction of a spectrum or a set of spectra whose first n + 1 generalized moments coincide
with the optimal moments that solve the semi-definite program is known as the Carathéodory extension
problem. The case of scalar-valued moments has been well studied in the last century [8], [30], [2],
[24], [21], [1]- The scalar theory can be generalized to the case of matrix-valued moments [27], [28],
[3], [23], [11], [12]. The key result for solving the Carathéodory extension problem is the Carathéodory-
Fejer theorem. This theorem implies that a given finite sequence of moments is indeed generated by
a positive power spectrum if and only if it satisfies a certain LMI [22, Chapter VI, Theorem 4.1]. Such
a spectrum can be represented in a number of equivalent ways. This includes the representation as a
matrix-valued positive semi-definite measure on the unit circle, as an infinite sequence of moments, or as
a Carathéodory function, i.e., a matrix-valued holomorphic function defined on the open unit disc whose
Hermitian part is positive semi-definite. The representations can easily be transformed in one another
[27, Section 1]

The set of all possible infinite extensions of a finite moment sequence may be parametrized by an infinite
sequence of complex numbers in the unit disc (in the scalar case) or complex contractive matrices (in the
matrix case) [11, Theorem 1]. Here the first £ matrices in the sequence define the first £ undetermined
moments of the extension, i.e., the first K moments which follow the n + 1 moments given by the solution
of the semi-definite program. In this way, fixing the contractive matrices one by one, the user can con-
secutively construct all moments of the extension. These matrices hence represent a choice sequence.
The contractive matrices can be defined in different ways and carry different names, e.g., Schur param-



eters, Szegd parameters, reflection parameters, or canonical moments [1], [28], [27], [4]. In [10] it was
shown that they are all essentially identical to the Verblunsky coefficients, see also [9] and [29, p.30] for
a discussion.

The particular extension corresponding to the case when all Verblunsky coefficients vanish is called
central extension [11], [12], [31, Section 3.6], and the measure on the unit circle which defines the cor-
responding positive semi-definite spectrum is called central measure [4, Remark 8.4, p.104]. In [11] it
was shown that this measure can be characterized as the solution of an entropy minimization problem.
In the scalar case this approach has been used in [7] to characterize all extensions with the same de-
gree as the central extension. In [6] these results have been generalized to the matrix-valued case. If a
non-degeneracy condition is satisfied, then the power spectrum defined by the central measure can be
expressed in closed-form as a rational function with coefficients depending in an explicit manner on the
problem data, i.e., on the optimal truncated moment sequence [27], [31].

A more compact way to parametrize the set of all possible extensions of a given finite moment sequence
is via the representation of the extensions as Carathéodory functions. The set of all such functions which
can be obtained from the finite moment sequence is given by a linear-fractional transformation (LFT)
of a single parameter. This parameter takes values in the Schur class, i.e., the set of all holomorphic
matrix-valued functions on the open unit disc which are contractive. The coefficients of the LFT depend
explicitly on the problem data, i.e., the original finite moment sequence [5, Theorem 1.1]. The central
extension corresponds to the case when the Schur function is identically zero. The Carathéodory function
corresponding to the central measure is hence a rational function with coefficients depending explicitly
on the problem data [13], [5, Theorem 1.3]. If this function is continuously extendible to the closed unit
disc, then the power spectrum defined by the central measure is also rational.

The classical Carathéodory-Fejer theorem holds only if no restrictions are imposed on the spectrum other
than to produce the truncated sequence of moments under consideration, and positivity. In other words, a
finite sequence of moments can be extended to an infinite sequence of moments of a positive spectrum if
and only if it satisfies the LMI condition, but no additional constraint on the moments of this extension can
be guaranteed to be satisfied. However, in closed-loop optimal experiment design, where the controller
is part of the design variables, constraints have to be imposed on the matrix-valued joint power spectrum
under consideration. These constraints reflect the fact that the controller must produce a stable closed
loop, and that the signals defining the joint power spectrum are not all part of the design variables, which
implies that some elements of the joint spectrum are fixed. The constraints on the joint power spectrum
translate into additional constraints on the infinite moment extensions in order for these extensions to
define an admissible spectrum.

In [18] we have shown that the Carathéodory-Fejer theorem also holds for the type of structured gen-
eralized moment problem arising in closed-loop optimal optimal experiment design. Namely, if a finite
sequence of moments satisfies the additional stability constraints, then the LMI condition given by the
Carathéodory-Fejer theorem not only insures the existence of a general extension of this moment se-
quence, but the existence of an extension which also satisfies the constraints.

The proof of this main result in [18] had several drawbacks. First it was written for single-input single-
output (SISO) systems, even though an extension to multiple-input multiple-output (MIMO) is easily ob-
tained. More importantly, it proved the existence of an extension that satisfies the constraints on the
joint spectrum, but it was not constructive. Finally, the proof was very long and complicated, as it relied
on the partial positive definite matrix completion theorem from [16], which itself required to appeal to
graph-theoretical properties of the Toplitz matrix made up of the generalized moments.

The present paper makes progress in several directions with respect to [18]. First we allow the system



to have multiple inputs and outputs. Our main contribution is to show that the stability constraints are
satisfied by the central extension, which under a non-degeneracy condition can be explicitly computed
from the set of n + 1 optimal moments. The central extension defines a unique power spectrum, which
solves the optimal experiment design problem. Thus once the optimal truncated moment sequence has
been obtained by solving the semi-definite program, an optimal joint power spectrum can be immediately
written down in closed form, shortcutting the somewhat ad hoc and complicated recovery step in [18].

Our second main contribution is to show that the set of all extensions which satisfy the additional con-
straints on the joint power spectrum can also be parametrized by a choice sequence of contractive
matrices. These matrices have a smaller size than the Verblunsky coefficients, because at each step, a
part of the degrees of freedom given by the Verblunsky coefficient is fixed by the additional constraint
on the corresponding moment. We may call these contractive matrices restricted Verblunsky coefficients.
The central extension corresponds to the case when all restricted Verblunsky coefficients vanish. This re-
sult allows one to generate a finite-dimensional, explicitly parametrized family of optimal solutions by first
fixing a finite number of restricted Verblunsky coefficients, constructing the corresponding finite moment
extension, and then using the central extension of this already finitely extended moment sequence. In
the simplest case one would extend the 7 + 1 optimal moments with a family of an (n + 2)-nd moment,
parametrized by the corresponding restricted Verblunsky coefficient. The resulting (n + 2)-tuples of mo-
ments then also satisfy the stability constraints. Computing the central extension for this extended family
yields a parametrized family of admissible optimal spectra. This procedure can be repeated one step at
a time, yielding a doubly infinite family of admissible optimal spectra, etc. These additional degrees of
freedom can be used to satisfy additional performance criteria, constraints, or robustness properties that
the user may want to inject into the problem.

Feasibility of the central extension actually implies the validity of the Carathéodory-Fejer theorem for the
structured generalized moment problem. This allows us to significantly shorten the proof of this result
given in [18]. For this reason, and in order to make the present contribution self-contained, we also
provide the new proof of the structured Carathéodory-Fejer theorem here.

The remainder of the paper is organized as follows. In the next section we define the class of input design
problems to be solved. In Section 3 we introduce the concepts of central extensions, central measures,
Carathéodory functions and Verblunsky coefficients. Our main result is in Section 4, where we show the
feasibility of the central extension for optimal closed-loop experiment design and parametrize the set of
all feasible solutions by the choice sequence of restricted Verblunsky coefficients. In Section 5 we present
a complete solution algorithm for the proposed class of problems, including a semi-definite description of
the feasible set of truncated moment sequences. In Section 6 we illustrate via an example that even in the
case where the Toplitz matrix made up of the n 4 1 optimal moments is singular, the central extension
may produce an optimal spectrum that remains finite. In the Appendix we provide auxiliary results on a
special case of the partial positive matrix completion problem.

2 Problem formulation

In this section we define the class of optimal experiment design problems treated in this paper. We intend
to perform parametric prediction error identification of a MIMO LTI system in closed loop. The system
dynamics is given by the relation

y = Go(q)u + Ho(q)e, (1)

where the signal u is of dimension m, and e, y are of dimension p. Here Gy is the plant transfer function
matrix, Hy the noise transfer function matrix, ¢ the forward-shift operator, e a vector-valued zero mean



white noise with (co-)variance A\ol,,, I, being the k x k identity matrix, u is the input vector, and y
is the output vector of the system'. The transfer function matrices G(z), Ho(z) are embedded in a
model structure G(z; 6), H(z; #) and correspond to some true parameter value 6y, Go(z) = G(z;6p),
Hy(z) = H(z;6p). We assume that the plant transfer function G| is stable, and the noise model H is
stable and inversely stable.

The parameter vector 6 is to be identified by an experiment, which consists in closing the loop according
to the relation
u=—-K(qy+r, (2)

where 1 is a quasistationary process of dimension m, and collecting a set of input-output data u, y. The
design variables at our disposal are thus the power spectrum ®,.(w) of the external vector-valued input
signal r and the m X p matrix-valued feedback controller K (g). The configuration of the identification
experiment is schematically depicted in Fig. 1. The estimator 0 of the true parameter value 6 is then
evaluated as the minimizer of some prediction error criterion. Our goal is to design an experiment by
choosing the spectrum of an external input r and a controller K such that some cost function of ®,., K

is minimized and some constraints on the pair (®,., K) are satisfied.

Following [19], we first move from the quantities ®,., K to the spectra ®,,, ®,,, which, as long as we work
in the frequency domain and use formulas that are asymptotic in the number of data, yield an equivalent
description of the experimental conditions. The power spectrum ®,. of r and the controller K determine
P, P, by the formulas

Dy(w) = MN(In+ KGo) 'KHH;K*(I,, + KGo)™*
+(In + KGo) ™' @, (w) (I + KGo) ™7, (3)
(I)ue(w) = _)\O(Im + KGO)_IKH07 (4)

where the transfer functions on the right-hand side are evaluated at z = el By A* we denote the
complex conjugate transpose of the matrix A and by A~ the inverse of A*. On the other hand, ®,. and
K can be recovered from ®,,, ®,,. by the formulas

D, = (In+ KGo)(Py — Ny ' ®ue®:) (I + KGo)*,
K = _(I)ue(AOHO + GOq)ue)_l' (5)

Thus there is a one-to-one relationship between (®,., K') and (®,,, ®,,. ). Parametrizing the experimental

conditions by the joint power spectrum
d d
@ — u ue
xo < o, Ao, ) (©)

ue

of the signals u, e instead of the quantities ®,., K has the advantage that the feasible set becomes
convex, which is a prerequisite for a semi-definite representation [19]. The matrix (I>X0 is of size (m +
p) X (m +p).

Within the framework of the partial correlation approach, the ultimate design variables are a finite set
of moments of the joint power spectrum @, . Accordingly, the cost criterion and the constraints of the
optimal input design problem have to be expressible in a tractable manner in terms of these moments.
Apart from this compatibility requirement, we do not impose any condition on the cost criterion and the
constraints.

'For simplicity, we have assumed a white noise (co-)variance AoIp; however, our results apply equally well for any symmetric
positive definite (co-)variance matrix 3.
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Figure 1: Experimental setup

Assumption 1. There existintegers N > 0,n > s > 0 and a polynomial d(z) = Y], d;2* of degree
s with the following properties. The coefficients d; are real, obey dy # 0, ds # 0, and the polynomial
d(z) has all roots outside the closed unit disk. Define (m + p) x (m + p) matrices

m —L/JFW#(I) (w)e?™ dw (7)
“ 7 om o Jd(ee)R

—T

for integral k.. Then the constraints of the input design problem can be written as a linear matrix inequality

E|$1,ZL'2,...,33‘NZ A(mo,ml,...,mn,ﬂj‘l,ﬂj‘g,...,l’]\[)EO (8)
in the elements of the n + 1 matrices my,, k = 0,...,n, and N additional auxiliary variables xj,
[ =1,..., N, and the cost function of the input design problem is given by a linear function

n N
fo(m07m17 e 7mnaw17w27 o 7-%']\7) = Z<Ck7mk> + chxh (9)
k=0 =1

where C), are fixed matrices, and c; are fixed reals.

Here (A, B) = trace(ABT) is the usual scalar product in the space of matrices. The matrices 1,
defined by (7) are called the generalized moments of the spectrum @, . Note that the moments 1, are
real and obey the relation mj, = mfk

In[17],[18] we presented a semi-definite description of the set of finite moment sequences (my, . . ., my,)
corresponding to valid experiment designs. This allows to obtain the optimal truncated moment sequence
(mg, ..., my) by solving a semi-definite program.

Under some mild assumptions the asymptotic in the number of data average per data sample information
matrix of the experiment is given by [26]

p +7
py g > / Fr(e7) D, (w) Ff (1) duw, (10)

where the [-th row of the matrix F}; is given by the k-th row of the matrix [HO_IG;l (0o), HO_IH(;l (60)]-
Here G’el, Hél denote the gradients of G(z; ), H(z; #) with respect to the I-th entry of the parameter



vector 6. If the model structure is rational, then (10) is affine in the moment matrices mg, m1, ..., My,
for a suitably chosen polynomial d(z). In addition, most experiment design criteria are formulated as
scalar functions of M. Therefore, Assumption 1 covers a wide variety of problem formulations in closed-
loop optimal experiment design, see also [25],[20],[19]. In particular, all classical designs (DJ-optimal,
A-optimal, L-optimal etc.) subject to variance constraints on the signals fall within the framework of
Assumption 1.

3 Central extensions

In this section we introduce the concept of moment extensions, and in particular, central extensions.
Before we focus on the generalized moments (7) of the structured power spectrum (6), we will first con-
sider the case of moment sequences of general power spectra. First we shall consider different ways
to represent a positive semi-definite power spectrum in Subsection 3.1. Then the set of all possible
moment extensions and its parametrizations is considered in Subsection 3.2. In Subsection 3.3 we intro-
duce the central extension, which is a particular moment extension, under the assumption of a certain
non-degeneracy condition. Finally, we consider the central extension in the general case in Subsection
3.4.

3.1 Representations of power spectra

Let ®(w) be an integrable 27-periodic matrix-valued complex-Hermitian positive semi-definite function
of size [ X [, possibly containing a singular part consisting of Dirac d-functions. Define the moments of
P by
1 [t ,
mi / B (w)e’™ duw. (11)

:% .

Note that 7m_j, = mj.. Then the block-Téplitz matrices

Mo My M1 My
m m ms m

Ty = 1 0 k—2 k-1 (12)
mp mg—1 - My mo

are positive semi-definite for all k& > 0. On the other hand, given an infinite sequence of matrices my,
k € Z, satisfying m_j;, = mj. and such that all block-Téplitz matrices T}, k > 0, are positive semi-
definite, there exists a unique positive semi-definite function ®(w) producing the matrices my, as in
(11) [27, Theorem 1]. Note that if ®(—w) = ®(w)7, then all moments m;, are real, and the complex
conjugate transpose in (12) becomes the ordinary transpose.

There exist other representations of the function ®(w) than by its infinite moment sequence. One of
these is the Carathéodory function

T jw
F(2) 1/ T B (w)dw, (13)

= 5 w
2 J_el¥ —z

which is an analytic function defined on the open unit disc such that its Hermitian part 5 (F'(z) + F*(2))



is positive semi-definite and £'(0) is Hermitian. The spectrum can be recovered from F as the limit

r—1—

b(w) = lim %(F(rejw)+F*(rej”)). (14)

If ® has a singular part, then the limit has to be understood in the sense of a distribution [27, Section
ll]. The Carathéodory function F'(z) can be also determined from the moment sequence by the Taylor
expansion F(z) = mg + 2> 72, m_j2".

3.2 Moment extensions

An obvious necessary condition for a finite sequence my, . . . , m,, of [ x [ matrices to be extendable to
an infinite sequence my, ..., My, My41,... Which can be obtained from some positive semi-definite
function ® by formula (11) is that the block-Toéplitz matrix 7}, is positive semi-definite, 7;, = 0. The
Carathéodory-Fejer theorem (see, e.g., [22, Chapter VI, Theorem 4.1]) states that this is also a suffi-
cient condition. We shall call such infinite sequences mg, ..., my, My+1,... an (infinite) extension
of the finite sequence my, ..., m,,. Since the condition T}, = 0 implies T}y = O for all k' < k, it
makes also sense to speak of extensions by a finite number m,, 41, . .., m,,, of matrices. The sequence
Mo,y - -+, My, Mpt1,-- ., My is a finite extension of the sequence my, . .., my, if and only if T;,; > 0.

We first parameterize all extensions of the finite sequence my, . .., m,, by one additional matrix 1m,,41.
We have the following result, where we comment that m_j; = m;‘g for all k.

Theorem 1. Letmy, ..., m, be a sequence of real | X | matrices such that the block-Tdplitz matrix T,
defined by (12) is positive semi-definite. Then the | X | matrix m,, 1 extends the sequence my, . .., My,
in such a way that'I}, 1 > 0 if and only if it can be written as

T T 1/2 T 1/2
m_np mq m_n m_np mq mi

mapr = 0 | T [ me— | T A [mo— | T

m_1 mpy m_1 m_1 mpy mpy

with A, 1 a reall x | matrix satisfying omax(An+1) < 1, where T,I_l denotes the pseudo-inverse of
Th_1.

Proof. The matrices my, . .., m,, partially specify the entries of the block-Toplitz matrix 7}, 1. By the
condition 7;, >~ 0 this partially specified matrix is partial positive semi-definite. The claim of the theorem
now follows by application of Lemma 2 in the Appendix. |

In the complex case Theorem 1 is equivalent to [31, Theorem 3.4.1] or [4, Theorem 2.11b]. The contrac-
tive matrix A,, 1 will be called Verblunsky coefficient [9]. It has been shown in [10] that up to a possible
sign change it is equal to the Schur or Szegd parameters, which are contractive matrices defined in a
different way [1], [27], [28].

A longer extension mg, . . . , m, of the sequence my, ..., m, can be obtained step by step. We pro-
ceed by first choosing a contractive matrix A,,11 and calculating the next moment 1,1 from it. Then
we choose a matrix A, 12 and compute 17,1 2. Note that m,, 1 o then depends also on A,, 11 via its de-
pendence on m,,+1. Then we choose A,, 13 and so on, until the final choice of A,,» which determines the
last moment matrix .,/ of the extension. In this way, all extensions my, ..., m, s can be parametrized
by n’ — m contractive [ x [ matrices Ay, k = n + 1,...,n’. In the same way, an infinite extension



is determined by an infinite sequence of matrices A, 11, Apy2, ..., and the set of all such extensions
is parametrized by all such sequences. Note, however, that in the case when the block-Tdplitz matrices
T}, are degenerate different choices of the matrices A}, can lead to the same extension. In the extreme
case, all sequences of Ay lead to the same, unique, extension. This happens if and only if the resulting
spectrum @ (w) is discrete [5, Theorem 6.7].

A more compact way to parameterize the set of all extensions of a finite sequence my, ..., m, is via
the Carathéodory function (13). In order to formulate this result, we need a couple of definitions. Let the
positive semi-definite [ x [ matrices L, R be given by

T 1/2 T 1/2

R = mo — TJr

For k > 1, define the [ x (k + 1)l matrix-valued polynomial
Uk(z) = (Zkfl Zk_lfl cee Il) (15)

and the lower-triangular block-Téplitz matrix

mo 0 . 0
27711 mo 0
Sk =
0
ka . 2m1 mo

Note that T}, = %(Sk + S}). Let the polynomials @y, by,, ¢p, dy, be given by

an(z) = mo+ zUn_l(z)Sn_lTnT_l (mn e ml)* ,

bn(z) = I;— zUn_l(z)T:L_1 (mn e ml)* ,

cn(z) = mo+2"(mo1 ... m_y) T;{_lSn_lUg_l(z_l),

do(z) = I —2"(m_1 ... m_y) T;{_IU;LF_l(z_l). (16)

These are formally polynorpials of degree n. For a polynomial f(z) which is formally of degree n, define
the reciprocal polynomial f")(2) = 2" f*(1/%).

Proposition 1. [5, Theorem 1.1] Let my, ..., m,, be a finite sequence of l X | matrices such that the
block-Toplitz matrix (12) satisfies T}, > 0. Then the Carathéodory function (13) obtained from an infinite
extension of the sequence my, . . . , m,, has the general form

F(z) = (an(z) = 2 LI()R) (ba(2) + 2 () L) R)
- -1
= (d(2) + Lo RB))  (enl2) - 2Lo(=) BRI ()
where ¢(z) is an arbitrary Schur function of size | X 1, i.e., an analytic function on the open unit disc

which is contractive. Moreover, the denominator matrices are invertible. O

The function F'(z) is hence a matrix-valued LFT of the Schur function ¢(z), with coefficients given by
polynomials which are explicit functions of the moments my, . . . , m,,. For a given Schur function ¢, the
spectrum ®(w) can be recovered from F' by the limit (14).



3.3 Central extension in the regular case

In this subsection we introduce a special moment extension, the central extension. Let mg, . .., m, be
a finite sequence of [ x [ matrices. Following [27], in this subsection we consider only the case when
the matrix T}, constructed from this sequence is positive definite, T, > 0. We return to the general case
T,, > 0in the next subsection.

Following [27], define the [ x [ matrix-valued polynomial

An(2) = Un(2)T, ' UL (0) = ZAﬁzk.
k=0

The matrix coefficient AX of 2* is given by the (n + 1 — k,n 4 1)-th I x [ block of the inverse T); '
Note also that A,,(0) = AY is positive definite.

Define the [ x [ matrix-valued function
d(w) = An(ej“’)_*An(O)An(ej“’)_l. (17)

Note that @ is rational when considered as a function of z = e7* on the unit circle. The order of the
components in the matrix U,, in (15) differs from that in [27, eq. (9)] because the definition (11) is different
from [27, eq. (7)]. By [27, Theorem 6] the polynomial A,,(z) has no zeros in the closed unit disk, by [27,
Theorem 3] the function ® is positive definite at all w, and by [27, Theorem 9] the matrices myg, . .., My
are the first n + 1 moments of ®.

Let my+1, Mp42, ... denote the subsequent moments of @, defined as in (11). Then the infinite se-
quence mo, mi, ..., My, Mp41, ... IS an extension of the original finite sequence my, ..., my. This
extension is called the central extension. If the matrices my, . . . , m,, are real, then the coefficients Aﬁ
are also real, and ®(—w) = ®(w)”. In this case all moments of the central extension will be real. By
[27, Theorem 9] the central extension of the sequence mg, . . ., My, Mp+1, - - . , My coincides with the
central extension of mq, m1, ..., m, foreveryn’ > n.

The advantage of the central extension is that the corresponding spectrum has the comparatively simple
explicit expression (17) as a function of the moments my, . .., m,, and it is given by a rational function.
However, this holds only if the non-degeneracy condition T}, > 0 is satisfied. In the next subsection we
will consider a generalization to the case of positive semi-definite matrices 17,.

3.4 Central extension in the general case

In Subsection 3.2 we have seen that in the regular case every extension of a finite sequence my, ..., mn,
is determined by the choice of a sequence of contractive [ x [ matrices Ay, 11, Apt2, ... .In[31, Section
3.6] it has been shown that the central extension, as defined in the previous subsection, corresponds to
a specific choice of these matrices, namely Ay, = Oforall k > n + 1.

One might then define the central extension in the case of a singular matrix T}, by the relation Ay = 0,
k > n+ 1[4, Def. 2.12]. However, in this case the central measure ®(w) does not have the nice repre-
sentation (17) anymore. Nevertheless, one can still give a closed-form expression for the Carathéodory
function (13) defined by the central measure.

Proposition 2. [13, Prop. 2.2, Theorem 2.3], [5, Theorem 1.3] Let my, . . . , m,, be a finite sequence of
[ x | matrices such that the block-Tdplitz matrix (12) satisfies T,, = 0. Then the Carathéodory function
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(13) obtained from the central extension of the sequence my, . . . , My, is given by the rational functions
F(2) = an(2)b, " (2) = d* (2)en(2),

where a,,, by, ¢, d,, are the polynomials defined in (16). O

The central measure can then be recovered from the Carathéodory function F'(z) by the limit (14). If the
rational function F' has poles on the unit circle, then the corresponding spectrum ® might have a singular
part, and the limit is to be considered in the sense of a distribution. Otherwise ® is just the restriction of
the Hermitian part of F' on the unit circle and is also rational.

4 Moment extensions for closed-loop experiment design

In this section we return to our optimal closed-loop experiment design problem described in Assump-
tion 1. In Subsection 4.1 we describe the constraints on the infinite generalized moment sequence
mo, ..., Mn, ... Which result from the particular structure (6) of the joint spectrum and the constraint (4)
on ®,,.. We show that these constraints impose linear relations between s successive moments, where
s is the degree of d(z). In Subsection 4.2 we determine necessary and sufficient conditions such that
a finite moment sequence my, . .., m, is extendable to an infinite moment sequence satisfying these
specific constraints. We do this by showing that the central extension is a suitable infinite extension. In
particular, we can use the central extension of the truncated moment sequence (my, . . . , my,) to recover
the joint power spectrum (6) which realizes the sequence according to formula (7). In Subsection 4.3 we
parameterize all infinite extensions corresponding to valid experiment designs by a choice sequence
of restricted Verblunsky coefficients. The central extension corresponds to the case when all restricted
Verblunsky coefficients are zero.

Throughout this section, the moments my, ..., m,, ... are defined by formula (7). This means that the
my, are the generalized moments of the joint power spectrum @, . Since in Section 3 the moments have
been defined by formula (11), the power spectrum ®(w) from this section has to be identified with the

: 1
quotient iz Py, (w).

4.1 Structure of the infinite moment sequence

In this subsection we deduce linear relations between the moments mg = mg, My, ..., My, ... from
the particular structure of the power spectrum @, in (7). Set m_;, = m% and partition the [ x [
matrix moments my, into 4 blocks 1y 11, Mg, 12, Mk 21, Mk 22, according to the partition of Rl into a
sum R" @ RP. The moment matrices my, depend on the spectra ®,,, ®,,., which in turn determine the
experimental conditions. However, as a result of the constraints (3), (4) and (6), not all pairs (®,,, P, ),
and hence not all sequences (my, ..., My, ... ), correspond to valid experiment designs.

1 Nl
= | Taamd™d 18
M2 = 50 / et v e

for all k € Z. The positivity of the joint power spectrum P, , implies by the Carathéodory-Fejer theorem

From (7) it follows that

11



that the block-Toplitz matrix

T T T
mo My mg_p Mg
T T
m m m m
Tk — 1 0 k—2 k—1 (19)
my Mmg_1 - mp Mg

is positive semi-definite for all K > 0. Further, the transfer functions from the signals r, e to the signals
u,y are stable. Let T C C be the unit circle. Then the function f,. : T — C"*P, defined by the cross
spectrum ®,,. by means of f,.(e’“) = ®,.(w), can be extended to a holomorphic function outside of
the unit disc, including the point at infinity (compare also [19]). From

L [T 1 Pue(w) i
= ___uelt) pjkw g
12 = o / d(e) d(e==) "

it follows that 5
1 fue(z) k—1
E d; g = —— [ Luetl dz.
2 i 43,12 27rj/1rd(z—1)z z

Since all zeros of d(z~!) are in the open unit disc, the ratio f,.(z)/d(z7") is also holomorphic outside
of the unit disc. It follows that Zf:(] dimy4412 = 0 for all k < 0, and hence

S
> dimg_iz =0 (20)
i=0
for all £ > 0. Similarly it follows that the matrices (18) satisfy
S
Z dimg_i22 =0 (21)
i=0
for all k > 0. The next result shows that these relations are also sufficient.
Theorem 2. Let mg = m{,...,my,... be an infinite sequence of real | x | matrices, and set
m_g = mg k > 0. Then the sequence my, ..., My, ... is generated by formula (7) from a joint

power spectrum ®., as in (3),(4),(6) if and only if T}, = 0 for all k > 0, and relations (18),(20) hold for
allk € Z and k > 0, respectively.

Proof. The only if part has been demonstrated above. Let us show the if part.

Assume that Tj, > 0 for all k& > 0, and relations (18),(20) hold. We have to show that the moment
sequence My, ..., My, ... is generated by some joint power spectrum @, such that its lower right
p X p subblock is given by \oI),, as required in (6), and its upper right m X p subblock is a stable transfer
function. This allows to construct the controller and external input spectrum K, ®,. in (3),(4) by virtue of
(5), obtaining a stable control loop.

By [27, Theorem 1] there exists a unique positive semi-definite power spectrum ®(w) which produces
the moment sequence My, . . . , M, . .. asin (11). Set @, (w) = |d(e/*)[2®(w). Then (7) holds.

Let ®,,22 be the p x p lower right subblock of ®, . Relations (7) and (18) imply that
ejkw

f_J:r W((PXO’QQ(W) — Aolp)dw = 0 for all k. Again from [27, Theorem 1] it then follows that
Dyp22(w) = Aolp.

12



Denote the upper right m x p subblock of @, by ®.,. Relation (20) implies > > dimyi 12 = 0 for

all k < 0. Writing this out, we obtain f_t:r ;Izzef(ﬁ))ejk“ dw = 0 for all k < 0. It follows that the function
fue : T — C"™*P defined by fue(ej‘“) = ;Zigﬁ)) can be extended to a holomorphic function outside of

the unit disc, including the point at infinity. The product fy.(z) = fue(z)d(z_l) is then a holomorphic
extension of the function f,. : T — C™*P defined by fyc(e’¥) = ®ye(w). Thus P, represents a
stable transfer function, which concludes the proof. O

4.2 Feasibility of the central extension

In this subsection we consider finite sequences mg = mg, maq, ..., My of real I X [ matrices and their
central extensions in relation to Theorem 2. Set m_j, = mg fork=1,...,n.
In order for the finite sequence (my, . . . , m,, ) to be extendable to an infinite sequence my, . . ., My, . . .

satisfying the conditions of Theorem 2, it must clearly satisfy the following necessary conditions:
T, =0, (22)

1 T )\OI]) jkw
= — —_— d, k=0,... 23
mk)722 27T \/_ﬂ- ’d(ejw)’2e w? ) 7n7 ( )

s
Z dimk_ml = 0, k=1,...,n. (24)
=0

In [18, Theorem 1] we have shown for the SISO case that conditions (22)—(24) are also sufficient
to guarantee the existence of a positive semi-definite joint power spectrum (6), satisfying ®,, (w) =
(I)xo (—w)T, such that @, represents a stable transfer function, which reproduces the truncated moment
sequence (my, . .., my,) by formula (7). This proof extends without modifications also to the MIMO case
considered here. The result [18, Theorem 1] is, however, non-constructive, because it does not yield an
explicit power spectrum @, , but merely proves its existence.

We will now give a constructive proof by showing that the explicit power spectrum obtained by virtue of
the central extension yields a feasible optimal experiment.

Theorem 3. Letmgy = mg, mq, ..., My be afinite sequence of real | X | matrices, and setm _j, = mfkr
fork = 1,...,n. Assume that conditions (22)—(24) hold. Then the central extension of the sequence

(mo, ..., my,) satisfies the conditions of Theorem 2.

Proof. The condition T3, > 0 is fulfilled for all k > 0 because the central extension is by definition a
positive semi-definite moment extension. It remains to show the equality conditions (18),(20) for k& > n.

This can be done by induction over k. Indeed, the central extension my, . . . , My, My 1, - - . of the finite
sequence (my, . . ., my,) coincides with the central extension of the finite sequence (mq, . . . , My, My 41).
Suppose we are able to show that the moment matrix m.,, 11 satisfies the conditions (18),(20) for & =
n + 1. Incrementing n by one and repeating the reasoning will then prove the conditions for &k = n + 2.
Repeating the process, we prove the conditions for all k > n.

We shall hence consider the case £ = n + 1. Note that

s 4
Z di = / 7/\0% I HI=w gy ) = 1 —/\O.Ip eI ded* = ()
2% \or |, TP 2] J d(e5*) |
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because the integrand in the second integral can be extended to a function which is holomorphic inside
the unit disc. It follows that (18) is valid for k = n + 1 if and only if (21) is valid for k = n + 1.

But the validity of (20),(21) for K = n + 1 follows from Lemmas 2 and 3 in the Appendix. Indeed, set
A=mg,B=(m{ ... ml),C =T,q, DT = (mp21 mpo2 ... mia mi),
E = mog22, XT = (mn4121 Mni1,22). Then the assumptions of Lemma 2 are satisfied by
virtue of the condition 7,, = 0. The relaton X = BCTD follows from the definition of the cen-

tral extension in Subsection 3.4. Let further F'T" consist of the last p rows of the [ x (n + 1) matrix

(0 0 -+ 0 dgfy ds_1I; --- dOIl). Then the relation (C D) F' = 0 follows from (20),(21)
fork =1,...,n.Itthen follows from Lemma 3 that (B X) F = 0 which is equivalent to (20),(21) for
k = n 4+ 1. This completes the proof. |
Theorem 4. Letmgy = mg, mq, ..., My be afinite sequence of real | x | matrices, and setm _j, = mfkr
fork =1,...,n. Then(my,...,my) is extendable to an infinite sequence my, . .. , My, . .. satisfying

the conditions of Theorem 2 if and only if conditions (22)—24) hold.

Proof. The only if part follows from the fact that the conditions in Theorem 2 imply (22)—(24). The if part
follows from Theorem 3. O

Theorem 4 identifies (22)—(24) as the conditions on a finite sequence mgy = mg, mi, ..., My, of real
[ x [ matrices to be realizable as a truncated sequence of generalized moments as in formula (7), with
the joint power spectrum @, , defining valid experimental conditions by virtue of (5),(6). This allows us
to rewrite experiment design problems satisfying Assumption 1 as a semi-definite program satisfying the
constraints (22)—(24), which will be accomplished in Section 5.

In the case when the block-Toeplitz matrix 75, is positive definite we have the following main result.

Theorem 5. Let (my, ..., my) be a (n + 1)-tuple of real | x | matrices satisfying mo = m{, and
definem_j = m% forallk = 1,...,n. Suppose that these matrices satisfy conditions (23),(24), and
T,, = 0. Then the rational power spectrum ®,, (w) = |d(e/*)|?- ®(w), where ®(w) is given by (17) as
an explicit function of my, . . . , my,, satisfies the following properties: it is of the form (6), positive definite,
satisfies @, (w) = @y, (—w)T, its upper right block ®,. represents a stable transfer function, and it
reproduces the truncated moment sequence (my, . .., my,) by formula (7).

Proof. The theorem follows from Theorem 2, Theorem 4, and the explicit formula (17) for the power
spectrum corresponding to the central extension in case that 7}, is invertible. |

We shall conclude by giving an explicit formula for the transfer function ®,,. in the non-degenerate case.
By (23),(24) the last p rows of the | x (n + 1)l matrix

00 - 0 df; deil; --- dol))T,

are given by
00 - 0 Xigdmoin Xigdim—in).

Recall that the last [ rows of the inverse 77! are given by (A7) (AP"HT ... AY). it follows that

(O dk[p) = (Zf:o dim_i21 Y i_g dim—i722) (ATk;,)T7
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where we put di, = 0 for k& > s by convention. Multiplying by 2* and summing over k, we obtain after

transposition
0 ol dim; 12)
=A, =0 ). 25
(d(z)lp> =) <Zz’:0 dim; 22 )

The upper right m X p block ®,,. of @, (w) then equals
d(ej“’)Im * 0 . d(ejw)fm i jwy—* 20 Zf:(] dimi712
( 0 > #) <d(€j“)1p> B < 0 A A\ S dimi

_ d(e?) <Ig>TAn(e—jw)—T < d&p) . (26)

Here we used (17), (25) for the first relation and the constant term in (25) for the second one.

4.3 Parametrization of all feasible extensions

In Theorem 1 of Subsection 3.2 we have given the general form of the extended moment 1,41 in
terms of the Verblunsky parameter A,, 1. However, this extension does not take account of the con-
straints (18), (20) imposed by the closed-loop setup of the experiment design problem. Here we present
a parametrization of all feasible extensions, i.e. extensions that are compatible with these constraints.

Let (mo, - .., m,,) be a finite sequence of real [ x [ matrices satisfying conditions (22)—(24). The previ-
ous subsection dealt with a specific infinite moment extension of (my, . . . , m,, ) satisfying the conditions
of Theorem 2, namely the central extension. In this subsection we shall parameterize all extensions
satisfying (18), (20)E in terms of a choice sequence.

First we determine all real [ x [ matrices m,, 11 such that the block-Toeplitz matrix 7,11 is positive
semi-definite and relations (18),(20) hold for & = n + 1. By virtue of dy # 0 the p lower rows of M, 41
are uniquely determined by the equivalent relations (20),(21) for K = n + 1. Namely, we have

S
1
Mpt1,20 = —dy g dimpi1-i2q, =12
i—1

The upper m rows of m,41 can be parameterized by virtue of Lemma 4 of the Appendix. Namely,
set A = F = mg, B = (m{ mz:) C = T,,, DT = (mn ml), XlT =
(mn+1,11 mn+1,12), Xg = (mn+1,21 mn+1,22). Let the matrices D, E/ be partitioned as in
Lemma 4. The relation Xo = BCTDQ then follows from the definition of the central extension in Sub-
section 3.4. By Lemma 4, the matrix X; containing the remaining blocks of m,, 1 is parameterized as
in (28) of that lemma by a contractive [ X m matrix A. We will denote this matrix by An—i—l and call it

restricted Verblunsky parameter.

Having determined the moment m,, 1 by the choice of the restricted Verblunsky parameter An—i-l, we
may proceed in an analogous manner to the definition of the next moment m,, 4o by the choice of the
restricted Verblunsky parameter An+2. In this way, all the infinite moment extensions of the sequence
(mg, ..., my) which satisfy the conditions of Theorem 2 can be parameterized by the infinite choice
sequence An+1, An+2, ... of contractive [ X m matrices.

By Lemma 5 in the Appendix, the choice Ak = ( for all k > n leads to the central extension of the
sequence (my, . . ., My,). In the same way, the choice Ay = 0forall k' > n + k leads to the central
extension of the sequence (mo, ey My, Mg 1, -+« , My 1k ). Here the moments my41, ..., Mytk
are parameterized by the remaining & free restricted Verblunsky parameters An+1, e ,An+k. In this
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way, we obtain a set of infinite moment extensions which is parameterized algebraically by the klm
elements of these matrices.

Note that if only the first parameter An+1 is free, while the other parameters are fixed to zero, then T}, 41
is affine in A, 11. By Proposition 2 the Carathéodory function associated to the joint power spectrum
@, is then rational in A, 1.

5 Solution algorithm

In this section we outline a general scheme for the solution of optimal experiment design problems sat-
isfying Assumption 1. The scheme consists of two steps. First we find the optimal truncated moment
sequence by solving a semi-definite program, and then we recover the experimental conditions, i.e., the
power spectrum ®,. of the external input and the controller K from this moment sequence.

Apart from the constraints following from the formulation of the particular problem instance under con-
sideration, the moment sequence (my,...,m,) has to satisfy conditions (22)—(24). Condition (22)
amounts to a linear matrix inequality. Condition (23) determines the blocks my, 29 explicitly, while condi-
tion (24) yields linear relations on the blocks 1y 21. The optimal experiment design problem defined in
Assumption 1 is thus turned into the following semi-definite program.

n N
%i& (Z (Ck, mg) + Z ckwk> (27)

k=0 k=1

with respect to the constraints

A(mg,m1,...,mp,x1,22,...,25) = 0,

DY A
—— — B el k=0,...
Th2 = o8 /_ﬂ ]d(eﬁ“’)lze “ et

s
Zdimk—i,Zl =0, k= L...,n,
=0

mo mi . oml
T

m m m

My Mp_1 - mo

wherem_j = mg By solving this semi-definite program, the user obtains the optimal truncated moment
sequence (my, . . ., my) and the optimal value of the cost function.

If the matrix T}, corresponding to the solution happens to be positive definite, then Theorem 5 allows to
explicitly recover the joint power spectrum (6) by the explicit formula

Oy (w) = [d(e?)[? - A(7) T A(0) A() 7,
where A(z) = U(2)T,,'UT(0) and U(z) = (2"1; 2""'I; --- I,). Alternatively, the upper right

m X p block @, of @, can be obtained by the explicit formula (26). The power spectrum ®,. and the
controller ' may then be recovered from ®,,. and the upper left m x m block ®,, by formulas (5).
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If the matrix 7;, happens to be singular, then ®,, can still be recovered as a rational function with
possibly a singular part as outlined in Subsection 3.3. We shall give an example in the next section when
the singular part is absent despite the singularity of 7,.

As is often the case in optimal experiment design, the calculation of the optimal experimental conditions
requires knowledge of the transfer functions G, Hy to be identified. This obstacle can be circumvented
by performing a preliminary identification experiment and/or applying an iterative procedure, using the
estimates from the previous iteration for the design of the experimental conditions in the current one.

6 Examples

Example 1

In this first example, we illustrate the construction of the central extension on the basis of a moment matrix
made up of the moments mg and m 1. We also show that even when the moment matrix is singular, the
spectrum defined by this central extension remains finite. Consider the moment matrix

1 0 a c
0 1 —c¢ b
T= a —c 1 0
c b 1

We have det T = (c*+ab—1—a+b)(c*+ab—1+a—b),and T = 0if and only if max(|al, |b]) < 1
and ¢® + ab + |a — b| < 1. The polynomial A(z) is given by

AG) = 1 -
“ = (P+ab—1—a+b)(c2+ab—1+a—0)
; be? +ab®> —1) A +clab—1)
—c3 —clab—1) ac®+b(a® - 1)
n 1-0>—c2  cla—0b)
cla—b) 1-a®>-c) [’
its inverse by
Alz) = !

22+ ab)—z(a+b)+1

2 2 3
{z (cgl—ljcczab_—cl) 2602 —Itcf((l()lzb—_ll))>
(el 1))

A/ (a—b)2—4c2
The roots of the polynomial 22(c? + ab) — z(a + b) + 1 are given by z = a+bi2(c(2a+;g) 1 The
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spectrum (17) of the central extension is given by

(1 —a?)(1+b?) — c* — 2abc? + 2(ba? + ac? — b) cosw

O1y(w) = (e%%(c® + ab) — e/ (a + b) + 1) (e 2(2 + ab) —e 7*(a+ b) + 1)’
B1a(w) | | —2j(c® + c(ab - 1))sinw |
(€219(c? + ab) — 7 (a + b) + 1) (e 2% (c? + ab) — e 9 (a + b) + 1)’
(14 a?)(1 —b?) — c* — 2abc® + 2(ab? + bc? — a) cosw
(I)Qg(w) =

(€219(c? + ab) — 7 (a + b) + 1)(e=2%(c? 4+ ab) — e I¥(a+b) + 1)

However, even if (¢ + ab — 1 — a + b)(c? + ab — 1 + a — b) = 0, implying that T is singular, the
expression e%% (¢ + ab) — e/“(a + b) + 1 does not become zero in general. Hence the spectrum &
remains finite.

For the values a = 0.831471050378134, b = 0.584414659119109, ¢ = 0.516739526518758 for
which the matrix 7" becomes singular, we have computed ®(w) according to the formula above. Figures
2, 3 and 4 show, respectively, the plots of |®11], Im®12 and |Py3|. These plots show that, even in
this so-called degenerate case where 1" is singular, the feasible optimal spectrum constructed using the
central extension remains finite.

Figure 2: |11 | Figure 3: Im®12
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Figure 4: | oo |
Example 2
In the second example we consider an optimal experiment design problem applied to the identification
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91271
140521
achieving a fixed information matrix. Set d(z) = (1 + 022)?.

of a stable plant G = with |#2| < 1, H = 1. We wish to minimize the output power while

We have
8_G B 1 27 4 09272
00 a (1 —|—922_1)2 —912_2 ’

and the information matrix is given by

M _ 1 /+7T aG(ejw)(I)u <8G(eyw)>* o — /\_1 <(1 + 9%)m0711 + 2927711711 —91927710711 — 917711711) ‘

27'(')\() — 00 o0 0 —9192771()711 — 91777,1711 9%m0711
Further, .
_ -1 -2 -1 2,,—2
(G H) —m(ﬁz + 6105z 1+ 20227 + 052 ),

and the output power is given by

_ 1 s .

By = o | (G H)®, (G H) dv

T —T

= 2010ama91 + 2(61(1 + 203)my 21 + 0309m1 11 + 0103m1 12)
+607(1 + 63)mo 11 + 26102(2 4 63)mo.12 + Ao

The generalized moments of ®, are given by

m (1 + 9%))\0 m 205\ m 9%(3 - 9%))\0
0,22 = 7 ong s 1,22 = — 7 o3> 2,22 = — o
(1-63)3 (1-063)3 (1-63)3
The recursion on my, o1 reads myg o1 = —(292mk_1721 + H%mk_zgl) for £ > 0, which amounts to
mi21 = —202mg 12 — 9%777,1,12, Mmool = 39§m0712 + 29:2)’7711,12. Then the output power simplifies to

Ey? = 03((1 4 63)mo11 + 202m1,11) + Ao

The output power and the information matrix contain only the moments m 11,71,11. As a result, the
output power is fixed by the fact that the information matrix is fixed. It remains to construct a power
spectrum P, that generates these two moments.

The moments my 11, Mg, 12 enter only in the positivity constraint, but not in the output power and the

2
my i1

information matrix. A possible choice for these moments is my 12 = 0, m2 11 = o 11

my,11 imposed by the positivity condition.

, with |m1711| <

Then the moments mg, m1,mo are diagonal. It is not hard to see that the moments of the central
extension of (mg, m1,ms9) are also diagonal, and ®,. = 0. The corresponding experiment is hence

open-loop. Moreover, the central extension of the sequence (m0,117 mi 11, m2711) equals the central

extension of the sequence (g 11,1 11). This leads to A(z) = Sy —"L12

2 2 )
mMp,11~ M1 11

2 2 jw |4
mo,11(m -m 1+ 03¢
(I)u (I),n ( 0,11 1,11)| |

|mo 11 — mi 116792
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7 Conclusions

We have provided a solution to the closed loop optimal experiment design for MIMO systems. The so-
lution uses the so-called partial correlation approach in which the criterion and the constraints are ex-
pressed as a function of a finite set of generalized moments. The optimal moments are then obtained as
the solution of a semi-definite program. The key difficulty of this approach, which had been a stumbling
block so far, is to extend the finite set of optimal moments into an infinite set, or equivalently into a spec-
trum, because the spectrum must obey some constraints which are due to the closed loop setup. Thus,
the classical Carathéodory-Fejer theorem cannot be used to produce a feasible extension.

Our main contribution has been to show that the so-called central extension is a feasible extension, which
satisfies these constraints. In addition, using properties of the central extension, as well as results on the
positive matrix completion theorem, we have shown how to construct families of parametrized optimal
extensions which also obey the constraints of the optimal experiment design problem.

One of the key advantages of the solution method developed in the present paper is that it allows one
to explicitly compute an optimal solution for the spectrum ®,. of the external excitation signal and the
feedback controller K. They can be computed straightforwardly from the optimal moments that result
from the solution of the semi-definite program. This is a significant progress over our previous result [18]
which only proved the existence of an optimal spectrum, but without an explicit computational procedure.

Appendix

In this Appendix we provide auxiliary results related to the positive matrix completion problem. This is
the problem of completing a real symmetric matrix, only part of whose entries are specified, to a full
positive semi-definite matrix. A partially specified matrix M is said to be partial positive semi-definite if
all diagonal entries of M are specified, and every principal submatrix of M which is fully specified is
positive semi-definite. A partially specified matrix M is said to be positive semi-definite completable if
there exists a specification of the unspecified entries of M such that the resulting fully specified matrix
is positive semi-definite. Clearly partial positive semi-definiteness is a necessary condition for positive
semi-definite completability. There exist specification patterns for which this condition is also sufficient.
These patterns have been completely described in [16] by graph-theoretic means. We shall need only
a special case of such specification patterns, namely when the unspecified entries can be arranged in
a rectangular block by a suitable permutation of the row and column indices of M. In this case the set
of all completions has a closed-form description as an affine image of a matrix ball. This fact has been
brought to our attention by Keith Glover.

The results in this Appendix, and in particular Lemma 2 and Lemma 4, are required to prove that the
moment extension in Theorem 1 is an admissible extension in that it produces 7;, 11 >~ 0.

A B
Lemma 1. [14, Theorem 16.1, p.435] A real symmetric matrix M = ( BT C> is positive semi-definite

ifandonly ifC' = 0, (I — CCT)BT =0, and A — BCTBT = 0. In this case we have the factorization
M I BCt A—BCTBT ¢ I 0
—\o I 0 c)\ctBT 1)°

Here C't denotes the pseudo-inverse of C, and I denote identity matrices of appropriate size. |
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A B x

Lemma 2. [15] Let M = | BT C D | be a real partial positive semi-definite matrix, where
x DT E
A B X
A, B,C, D, E are blocks of compatible sizes. Then the matrix Mx = | BT~ C D | is a positive
Xt pT FE

semi-definite completion of M if and only if the block X can be written as X = BCTD + (A —
BCTBT)\2A(E — DTC'D)'/?, where A is a real matrix satisfying the condition oyax(A) < 1.
Here omax denotes the maximal singular value and W2 the positive semi-definite matrix square root
of the positive semi-definite matrix W .

BT ¢ D C
tive semi-definite. Applying Lemma 1 to these matrices, we obtain that C' > 0, (I — CCT)BT = 0,
(I —-cCchHD = 0, A— BC'BT = 0, E— DTCTD > 0. Applying Lemma 1 to the matrix
A X | B
XT E | DT |, we obtain that Mx > 0 if and only if
BT D|C

A X B\ i/ pr ([ A-BC'BT X - BC'D
(XT E>_<DT>C (B D)_<(X—BCTD)T E-prcip) ="

A B E DT
Proof. Since M is partial positive semi-definite, the matrices ( > and ( > are posi-

The claim of the lemma now easily follows. O

The next result deals with the specific choice A = 0.

Lemma 3. Assume the conditions of Lemma 2, and set X = BC tD. Assume that there exists a matrix
F' of appropriate size such that (C D) F' = 0. Then we have also (B X ) F=0.

F;

Proof. Partition F' = <F1> into subblocks of appropriate size. We have CF; + DF, = 0, and hence
2

BF| + XFy = B(Fy, +CT'DF,) = B(I — CTC)F; = 0. Here the last equality follows from Lemma

1. O

Lemma 2 permits to obtain a parametrization of all positive semi-definite matrix completions not only in
the case when the unspecified elements form a rectangular block in the upper right corner, but also when
such a situation can be achieved by a suitable permutation of the row and column indices.

Lemma 4. Assume the conditions of Lemma 2, but let the unknown block be partitioned as X =

Eyn Eig
X1 Xs).Llettheblocks D = (D1 D), E =
(X1 ) A
ner.

> be partitioned in a compatible man-
A B * X 2
BT C Dy D,
x DI Ey FEp
X D Ef, Ex

Then the partially specified matrix M = , where Xo = BCTDs, is partial
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positive semi-definite. The general form of a positive semi-definite completion X1 of M is given by

T T ™\ 2
C Dy Dy C Dy B A
® ) (5 o) (E@)*(A‘(B %) (57 52) (X)) .

; 1/2
c D D
AT 2 1
" (Ell S (Dg E22> (Ef)) S

where A is any real matrix of size compatible with those of A and E1 such that amax(A) <1

Proof. The choice A = 0 in Lemma 2 leads to X, = BCtD,, a = 1, 2. Hence M is positive semi-
definite completable. In particular, it must be partial positive semi-definite. The general form of its positive
semi-definite completion X follows by application of Lemma 2 to M after an appropriate permutation
of rows and columns. O

Lemma 5. Assume the conditions of Lemma 2 and Lemma 4. Completing the matrix M by X = BC'D,
i.e., by the choice A = 0, leads to the same result as first setting Xo = BC 1 Dy and then completing

T
MbyX:=(B X») (DC;F 5‘222> <£é> i.e., by the choice A = 0.

.i.
Proof. We have to show that BCTD; = (B BC'Dj) (DCT £2> <£:,1~ > . By Lemma 1 we have
2 b2 i2

C D\ ( I 0\/[C 0 I CTDy
DI Eyn) \DICt 1)\0 Exn-DIC'Dy)\0 I )’

and hence
c D,\' (I —ciDy\ (Ct 0 I 0
DI Exn) —\0 I 0 (Eyp—DICt'Dy)t)\-DICt 1)
C Dy
It follows that (I CTD2)< T > :(C'T O),which implies our claim. O
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