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EDITORIAL

Aim of the Journal

The aim of this journal is to foster awareness of philosophical aspects of mathematics education and mathematics, understood broadly to include most kinds of theoretical reflection; to freely disseminate new thinking in these areas to interested persons; to encourage informal communication, dialogue and international co-operation between teachers, scholars and others engaged in such research and reflections.

Editorial policy. 

In keeping with the aims of the journal the editorial hand is used very lightly. This is an international unrefereed journal which aims to stimulate the sharing of ideas for no other reason than an interest in the ideas and love of discussion among its contributors and readers. If a contribution has some relevance to the broad areas of interest concerned, and contains some features of value it will be included; and these criteria are used very liberally. 

Please send any items for inclusion to the editor including an electronic copy on disc or E-mail.  Word for Windows versions 6 and 7 preferred, but most word processing formats can be accommodated. Most items are welcome include papers, short contributions, letters, discussions, provocations, reactions, half-baked ideas, notices of relevant research groups, conferences or publications, reviews of books and papers, or even books or papers for review. Diagrams, figures and other inserted items are not always easy to accommodate and can use up a great deal of web space, so please use these economically in submissions.

Copyright Notice.

All materials published herein remain copyright of the named author, or editor if unattributed. Permission is given to freely copy this journal’s contents on a not-for-profit basis, provided any reproduction preserves the integrity of each article as a whole, apart from extracted quotes, and full credit is given to the author and the journal in each case. 

Theme. 

There is no overall theme to this issue. There are philosophical reflections on mathematics, reports of mathematics education reflections and research, items on the public understanding of mathematics, and news items. Although largely euro- and anglo-centric, the issue has a better representation of world issues and languages.
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EDITORIAL COMMENTS.  

Education, education, education! …  Marking New Labour's Report Card

In the UK we are now coming to the end of the New Labour Government’s second year in office.  After 18 years of right wing anti-educational conservative governments are we living through the dawning of a new golden age for education?  Sadly, I think not. Although new money has been spent on education in a number of useful ways, such as reducing class sizes for first school children (age 4-7 years), which is one of a number of real achievements by this government, there are three developments that I consider to be unforgivable.

First, there is the continuing assumption (inherited from the conservatives) that heaping more assessments on schools and going ‘back-to-basics’ is the way to improve schooling. I expected a more thoughtful and progressive approach from Labour. Rather than any careful reflection on what should be the aims of education in a post-industrial society, there is a strong subscription to what I called the Technological Pragmatist ideology. This involves overriding utilitarian aims for education, and automatic support for anything related to industry, commerce, technology, narrow basic skills and skill certification in education. The subscription to these values is so strong and uncritical it overrides any concerns with rounded personal development (such as the arts in primary education), personal empowerment (such as critical mathematical literacy, democratic or related social skills), or creative student work (such as project or investigational work). The new government exhibits no curiosity or doubts about its aims and programme, or concern about its evidential foundation, and simply dictates its educational policy from the centre on the basis, recently established by the conservatives, that “It’s my ball, so I’ll make up the rules”.

Second, teacher education has become more and more centrally regulated over the past 15 years. Of course public accountability is both desirable and necessary, but for 15 years the government has imposed a set of tight aims, procedures and regulations, and then as we conform to the required changes, criticised teacher education for being misconceived. Thus central policy has been a continuous cycle of ever changing goals and higher hoops to jump through, followed by criticism. Under the conservatives this was fuelled by the Industrial Trainers who in power and in New Right think-tanks critiqued teacher education for being Marxist instead of politically neutral, obsessed with irrelevant PC-isms (anti-sexism and anti-racism) rather than good old fashioned school subjects, and for being theory rather than practice driven. All these charges are patently untrue as anyone working in teacher education knows. The primary concerns are subject matter knowledge, subject pedagogy and practical teaching practice. Even if we didn’t think these are the most important things for future teachers (which all of us in teacher education do) strictly enforced government regulations upon which our accreditation depends would prevented us doing anything else anyway. 

To ensure that their heavy handed agenda was implemented conservative governments created the Teacher Training Agency and placed well known members of New Right think tanks in charge of all of its committees to conduct an ideologically driven assault on teacher education and its progressive values. So what did the New Labour Government do on taking over the running of teacher education? It sustained and endorsed the activities of the Teacher Training Agency in establishing a National Curriculum for Teacher Education, in conjunction with Department for Education and Employment (the government ministry of education). The primary school version of this, specifying the required legal basis for primary teacher education, does not mention history, geography, foreign languages, dance, drama, or music, even though these are in the National Curriculum for schools. In contrast, there are 15 pages specifying in great detail the mathematical content of teacher education for future primary school teachers in all specialisms (all of whom must obtain at least a grade C in the General Certificate of Secondary Education examination in mathematics before entering teacher training).  Of the actual content specified 40% of this space is on Number and arithmetic and 33% is the devoted to other mathematical content (Data handling 7%, Algebra and pre-algebra 7%, Shape and space 7%, Measurement 4%, Problem Solving 4%, Proof 2%, Information Technology in mathematics 2%). The Number and arithmetic is not high level stuff for university students (as the trainees are) but basic number, as an analysis of the terms used illustrates (taken from “Restoring Discipline ...” paper, included p. below). 

Frequency of terms in Curriculum for primary teacher education 

Arithmetical terms
Frequency of occurrence

Numbers, numerals, counting, numeracy 
80

Calculating, computations, operations, algorithm 
51

‘+’ used arithmetically (not algebraically)
33

tables, multiplication, ‘x’ used arithmetically
42

Decimals, place value, decimal point ‘.’
25

Overall, in the regulations teachers are regarded as skilled operatives rather than as reflective professionals, with teacher knowledge and intellectual skills being ‘dumbed down’. A restricting and restricted view of mathematics is embodied in the proposals, one which fails to deepen and extend student teachers’ understanding of mathematics as a whole. An autocratic and insensitive pedagogy is both promoted and embodied in the new regulations (teaching is mentioned 72 times but learning only 5 times), and if successfully implemented might bring back the fear and negative attitudes traditionally associated with school mathematics.

These new regulations were made into law under the new Labour government, which therefore both endorses and must bear full responsibility for them. It is not too strong to say that the Labour government is at a stroke denigrating and destroying the lifelong work of education professionals to sustain and improve the quality of teacher education.

Third, the minister of education, David Blunkett, has publicly voiced his opinion that educational research is, en bloc, a waste of public resources and time. The government has tacitly and explicitly supporting an assault on educational research by its agencies. The impartial Her Majesty's Inspectorate of yesteryear, politicised and privatised by previous conservative governments, has been reborn as the Office for Standards in Education (OFSTED). Chief Inspector Woodhead has gone on record many times opining that all educational research is valueless. He commissioned a lightweight study by a tyro researcher and well known educational free-marketeer which confirmed his opinion in 1998. The head of the Teacher Training Agency has also indicated her view that most educational research is of little value. The Education Minister also commissioned a study of the value of educational research by an Institute of Population Studies in 1998. This rather less ideologically motivated report (it was written by academics) found that although there is good educational research, little of it is useful to government or for immediate policy implementation. David Blunkett was rather less balanced in his condemnation of educational research as useless. 

So what has the dawn of New Labour brought education? In all, we have a refusal to consider any fundamental questions such as the aims of education, an unwillingness to listen to expert opinion, the ‘dumbing down’ of teacher education, and an anti-intellectual attack on research, the greatest threat to academic freedom in education in Britain that we have ever experienced. 

In conclusion, let me offer a more positive vision of the purpose of educational research.

What is the purpose of educational research?

If we take in our hand any volume of educational research, let us ask, does it contain any reasoning in support of current educational policy? No. Does it contain any experimental classroom research demonstrating the effectiveness of whole class teaching? No. Commit it then to the flames for it can contain nothing but sophistry and illusion, or worse yet, educational theory. (With apologies to David Hume)

As the above remarks show, the purpose and usefulness of educational research are being questioned. David Hargreaves, Alan Smithers, Chris Woodhead, Anthea Millett and David Blunkett have criticised educational research for classroom irrelevance and for a failure to raise standards of educational achievement. What they seem to want are findings that can be immediately applied to change educational practices resulting in measurable improvements, and their complaint is that too little educational research provides this.

However such criticism is not new. In 1971 A. Yates was pessimistic about the role of research in educational change. “Why isn’t educational research more useful?” was the question addressed by Henry M. Levin in 1978. Levin argued that research and policy are and should be in conflict, because they represent different aims and cultures. On the one hand, policy is short term and decision orientated. On the other hand, research is long term and knowledge orientated. Sometimes research can help policy, but it usually takes too long. In addition, good research is very cagey about claiming to provide sure-fire solutions to problems and is very careful about over-generalising or assuming that applications are easily made. 

Policy makers have to be pragmatic, and have to go with what looks like the best way for social improvement and without all these doubts and caveats. So they grow impatient with good research. But to reject research because it does not serve their immediate ends is narrow and short-sighted.

Thus there is pressure on educational researchers to deliver prescriptions for effective schooling, as opposed to more reflective studies including descriptions of educational practices. However policy-makers’ quests for prescriptions are often based on questionable assumptions. e.g.

"Schools are designed for learning but do not always operate at maximum efficiency; and like a motor need fine tuning"

But schools are historical institutions in which past practices dominate, often operating to instil conformity and obedience, not creative individualism and entrepreneurialism 

"Identification and trialing of successful teaching and organisational techniques will provide recipes for improvement" 

But teaching and organisational techniques cannot be easily detached from their contexts and transferred

"Implementation of these recipes will bring about the desired improved standards of achievement"

But implementation is notoriously problematic because of different participant interpretations, contextual constraints, and conflicts of interest in intended areas of application

The question still remains, why is educational research valuable? I wish to argue that there are at least five reasons why educational research is important and valuable.

1. Some research is of immediate and obvious usefulness

Plenty of examples can be found of research which

1. Shows how to improve classroom practice in schools 

2. Shows to improve lecture hall practice in universities and colleges

3. Helps to inform decision and policymakers in education

4. Provides insights which allowing practitioners in education to reflect on and improve their own practices

Such research needs little justification and presumably represents that part of research which the critics say should be retained   

2. Some research enhances education in the long but not short term 

1. It provides a background knowledge-base for policy makers and practitioners which can increase their practical wisdom

2. It provides a dispassionate critique of policies, which, although unpopular at the time, is always needed for improved policy in the next round.

3. It allows the exploration of imaginative possibilities even if they seem unrealistic. But reality always overtakes science fiction; likewise yesterday’s dreams can make for tomorrow’s realities.

4. It can thus extend the range of educational possibilities 

5. Ultimately, it allows for a better understanding of teaching, learning and education 

3. Helping the development of educational professionals

It can provide:

1. energisers of thought for educational lecturers and researchers, enhancing them as professionals

2. energisers of thought for student teachers and serving teachers enhancing them as professionals

3. reflective knowledge essential for professionals in the continuation of educational practices at all levels  

4. It enables voices of researchers, teachers and students to be heard, which is an intrinsically good thing in a democracy 

5. It develops the thinking and communication skills of researchers 

4. Research provides an essential social critique which is necessary in a democracy

Free thought, the critique of the present state of affairs in education, in our case, is an essential part of the functioning of any democratic society

1. It provides a necessary criticism of partisan policy (as all policy necessarily is), and is thus a critical thorn in the side of everyday or self-satisfied / blinkered policy makers (as some will always be) 

2. It provides a necessary inquiry into the gap between policy makers aims and claims and actual educational policy and practices (policy prescribes while research describes)

3. It helps the understanding of the relationship between knowledge and society

5. Research is an essential part of higher education, adding to the sum of human knowledge

Educational research is a special form of interdisciplinary inquiry linking other disciplines with learning and the role of knowledge in society   

1. It constitutes a unique set of inquiries concerned with responsibility of knowledge to learners and society 

2. It adds to the sum of human knowledge 

3. It is an arena for floating of imaginative alternatives

4. It provides practical arena of applications for sociology, psychology, philosophy, etc

5. Any blue sky research – open untrammelled inquiry – must continue or our society will die a cultural death

6. It is a small part of the great university tradition of development of knowledge for its own sake, i.e., for sake of humanity and human culture, the Great Conversation as Oakshott called it 

I’m not arguing that all of this must be funded, just that a 100 flowers must be allowed to bloom, for all of our sakes.
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THE VARIETIES OF NUMERICAL EXPERIENCE

Jerry Ravetz

It doubtless gives comfort to some philosophers to know that a number is "the set of all sets that are similar to a given set".  But for those who use and teach mathematics at any level but the most ethereal, Bertrand Russell's classic formulation leaves much to be desired.

The debate over the essence of number goes back continuously to Plato and Aristotle.  I would like to try another approach.  I will start by considering the various functions performed by numbers, and then see what this variety can tell us about how numbers are to be used, conceived and, possibly, taught.

Here is the list.  Numbers can be used, variously to: count, name, calculate, measure, estimate, order, denote, theorise, enrich.

The last entry may be obscure; that is the word I have chosen (for lack of a better one ) for the functions performed by such numbers as 3, 7, 666 and 2000.  It provides a link between the worlds of scientific rationality and of symbolism and magic.  The latter, after all, has been an important, if not indeed primary use of numbers down through the ages, and even we are not immune to its influence.

I will argue that for each function there are appropriate concepts, symbols and techniques.  Together these form a family that we call "number".  Each "functionally defined number concept" is a product of the interaction of practice with theory in history; it has its own richness, and its own counter-intuitive aspects, obscurities and contradictions.  To ignore such variety and depth, and to conceive and teach "number" as a single, simple thing, is to produce confusion and incompetence among pupils and teachers alike.

Let us start at the beginning.  The counting of smallest sets can be done by tallying, but soon it requires names.  And the naming process runs up against the problem of the indefinite extension of the sequence of counters.  No matter how high we count, there is always another element there, at least in our thoughts.  The most primitive solution is to have "many" after 1, 1, 2, 3, ..., representing the sets of objects that the mind cannot hold in its grasp at once, perhaps anything more than 5 or 7.  Or, more sophisticated, we might choose a largest unit, like "myriad", which we know we will never reach in practice, and so be secure in the knowledge that "myriad plus one" is a meaningless expression.  But once we allow mathematicians to theorise, no such barriers are effective.  Even the child who asks, "What is the last number?" and is silenced by scorn, has sensed the infinite in the apparently trivial.

Naming of numbers is thus intimately connected with counting.  For mathematicians, this function might seem totally non-theoretical and trivial.  Indeed, once we have the indefinitely extensible exponential notation, it is in principle straightforward.  In its absence, it took an Archimedes to construct recursive systems of naming of large quantities (in his "Sand-reckoner").  In practice, the matter is far from trivial.  Not only technical practice, but even power-politics can determine names; note how the old British Billion, or a million-million, was silently discarded in favour of the Franco-American variety (thousand-million) not many years ago.

The naming of numbers can also introduce us to counter-intuitive features in a way that can enhance our imaginations.  Some will remember the programs in "Multi-base arithmetic for tots" that formed one of the more notorious components of the New Maths.  Naming also forms a direct link to the magical functions of numbers, through gematria.  This "science" was natural when letters of the alphabet were used to denote numbers; add up a name, and you have its number.  It actually happened to me, not to a friend of a friend, to be told by an educated Dutch woman that during the war their Calvinist preacher instructed them that Hitler's number was 666, confirming what they already knew about his wickedness and thereby justifying joining the Resistance.  (The conversation was in the summer of 1965, in a suburb of Utrecht).

When we come to calculating, the fun really begins.  Here I can enunciate the principle:  it is the inverse operation that requires extensions of the original set of objects, and the extended set always includes non-standard objects.   (The basic insight for this was given to me by D. T. Whiteside, the Newtonian scholar at Cambridge).  Thus we can add and multiply the numbers with which we count, and we just get more of the same.  But when we subtract, we get "negative" numbers.  Of these, the bigger are in a sense smaller; and the multiplication rule (-1)(-1) = +1 needs explanations which themselves need explanations.

Subtraction also shows what happens when a naming system is tightly bound up with calculation, and then shares the  contradictions that arise on its extension.  "Place-value" is a graphical naming system, with quite reasonable rules for "carrying" extra digits in a sum.  But when we subtract larger digits from smaller, there's trouble ahead.  My impression is that wars between religious sects have nothing in ferocity compared to those between the adherents of the different ways of adjusting that particular monster.  Either one engages in a peculiar practice of "borrow and pay back", or one breaks the basic principle of the notation, translating a number like 2\5 into 1\15 so that there is a valid subtraction to perform in the digits column.  (If I am mistaken here, I will be pleased to accept correction from those closer to the chalk-face).  And I believe that the ferocity of the arguments arise from the same cause as in religious sectarianism:  the conviction that there is a simple truth, indeed there must be a simple truth; and so those who disagree with me are defective in both reason and morals.

While we are on the interaction between naming and calculating, we might as well mention The Zero.   Here is a quasi-number which obeys some laws of calculation but not others (you can do everything with Zero except divide by it).  Also, it behaves like rather like a cardinal (quantity) but not at all like an ordinal.  There is no zeroeth element of a sequence, which leads to confusion in numbering and naming centuries (the Italians are at least consistent, their Cinquecento is our 1500's, or, ordinally  the "Sixteenth").  Even when "the Millennium" begins is a matter of fiat.  I have seen philosophers in some confusion when talking about Number; is Zero a number, or isn't it?

All these topics I have dealt with so far are in the realm of "elementary" mathematics, which "every schoolboy", and every schoolteacher, should find easy to learn and teach.  I could go on about Fractions, but I will forbear.

Next comes measurement.  From classical antiquity until modern times, it was accepted that the two great branches of mathematics were those dealing with discrete quantity and continuous magnitude, respectively.  The former was the field of arithmetic, the latter of geometry.  The division broke down in Renaissance times.  First, algebra developed beyond the realm of solution of puzzles with integer solutions.  And the use of numbers to describe continuous magnitudes (traditional in astronomy) was extended to a variety of new fields.  In direct measurement, there is always a "last digit" of estimation between the finest set of marked gradations.  Hence fractions, at least of one digit (or simple denominators) perform a real function in the measurement process.

In a way that was nearly unique in history, the little book on "The Decimal", published by Simon Steven in 1590, immediately transformed practice.  A new common-sense was instantly created, and it is left for historians to puzzle out what counter-intuitive features of decimal fractions were resolved or suppressed by Stevin's account. 

It could be that he showed practitioners that they just didn't need to worry about the geometrical meaning of the "powers" of numbers, meanings that we still retain in the terms "square" and "cube".  A digit located two places to the right of the decimal point was just there; attempts to explain it in geometrical terms were redundant.  Judging from previous practice, it seems that decimal fractions, as in trigonometrical tables, could be rationalised in terms of a "root", say 10,000; that could be the number of units in an hypotenuse, and the sine or cosine would be so many of those units.  Again, Stevin showed that no pitfalls were lurking if one simply threw away that "root" and used as many decimal places as necessary.  Of course, that opened up the way to the infinite, but I know of no record of people objecting.  Arithmetic was for practical men rather than for philosophers; Descartes resolved the problem of dimensions for geometry in a rather different way.

The point here is that Stevin's notation seemed to work; and in practice anyone could know how many "significant digits" to take in measuring a quantity against a standard.  That might well be so; but some of us are aware that when calculation is mixed with measurement, bizarre results are all too easily obtained.  How many digits are significant when two one-digit numbers are multiplied, or divided?  The answer is far from trivial.  It is all too easy to retain lots of digits; one can still hear the argument that one shouldn't throw away all those digits, as they might actually express the right answer!  A more familiar example are those numerical tables where the percentages add up to just 100.  This is either the result of good luck, or of someone fiddling the numbers rather than confront the paradox that rounding-off produces counterintuitive results.

Also, few are aware of the pitfalls arising in the representation of the uncertainties in inverse arithmetical operations.  Consider the example,  1/[b - a], where  b = 100,  a = 97, and each has an "error" of 2%.   The inversion of matrices easily becomes an art rather than a science when uncertain quantities are involved.

I have mentioned estimation in connection with measurement, as the means of obtaining that last digit.  But estimation goes much further than that.  It involves the explicit management of significant uncertainties, to avoid results that are meaningless in their hyper-precision, or perhaps even meaningless in themselves.  I believe that in the last century, estimation was taught in schools along with mental arithmetic; and perhaps it will come back some day.

A subtle use of estimation is in connection with large aggregates of  things, let us say of the order of millions.  Here our standard number system is both unsubtle and ambiguous.  In speech we can say "one million", "a million" or "millions", where the increasing vagueness of expression connotes decreasing precision in the number referred to.  With place-value notation we have the totally misleading 1,000,000; and even scientific notation allows us only 1.E6.

That last example highlights a feature of the zero, whose importance is matched only by its neglect.  I can illustrate it with a joke, about fossils.  (I read it in the Reader's Digest many years ago; but Lewis Carroll had already made the same point in _Sylvie and Bruno_).  There was this museum curator who told a group of schoolchildren that a particular fossil was sixty-five million and four years old.  Someone asked how he knew; and he explained that he learned from Jurassic Park that the fossil was sixty-five million years old, and that was four years previous.  Some else scoffed, and he said, OK, let's do the sum:

65,000,000 

              +4 

65,000,004. 

One of the children then turned to the teacher, and asked her whether the sum was correct.  She was in a quandary; although it was nonsense, she could not bring herself to write the meaningful sum:

65,000,000 

              +4 

65,000,000. 

What she could not explain, because it had never been explained to her, was that the Zero, along with its other non-standard properties, actually means two very different things.  In manipulation among other digits, it is a counter, arising when equals are subtracted among equals.  But in the naming of estimates of large numbers in the place-value notation, it is a filler.  We can suppose that all six of the Zeroes in the expression 65,000,000 are fillers; together they mean "millions".  But the usage is ambiguous; thus if we had 60,000,000, we do not know whether this means six of ten-millions, or sixty of millions.

Of course this ambiguity and the resulting confusion is not usually of critical importance; but it just contributes to the haze of misunderstanding of mathematics which is all the more damaging because it is deemed to be nonexistent or illegitimate.  One consequence of this suppressed muddle is the prevalence of cases of hyper- or pseudo-precision in the numbers quoted in public discussion of science, technology and public affairs.  Thus we will have social statistics given to four or more s.d.'s, and translations between Imperial and Metric units producing ludicrous numbers.  (One of my favourites is the figure of 335.28 m. as the distance between the landing point of a moon-probe and its target.  This is actually "A thousand feet + 10%" translated precisely.)  But we should not be too hard on the publicity persons; the Systeme Internationale itself, with its abolition of the centimetre, enforces a pseudo-precision by requiring measurements in millimetres even where these are of dubious significance.

I need not spend too much time on the functions at the end of the list.  The use of numbers for ordering has the hidden pitfall of expressing more precision than is justified or intended.  I recall using numerical grades for assessing students' work, where each number had a little poetic characterisation of its meaning.  Then we would average them!  Of course, my colleagues and I knew what we were doing, and if the average was ambiguous, then we would think again.  But it could be a ripe subject of anthropological research, to see which departmental cultures believe in the absolute quantitative truth and accuracy of their two-digit numbers.

I mention denoting as another, broader function.  Normally it is harmless; we know that the numbers on footballers' shirts do not convey an order, and still less a quantity.  But subtle problems can arise when computers interpret such denotations as numbers and not as strings.  For example, zeroes to the left of an expression may be disregarded, while they actually are significant in some contexts.

Finally, there are numbers as the basis for theorising.  We see this first with "algebraic" numbers, starting with the square root of two, and proceeding to "imaginary" and "complex" numbers.  Each of these were the occasion of confusion or crisis on their first appearance; and their descendants become increasingly counter-intuitive.  I recall feeling distinctly odd on being told (by a physicist, no less) that Vector cross-multiplication is non-associative; that's a funny sort of quantity, I thought.   

To finish my story, there are the Alephs of Georg Cantor, with which he tried to count infinity.  They bring us back to the contradictions of counting, in that it deals with finite things but cannot keep them in bounds.  For Cantor, the pitfall came in the idea of "set", which the proponents of the New Maths considered to be quite elementary.  

What does all this amount to?  For me, it is a practical refutation of the faith in mathematics that we have inherited from Descartes, Galileo and their followers.  We do not need to go as far as The Calculus to find mysteries and confusions.  They are there in the basic concepts we use to organise our experience of the world, even in the most abstract way.  My point could be summed up in the slogan, "Zeno was right!".  The question is whether we continue in the millennial endeavour to refute his demonstration of the contradictoriness of our basic conceptual apparatus; or whether we learn to live with it and make it a source of a mathematical understanding that is fruitful and effective.

© The Author 1999

ENVISIONING SOCIAL JUSTICE IN TEACHER EDUCATION AND EQUALIZING OPPORTUNITY IN THE CLASSROOM

Brian Hudson

Sheffield Hallam University

B.G.Hudson@shu.ac.uk

ABSTRACT

The National Standards for Qualified Teacher Status were introduced by the Teacher Training Agency (TTA) as a national curriculum for teacher education in England and Wales in 1998. At this time the TTA was under severe attack for its neglect of equal opportunity issues by the Commission for Racial Equality. It is argued that the roots of this neglect lie in the design of the National Curriculum and in the philosophy underpinning narrowly conceived technical competence-based models of teacher education. At the heart of the problem is a dominant view in government agencies of teaching as a mere technical craft rather than as a profession. Also there is a lack of a shared sense of purpose about the aims of education itself, which is distinctive in the international context.  Alternative models and systems that link the aims of education to the wider society are considered and proposals for the reconceptualisation of teacher competence are indicated.

INTRODUCTION (1)

The following story is taken from the World Studies 8-13 Teachers Handbook (Hicks and Fisher, 1985).

A tale about a galactic traveller (2)

There is a tale told of a certain galactic traveller who visited Earth and collected various samples of sea water to carry out research on the oceans.  Before returning to his own rim of the galaxy, however, he happened to find himself at a football match, an event which he watched with amazement.  How, he wondered, could he possibly make sense of what was going on?

He decided to do the same for football as he had for the oceans: he would take a sample.  He thus trained the zoom lens of his movie camera onto just one footballer and recorded every single movement the player made, in fact every step and leap and breath he took.  Occasionally a round object came close to the player’s feet, and the player would kick it, occasionally the player would appear to collide with another player. All these events were recorded faithfully on film.

The galactic traveller returned in due course to his own planet and his own laboratory where he analysed the samples of sea water, and published a book on the composition of the Earth’s oceans. He also developed his film of the football player, examined it frame by frame, and as a result evolved an elaborate and elegant theory about, so he thought, the basic nature of football. He published his findings and – it is said – won many awards for his distinguished contribution to galactic science.

I believe that the lesson to be drawn from the above applies on a number of levels to current thinking about teaching and teacher education by the British government and some of its agencies.  In particular, I would like to begin by considering the response of the Teacher Training Agency (TTA) when reacting to accusations of inertia by Sir Herman Ousley of the Commission for Racial Equality at the time of the inquiry into the murder of black London teenager Stephen Lawrence (Ghouri, 1998a). A TTA spokesperson is reported as justifying the lack of action by emphasising the TTA requirement that newly-qualified teachers teach all pupils to the same level notwithstanding individual differences.  However the reported comment that ‘I am happy that we have gone to the heart of the matter, Which is what are teachers like at the end of training?’ betrays a particular view of teachers and teaching. In adopting such an approach there is a real danger of reducing what is seen to be the role of the teacher to a set of competences at a basic technical operational level – rather like the footballer’s skills of dribbling, passing and crossing – necessary – but not sufficient.  This is a theme that is returned to after giving consideration to the contemporary political and recent historical context in England and Wales.

THE CONTEMPORARY POLITICAL CONTEXT (1)

In considering the future of teacher education at the present time, I believe that it is relevant to consider the wider social and political context in which schools and institutions of teacher education are placed at this time.  In particular I wish to draw attention to what Prime Minister Tony Blair had to say in his speech to the 1998 Labour Party Conference, where he argued that:

The centre-left may have lost in the battle of ideas in the 1980s, but we are winning now. And we have won a bigger battle today: the battle of values. The challenge we face has to be met by us together: one nation, one community.

When a young black student, filled with talent, is murdered by racist thugs, and Stephen Lawrence becomes a household name not because of the trial into his murder but because of inquiry into why his murderers are walking free, it isn’t just wrong: it weakens the very bonds of decency and respect we need to make our country strong.  We stand stronger together.  

But where is Mr. Blair’s vision of ‘the battle of values’ when it comes to education policy? Whilst accepting a need to improve levels of achievement, I want to argue that there is a lack of vision in relation to ‘values’ in education at the present time. Further I propose that the reasons for this lie in part in the recent social, political and historical context in relation to the National Curriculum and also, in the perspective of some of the key government agencies, such as the TTA.  In particular there are problems about the way in which the National Standards for teacher education have been prescribed.

A SHORT OVERVIEW OF THE RECENT HISTORICAL CONTEXT (1)

Consideration of the recent changes that have taken place in teacher education cannot be made in isolation from those happening in the National Curriculum for schools in England and Wales, just as any future changes to the school curriculum will imply corresponding changes for teacher education.  Following a systematically orchestrated campaign from right wing pressure groups throughout the 1980s, political intervention in the school curriculum reached a high point at the Conservative Party conference in 1988, with the famous statement from Prime Minister Margaret Thatcher:

Children who needed to count and multiply were learning anti-racist mathematics - whatever that might be.  

It was in such a climate that the proposals were put to the Secretary of State for Education, Kenneth Baker, on the composition of the mathematics curriculum.  These proposals stated that it was unnecessary to include any ‘multicultural’ aspects in any of the attainment targets.  This position was supported by arguing that that those proposing such an approach with a view to raising the self-esteem of ethnic minority pupils and to improving mutual understanding and tolerance between races, were afflicted with an attitude that was ‘misconceived and patronising’.  Tooley’s (1990) support for such a position and his associated critique of arguments put by those in the mathematics education community he labelled as ‘multiculturalists’ is both misleading and flawed in several respects. He misleads by his mischievous suggestion that the ‘multiculturalists’ wished to dictate to teachers: e.g. he asserts that ‘the failure to ‘compel “multicultural” examples’ is not ‘a great handicap’ of the National Curriculum. In fact the pressure at that time was in precisely the opposite direction and compulsion was never part of the agenda of the so-called ‘multiculturalists’ in the first place. In his reflections on this context Woodrow (1996) has pointed out that the concerns of teachers, following the Swann Report and the tragedy leading up to the MacDonald report, have been dissipated as a result of the introduction of a National Curriculum in which there is ‘no internationalism … no celebration of a pluralist culture and no sense of diversity’. Tooley also creates a false dichotomy between those teachers ‘who prefer to raise the political consciousness of their pupils, rather than their mathematical attainment’. Can it not be the case that teachers of mathematics can do both? Is there not a case to be made for considering the contribution teachers of mathematics might make in terms of citizenship and democracy?

Set against this background it is not surprising that the debate around issues of social justice and equal opportunities in the classroom came to whither on the vine during the last decade in England and Wales. Further it is not surprising that schools are now seen, by the African and Caribbean Network of Science and Technology (ACNST), to be failing black pupils in the ‘status and power’ subjects of science, mathematics and technology (Ghouri, 1998b).  It does seem that Tooley’s (1990) expectation that the National Curriculum proposals ‘have the potential to tackle that problem’ of underachievement has proved to be unfounded. Rather the ACNST research points towards the lack of role models for young black people e.g. ‘black British scientists’. It does seem that Tooley is also mistaken in his view that the use of exotic stereotypes such as the San people of the Kalahari desert is an appropriate and sufficient level of response to this problem.

THE PROBLEM (1)

My starting point in the debate is to agree with those critics such as Sir Herman Ousley and the ACNST that indeed there is a problem with both the National Curriculum for schools and with the principles and practices underpinning the system of teacher education at this time. In particular, I argue that the heart of the problem is the lack of a shared sense of purpose about the aims of education in this country, which has given rise to conflicting interpretations by government agencies that appear to contradict each other.

It would seem that the issue of the lack of a shared sense of purpose is recognised by the Qualifications and Curriculum Authority (QCA) in identifying working practices on policy formulation as an area in need of reform and in drawing attention to the wider international context.  In relation to the national curriculum review for schools, the Chief Executive of the QCA, Nicholas Tate, has stated recently that:

In taking forward this agenda, QCA will involve teachers and other partners in the education service.  One lesson we learned from the first version of the current curriculum is that unless there is shared understanding of why changes are being made, and a commitment to them, they are unlikely to succeed.  The forthcoming revision is a much more limited exercise, but the principle still applies.  The exercise will proceed collaboratively, with full consultation, and on the basis of firm evidence that it works. (Tate, 1998)

In relation to the latter there is the recognition by the QCA that the National Curriculum for England and Wales is distinctive within the international context for its lack of ‘a clear and explicit rationale’ and associated set of aims. This aspect is also characteristic of the National Standards for Qualified Teacher Status (QTS) in England and Wales that were introduced by the TTA in 1998.  The National Standards replace the ‘more general competences’ and categorise the requirements for newly qualified teachers under the four headings of:

· (Subject) Knowledge and Understanding; 

· Planning, teaching and class management;  

· Monitoring, assessment, recording, reporting and accountability and 

· Other professional requirements.  

Within this document there are tightly defined standards covering the first three sections which focus on Subject Teaching.  However the fourth section is a curious combination of categories including professional duties, legal liabilities, working relationships and the like. Nowhere in this document is there a clear rationale and associated set of aims for education and teacher education in particular.  With particular regard to issues of equal opportunity, these are referred to at the micro level.  So for example, under the heading of ‘Teaching and class management’ those to be awarded QTS must set ‘high expectations for all pupils notwithstanding individual differences, including gender, and cultural and linguistic backgrounds’.  What I want to take issue with is the relative lack of emphasis on such issues that is implied.  The implication is that such issues are at the ‘football boot’ level of our galactic traveller i.e. seen as a technical skill such as passing, dribbling and crossing the ball.  However issues of fairness and social justice imply not simply technical competence but rather an attitude of mind.  This is an issue related to values and the wider aims and purposes of education. The seminal work of Shulman (1986) is surely most relevant here.  In particular there is the distinction to be made between ‘mere craft’ and a profession. With regard to the latter, a professional is seen to be concerned not only with the ‘how’, but also with the ‘what and why’.  In Shulman’s words: 

The teacher is not only ‘master’ (my quotes) of procedure but also of content and rationale, and capable of explaining why something has to be done.  The teacher is capable of reflection leading to self knowledge, the metacognitive awareness that distinguishes ‘draftsman’ from architect, bookkeeper from auditor.

As Shulman points out, this sort of reflective awareness of how and why one performs complicates rather than simplifies action and makes it less regular and predictable. The implication of the reduction of the teacher’s role to that of mere technical competence implies a view of teaching that is ‘trivialised, its associated complexities ignored and its demands diminished’. Unfortunately the technical craft approach is the one that is favoured at this time by government agencies in England and Wales, as exemplified by the prominence given to the views  of Reynolds (1998).  Although he may be accurate in his claim of the lack of a widely shared science of teaching in Britain, his view of science is a very mechanistic and limited one.  In fact he refers to a ‘technology of teaching’ and outlines a ‘training cycle’ which seems to have little to do with the ‘what and the why’ that underpins the professional view of the role of the teacher.

THE ALTERNATIVES (1)

The lack of a shared sense of purpose in our education system stands in sharp contrast to the sense of consensus that can be seen in other educational systems.  For example with regard to the notion of Didaktik in the German and Scandinavian traditions the overall aim of the education system is that of  ‘Gebildete’ which can be broadly translated as ‘educated personality’.  This means, for example, fostering a sense of egalitarianism and having a curriculum that relates to the central problems of living and is relevant to the key problems of society. There is an emphasis here on attitudes and values, which seems to be singularly lacking from the UK context.  This aspect has been highlighted by Moon (1998) who argues that ‘standards do not exist in a vacuum’ and that the imposition of standards without values ‘can easily become standardisation, the very process that a vibrant and dynamic culture has to avoid’. He highlights the educational systems of Scotland, Germany, France, USA and South Africa to illustrate the willingness in these countries to ‘link the education of teachers to a values system’.  So for example, the Scottish model, which was developed following extensive consultation, includes in its guidelines ‘a set of attitudes that have particular power in that they are communicated to those being taught’.  Included in these is:

· a commitment to views of fairness and equality of opportunity as expressed in multi-cultural and other non-discriminatory policies.

In the South African context the task of reconstructing the education system was preceded by widespread consultation over values, which led to the identification of five core ‘socio-political’ values and five core ‘pedagogical’ values.  The former consist of ‘democracy, liberty, equality, justice and peace’ and the latter are made up of ‘relevance, learner-centredness, professionalism, co-operation and collegiality and innovation’.  With regard to equality and justice in particular there is specific reference to equity, redress, affirmative action and the removal of gender and racial bias.  The contrast with the situation in England and Wales at the present time is stark.

THE WAY FORWARD (1)

In my view the issues that need to be addressed for the future fall under three categories of need:

· for the development a shared sense of purpose about the aims and values of education, as these relate to both schools and teacher education

· to reform working practices between the various stakeholders in the way in which policy is developed

· to reconceptualise the notion of teacher competence as currently set out in the National Standards 

The first of these has been the main focus of this paper. However the starting point for such a project would be a key factor in developing such a shared sense of purpose. A rightful concern would be around the question of ‘Whose values?’ and also of the threat of the imposition of an authoritarian agenda. However one might look to the communitarian agenda for a starting point and in particular to Etzioni (1995) who argues that we might start with those values that are widely shared.  These include that ‘the dignity of all persons ought to be respected, that tolerance is a virtue and discrimination abhorrent and that peaceful resolution of conflicts is superior to violence’. 

In relation to the second issue, as Moon (1998) has pointed out ‘no other country combines institutionally based quality assurance systems and peer review through a structure of external examining with a formal, detailed and periodic government inspection.’  The research carried out by Ashcroft (1998) highlights how this has become one of the major issues in teacher education today.  She points out how the regulatory framework is seen to be ‘threatening and oppressive’, ‘energy sapping’ and limiting the potential for innovation.  

Thirdly with regard to competence it is necessary to reconstruct outmoded thinking around this notion by looking to other education systems and fresh ideas.  In terms of contemporary thinking in this field particular attention should be given to developments within the European context.  In particular there is a need to reconceptualise teacher ‘competence’ much more broadly.  In this regard the work of Buchberger & Buchberger (1998) is particularly relevant. They argue for an ‘integrative transformative science’ of the teaching profession that pays due attention to the ‘general aims of society’ as well as curricula, content and learning situations. These and other associated ideas are discussed and developed further in Hudson (1998) and Hudson (1999).

Finally in conclusion, I wish to argue that the need to emphasise such aspects of the professional role of the teacher becomes acutely more important in the future.  In particular, this is the case in the light of the accelerating shift in the balance of the global economy towards the Asia-Pacific region, with all the implications that has for future social harmony in all the countries of Europe.
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RESTORING DISCIPLINE TO THE CLASS: THE NEW NATIONAL CURRICULUM FOR PRIMARY MATHEMATICS TEACHER EDUCATION
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This paper attempts to identify the underlying influences acting on and ideologies detectable within the new national curriculum in mathematics for initial primary teacher education. The analysis uses the model of mathematics education ideologies in Ernest (1991). The paper concludes that reactionary perspectives dominate this curriculum. The tone is autocratic, directive, managerial, and assertive, redolent of the imposition of discipline on an unruly and untrustworthy class. The new regulations specify an unbalanced curriculum that will lead to one-sided, utilitarian and technicist teachers and pupils.

This paper analyses the underlying ideology of the new National Curriculum for Initial Teacher Training in Primary Mathematics (DFEE 1997). For this project it is necessary to have a theoretical framework. Various models of ideologies have been proposed, including Meighan (1986) and Hill (1991), but this paper uses the model in Ernest (1991), because of the special attention it pays to the role of mathematics in education. It distinguishes five historical groups contesting for control of the curriculum. The model is summarised in Table 1.

Table 1: Summary of the Five Ideological Groupings (adapted from Ernest 1991)

Interest group
Industrial Trainer
Technological Pragmatist
Old Humanist
Progressive Educator
Public Educator

Politics
Radical 'New Right'
meritocratic conservative
Conservative
Liberal
Democratic socialist

View of mathematics
Set of truths and rules
Unquestioned body of useful knowledge
Body of structured pure knowledge
Process view: personalised maths
Social constructivism

Set of values
Authoritarian values choice, effort, work
Utility, progress, expediency 
Objectivity, rule-centred, hierarchy
Person-centred, 'Romantic' view
Social justice, critical citizenship

Theory of society
Rigid hierarchy, market-place
Meritocratic hierarchy
Elitist, class stratified
Soft hierarchy, welfare state
Reform inequitable hierarchy 

Theory of ability
Fixed and inherited, realised by effort
Inherited ability
Inherited cast of mind
Varies, but needs cherishing
Cultural product: not fixed

Mathematical aims
'Back-to-basics': and social training in obedience
Useful mathematics and certification (industry-centred)
Transmit body of maths knowledge (maths-centred)
Self-realisation, creativity, via maths (child-centred)
Critical democratic citizenship via mathematics

Theory of learning
Hard work, effort, practice, rote
Skill acquisition, practical experience
Understanding and application
Activity, play, exploration
Active, questioning, empowerment 

Theory of teaching mathematics
Authoritarian transmission, drill, no 'frills'
Skill instructor, motivate through work-relevance
Explain, motivate, communicate, pass on structure
Facilitate personal exploration and prevent failure
Discussion, conflict, questioning  content and pedagogy.

Theory of resources
Chalk and talk only, anti-calculator
Hands-on and microcomputers
Visual aids to motivate
Rich environment to explore
Socially relevant, authentic data

Theory of assessment in mathematics
External testing of simple basics, avoid cheating
External tests and certification, skill profiling
External exams based on knowledge hierarchy
Teacher led internal assessment, avoid failure
Various modes. Use of social issues and content

Theory social diversity
Hierarchic by social class, Eurocentric
Vary curriculum by future occupations
Vary curriculum by ability only
Use local culture to humanise  maths
Accommodate social / cultural diversity

This model was proposed to analyse the contestation between groups in the development of the National Curriculum in mathematics in Britain (Ernest 1991). At the heart of this contest was the diametrical opposition in ideologies between the traditional authoritarian Industrial Trainers and the Progressive Educators. Ironically, the outcome was an unstable equilibrium in which elements consistent with both ideologies coexisted. The external testing, hierarchical view of knowledge and assessment system, assessment driven curriculum, emphasis on basic skills, and warnings of the dangers of calculators were outcomes consistent with the Industrial Trainer ideology. Progressive mathematical activity and pedagogy were introduced through the Trojan horse of relevance, utility and applications, because many of those involved were committed to a utilitarian Technological Pragmatist vision of an industry-centred technological education. It is no accident that the attainment target under which progressive, creative mathematical activity is legitimated is Using and Applying Mathematics, its title emphasising utility and application. This coalition of the Progressive Educators and Technological Pragmatists is confirmed by Brown (1993: 13) who agrees that the outcome resulted from the “collusion of industrialists and educationists”. 

The other two groups played lesser roles. The Old Humanists formed a partly effective alliance with the Industrial Trainers on the basis of a shared commitment to hierarchical and elitist views of ability, knowledge and society. But they were only partly successful in getting more rigorous and advanced mathematical content into the curriculum. The Public Educator ideology had no impact. If it had, it would have been opposed by all other groups, especially the Industrial Trainers, for politicising the curriculum and for challenging the dominant absolutist view of mathematics. There is support for this analysis of the varieties of reactionary groups (Lawton 1988), for their influence on the mathematics curriculum (Noss 1989, 1990), and for the pattern of contestation over the mathematics curriculum (Brown 1993, 1996). 

It is widely agreed that the National Curriculum resulted in the centralised regulation and control of two aspects of the curriculum, content and assessment.. A third area, pedagogy, remained free from direct regulation, although crowded content and new assessments have an indirect impact. It is my contention that the imposition of the present proposals represents a move to control this last remaining area of self-regulated professionalism in teaching. 

THE BACKGROUND TO REFORM

In 1993 there were new regulations for initial primary teacher training (DFE 1993). Their novelty lay primarily in the recasting of requirements into the language of competences.

Higher education institutions, schools and students should focus on the competences of teaching throughout the whole period of initial training. The progressive development of these competences should be monitored regularly during training. Their attainment at a level appropriate to newly qualified teachers should be the objective of every student taking a course of initial training. (DFE 1993: 15)

These regulations specified that 150 hours must be devoted to mathematics, including 50 hours on the teaching of arithmetic. They specified that the time spent on practice teaching in schools should be significantly increased. Otherwise, the document is non-directive on a variety of issues including pedagogy. However, the proposals downplayed traditional specialist subject expertise. There were proposals suggesting both a reduced emphasis on traditional specialist subject expertise by having a six subject BEd degree, and by reducing the length of courses from 4 to 3 years. These proposals would make it impossible to reach honours degree level in mathematics. Overall, DFE (1993) emphasises competences and increased practical training, including training in basic mathematics and language pedagogy. Disciplinary expertise is downplayed in favour of practical skills, and the overall proposals suggest a strong Technological Pragmatist influence emphasising learning by apprenticeship, and expediency in addressing the teacher supply problem.

The 1990s has seen pressure for the reform of teacher education from a number of quarters. Industrial Trainers have criticised teacher education on the grounds that progressive teaching methods, attention to irrelevant and modish theory and neglect of basic skills is driving school standards down. Thus, Lawlor (1990), claims that teacher education is “too bound by theory; with too little emphasis on the subjects to be taught or on the practical activity of classroom teaching” (Lawlor 1990: 9). Marks has argued it is necessary to “ensure that all primary school children are taught arithmetic using traditional methods and practices similar to those found on the Continent” (Marks 1996: 6). The chief HMI claims that the results of inspections show that “better lessons include: the effective use of exposition, instruction and direct teaching” (Woodhead, 1996: 164)

Old Humanist mathematicians have also criticised progressive pedagogy, and the lack of both core mathematical skills and higher mathematical content. Thus London Mathematical Society (1995: 9) offered the following criticism. “In recent years English school mathematics has seen a marked shift of emphasis, introducing a number of time-consuming activities (investigations, problem-solving, data surveys, etc) at the expense of ‘core’ technique.” This report also claims that school leavers suffer from “a serious lack of essential technical facility – the ability to undertake numerical and algebraic calculation with fluency and accuracy.” (LMS 1995: 2). The President of the Mathematical Association criticised “the mathematics education establishment – who continue to impose their pet half-baked ‘initiatives’ on ordinary punters” (MA 1997: 4). Thus the mathematics establishment seems to want more basic skills and advanced mathematics, more traditional pedagogy and less educational theory in initial teacher education.

Technological Pragmatists appear also to have been swayed by the argument that pedagogy needs to be reformed because it has caused poor attainment in international comparisons of attainment in mathematics, especially number (Keys et al. 1996). Thus Reynolds (1996: 21) claims that other more successful countries use “High quality interactive whole-class instruction” 

poor performance in maths may be linked to the way the subject is taught in primary schools. … Observations of classes in Taiwan suggests that teachers might do better by dropping group and individual work and teaching the class as a whole. (Hackett 1996: 1). 

A government White Paper promised “reforms in teacher training to raise the standard of literacy and numeracy teaching” (Whitehead 1996: 11). 

These shifts of emphasis reflect a change in the political ideologies and social pressures informing the debate on the proposed curriculum for teacher education. One may see this as a move away from the influence of Progressive Educators and the Technological Pragmatist support of progressive teaching styles towards that of Industrial Trainers, Old Humanists, with a new Technological Pragmatist emphasis on efficiency and international competitiveness.

ANALYSING THE NATIONAL CURRICULUM FOR INITIAL TEACHER TRAINING

This paper attempts to identify the underlying influences in the new primary teacher education curriculum, especially Annex C. concerned with mathematics. An interpretive approach is adopted, using the model described above as a tool for analysis. The model provides indicators of different perspectives on the aims, content, pedagogy and assessment of mathematics, and other significant features. More or less the same groups which the model claims were active in contesting the National Curriculum in mathematics are equally active in contesting this new curriculum, so application of the model is justifiable in terms of relevance.

DFEE (1997) is a slim document of 46 A4 pages divided into 5 sections including Annex C: Initial Teacher Training National Curriculum for primary mathematics, 15 pages in length.

Assessment

The introductory section focuses heavily on standards and targets in literacy and numeracy, and indeed the document mentions standards 47 times in the first 13 pages. Furthermore, the first four references in the introduction are part of a rhetoric of ‘raising standards’ or ‘higher standards’, implicitly criticising teachers and teacher educators. Throughout, the proposed standards are emphasised strongly as an essential assessment yardstick against which all newly qualified teachers must be measured. In Annex D the first five criteria specifying types of courses permitted concern standards of compliance, content, assessment, attainment, and student profiles. 

In Annexes B and C, there is a treble emphasis on assessment. First, trainee teacher knowledge, understanding and skills in mathematics and English must be ‘audited’, i.e., assessed against the National Curriculum and the new requirements. Second, the courses of initial teacher education must cover the extensive sets of knowledge, facts and skills specified in these annexes and only those who attain the targets (i.e., master the content) are allowed to gain qualified teacher status. Third, the content itself emphasises the assessment of pupil learning as one of the standards to be achieved, both for mathematics and English. 

The emphasis on strictly regulated assessment monitored by external authority (Ofsted and TTA) is indicative of an Industrial Trainer influence, although the additional emphasis on practical skill acquisition and teaching, i.e., employment relevance, also suggests Technological Pragmatist influence. A further strong emphasis on the mastery of mathematical content suggest an Old Humanist influence at work. These three groups have compatible views favouring strictly regulated assessment standards and two of them (Industrial Trainers and Old Humanists) do not trust the producers (i.e., teacher educators) to be self regulating.

Aims

There is no overall statement of aims for Initial Teacher Education, but there is mention of 

particular priority on early years and on raising standards of literacy and numeracy ... to underpin higher standards and effective teaching in schools. …

The standards are intended to ensure that, before taking responsibility for their own classroom for the first time, every new teacher will have proved his or her ability in a wide range of knowledge, understanding and skills including effective teaching and assessment methods, classroom management, discipline and subject knowledge. (DFEE 1997:. 3).

The repeated rhetorical emphasis on ‘raising standards’ is open to at least two interpretations. The first is that there is something wrong in teacher education which needs correction in order to raise school standards. The second is that the efficiency of teacher education needs to be improved to raise standards. The first of these interpretations suggests an Industrial Trainer influence focussing on mastery of basic numeracy skills and the critique of the perceived liberal or radical influences of teacher educators. Likewise the focus on the transmission of mathematical knowledge is indicative of an Old Humanist influence. The second interpretation suggests a Technological Pragmatist influence, with its emphasis on skills and efficiency with regard to teaching. In support of this second interpretation, there is reference to improved effectiveness, and indeed ‘efficiency’ and ‘effective teaching’ are mentioned 23 times in the document. Both these interpretations seem to hold, given the overwhelming emphases of the document which fit the aims of these groups.

The emphasis in the quotation and the document overall on effective teaching and assessment, on management and discipline and on subject knowledge, and the exclusion of any mention of children, their experience, the community, the social context of schooling, and aims or values, support the analysis given above. After all, the document is primarily specifying the National Curriculum for Initial Teacher Education for early years and primary school teaching, and thus might be expected to reflect some of these sensitivities widespread in the profession.

Content 

An examination of the overall balance of content in DFEE (1997) gives a powerful further indication of the aims implicit in the document. Clearly mathematics/numeracy and English/literacy dominate. This emphasis contrasts with the treatment of other primary school curriculum subjects. These are mentioned altogether in DFEE (1997) with the following frequencies: science (9), religious education (9), information technology (7), physical education (3), design and technology (3) times; whereas history, geography, foreign languages, dance, drama, and music are not mentioned once. The message is clear: basic skills dominate the initial teacher training National Curriculum, and other subjects which appear useful in preparing future employees are also given space. Thus science and information technology appear, presumably because they are understood to be technologically and useful and hence economically valuable. Religious education is presumably intended to inculcate moral values to develop the law abiding future citizen. Each of these subjects thus serves (or is perceived to serve) a socially useful function. Design and technology and Physical education are only mentioned in the context of an optional “few hours of … safety training in PE and/or design & technology.” (DFEE 1997: 9, 42, 44), which while evidently utilitarian does not really concern the content of these two subjects.

In contrast, the ‘non-utilitarian’ creative and cultural foundation subjects are not mentioned at all, although every primary school teacher must teach them. Presumably this reflects the back-to-basics agenda of the Industrial Trainers, and the utilitarian agenda of Technological Pragmatists. Only those skills which appear immediately useful for work are given any attention.

Annex C of DFEE (1997) specifies the mathematical content in great detail. This primarily covers Attainment Targets 2 to 4 of the National Curriculum in mathematics for schools, although he match is not exact. An overwhelming part of the section is devoted to number and arithmetic (6 out of 15 pages). The approximate share of space devoted to the different elements of mathematical content is Number and arithmetic 40%, Total mathematical content excluding number 33% (Data handling 7%, Algebra and pre-algebra 7%, Shape and space 7%, Measurement 4%, Problem Solving 4%, Proof 2%, Information Technology in mathematics 2%). Given the emphasis on the other content areas in the National Curriculum their neglect is unwarranted, especially since primary student teachers can be expected to have mastered basic number skills before entry to university. The treatment of number does not include number theory or other advanced content, but is focussed on basic number concepts and skills, shown in Table 2.

Table 2: frequency of occurrence of arithmetical terms in Annex C (DFEE 1997)

Arithmetical terms
Frequency of occurrence

Numbers, numerals, counting, numeracy 
80

Calculating, computations, operations, algorithm 
51

‘+’ used arithmetically (not algebraically)
33

tables, multiplication, ‘x’ used arithmetically
42

Decimals, place value, decimal point ‘.’
25

Thus elementary numeracy and arithmetical operations are overemphasised, while other aspects of mathematics are underemphasised. Using and Applying Mathematics is neglected with problem solving occupying only about 4% of Annex C. This is an important part of primary maths, and is an area in which teachers have expressed concern about being under-prepared (Koshy 1997, Stoessiger and Ernest 1992). Another 2% is devoted to Proof, but this plays little part in Using and Applying Mathematics in primary school. Instead, proof suggests attention to rigour, correctness and strictness in reasoning, consistent with the absolutist epistemology and values of both the Industrial Trainers and Old Humanists.

The language of Annex C reveals very little attention to open problem solving. Although ‘problem’ and ‘solving’ are used about 12 times each, only two or three instances refer to non-routine problems. The term ‘strategy’ occurs three times, but in connection with choosing a mode of calculation. Terms related to ‘applying’ or ‘application’ occur 8 times, but only three of these relate to Using and Applying Mathematics. Instead, the discussion is dominated by skills and standard methods (11 mentions), practice (2 mentions), and basics and facts (9 mentions).

In conclusion, it can be said that the mathematical content is dominated by a concern with basic arithmetical skills, and that the treatment of other topics is proportionately much less, and the Using and Applying element of mathematics is only touched upon in a very limited way. There is also some treatment of higher mathematics (algebra and proof). Overall, this fits with the aims of the Industrial Trainers and Old Humanists. The discussion or treatment of practical application of mathematics to non-routine, non-text book situations is limited but utilitarian in emphasis suggesting in addition a Technological Pragmatist influence, for supporters of the Industrial Trainer ideology left to their own devices would eliminate this type of activity altogether.

PEDAGOGICAL CONTENT

The pedagogy specified is largely teacher-centred with whole class teaching, direct instruction, and explaining, mentioned four or five times each, and other teacher-centred terms like demonstration, consolidation, and review also mentioned. Discussion is mentioned only once, and this is in the context of whole class questioning and teaching. There is a striking contrast between the number of references to teaching (72) and learning (5). Thus the pedagogy is teacher centred and directive. The child centred, facilitative model which has long been the orthodoxy in primary education is rejected. There is also a strong managerial element with progress and progression repeatedly emphasised (17 mentions) and pace, stages, and review, mentioned two or three times each. Assessment and testing are also stressed (18 mentions) as well achievement, qualifications, and standards (14 mentions). Thus the emphasis is on teacher direction, control and surveillance. 

In addition to the explicit pedagogical elements there is also a hidden autocratic dimension to the tone of the document. There are 34 commands using the word ‘must’, as well as repeated emphasis on the strictly regulated assessment of trainee teachers’ knowledge and skills. Both the tone of the document and the explicit avowal of teacher-centred instruction suggest a traditionalist ideology of the type shared by Industrial Trainers and Old Humanists. 

One element which undercuts this is the recommendation concerning the use of practical apparatus and real-life materials (made twice) in primary school. This fits better with a Technological Pragmatist ideology (and also in part with Progressive and Public Educators), so the ideology is complex and multi-dimensional. Further support for this modified reading can be found in the emphasis in information technology in Annex C. Calculators are mentioned 3 times and computers, information technology and software 9 times. This is significant, because calculators have traditionally been anathema to Industrial Trainers, and it is the Technological Pragmatists and other progressives who support their use. However the emphasis on having “a working knowledge of information technology (IT) to a standard equivalent to Level 8 in the National Curriculum” also fits with Industrial Trainer concerns with basic skills for employment.

VIEW OF LEARNING
In the treatment of pedagogy, learning is very much dominated and overshadowed by teacher-centred instruction. Instead of learning, measures of learning, i.e., assessment and assessment outcomes, dominate the discussion. There are in addition indicators of which learning outcomes are valued. These include knowledge (21 mentions), understanding (63 mentions), and skills (10 mentions). There is also the claim that the connected nature of mathematics should be understood, mentioned twice. Affect is mentioned but only marginally. Thus there is no recognition of the importance of pupils’ engaging in active, participative learning to develop their understanding. The focus is not on learning processes but on their external products, scores gained in assessments. This is typically Industrial Trainer in emphasis (and Technological Pragmatist) . There is, however, some emphasis on the acquisition of a structured and well connected body of knowledge. This fits well with the Old Humanist view and aims of learning.  

EPISTEMOLOGY
There are frequent references to exactness and precision (16), correctness and certainty (10), whereas less stress is devoted to approximation and estimation (9). Of itself, these references do not indicate an absolutist epistemology, for mathematics is widely celebrated for its precision and exactness. However, there is also a great deal of emphasis on errors and misconceptions (17) with no mention of alternative conceptions or the necessary role of errors in learning and coming to know, which is widely recognised in the literature (Askew and Wiliam 1995, Novak 1987). In addition, Annex C is written in the language of compulsion and autocracy. This combination of emphasis on certainty, on knowing labelled as correct or erroneous, and on authority as the arbiter of knowledge suggests an absolutist epistemology. The frequent reference to error which needs rectification suggests the Industrial Trainers. Absolutism also fits with the Old Humanists, and to a lesser extent the Technological Pragmatists, but they are less punitive in their attitudes to error. 

SOCIAL DIVERSITY
Annex C ignores social diversity. Special educational needs, under-achievement, and the very able are referred to three times in total, but in each case the concern is with assessment issues. There is no discussion of curriculum differentiation or other measures to meet special educational needs in the teaching and learning of mathematics. There is no mention of other elements of social diversity including race, multiculture, or gender. These are perceived to be irrelevant to primary mathematics teaching. Once again, this is consistent with the Industrial Trainer ideology, which strongly repudiates any issues of social diversity, as well as with the Old Humanists. 

ROLE OF RESEARCH
The role of research in the preparation and practice of teaching is acknowledged, but only in a limited sense. The term research occurs 3 times in Annex C, but only one mention concerns the utility of a research knowledge base for professional teachers. One of strengths in the document is the identification of misconceptions in the learning of mathematics and attention to their avoidance. Unfortunately this is presented in an autocratic way and no indication of the research evidence is given on the nature, causes, frequency or possible means of remediation of the 15 errors and areas of misconception listed. Although it is due to the impact of research in mathematics education that the naïve view that errors are random or careless has been overturned, the role of research is not credited.

UNDERLYING MANAGERIALISM AND MARKET METAPHOR

A dominant theme is the presence of a technicist, efficiency-orientated managerialism, as well as an underlying market place metaphor. There is repeated reference to trainees (49 mentions) and training (6). These suggest an underlying market and business training model, but not too much should be inferred from this use of ‘official-speak’. Throughout the document the TTA presents itself as an independent regulating agency mediating within an education market between producers and consumers. This is very much a free market model, one which detaches the education service from the state and treats it as just one more enterprise in a skills market. There is also a stress on efficiency and the managerial imposition of value judgements, which is more unambiguously ideological. Thus in Annex C efficiency is mentioned 10 times, and the assumed effectiveness or appropriateness of the proposals is mentioned 25 times. As mentioned above the compulsive ‘must’ occurs 34 times, and other terms such as ‘to secure’, ‘command’, and ‘monitoring’ occur another 10 times altogether. The overall result is the imposition of a technicist, efficiency-orientated managerialism and the associated values and ideology. This fits with a number of perspectives, including the Technological Pragmatists and Industrial Trainers. 

CONCLUSION

This paper attempts to identify the underlying influences acting on and detectable within the new national curriculum in mathematics for initial primary teacher education (DFEE 1997). The different factors combine to suggest that an Industrial Trainer ideology is dominant, because of the back-to-basics numeracy and social regulation aims, the autocratic teacher-centred pedagogy, the market place values, the absolutist and error focussed epistemology, the strict, imposed assessment system, and the rejection of social diversity and very restricted attention to research. 

There is, in addition, evidence of an Old Humanist influence in the focus on both basic mathematical skills and higher mathematical content and proof, in the attention to understanding of the connected nature of mathematical knowledge and on an hierarchical model of mathematics and school mathematics, in the transmissive pedagogy with some emphasis on understanding, and in the strict assessment system and repudiation of research and social diversity with the exception of attention to the more able pupils. 

Lastly, there is evidence of a Technological Pragmatist ideology influence in the emphasis on utility and efficiency and on a business-mentality, on basic skill content plus applicable mathematics, on a training view of learning but with the use of information technology, practical pedagogical elements and relevant applications encouraged, and on the limited attention to relevant or useful research which remains in the document. 

Overall, the proposals should not be seen as a conceptual unity, but instead as resting on a plurality of competing and overlapping ideologies. There appears to be a compromise between the major contesting interests and viewpoints which contributed to and influenced its development. 

The embodiment in the curriculum of the values and practices of any particular group is the result of a process of struggle, and represents the apotheosis of the power of that group, although it is always related to the broader field of power in society at large. This is a precarious position, which needs to be defended by continuous struggle. Thus every description, redescription and canonisation represents a site of struggle where rival groups battle control of the transaction of knowledge/power. (Taylor 1993: 315) 

The ideological underpinnings of the new Initial Teacher Training National Curriculum are very significant. Some elements may have a positive effect. However most of the innovations are likely to have a negative impact. Teachers are being regarded as skilled operatives rather than as reflective professionals, and teacher knowledge, and intellectual skills are being ‘dumbed down’. A restricted and restricting view of mathematics is embodied in the proposals, one which will fail to deepen and extend student teachers’ understanding of mathematics as a whole. An autocratic and insensitive pedagogy is both promoted and embodied in the new regulations, and if successfully implemented might bring back the fear and negative attitudes traditionally associated with school mathematics. These negative responses seemed to arise for many when arithmetical skills were taught in an authoritarian way, and have been receding since the 1980s (Assessment of Performance Unit 1991, Ross and Kamba 1997).

METHODOLOGICAL REFLECTIONS  

Finally, it is necessary to critically evaluate the text analysis methods used from the perspective of their validity and the trustworthiness of the results. Electronic versions of the various sections of the document were processed in various ways to derive word and phrase frequencies. These were then grouped into clusters which seemed to have a shared meaning. Subsequently, in writing this account, terms were chased back to their original locations to check their sense in relation to the context of occurrence, for this sometimes resulted in variations of meaning and interpretation. Clearly there are methodological difficulties in the selection and interpretation of the terms in the text, following by the interpretation of their ideological significance. This depend on the judgement of the researcher which cannot be neutral. The use of the model of ideologies helps insofar as it provides a consistent reading of the values attached to concepts and terms, from the theorised ideological perspectives. Nevertheless considerable problems of interpretation remain. There is systematic ambiguity concerning the terms used in education and teacher education. Askew (1996) has reported on the distinct interpretations of key terms in curriculum documents and reforms. Grenfell (1996: 289) argues that “teacher education takes place in a field in which there is a struggle for the very language used to express it”. Related methodologies have been employed widely, both in and out of education. Meighan (1986) and Stubbs (1976) describe the ‘hidden curriculum of language’ in which both written and spoken language convey covert and often unintended messages. Detailed analyses of word use, as in Brown and Gilman (1972), have related specific patterns of terminology and use to differences of power and ideology. Postman and Weingartner offer a method of ideological analysis which involves the interrogation of a text to answer questions including: "What are some of its critical, underlying assumptions? What are its key words?” (Postman and Weingartner 1969: 119). What is offered here is thus the deployment of a widespread method of text analysis. However, problems of interpretation and ambiguity and the risk of subjectivity and distortion in interpretation inevitably remain.

There are also weaknesses in the Ernest (1991) model utilised here. Ideological perspectives could in theory be charted multi-dimensionally along several continua, and the simplification of this down to the five discrete positions used here immediately risks stereotyping patterns of belief. It also closes off the possibility that ideological elements may be observed in more complex combinations, overlapping several of the five positions. In an earlier project applying this model to empirically classify teachers’ espoused and enacted belief systems it was found that the most accurate tabulation of observed indicators sometimes involved elements from more than one of the five positions (Ernest and Greenland 1990, Greenland 1992). Of course no claim is made that individuals can be fitted into the five ideological positions, rather they define ‘ideal types’. Nevertheless, the potential risks and weaknesses of the model of ideologies and of its use as a research tool is acknowledged. What this paper offers is one reading 

Finally, it is worth remarking that in comparison with DFE (1993) the tone of DFEE (1997) is much more autocratic, directive and assertive, redolent of the imposition of discipline on an unruly and untrustworthy class. The new regulations specify an unbalanced curriculum that will lead to one-sided, utilitarian and technicist teachers and pupils, not the well rounded, creative and flexible teachers and citizens that society needs. There is a real risk that the new ideologically driven regulations will damage teacher education, teaching and hence learning in schools. 
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In recent years there has been growing interest in the role of history of mathematics in improving the teaching and learning of mathematics. Educators throughout the world have been formulating and conducting research on the use of history of mathematics in mathematics education. Some of the results of this research have been communicated at meetings of interested organisations, and through papers in various journals.

A research programme is beginning to emerge, with contributions from many places over the globe. Such a programme involves a consolidated critical bibliography of work that has been done, and a programme for developing a deeper understanding of the factors involved in the relations between history and pedagogy of mathematics, in different areas of mathematics, and with pupils and students at different stages and with different environments and backgrounds.  It also involves the identification and spreading of information and good practice in learning and teaching situations.

ICMI, the International Commission on Mathematics Instruction, has set up a Study on this topic, to report back in time to form part of the agenda at the next International Congress in Mathematics Education (ICME) in Japan in the year 2000.  The present document sketches out some of the concerns to be addressed in the ICMI Study, in the hope that many people across the world will wish to contribute to the international discussions and the growing understandings reached in and about this area.

It is hoped that this discussion document will lead to a number of responses and intimations of interest in contributing to the Study.  It will be followed by an invited conference (to be held in France in April 1998), from which a publication will be prepared to appear by 2000.  The next section of the present document surveys the questions to be addressed. Your views are solicited both on the questions and on how to take the issues forward as implied in the commentary.

 Some research questions

The overall intention is to study the role of history of mathematics, in its many dimensions, at all the levels of the educational system: in its relations to the teaching and the learning of mathematics as well as with regard to teacher training and in educational research. History of mathematics as a component of the teaching of mathematics is, as any educational project, directed towards more or less explicit expectations in terms of (better) learning of some mathematics. Research on the use of history of mathematics in teaching is thus an important part of research in mathematical education. To study such a large and multi-faceted theme we propose to analyse it in a number of (inter-related) questions which together will give insight into the whole process.  The order in which the questions are put down here carries no implication about their relative importance or significance.

 1. How does the educational level of the learner bear upon the role of history of mathematics?

The way history of mathematics can be used, and the rationale for its use, may vary according to the educational level of the class: children at elementary school and students at university (for example) do have different needs and possibilities.  Questions arise about the ways in which history can address these differences. This may, again, be reflected in different training needs for teachers at these levels. (To speak about the ``use'' of the history of mathematics may seem to presuppose that history of mathematics is something external to mathematics.  This assumption would not be universally agreed, however.) ---

 2. At what level does history of mathematics as a taught subject become relevant?

In analysing the role of history of mathematics, it is important to distinguish issues around using history of mathematics in a situation whose immediate purpose is the teaching of mathematics, and teaching the history of mathematics as such, in a course or a shorter session. It could be that courses in the history of mathematics, and its classroom use, should be included in a teacher training curriculum (see question 3).  There is also a third area, related but separate, namely the history of mathematics education, which is a rather different kind of history. ---

 3. What are the particular functions of a history of mathematics course or component for teachers?  History of mathematics may play an especially important role in the training of future teachers, and also teachers undergoing in-service training.  There are a number of reasons for including a historical component in such training, including the promotion of enthusiasm for mathematics, enabling trainees to see pupils differently, to see mathematics differently, and to develop skills of reading, library use and expository writing which can be neglected in mathematics courses. It may be useful here to distinguish the training needs for primary, secondary and higher levels (see question 1).  A related issue is what kinds of history of mathematics is appropriate in teacher training and why: for example, it could be that the history of the foundations of mathematics and ideas of rigour and proof are especially important for future secondary and tertiary teachers.  (This issue is also relevant for other categories than future teachers, and is picked up again in question 5) ---

 4. What is the relation between historians of mathematics and those whose main concern is in using history of mathematics in mathematics education?

This question focuses on the professional base from which practitioners emerge, and relates to the social fabric of today's mathematics education community as well as to issues about the nature of history.  There are, gratifyingly, a number of leading historians of mathematics with an interest in educational issues, as there are leading mathematicians and mathematics educators with an interest in history. But as well as minor misapprehensions of the nature of the others' activities, there may be deeper tensions and conflicting aims which it is important to bring to the surface. For example, historians may underestimate the difficulty of transmuting the historical knowledge of the teacher into a productive classroom activity for the learner. It is important that historians and mathematics educators work co-operatively, since historical learning and classroom experience at the appropriate level do not always co-exist in the same person. 

 5. Should different parts of the curriculum involve history of mathematics in a different way?  Already research is taking place to investigate the particularities of the role of history in the teaching of algebra, compared with the role of history in the teaching of geometry. Different parts of the syllabus make reference, of course, to different aspects of the history of mathematics, and it may be that different modes of use are relevant. Looking at the curriculum in a broad way, we may note that the histories of computing, of statistics, of core ``pure'' mathematics and of the interactions between mathematics and the world are all rather different pursuits.

Even for the design of the curriculum historical knowledge may be valuable. A survey of recent trends in research, for example (bearing in mind that history extends into the future) could lead to suggestions for new topics to be taught. ---

 6. Does the experience of learning and teaching mathematics in different parts of the world, or cultural groups in local contexts, make different demands on the history of mathematics?  A historical dimension to mathematics learning helps bring out two contrary perceptions in a dialectical way.  One is that mathematical developments take place within cultural contexts and it is valid to speak of Islamic mathematics, Greek mathematics and so on, as developments whose style is characteristic of the generating culture. The antithesis to this is the realisation that all human cultures have given rise to mathematical developments which are now the heritage of everyone; this therefore acts against a narrow ethnocentric view within the educational system.   The Study should explore the benefit to learners of realising both that they have a local heritage from their direct ancestors --in the way in which Moslem children in countries where they are in a minority are known to derive pride and strength from learning about Islamic mathematical achievements-- but also that every culture in the world has contributed to the knowledge and experience base made available to today's learners.

There are many detailed studies of the interplay between history of mathematics and culture in educational contexts throughout the world, notably in Brazil, the Maghreb, Mozambique, China, Portugal etc, which should be drawn upon in analysing and responding to this question. ---

 7. What role can history of mathematics play in supporting special educational needs?  The experience of teachers with responsibility for a wide variety of special educational needs is that history of mathematics can empower the students and valuably support the learning process.  Among such areas are experiences with mature students, with students attending numeracy classes, with students in particular apprenticeship situations, with hitherto low-attaining students, with gifted students, and with students whose special needs arise from handicaps. Here the many different experiences need to be researched, their particular features drawn out, and an account provided in an overall framework of analysis and understanding. 

 8. What are the relations between the role or roles we attribute to history and the ways of introducing or using it in education?

This question has been the focus of considerable attention over recent decades.  Every time someone reports on a classroom experience of using history and what it achieved they have been offering a response to this question.  So a search of the literature is a fundamental part of researching the response to this question.   The question also involves also a listing of ways of introducing or incorporating a historical dimension: for example anecdotal, broad outline, content, dramatic etc. Then one would draw attention to the range of educational aims served by each mode of incorporation: the way that historical anecdotes are intended to change the image of mathematics and humanize it, for example. Or again, the way that mathematics is not, historically, a relentless surge of progress but can be a study in twists, turns, false paths and dead-ends both humanizes the subject and helps learners towards a more realistic appreciation of their own endeavours.

There are rich issues for discussion and research in, for example, the use of primary sources in mathematics classrooms at appropriate levels.

This question is a very broad one that could involve a large number of people: it may be wise to distinguish the taxonomic question --the range of different classroom aims and modes of activity-- from the further exploration of each issue. ---

9. What are the consequences for classroom organisation and practice?

The consequences of integrating history are far-reaching.  In particular, there are wider opportunities for modes of assessment. Assessment can be broadened to develop different skills (such as writing and project activity), and consequences for students' interest and enjoyment have been noted.  Teachers may well need practical guidance and support both in fresh areas of assessment, and in aspects of classroom organisation.  This in turn may have consequences for teacher training as well as curriculum design. ---

 10. How can history of mathematics be useful for the mathematics education researcher?

This question provides an opportunity for an exploration of the relations between the subject of this study and researchers in the mathematical education community (whose aims are, in turn, to provide insights into the processes of learning and teaching).  One example is the use of history of mathematics to help both teacher and learner understand and overcome epistemological breaks in the development of mathematical understanding.  A constructive critical analysis of the view that `ontogeny recapitulates phylogeny' --that the development of an individual's mathematical understanding follows the historical development of mathematical ideas-- may be appropriate. Another example is of research on the development of mathematical concepts. In this case the researcher applies history as possible `looking glasses' on the mechanisms that put mathematical thought into motion. Such combinations of historical and psychological perspectives deserve serious attention.     These issues could be studied in teaching experiments in which the above questions are addressed, and also questions like: What is good for the learner? How do you know it is good for the learner? and so on. Even if a teaching experiment does not use history of mathematics explicitly, the elaboration of the teaching project may have made use of the results of history of mathematics. For instance, such a question as `is it good for the learner?' may be better understood in the light of the history of mathematics.  So the question here is: how can research in mathematics education profit from historical knowledge? The answer to this question might deal with themes such as the historical genesis of a concept and an epistemological analysis of the interplay between history and the teaching of a subject. Moreover, history of mathematics helps to understand the distance between the way in which concepts function in the mathematics community and the way they function in the school.

There are also fundamental questions about the style and evaluation of research in this area.  Different styles which have been used in the past range from the anecdotal (in effect) to quasi-scientific surveys with questionnaires and statistical apparatus.  A process of such considerable complexity evidently calls for a research methodology of some sophistication.  Fortunately the wider mathematics education community has been studying this problem for some time: it is indeed the subject of an earlier ICMI Study (What is research in mathematics education and what are its results?).  So a group could be encouraged to draw upon the wider community experience and consider its application to our area of concern. ---

 11. What are the national experiences of incorporating history of mathematics in national curriculum documents and central political guidance?

This is not so much a question for discussion as a fairly straightforward empirical question, needing input from knowledgeable people in as many countries and states as possible. But of course it has policy implications too, and could lead to a sharing of experience among members of the community about how they have reached the policy-making level in their countries to influence the content or rhetoric of public documents. Perhaps this study could be carried on in parallel with the more discursive questions, organised by a small group who could put the results (in the sense of public documents or quotations from them as well as brief historical accounts of national curriculum change) on the WorldWideWeb as they are collected.

In some parts of the world a different relationship between history and mathematics may have been developed. For example, in Denmark and Sweden history of mathematics is regarded as an intrinsic part of the subject itself. There are also differences in styles of examination and assessment. If everyone with access to examples of such different approaches, from different countries and states, could pool their experience it would be a most valuable input to the Study. ---

 12. What work has been done on the area of this Study in the past? 

The answer is: quite a lot.  But it is all over the place and needs to be gathered together and referenced analytically.  A major annotated critical bibliographical study of the field, which might well take up a sizeable proportion of the final publication, would be an enormously valuable contribution that the ICMI Study could make.  It should include a brief abstract of each paper or piece of work included, and indications of the categories to which the work relates in an analytical index.

The organisation of this sub-project will need to be different from that of the rest of the Study.  It will need to be even more pro-active to achieve a useful result. A small group should perhaps take this in hand and work out how it can be achieved collaboratively. Some progress on such a bibliography is already in hand in various places, notably by Fred Rickey in the US, John Fauvel in the UK.  This seems another place where work in progress could be available on the WorldWideWeb. 
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Call for contributions

The ICMI Study on The role of the history of mathematics in the teaching and learning of mathematics will investigate the above questions over the next two years. The Study has three components: an invited study conference, related research activities, and a publication to appear in the ICMI Study series that will be based on contributions to and outcomes of the conference and related research activities.  The conference will be held in April 1998 in France.  The major outcomes of the study will be published as an ICMI Study in 1999 and presented at the International Congress of Mathematics Education in Japan in 2000.

The International Programme Committee (IPC) for the study invites members of the educational and historical communities to propose or submit contributions on specific questions, problems or issues stimulated by this discussion document no later than 1 October 1997 (but earlier if possible).  Contributions, in the form of research papers, discussion papers or shorter responses, may address questions raised above or questions that arise in response, or further issues relating to the content of the study. Contributions should be sent to the co-chairs (addresses below).  Proposals for research that is on its way, or still to be carried out, are also welcome; questions should be carefully stated and a sketch of the outcome --actual or hoped-for-- should be presented, if possible with reference to earlier and related studies. All such contributions will be regarded as input to the planning of the study conference.

 The members of the International Programme Committee are Abraham Arcavi (Israel), Evelyne Barbin (France), Jean-Luc Dorier (France), Florence Fasanelli (USA), John Fauvel (UK, co-chair), Alejandro Garciadiego (Mexico), Ewa Lakoma (Poland), Jan van Maanen (Netherlands, co-chair), Mogens Niss (Denmark) and Man-Keung Siu (Hong Kong).

This document was prepared by John Fauvel and Jan van Maanen with the help of Abraham Arcavi, Evelyne Barbin, Alphonse Buccino, Ron Calinger, Jean-Luc Dorier, Florence Fasanelli, Alejandro Garciadiego, Torkil Heiede, Victor Katz, Manfred Kronfellner, Reinhard Laubenbacher, David Robertson, Anna Sfard, and Daniele Struppa.

Contributions should be sent to the co-chairs at the following addresses:

John Fauvel, Mathematics Faculty, The Open University, Milton Keynes MK7 6AA, England UK (j.g.fauvel@open.ac.uk)  

Jan van Maanen, Department of Mathematics, University of Groningen, P O Box 800, 9700 AV Groningen, The Netherlands (maanen@math.rug.nl)
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Italians are particularly interested

In Italy, there is a tradition of historical studies. But there is another special reason for our interest. In 1998, Italy "will come back into Europe" as far as teacher training is concerned. Since 1922, the neo-idealistic slogan "He who knows can teach" has been dominant, and this implies that everyone with a university degree can teach.

However, a law passed in 1990 established a two-year postgraduate course for "abilitazione", a compulsory qualification for those aspiring to teach. There is almost universal agreement about the presence of specific didactics, history  and epistemology  in the curriculum. We are therefore particularly interested in the results of this ICME Study. The central issue is: What history (and what epistemology) are suitable for didactics?

In these notes, epistemology  will be considered as being almost equivalent to philosophy .

Didactics, history and epistemology of mathematics

Our central thesis is this: In teacher training, didactics, history and epistemology (of mathematics) must form a "virtuous circle" in which each justifies and strengthens the others (cf  1 , 2 and 6; cf  also our reply to question 10). In high-school mathematics teaching, there must be a historical-epistemological component and, symmetrically, a mathematical component in the teaching of philosophy.

In the Eighties, many "mathematics didacticians" in many countries felt the need to give a more reliable foundation to educational research through a philosophical reflection. What philosophy is suitable for this purpose?

Philosophy must explain mathematical thought (not only at the level of research, but also as far as teaching is concerned), and its development in the past: it needs history .   This means that we must avoid the identification "philosophy of mathematics = mathematical logic". Our philosophy must guide and explain educational choices; it must help in a correct planning of teaching (here, we can see a case of Ferdinand Gonseth's principe d'idoneité) It must be open to new reflections (Gonseth's principe de revisibilité).. Such a philosophy can be a non-absolutist  one  (Confrey, Ernest).   They can be traced back to a tradition connected to the non-Euclidean and Einstein's "revolutions" (Gauss, Riemann, Clifford, Poincaré, Enriques, Einstein, Weyl, Bachelard, Gonseth, . . . ), and taken up again by Popper and his school (Kuhn, Feyerabend, Lakatos).

What history is suitable? There is a history of documents  and a history of ideas . The latter needs the former, but didactics and epistemology need the latter.   We may find examples of such approaches in the writings of Koyré, Mach, Enriques, Crombie, De Santillana, Kuhn, . .; they show great syntheses, comparisons between different moments of scientific and philosophical thought, interdisciplinary connections, and sometimes also heterodox historiographical principles:    "The history of scientific thought must be rewritten, taking into account the development of   science" (Bachelard).    "History is constructed a priori , except to change the constructions if they do not correspondence to the texts and documents . . ." (Enriques).

In these notes, we shall develop the historical and philosophical perspectives together.   History needs some suitable philosophical premises: "History without philosophy is blind; philosophy without history is void" (Kant).

Answers to some questions in the document

1. How does the educational level of the learner bear upon the role of history of mathematics? Students who will explicitly meet these problems must be, or become, able to understand the "cultural values" of mathematics. The historical-philosophical dimension of mathematics allows the development of these values. It would be interesting to research how students in their first year of schooling construct an "indirect awareness" of such values.

We fear that teachers and students at all grade levels are dazzled by technological novelties.   Another danger is the reduction of history to a few anecdotes; if these are not put into a cultural context, they are (nearly) useless.

It is important to place mathematics in the general context of knowledge ; Unfortunately, the contrary choice is widespread today (see, for example, the Introduction to Bourbaki's Elements ).

2. At what level does history of mathematics as a taught subject become relevant? A separated teaching of history and philosophy of mathematics is suitable only at university.   We must take into account, also, to opinions of some (e.g.  Lakatos) who maintain the insertion of historical and philosophical subjects into "normal" courses; but this choice, in our academic organisation, would no longer leave room for historical and epistemological research.

Epistemological reflections (in mathematics or other specific areas) can begin with the "formal thought" stage (at approximately fourteen years of age). Historical subjects can begin before this stage as well; but history cannot be reduced to tales.

3. What are the particular functions of a history of mathematics course or component for teachers? Teachers, and also those who will not teach these subjects explicitly, must have in their curricula a historical-epistemological education; maybe the best solution would be a partial integration of both.   In our opinion, this must be valid for all   mathematicians.

The role of history and philosophy in education must be treated differently for different school levels; a postgraduate course can make the planning of these subjects easier. "The history of foundations and the ideas of proof" would be a good subject, but it is not the only one.

L. Grugnetti & F. Speranza (1994). Teachers' training in Italy: the state of the art ;  Proc. First Italo-Spanish bil. symp., 205-210

F. Speranza (1996). Perché l'epistemologia e la storia nella formazione degli insegnanti?   Università e scuola, 1, 70-72

4. What is the relation between historians of mathematics and those whose main concern is in using history of mathematics in mathematics education? In Italy, historians of mathematics are partly uninterested in educational problems, and are partly also "didacticians". Epistemologists of mathematics (with a pre-eminently mathematical training) are mostly interested also in didactics, because the recent revival of epistemology had also an educational motivation. Generally speaking, didacticians of mathematics are at least aware of the importance of history and epistemology. Those who are also historians or epistemologists are a relevant minority.

There could be a difficulty: the "paradigms" of historical and epistemological research accepted by the respective communities might not be suitable for educational research. It is thus very important that there be educational researchers engaged also in historical and/or epistemological research.

In university organisation, there is a unique group for didactics, history and epistemology of mathematics. This is relevant, for example, for the selection of teachers (for both permanent and temporary positions), and encourages interdisciplinary studies.

5. Should different parts of the curriculum involve history of mathematics in a different way? Generally speaking, yes . For instance, geometry can provide many suggestions because of its long history and the changes over the centuries. There is need for a reflection about its role because its weight in most curricula has, in the last few years, been heavily reduced (also in Italy, where it was once a "national glory". The role of the historical and epistemological dimension is fundamental to a "return to geometry".

F. Speranza (1994). The role of non-classical geometries for a radical renewal of mathematics teaching . Proc. First Italo-Spansich bilateral symposium, 249-256

F. Speranza (1995); Geometry and the development of our culture ;  In ICME Study: C. Mammana (Ed.), Perspectives on the teaching of geometry for the 21st century .  Pre-proc. Catania Conf., Dept. of Math., Univ. of Catania, 242-245

6. Does the experience of learning and teaching mathematics in different parts of the world, or cultural groups in local contexts, make different demands on the history of mathematics? We remember A. Toynbee's idea of "civilisation" (A Study of History): science has been (nearly) exclusively the domain of the Hellenic and Western ones of other . Nevertheless, it can be interesting to study  some basic conceptions of other civilisations (for instance, about the concepts of space and time), in order to reflect on how scientific thought could develop.

We remember, too, the thesis of Sapir-Whorf: every language (or, better still, every group of languages) contains in itself a conception of the world. For example, the use of spatial metaphors to express non-spatial concepts seems characteristic of certain languages; on the other hand, some people have no adequate idea of the future because, in their languages, there is no future tense. Nevertheless, when an individual belonging to a population with a radically different language from our own learns one of our languages, he/she is able to learn our basic concepts.

8 and 9. What are the relations between the role or roles we attribute to history and the ways of introducing or using it in education? What are the consequences for classroom organisation and practice? History and epistemology can give us meaningful suggestions for a "more humane" teaching of mathematics. Pupils must understand the principal problems connected with the historical-developmental construction of mathematics, and its role in the culture. Let us think of the concept of space, the axiomatizations of geometry, the development of analysis, non-Euclidean geometry, and algebraic and logical symbolism. A (non-compulsory) list of meaningful subjects, adequately justified, could be prepared.

F. Speranza (1988), History, Epistemology, Didactics: some noteworthy cases. Proc. First Italo-German bil. symp. on didactics of math., Pavia, 95-107.

L. Grugnetti (1994), Relations between history and didactics of mathematics. Proc. 18th  PME Conference, vol 1, Lisboa, 121-124.

10. How can history of mathematics be useful for the mathematics education researcher? We can complete Kant's aphorism: "Didactics without history and philosophy is blind". These disciplines give didactics its basic references (Let us remember Piaget's épistemoloie génétique). Obviously, other references can be drawn from "educational sciences" such as pedagogy, psychology, general didactics, sociology, and so on.

"From the greatest men of the past we can receive help and stimulation more fruitful than from the best men of our age ... Devoid of the methods, which they created (and which we do not understand without a compete knowledge of their works), they succeeded in ordering and mastering the subjects of their research, giving it a conceptual form" (Mach).

"Only via their ruptured history do present theoretical concepts receive their empirical content" (Bachelard). 11. What are the national experiences of incorporating history of mathematics in national curriculum documents and central political guidance? In Italy, at the beginning of this century, many mathematicians were sensitive to historical and epistemological problems. So-called "neo-idealism", supported by Fascism, "sanctioned" a sharp division between the two "cultures". In our high schools, the "Gentile reform" (1923) was marked by non-idealistic principles. "Humanistic disciplines" are taught from a historical point of view; in mathematics, this viewpoint is ignored(and the past is tacitly considered a series of misconceptions). Moreover, "reflections" on sciences (and on scientists) were explicitly banned by Gentile.

In the last few years, there has been a revival of interest in historical and epistemological themes, especially in the "Nuclei di Ricerca Didattica", university-school groups, supported by Ministry of Universities and the National Research Council).

Future researches

We are planning researches on the understanding of historical development of some meaningful subjects such as: - the concept of limit, - the passage from Euclidean geometry (considered as a unshakable truth) to a multiplicity of geometries (non-Euclidean geometry, Klein's Erlangen program). Some relevant ideas, as "epistemological/didactical obstacle", or "revolution" could be useful.
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PUBLIC IMAGES OF MATHEMATICS

Lim Chap Sam and Paul Ernest

University of Exeter

Introduction
Mathematics is a mysterious subject, and a number of myths are associated with it. These myths include commonly expressed views including: "mathematics is just computation", "mathematics is only for clever people (and males)"; "your father is a maths teacher so you must be good at it too". Such myths and images are widespread and seem to be present in many countries, and among all classes of people. Moreover, most of these myths are negative (Buxton, 1981; Ernest, 1996; Peterson, 1996). It is a matter of concern to us that these negative images of mathematics might be among the factors that have led to the decrease in student enrolment in mathematics and science in institutions of higher education, in the past decade or two. However, there are relatively few systematic studies conducted on the subject of myths and images of mathematics. We need an answer to the question: 'what are the general public’s images and opinions of mathematics?' We need to ascertain how popular or unpopular mathematics is, before we can design measures to improve or promote better public images. Therefore, this study aims to explore the range of images of mathematics held by a sample of the general public. It also aims to investigate the factors that might influence or cause these images. 

Definition of 'image of mathematics'
A review of past literature shows that there is not yet a consensus on the definition of 'image of mathematics'. This term has been used loosely and interchangeably with many other terms such as conceptions, views, attitudes and beliefs about mathematics. However, in this study, I choose to adopt both Thompson's (1996) and Rogers' (1992) suggestions and define the term image of mathematics held by a person as some kind of mental picture, or visual or other mental representation, originating from past experiences of mathematics, or from talk or other representations of mathematics, as well as the associated beliefs, attitudes and conceptions. As an image originates from past experiences, it can comprise both cognitive and affective dimensions. Cognitively, it relates to a person’s knowledge, beliefs and other cognitive representations. Affectively, it is associated with emotions, feelings and attitudes. Thus image of mathematics is conceptualised as a mental picture or view of mathematics, presumably derived as a result of social experiences, either through school, mass media, parents or peers. This is also understood broadly to include all visual or metaphorical images and associations, beliefs, attitudes and feelings related to mathematics and mathematics learning experiences.

Methodology 
Interpretative approaches for data collection and analysis employing both quantitative methods and qualitative methods were applied to data collected from a questionnaire in stage one, and semi-structured interviews by telephone, in stage two. The questionnaire consists of two open-ended questions and nine structured questions. The open-ended question asked for respondents' images of mathematics and learning mathematics while the nine structured questions elicited responses on the attitudes, beliefs and images of mathematician of respondents. 

The semi-structured interview consisted of four sections. It aimed to probe (i) reasons for liking or disliking mathematics; (ii) memories of salient mathematics learning experiences in school; (iii) change of view after leaving school and (iv) other self-reported possible factors of influence on the participants' images of mathematics. These telephone interviews lasted between 4 to 30 minutes each, with a mean length of 12 minutes per interview. All interviews were transcribed and analysed using the qualitative computer software, NUD*ist version 4. 

Sample
548 'adults' (aged 17 years old and above) in the UK responded to the questionnaires and 62 of them were interviewed in the follow-up telephone interviews. These respondents came from four occupational subgroups: professionals; managerial and technical; skilled; and unskilled workers; as well as teachers and students (both mathematics and non-mathematics specialists). (Brief details are given below of a parallel Malaysian sample).

Findings and discussions
Some of the major findings of the study are highlighted and discussed below. 

1. Reported liking of mathematics 
Slightly more than half of the UK total sample reported a liking of mathematics but one third of them reported a disliking of mathematics. The percentage disliking mathematics is highest among the youths of age group 17-20 years (44.0%) and among the students of non-mathematics options (49.6%). These alarming negative attitudes towards mathematics among the youths and the non-mathematics students raise concern, because these groups represent the future workforce of the nation.

2. Images of mathematics and learning mathematics
Most respondents did not seem to differentiate their image of mathematics from their image of learning mathematics. This finding suggests the close relationship between these two types of images. Perhaps most people’s image of mathematics is derived from their experiences of learning mathematics in school.

In addition, based on our data we found that these images are often unique and personal, and multifaceted and diffuse. Nevertheless, from the analysis, five views that were commonly shared by the UK sample are: 

Absolutist or dualistic view: mathematics is perceived as a set of absolute truths, or as a subject of which always has right or wrong answers. 

For example, this view is characterised by

'… in maths, you got the right answer or the wrong answer. There isn't anything in between' 
(R115, text-unit 15, student adviser, age group 41-50, female, dislikes maths)

'maths is fun and [has] definite answer to work to' 
(R313, insurance sale assistant, age group 31-50, female, likes maths)

According to this view, mathematics appears to have a power of certainty, such that,

'I just like the fact that you could get a solution and that nobody could say that you have done wrong. 
(R113, text-unit 7, science teacher, age group 51-60, female, likes maths)

Due to this certainty, many people find learning mathematics rewarding and a source of achievement.

'Obviously if I can get the right answer, I feel achieving and rewarding' 
(R409, text-unit 11, retired soldier, age group over 60, male, likes maths)

However, this view of definite right or wrong answer has hindered some people from liking mathematics. This is because they found mathematics lacks of creativity and it is not discussible. 

Utilitarian view: mathematics is primarily viewed in terms of its utilitarian value. 

For example, Mathematics is viewed as:

' a human tool to calculate and predict' (R047)
'an essential tool for everyday life' (R128)
While this view of mathematics as a practical and useful tool might hold for those who reported liking, for others who dislike the subject, mathematics is perceived to be irrelevant and comprises

'a lot of things which I never used' (R492)
Mathematics is regarded as important and essential to learn because mathematical knowledge is necessary and useful in both daily life and at work. Some reported images of mathematics strongly identified with particular uses such as 'banking account' (R494) or 'VAT receipts' (R459). 

Symbolic view: mathematics is perceived as a collection of numbers and symbols, or rules and procedures to be followed and memorised. 

Some examples are mathematics is viewed as comprising or represented by:

'numbers and equations' (R005)
'figures and sums' (R340)
'multiply, minus, add, divide' (R453)
For many of these participants, mathematics is seen as sets of rules and procedures to be followed and memorised. For some people, this is a pleasure because mathematics is

'formulae, involved and exciting' (R038)
and some of them just 

'like playing around with numbers, equations, finding solution to problems' 
(R119, text-unit 3, likes maths).
But to others, mathematics is

'rules, formulae learnt before understanding' (R109)
This is well described by a middle-aged housewife who reported disliking mathematics.

'Sometimes if you can't remember the formula then you don't know how to get the answer,…' (text-unit 5) and '…you got to stare on the wall. You are mentally blackout - it is all gone!' (text-unit 13) As a result, she said, ' I haven't have any interest at all. I find it [mathematics] boring, doing numbers and things like that' (text-unit 37)
(R267, housewife, 31-50, dislikes maths).
Many people perceived mathematics as a collection of numbers and symbols, rules and procedures that are needed to be followed and memorised, that is, the symbolic view of mathematics. Many of them indicated that they do not understand mathematics and do not see the purpose of this repetitive process. This perceived irrelevance has resulted in boredom and sometimes confusion for some of them.

Problem solving view: mathematics is related to a set of problems to be solved. 

The main characteristic of this view is that mathematics is taken as a set of problems to be solved. The enjoyment of learning mathematics then lies in the exploration of these problems and the derivation of solutions. Many reported a sense of satisfaction and achievement when they found the solution to a mathematical problem. 

'…there is always enormous pleasure in manipulating numbers a kind of problem solving activity in its own right. So, if I have a mathematical problem that I basically, provided that I understand the rules, then I have quite a lot of pleasure in manipulating that out of whatever it might be. Although I am largely a verbal person, I am also have great fun in solving mathematical problems ' 
(R061, text-unit 5, university lecturer (psychology), age group 51-60, male, likes maths)
In the process of solving mathematical problems, many believe that mathematics stimulates logical thinking and functions as an analytical tool. This is because mathematics is

'logical stimulation' (R100) as well as 'logical - organises things in order' (R122).
Subsequently, mathematics is viewed as a means to model the world. A few respondents expressed this as: maths is 

'a way to model the physical world' (R301) and

'problem solving - explaining physical processes' (R113).
Associated with these images is the view that mathematics learning is 'learning to think correctly and logically' (R384) and it is possibly hierarchical in the sense that, one needs to 'take small steps to understand difficult problems' (R122). Moreover, mathematics learning is all about 'making order out of chaos' (R118).

This problem solving view is more often held by those who reported liking than those who reported dislike of mathematics. For the former, this was also given as one of the main reasons for liking mathematics. Perhaps they enjoyed the challenge in searching for solutions to mathematical problems, and felt a sense of satisfaction when they found a solution. In contrast, for those reporting dislike mathematics, learning mathematics is like 'solving a complicated puzzle: there is an answer but it takes long time to find it' (R361) Many of them find mathematics 'difficult' (R434) and learning mathematics is more like 'passing hurdles' (R470) than doing something enjoyable for them. 

Enigmatic view: mathematics is seen as mysterious but yet something to be explored and whose beauty is to be appreciated. 

For these respondents, mathematics is seen as mysterious, foreign and incomprehensible but yet, it is also

'like a sunset - unique and beautiful' (R168). 
There are on one hand, those who like mathematics because, as they report:

'…I like the elegance of mathematics. The proofs and theories are very elegant. There is …like recognising the patterns of mathematics, I found it very interesting' (R193, text-unit 3, IT trainer, male, 21-30, like maths). 
Due to the elegance and aesthetic appeal of mathematics, and for others, the mysterious nature of mathematics, learning mathematics becomes 'an exploration into another world' (R113) or ' a voyage of discoveries' (R116) that is 'fun and challenging' (R140) for those who reported a liking of mathematics.

On the other hand, the complexity and abstract nature of mathematics also drives away some people's interest in mathematics because they found mathematics incomprehensible and confusing. They found themselves like 'groping through fog' (R412) or 'wandering in a desert - with the odd oasis of understanding' (R363). 

The view of mathematics as an enigma was expressed by a small minority of the sample, particularly those who reported liking of mathematics and those who has direct involvement in mathematics such as mathematics students and mathematics teachers. Perhaps this might be one of the main reasons that have attracted these people to undertake mathematics-related studies and careers. 

However, in general, most people were inclined to hold a composite image made up of elements from several of these five common shared views rather than subscribing to a single view.

3. Image as metaphor
Lakoff and Johnson (1980) point out that "metaphor is pervasive in our everyday life, not just in language but in thought and action" (p.3). Perhaps it is then not unusual for people to express their images in the form of metaphors. In this study, 27% of the respondents expressed their image of mathematics in the forms of metaphors, while 66% of them gave their images of learning mathematics in metaphoric terms. It is interesting to find the variety and diversity of these metaphors, besides the commonalities that they shared. Some common metaphors used by most respondents are described and discussed as follows:

a) Mathematics as a journey 
This was the most common metaphor given by the sample. Some examples are: maths is a '
'challenging journey - rewarded by arrived at your destination' (R255)
Learning mathematics is like 

' an easy stroll on a windy day' (R034) or 
'running uphill - difficult but you get there' (R376)
Implicitly, the journey metaphor highlighted the close relationship between images of mathematics and images of learning mathematics. For many, mathematics as a challenging journey elicits the experience or process of learning mathematics. For some people, the experience of learning mathematics might be like a struggle in a journey such as,

'walking through mud' (R155) or an uphill struggle' (R417).
These metaphors indirectly indicate the difficulty and frustration that were experienced by these people, especially those reported a disliking in learning mathematics in school. Some of them felt that learning mathematics is like

'being stuck in a bus queue' (R268) or 'climbing a topless mountain' (R104).
They felt helpless and anxious about their inability to understand mathematics. A salesman expressed his image of learning mathematics as 'driving a Boeing 707 ( I don't fly)' (R462). Later in the interview, he explained that,

It is an expression that I used when someone say it is easy, all you got to do is this. It is easy if you can fly and you know how to drive a Boeing 707. But if you sit in front of a 707, where do you start? You know that you want to take off. You know that you want to start the engine. You want to go forward but you don't know how. So, you have the interest. Sometimes the interest is there but the lack of comprehension of how the whole thing work, it means you don't progress any further. ' 
(text-unit 19, male, over 50, dislikes maths) 

Thus it is sad to notice that some people might be full of interest before starting the journey of learning mathematics, but their interest was killed off by their lack of understanding. Whose fault is this?

In contrast, particularly those who reported a liking of mathematics viewed these journeys as explorations or discoveries. For them, learning mathematics is like 

'exploring - there is always something new to know' (R331) or 
'being an explorer-finding new paths and worlds' (R364)
For these people, mathematics is a journey to discover new things, new knowledge and new insights. A middle-aged mathematics teacher described his images of learning mathematics as 'the best sort of travelling in a new land' and he explained that,

'Well, when you are studying a new area and you are having to grasp it sometimes, you know, because you haven't done that sort of mathematics before and you begin to realise why some statements, some theorems in mathematics are true or you begin to see the use of that theorem can have, you know, the statement is making connection without the thing, and that I find interesting' 
(R293, text-unit 9, male, mathematics teacher, 41-50, likes maths)

These results suggest that it was the joy of discovering new understanding in mathematics that attracted them to get interested in mathematics. Even though many of them also found learning mathematics a difficult journey like,

'a journey through a dark tunnel with a light at the end' (R139) or
'walking through sand - hard work but put in effort, you'll get there' (R136)
Therefore, there is this sense of achievement and satisfaction that encourage these people to work hard and to strike for the solution. Implicitly these metaphors indicate that there is a definite solution for each mathematics problem. Learning mathematics is 'a journey through a dark tunnel with a light at the end' (R139) and there is a destination for you 'to get there' (R133, text-unit 13). 

There was also a young mathematics student who uses journey metaphor to illustrate her change of view from absolutist to fallibilitist (Ernest, 1991):

'I mean we always brought up with that of the right and wrong answer and suddenly we were told that was not the most important part of maths, the most important part is how to get there, what kind of strategy to use. You know, that is the important part, how to get it done. ...Therefore, mathematics does not have a definite solution, it is really your journey to get there.' 
(R133, text-unit 13)

According to her view, she was brought up with an absolutist view, but now she was exposed to an alternative view that there are many strategies and possible answers to a mathematical problem. To her, learning mathematics should be focused on 'process' rather than 'product'. This fallibilist view, however, was only shared by very few of the respondents. 

It is interesting to read that some undergraduate students and tutors in Allen and Shiu's (1997) study also gave the metaphor of mathematics as a journey. They categorised these responses under one of their four categories: 'struggle leading to success'. Two very similar responses from the tutors are: learning mathematics is like

'climbing a hill: - hard work where you follow the path you're on - and then the joy and satisfaction of being at the top ' (T3)
'climbing a hill. The higher you get the clearer the view of surrounding countryside - as you can see more the links and layout and connections become more obvious. (T18). (p.10)
In short, mathematics as a journey metaphor indicates that mathematics learning is a difficult process that needs a lot of effort and time. However, there are two possible extreme outcomes: either you reach the destination (obtain the solution) and feel happy and satisfied, or the opposite of having failed to solve the problem and feel disappointed and frustrated. 

b) Mathematics as a skill 
Closely linked to a utilitarian view of mathematics, some of mathematics images also see it as an important and necessary skill for daily life and work. Mathematics is 

"an essential basic skill for society" (R092).
Similarly, learning mathematics is like: 

"learning to walk, we've all got to" (R009)
Once again, the skill metaphors reflect the view that mathematics is a skill that is not always easy to learn, just like

"learning a musical instrument, some are easier and others are extremely hard" (R542). 
Nevertheless, at least nine respondents were attracted to learn mathematics because to them, learning mathematics is acquiring a skill, like

"riding a bike - once learnt never forgotten" (R123) 
There were some respondents who viewed mathematics as a set of skills that is hierarchical, like " brick laying - each brick is the foundation for the next block" (R081).

Others believed that mathematics learning is a skill that needs

memorisation such as 

"learning law: rules and cases to remember in total" (R485) or
needing a lot of practice: 

"learning to ride a bike - takes plenty of practice" (r520).
Likewise, the skill metaphor for mathematics suggests that learning it could be a skill that grows easier for some people, like

"playing the stock exchange - once you get the hang of it, it's ok" (R469)
or getting more difficult for others, just like

"riding a bike, simple enough until you come to a mountain" (R066). 
In summary, mathematics as a skill metaphor suggests that mathematics is viewed in terms of its utilitarian value, while learning mathematics viewed as a skill is seem to be hierarchical, needing memorisation and lots of practice; difficult to be mastered by some but easy for others. 

c) Mathematics as a daily life experience 
Besides the above three most common metaphors in our sample, mathematics is also commonly given in terms of an experience, in particular, a negative daily life experience. Mathematics as a metaphor of daily life experience have been used to portray a wide variety of feelings, from as enjoyable as 

"like playing with my children never tiresome" (R526)
to as painful as 

"a pain in the arm" (R181) or "a big headache" (R523).
More often these metaphors indicate learning mathematics as a negative experience than as a positive one. For example, learning mathematics is 

as boring as "going to sleep" (R003) or "watching paint dry" (R006) 

as painful as "having a tooth pulled out" (R078) 

as frustrating as " being stuck in a bus queue" (R268) or 

as (presumably) unpleasant as "having to walk to work in the rain" (R110). 

Nevertheless there were a few respondents indicated positive experience of learning mathematics like,

"watching TV never want to switch off" (R526) 
or having 

"a cold shower - refreshing" (R061). 
A few respondents experienced mathematics learning as something that is necessary to do even though they was feeling of "unwillingness" or "forced to". For example, learning mathematics is like

"being dragged unwillingly along" (R278) or
"like going to see the doctor - horrible but sometimes necessary" (R208). 
A young librarian gave an interesting metaphor for mathematics as "sitting in a class on a hot day wanting to be somewhere else", and she explained in the interview that, 

R207: I think it is something personally for somebody in the classroom you find for every subject, especially if it is the subject that you don't like. That is the last place that you want to be in a maths room when the sun is shining outside. [laughter all along] 
I: Do you mean you felt that you are in a way forced to do it?
R207: Ya. Yes, maths is something that you have to do to do anything later on. You have to get the maths qualification. And if you not good at it or you don't like it, then it is very much, you know, struggle to do it.'
(R207, text-unit 11-13, female, age 21-30, dislikes maths)
In summary, mathematics is viewed as part of life experience and learning mathematics is viewed as more often related to negative experience rather than the positive one for most people, at least for this sample.

d) Mathematics as a game or puzzle 
Closely related to problem solving, some respondents viewed mathematics in terms of games and puzzles. It is like:

"a brain teaser - a puzzle to be solved" (R388) 
and learning mathematics becomes

"finding your way through the maze" (R174); or
"playing chess - absorbing and challenging" (R220). 
Viewing mathematics as a game or a puzzle to be solved has made mathematics learning fun and challenging for many people. Mathematics is 

"fun when everything works out but remain a challenge" (R470)
or learning mathematics is like playing 

" a jigsaw puzzle-slow but relaxing- it makes your mind work" (R389)
Interestingly, out of the 10 respondents who expressed their images of mathematics as games or puzzles, nine of them are female and all of them reported liking mathematics. These results indicate that some female respondents like mathematics because they viewed mathematics as solving puzzles and playing games. How widespread this is, is not known. 

4. Myths of mathematics 
Consistent with past research studies (Cesar, 1995, APU surveys, 1988,1991, Kogelman & Warren, 1978, Burton, 1989, Vanayan et al., 1997), there were two myths of mathematics still commonly shared by the majority of the sample. They are (a) mathematics is difficult, and (b) mathematics is only for the clever "ones", but one traditional myth that, (c) mathematics is a male domain has been challenged and was supported by only 20% of the sample.

5. Possible factors of influence
The results highlighted five main possible factors of influence on an adult’s image of mathematics. Arranging them in the order of decreasing importance (that is by frequency of occurrence), they are:

mathematics learning experiences in school, 

personalities and teaching styles of mathematics teachers 

parental support and motivation (mostly father) 

an individual’s own personal interest in mathematics (whatever its source), and 

peer influence and support. 

6. Beliefs about mathematical ability
The majority of the UK sample (95.4%) believed that some people are better at mathematics than others. Half of them regarded this mathematical ability as something that is inherited from parents. The mathematics teacher was perceived as the second most important attributing factor, followed by effort and perseverance. These beliefs about mathematical ability and its possible contributing factors were similar across gender, age, and occupational groupings. 

However, the belief that there are gender differences in mathematical abilities varies significantly between genders, age groups and occupational groupings. The male respondents tend more to believe that men are better in mathematics (even though this a minority view) but the female respondents tend to believe that both men and women are equally good at mathematics. In terms of age groupings, the youth and the older age groups had the lowest level of belief that both men and women are equally good at mathematics. Significant variations among the occupational groupings suggest that careers might have impact on people’s belief about gender differences in mathematical ability. The teachers were the most likely to believe that both genders have equal ability in mathematics (although all that we observed was a correlation). But the professionals and the non-mathematics students were the two dominant groups that held the belief that mathematics is a male domain. 

7. Cultural differences
As a substudy, we also explored the image of mathematics of a sample of 406 Malaysian students and teachers. A comparison between the Malaysian and UK student and teacher samples show that there are cultural differences in the images of mathematics and learning mathematics between them. These differences are most significant in terms of beliefs about success in mathematics.

As shown in Figure 1, 68% of the UK students and teachers listed inherited mathematical ability as the most important or second most important factor contributing to overall mathematical ability, whereas 79% of the Malaysian sample listed effort and perseverance as the most important or second most important contributing factor. This finding is interesting because it indicates there is a cultural difference in perceptions of the factors contributing to a person's mathematical ability. However, inherited mathematical ability is still considered as an important factor in Malaysia, because half of the Malaysian sample ranked it as the most important or second most important factor. This suggests that the belief that "mathematics is more for the clever ones" might also be held by some of the Malaysian students and teachers too. 

OMITTED

Figure 1: A comparison between the UK and Malaysian sample on the ranking of attribution factors for differences in mathematical ability
Besides effort and mathematical ability, mathematics teachers seem to be the next most commonly cited contributing factor in both countries. Moreover, 10 % more of the Malaysians than the UK sample attributed mathematics teachers as the most or second most important factors for mathematical ability. The analysis thus indicates indirectly the important role of mathematics teachers in the sample's image of mathematics. 

In summary, while the Malaysian student and teacher samples attributed success in mathematics more to one's own effort, their UK counterparts attributed it more to inherent mathematical ability. This finding concurs with other cross-cultural studies (for example, Ryckman and Mizokawa, 1988; Huang and Waxman, 1997), namely that Eastern societies tend to most value effort, perseverance and hard work whereas Western families tend to view mathematical ability and creativity as the most important contributing factors for success in mathematics.

Conclusion
There appear to be significant differences in the images of mathematics between those who reported liking and disliking of mathematics. The findings reported here suggest that, at least in this sample, people's images and beliefs about mathematics are correlated with their liking of mathematics, and with their attitudes towards learning of mathematics. Thus, people's overall images of mathematics may causally impact on people's attitudes (although converse influences are also possible). Therefore, the issue of how to present mathematics in the most appealing way to students, to enhance both images and attitudes, whilst teaching it effectively, remain a challenge for both mathematics teachers and mathematics educators. 

A more detailed analysis of the study reported here will appear as Lim (1999). 
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I'VE GOT A SECRET: MATH ANXIETY

C. Rick Seaman

University of Regina

Rick.Seaman@uregina.ca

I have taught high school mathematics for 23 years and have also instructed undergraduate mathematics at the university level as a sessional lecturer for 18 years.  One of the courses I have taught is Math 101, a degree requirement class for general arts and elementary education.  In my first time teaching this class as a six-week summer course, I asked my wife (an elementary school teacher) who I might find in this group.  She told me to expect a significant number of "middle-aged female elementary school teachers" taking this as their final requirement for their degrees. (Over the years, teachers here have been required to have a degree to teach, with many taking evening and summer courses.)  When I came home from the first class session, my wife asked me who was in the class.  Amazed, I said she had been correct.  There was an extraordinarily high number of "middle-aged female elementary school teachers"—how did she know?  She paused thoughtfully and said, "Be kind.  They are terrified."

My curiosity piqued, I asked the students their feelings.  My wife was right.  They were terrified.  Repeated teaching of this course, with the same experience each time, led me to interview three female elementary school teachers in depth, and resulted in 'I've Got a Secret: Math Anxiety'.

The Study

Alice, Barb and Chris (not their real names) are elementary teachers each with over 20 years of teaching experience.  All three women are highly intelligent, articulate, and painfully aware of their limitations in mathematics; however, they have become equally aware of their strengths in teaching mathematics within the constraints of grade level or concept level.

Chris remembers doing "really practical problems" in arithmetic with her grandmother, which were "fun." Chris adds that after arithmetic math "was never practical.  I had this idea, you kind of just memorized it, answers came from the air, or God knows what.  I never figured it out."  Alice found mathematics after arithmetic limited in applicability and the subject seemed impersonal.  She felt no "bond" with mathematics, saying, "it was not something I was particularly interested in."  Barb also saw no meaningful application; math to her was merely being given an assignment, and then "they (the math teachers) sat down."  There was little connection between the math's symbolic language and the real world.  "You get to a test and it all looks like Greek to me," said Alice, "They're just things that float in the air.  You get through it, and repress it for life."  It was apparent that, once past the arithmetic stage, and into the more abstract aspects of the mathematics stage, these women no longer saw the applicability of what was expected.  Alice states that "if you don't pass this, you don't get your year - well, do you know what that would mean?  I mean, that has got to be the ultimate, the ultimate embarrassment, personal failure."

Math Anxiety

That they had received poor teaching was a strongly-held conviction by all three women.  Alice believes her difficulties with math began when, as a "gifted student," she was involved in a pilot project where, "we literally had to teach ourselves."  Barb describes her teachers as "very, very poor math teachers … I don't remember any teaching."  Chris wonders if she had good teachers, would it answer for her the question, "Whether I am really learning disabled in math, or stupid, or what?  Looking back I don't think my teachers knew how to teach math."

Teachers alone are not responsible for any emotion underpinned by qualities of fear and dread in mathematics, an emotion that has been referred to as mathematics anxiety.  Perhaps changing classroom practices to textbooks and curricula that encompass more issues that are relevant to adult daily working, living, or story plots that capture human interest would reduce math anxiety for students.

Preparing for the Interviews

Over the course of one week, Alice, Barb and Chris, three "math anxious" primary level female teachers, were interviewed concerning their perceived math anxiety.  The first two interviews took place at the home of the interviewer and the other in the individual's classroom after school.  The interviewees determined these places.  Each interviewee was told that the interviewer had a genuine interest in knowing more about math anxiety.  They were also told that a transcript would be made and that they were guaranteed anonymity.  The interviews developed from general conversation led by the interviewer.  Each interview lasted approximately 20 minutes.

The three interviews turned out to be one with a person I knew well, one with a person I knew not as well, and one with a person I did not know.  All three women had a genuine concern to analyze their math anxiety, to understand it better, which ultimately made the interviews flow—because they actively participated.  The introspection involved appeared to be a useful exercise for all three women and all expressed their appreciation of the invitation to express their thoughts and views on math anxiety.

The reason for selecting female primary teachers was through a desire to narrow the research; to hear what they would say about their anxiety 'then and now'; to hear what impact math anxiety had on their career choices and how it affected their careers; and to see if any of these women believed that their math anxieties were directly related to gender.  I was interested in what insights I could glean concerning math anxiety as a high school math teacher.  The interviewees understood the objectives and what would be done with the data collected and the resulting transcripts.  Each participant received a copy of her interview plus a summary of the themes found in the interviews.

Alice's, Barb's and Chris' Stories

Math has often been treated as a solitary subject - one relegated to working in relative personal isolation. Alice described that as an adolescent, you feel alone in your shortcomings and "you run around trying to hide it."  Barb said she would "never think to ask (the teacher) anything."  While students working in groups could help address these concerns, the role of the teacher in reducing math anxiety would not diminish.

A supportive teacher who provides a healthy classroom climate is crucial to developing positive attitudes toward mathematics.  Ensuring acquisition of prerequisite skills, teaching for understanding and using math when teaching other subjects are among suggestions for preventing math anxiety.  Also, the creation of a climate where it is acceptable to both question and make mistakes might help take the fear out of mathematics.  A healthy climate that allows for errors and questions might have negated the kind of embarrassments and traumas described by these women.

Events and feelings from elementary school days are subject to vivid recall.  These memories, are continually linked to attitudes to mathematics and teachers.  Alice, Barb and Chris expressed clear memories of specific happenings - not usually successful - with learning, or lack of it, and teachers.  Alice remembers not knowing what to do in the pilot program; Barb remembers a World War II veteran, shell-shocked, shuffling, non-verbal teacher, with mouth agape; and, Chris still remembers the embarrassment of being told that a younger boy in another class could do something in math that she and the rest of the girls in her class were unable to do.

Conversely, good experiences are vivid memories, as are good teachers.  Alice recalls the "best teacher in the whole world" as an applied statistics teacher in university, who was positive and supportive and made math make sense.  Barb remembers more of the contrast between her math teachers and her other teachers.  Chris remembers a university professor who tutored her - free - all summer so she could pass her test.  When she did, they both cried.  Chris still keeps in touch with her.  Mathematical success appeared to be influencing the career choices for these women.

Math avoidance maybe seen as a "cause as well as a symptom" of math anxiety.  Math avoidance leads to limiting careers to those that neither require mathematics training nor its use.  All three women acknowledged that careers were, to some degree, determined by their avoidance of mathematics courses out of necessity or fear.  Alice avoided grade twelve physics, which did not allow her entrance into any careers that require physics.  Barb found that Teachers' College was the only admission she could get without grade 12 math.  While she feels she would still have selected education as a career, she would likely have attended a different college if she had math.  Chris would have chosen architecture had she not avoided math in her British education.

Fears of the tests in mathematics seemed to be part of the avoidance aspect of math anxiety.  When Alice had to do a math test, she took her fifty percent with relief.  Chris panicked when she had to do a mastery test and achieve ninety percent to pass.  Barb couldn't figure out how or why "other kids managed to pass."  There appeared to be a general fear of contact with mathematics, including classes, homework, and tests.

An important concern regarding math anxiety, is whether female elementary teachers pass their anxiety on to their students, particularly female students.  Is gender bias the reason for math anxiety and would remedial math programs alleviate anxiety and break the cycle? Or does math anxiety beg attention across gender?

Having acknowledged math anxiety, the three female elementary school teachers indicate they are not only comfortable teaching mathematics but often empathetic with students and indicate they are better than average at teaching math. They seemed eager to break the cycle of poor attitudes generating poor attitudes and provide their pupils with positive experiences in learning mathematics.  They all stated, however, that they have a limit to what they are able to teach in mathematics, and generally, the delineation is high school.  Alice will not work in high school because she feels she does not have the background in mathematics; Barb says she would be a "basket case" if she had to teach high school math; and, Chris says she is happy teaching elementary math because she knows her skills are above those of her students.  Alice, Barb, And Chris had found their ‘comfort zone’ for teaching mathematics.  In response to the constraints math anxiety places on teachers' comfort zones, all three women suggest that for those who must teach mathematics, methods courses or support groups would be of minimal help.

Barb believes she has become a particularly good math teacher and suggests that part of the reason is that her initial insecurity about teaching math caused her to work and prepare extra-carefully for it.  She believes she is creative in her math teaching and not bound by the textbook sequence.  She also finds that she never gets frustrated when students "don't get it."  She just approaches their difficulty from another angle.  Alice believes she is a more empathetic teacher, and she is careful to teach children the "system" of mathematics - the prerequisite knowledge base needed for future mathematics.  Chris is careful to attend workshops to make her a "better" math teacher.  She says it is important to make children think and consider all possibilities.  These teachers, while displaying residual effects of math anxiety, are quite confident within their "comfort zone."

If one was searching for a connection between gender and math anxiety, it was not evident in this study.  Much has been made of the connection between women and math anxiety, but the only difference between male and female math anxiety may be that females are more likely to report it, perhaps, because it is "safer" for women to admit to math anxiety than for men.

Not once did any of these women suggest that they did poorly or avoided mathematics because of the fact that they were female.  It does seem, though, that math anxiety takes its place permanently if nothing is done to modify it.  Alice says, "Math anxiety stays with you forever: It's that little bit of you that thinks that you've fooled the world.  But if anybody dug deep enough, they'd find you are really stupid in math.  It is sort of always playing 'I've got a secret'."

"Today I know it exists," states Alice, "it's an avoidance thing is what it is.  But at least I recognize it for what it is.  Unfortunately, I think when you are an adolescent it's a very personal thing, but I believe now if I worked on it now I would get it… ."  Barb sees her math anxiety as a habit, an attitude.  "Like smoking—it was really cool—now I'm stuck with it.  It's no longer useful.  Same with math, it's no longer useful to me at all to be a dunce at math.  But I'm stuck with it to a certain extent."  Barb has stayed clear of situations where her math anxiety would show but today she states, "I think it is unthinkable to kids now to let opportunities pass by them like I did."  Chris concludes, "I think I'm still math anxious, but it's not quite as bad."  She has joined the new mathematics committee and "it hasn't been too bad but once in a while we have these activities we have to do and I've felt like a real nincompoop."

There appears to be no definite origin for math anxiety.  Some argue biochemical brain differences; some behavioral responses; and, good teaching seems to be able to eliminate it.  Perhaps the first step for educators is to become more aware of math anxiety and its relevance to good teaching.  Eliminating math anxiety may reduce the secrets students keep about their lack of mathematical prowess and may open more doors in the future.

Math anxiety exists.  The typist who worked on the final copy of this paper attached a sticky note that said, "Oh yeah!  Can I ever relate!  Particularly the comment about 'fooling the world'.  I feel like a closet dummy!"

C. Rick Seaman

Faculty of Education

University of Regina

Regina, SK
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Phone:  (306) 585-4510,  Fax No: (306) 585-4880,  e-mail:   Rick.Seaman@uregina.ca
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STATISTICIANS AND THE DRIVE FOR INTEGRITY
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ABSTRACT
Mathematics has changed the meaning of statistics - from concern with ‘facts about society’ to statistical method. Statistical education/training draws a boundary around statistical method that excludes dealing with the problem of the denominator. The adoption of Bayesian methods shifts responsibility for the evaluation of evidence from the statistician to the user. The Green paper plea for integrity of official statistics indicates a wish by government statisticians to distance themselves from the statistics they produce. To the extent that members of the public assume statistics is a part of mathematics, they may find it difficult to separate problems with official statistics from problems with mathematics. 

1 The Royal Statistical Society
The original aims of the Royal Statistical Society established in the 19th Century were to ‘to collect, arrange, digest and publish facts, illustrating the condition and prospect of society in its material, social, and moral relations.’ (RSS, 1985). These aims are inscribed on the wall of the main meeting room of the Society in its building near the Barbican in London, but they have not been printed in any of the regularly produced publications of the RSS since 1985. The meaning of statistics has also changed since the RSS acquired its Royal Charter in the late 19th Century. Statisticians use the term statistics as a singular noun to refer to statistical method, rather than as a plural noun to mean facts about society. 

The address of the RSS president in 1996 called for an “evidence-based society in which informed quantitive reasoning is the dominant modality in public debate”, and referred to these 19th century aims as an ‘original, rather humble, purview’, (see Smith, A.F.M., p. 368). Smith assumes that the evidence provided by statistics as facts about society is unproblematic, and that the work of the statistician is to apply statistical method to such facts. This assumption is consistent with standard statistical texts that define statistics as being concerned with natural phenomena, rather than ‘facts about society’. 

Professor David Hand in his recent article ‘Statistics and the theory of measurement’ indicates a lack of recognition on the part of statisticians of the differences between natural phenomena and facts about society. Formally, Hand addresses statistics as facts about society as well as natural phenomena. He mentions ‘constructs’ such as school league tables, research assessment exercises, quality-of-life scales, and price and quantity indices. But the main examples used in discussion relate to a set of rigid rods, and to a collection of rocks of varying hardness (Hand, 1996). 

Mainstream social science sees statistics as facts about society as artefacts. Such statistics are produced by society as well as being about society. Except perhaps for statistics of births and deaths, it is assumed that all statistics about society (not just school league tables, research assessment exercises, and quality-of-life scales) are social or organisational products or constructs. Facts about society, in other words, do not belong to the natural world.

The difference between ‘natural phenomena’ and ‘facts about society’ are related to the relevance of statistical theory. In statistical theory it is common to assume that errors of observation, or unobserved phenomena affecting the data being examined, are randomly distributed. But statistics on human activities are typically subject to systematic influences of unknowable magnitude. It cannot be assumed those errors of observation or exogenous influences on the statistics are randomly distributed. 

The RSS has moved away from its original objectives in part because of the growth of the activities of the GSS and other survey organisations that have increasing taken responsibility for the production of statistics as facts about society. The growth of official statistics has not lead to a renewal of interest by statisticians in facts about society. 

Government statisticians depend upon their skills in statistical method to produce what are generally called official statistics. And government statisticians cannot avoid some responsibility for the presentation, interpretation, and uses made of official statistics. But in exercising these wider responsibilities government statisticians are influenced by what has come to be seen as the meaning of the term statistics, i.e. statistical method, and by the professional orientation associated with statistical method.

This paper argues that the education, training, and professional orientation of statisticians distances government statisticians from the exercise of responsibilities beyond production of statistics. First statistical education and training draws a boundary around statistical method that often excludes dealing with facts about society. The boundary does not include, for example, the concept of the population at risk which is central to demography. Second the growing popularity of Bayesian methods moves responsibility for the evaluation of evidence from the statistician to the user. Third the Green paper plea for integrity of official statistics indicates, in the context of the measurement of unemployment, indicates that government statisticians have a drive to distance themselves from the statistics they produce.

2 The problem of the denominator
Most people probably think of demography, the study of human populations, as part of statistics. But demography belongs to ‘fact about society’ rather than statistical method. The boundary drawn around statistical method does not include one the fundamental concepts of demography: that of population at risk.
In order to make comparisons over time or space between populations it is common to divide the variables being investigated by a measure of the population from which they are drawn. In demography the choice of denominator is commonly spoken of as the population at risk. There is often a choice in the selection of a population at risk. Demographers calculate crude death rates on the basis of the total population, age specific rates for particular age groups, and standardised mortality rates for the whole population, which also take into account the age structure of the population. Demographers calculate crude birth rates on the basis of total population or total female population, and birth rates per 1000 women of childbearing age, and age specific rates. 

The precise definition of the population at risk can reveal important characteristics of human behaviour. For example birth rates outside marriage, when calculated on a specific population at risk basis (i.e. using numbers of single, widowed and divorced women as the denominator), consistently show a peak in the 25-29 age group. Contrary to the public image, and it often seems the governmental image, relatively mature women are more likely to become single mothers than teenagers. 

The use of the concept population at risk identifies the principle that the denominator used should include the numerator. But this principle is not articulated in any of the standard statistical texts. It may be that the principle seems generally to be so obvious as to be taken for granted. But the closest to a statement of relevant principle I have been able to find is an Open University social science teaching text, which states. The aim, as in all statistical analysis, is to ensure, as far as possible, that comparisons are made between like and like. (The term ‘ like and like’ is a statistical expression of fundamental importance). (Gore, 1975, p. 21). 

The concept of population at risk is recognised in epidemiology, and many of publications of the Office of Population Censuses and Surveys, but the concept does not seem to be recognised by statisticians outside these demography related areas. This lack of recognition is crucial in the measurement of unemployment for sub-groups of the population.. 

Statistics related to long term unemployment, often defined as those who have been unemployed for more than a year, provides an example. The ONS publication Labour Market Trends, and its predecessor The Employment Gazette, have long published statistics for the Count of Claimants giving the numbers with different durations of unemployment as a percentage of the current level of unemployment. The ONS has also published statistics for LFS unemployment giving the numbers unemployed for more than a year as a percentage of current unemployment (ONS, 1996, Table 25b, p. 65). The publication of these percentages reflects and reinforces the common use of by economists of the variable LAPU to refer to the ratio of the long-term unemployment to total unemployment. That is:

LAPU = 100*LTUt /Ut
Where LAPU is the ratio used, LTUt is the number of long term unemployed (usually a year or more) in year t, and Ut is the total number of unemployed in year t. This formulation violates the population at risk principle. The population at risk of being unemployed for more than a year (for example) is not the current number of unemployed but the number who were unemployed a year ago. The true long term unemployment rate is:

TLTU = 100*LTUt /Ut-1
This is not a nit-picking matter. TLTU or LTUt /Ut-1, the true long term unemployment rate tells us, straightforwardly, what proportion of those who were employed a year ago are still unemployed. LAPU or LTUt /Ut literally tells use what proportion of the current unemployed have been employed more than a year. LTUt /Ut confounds statistics about those who have been unemployed for more than a year with statistics of what has happened to the general level of unemployment over the past year. It is difficult to imagine any statistical model for which LTUt /Ut would be an appropriate measure.

A true long term unemployment series, properly calculated using number unemployed a year ago as a denominator, behaves quite differently from those calculated on a current basis. But ratios improperly calculated on unlagged statistics have been widely used in economic studies - in particular to support the idea of ‘hysteresis’. The hysterisis explanation interprets the long-term growth of unemployment in terms of the unemployability of the long-term unemployed (see Cross, 1995). The hysteresis interpretation and the associated ‘withered flowers’ theory of unemployability have had, and continue to have, a considerable influence on current debates about unemployment and the management of the economy (see. for example, Layard 1998)

Unemployment statistics for small areas provides another example of incorrect choice of denominator. In the case of the Count of Claimants the statistics for the numbers unemployed is available in great detail (down to postcode level), but the problem has been to find a suitable denominator. As a matter of statistical convenience it has been traditional to use what are called workforce based rates. With workforce based rates the major item of the denominator is an estimate of the number employed in the area which does not, because of commuting flows, correspond to the population at risk. 
The use of workforce based rates is not problematic at the national or regional level where the numbers in employment approximates to the number of residents in employment. But the use of workforce based is associated with the production of unemployment statistics for Travel to Work Areas which have been widely criticised for disguising local concentrations of unemployment (see Webster 1997, Webster & Turok 1997, Thomas 1998a). 

In the latest development the ONS is publishing workforce-based rates for local authority areas (see Hickson, 1998). These rates systematically mislead users on the location of unemployment. Nearly all major cities are daily importers of labour from a surrounding to suburban/exurban hinterland. The use of workforce rates systematically understates unemployment rates in the cities and overstates unemployment rates in the local authorities in the surrounding hinterland. (see Webster, 1998). 

3 Bayesian developments
Over very recent decades being a Bayesian has changed from being a minority interest among statisticians to the dominant interest. The growing popularity of Bayesian statistics appears from the outside to be more like a change in the style rather than a change in the boundary of statistics method. But this change of style seems to represent a move away from the examination of statistical evidence. 

Bayes’ theorem dates from the 18th century. In essence the theorem expresses a posterior probability as the product of a prior probability and a likelihood function. 

A study of the occurrence of a rare disease, childhood leukaemia, provides an example of a Bayesian approach. A preliminary investigation produces a list of areas ranked according to the number of occurrences. Are the areas at the top of the list the most dangerous areas? The answer is arguably negative, because the list does not take into account the population sizes of the areas. If a new list is drawn up which expresses the number of occurrences as a percentage of the population at risk, then the ranked list of dangerous areas is quite different (see Langford, 1994). 

The new list seems to accord with common sense, but the term ‘arguably’ seems appropriate because taking into account the size of population does not always seem appropriate. Does it make sense to say, for example, that urban populations are in more danger when the ‘danger’ being considered is that of being killed by a meteor?

The expected distribution in this study of childhood leukaemia is the prior probability in the Bayesian terminology. The prior probability would be modified in accordance with the actual incidence of the disease to arrive at a posterior probability, which gave the risk of getting the disease in different areas. The use of statistical evidence on the distribution of population leads its author to call this study empirical Bayes. But its status as an empirical study seems to depend upon the correctness of the assumptions underlying the calculation of the expected distribution. 

More commonly the concept of prior probability used is a judgement based on experience or special knowledge. At what may be the other extreme from this empirical use of Bayes theory, juries have been invited to express their prior probabilities on the guilt of the person being tried and to modify these prior probabilities in the light of the likelihood ratio derived from DNA blood matching tests. The use of such Bayesian procedures was thrown out in the Appeal Court precisely because the Court believed that juries should assess items of evidence separately (Balding, 1998, pp 1-2).

The use of Bayesian statistics affects the division of responsibility between the statistician and the user. The typical Bayesian statistician asks users about their expectation and suggests how that expectation should be modified in the light of the statistical evidence provided by the statistician. It is possible to interpret this situation as one of the statistician giving responsibility to the user instead of making an independent judgement. Thus the growth in popularity of Bayesian methods among statisticians in general can be interpreted as taking the statistician away from the consideration of the user’s data, and in general away from the assessment of evidence provided by facts about society or human activities. 

4 The Count of Claimants and ‘the drive for integrity’ 
The use of the term ‘integrity’ in the title of this paper comes from the Green Paper published in February 1998, Statistics: A Matter of Trust, on the Government Statistical Service (GSS). Helen Liddell, at that time Economic Secretary to the Treasury and Minister responsible for the Office for National Statistics (ONS), stated that the Green Paper presents ‘the Government’s ideas for enhancing integrity, both actual and perceived, through improvements to their overall framework’ (Treasury, 1998, p 1). Earlier papers by Heads of the GSS also address the issue of integrity (notably Moser, 1980, and Hibbert 1990). 

The integrity issue centres upon statistics of unemployment and specifically on the Count of Claimants. The Green Paper mentions unemployment statistics four times more that any other kind of statistic. The message of the Green Paper echoes that given by the mass media - and that of some members of the PUM Seminar. The unemployment figures have been fiddled. The integrity of the statistics has to be protected because of this fiddling. 

This message is misleading. The Count of Claimants was created as an administrative statistic in 1982. In terms of validity, reliability, and accuracy the Count of Claimants is in the same league as other administrative statistics - such as those for births, marriages and deaths. No one disputes that it is the responsibility of government to decide who is entitled to unemployment benefit. No one seriously disputes that the Count of Claimants validly and reliably covers the numbers receiving unemployment benefit. 

The problem in the 1980s and 1990s has been government exercised its power and there were many changes in the regulations which determined entitlement to unemployment benefit (see Fenwick & Denman, 1995). The Government Statistical Service (GSS) failed to find a defence to the criticisms that the unemployment statistics were being fiddled. Peter Stibbard, Director of Statistics at the Department of Employment at the time, reported “abuse levelled at my colleagues in the House of Commons, where it was said that if (his statisticians) were a football team they would be banned for bringing their profession into disrepute” (Working Party, 1995, p 405). 

Lack of continuity is a problem shared with other administrative statistics. When the legal definition of abortion changed, there was a discontinuity in the statistics. The coverage the Department of Inland Revenue’s statistics of incomes change every year with budget changes affecting the numbers liable to income tax. Hospital waiting lists are vulnerable to administrative checking: some of those on the list have gone private, some have moved away, some have died, some no longer want their operations. In all of these areas legal changes, or what is seen as administrative necessity, overrides the desirability of achieving statistical continuity.

This scapegoating of the GSS about the Count of Claimants is in part explicable in terms of the status of government statisticians as civil servants which could not have made it easy for them tell journalists or members of the opposition ‘It is not our fault, but that of the Government’. But it seems likely that strength of public support for the charge of fiddling, and the difficulty of dealing with the charge, is attributable to a failure on the part of the GSS to give credible explanations. 

Against the charge of breaks in the series, the ONS produce SAUCC: the Seasonally Adjusted count of Unemployment Consistent with Current coverage. The ONS claim that this series is retrospectively consistent. The series indicates that changes in the regulations affecting entitlement to unemployment were a minor influence on the series. 

There seems no good grounds for disputing this claim. The reason why the Count was believed to be understating unemployment was not changes in the regulations affecting entitlement to unemployment benefit, but a transfer of claimants from the Count to sickness benefits. For most of the 80s and 90s local employment offices were following performance targets which included transfer to another benefit as a successful outcome. But the mid 1990s Britain had more people of working age on the sick than on the dole (the main study is Beatty et al 1996. See also Thomas, 1998b and 1998c). 

5 Embracing the LFS Series
The embarrassment of the GSS at the charges made of fiddling the unemployment statistics led to the Royal Statistical Society to establish a Working Party to investigate and report on unemployment statistics. The contribution made by that report in putting unemployment statistics on a serious statistical agenda was immense. But in accordance with the orientation of the statistical profession the report treated the measurement of unemployment as a matter of statistical method rather than a matter of getting facts about employment. The Report favoured the Labour Force Survey unemployment series produced in accordance with International Labour Office and Eurostat criteria over the Count of Claimants, and recommended that the sample size of the LFS be increased in order to produce a monthly ‘headline’ figure for LFS unemployment. 

The GSS followed up its 1995 report with a letter to Tim Holt. Director of the ONS which ended: 'We believe that a new series estimating the trend in unemployment based on the LFS definition would be a major advance in the presentation of unemployment statistics. It should take unemployment statistics out of the political and media arenas to the benefit of everyone, especially the ONS and the GSS (quoted in Bartholomew, 1997, p 388). Tim Holt responded very positively.

There are many good reasons for giving more emphasis to the LFS statistics. But there are problems with the LFS and the LFS unemployment series (see Thomas, 1997a, 1997b, 1998b and 1998c). The plea for integrity, at least in the context of unemployment statistics, is consistent with favouring the LFS series because it is believed that it will avoid controversy, not because it provides better facts about employment. 

6 The responsibilities of statisticians
The ideal mathematician, according to Davis & Hearst (1983), is dependent on a very small circle of fellow specialists. According to Sir Claus Moser (head of the GSS 1967-78), in his presidential address to the Royal Statistical Society, the position of the statistician is similar: 

Most applied statisticians will now understand only a small part of what appears in the journals or at conferences. A decade or so ago we would have been able to understand ... a fair amount. This is no longer so. Considerable mathematical ability is now necessary to understand more than a proportion of any of these journals. Moreover much of what is written is irrelevant to, and oblivious of, applications in business, government, and other important fields. More often the paper deals with theories looking for data rather than with real problems needing theoretical treatment. We have become technique rather than problem oriented (Moser, 1980, pp 1-2).

The issue of ‘MAD’ uses of mathematics was briefly discussed at the first seminar in June. MAD uses included the use of mathematics for models for share dealing which brought instability to the stock market, the covering-up of data on CJD dangers, as well as the use of games theory for Mutually Assured Destruction simulations. Statistics as facts about society discussed in this paper do not relate to such extraordinary or exceptional situations, which are hopefully rare, but to ordinary situations. Government statistician differ from the ideal mathematician in that their work has an impact on society through the creation of official statistics. The question posed by this paper are about the effects of drawing a boundary round statistical method, favouring a Bayesian approach and seeking to take statistics out of politics. 

One set of questions relate to the use of official statistics and other statistics as facts about society. The democratic tradition assumes that reason and evidence, including statistical evidence, should play a part in debates about public policy. If official statistics are taken out of politics, for example, does this mean that statistical evidence will play a smaller part in debates about public policy? These questions are is discussed in Thomas, 1998d.

A second set of questions are for this PUM seminar. They relate to the effects of the statisticians’ handling of facts about society on the public image and understanding of statisticians and of mathematics. 

1. To what extent are statisticians the group of mathematicians who, more than any other easily identifiable group, are the public face of mathematics? 

2. Are the trends in statistical thinking identified in this paper associated with the links between statistics and mathematics? 

3. What are the implications of these trends for the attractions of statistics and mathematics education to students? 

At this point I can’t resist going back to Sir Claus Moser’s presidential address to the RSS in 1980. In his opening remarks he said:

We know that people move away from us at parties when they learn of our profession. We know that look of incredulity, amusement and resigned boredom. We know those jokes … At the worst we are regarded as purveyors of lies, at best boring and cold. (Moser, 1980, p 1).
It maybe that by making these remarks Moser was intending to lighten the mood of the occasion, but he allowed the words to stand in the record of the proceedings. Is this vignette far from the public image of statisticians? Is the image of mathematicians affected by that of statisticians? If so, it can be said that nothing that has happened among statisticians since 1980 seems likely to have improved the image of statisticians.
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Introduction

In mathematics, most statements may be called necessary. They are not just true or false, in the same way as the statement “Osnabrück is the birthplace of Erich Maria Remarque”, but they are necessarily true or false, like the Pythagora’s Theorem.

Until now, few studies in mathematics education have been focusing straightforwardly on the questions of when and how do students become aware of the necessity of such statements. 

To address, at least theoretically, this question we were led to introduce into the usual didactic ‘models’ (as for instance the Brousseau’s (1997) theory of didactic situations) some specific elements: 

the Inter subjectivity of the knowledge (i. e. the central role of the dialogues between the student in the very nature of the mathematical knowledge
)

"
the subject’s Experience (of contradiction, for instance)

the crucial role of Time to understand the ‘construction’ of the necessity of the necessary statements
,

"
the notion of aspects of a knowledge

1.  The CESAME Research Group

Within the research field of Social Constructivism (Ernest, 1995), we are working on a project
 called CESAME. This word, “CESAME”, is an acronym of the following French words: « “Construction Expériencielle du Savoir” et “Autrui” dans les Mathématiques Enseignées », which could be more or less well translated as: « the Subject’s Experience of Dialogues with Interlocutors (“Others”) in the Social Construction of Taught Mathematical Knowledge »
. 

The first outcome of the CESAME group has been a set of questions:

1. What is actually the subject experiencing, whilst constructing his/her mathematical knowledge?

2. What are the various roles that “Others” (other students, the teacher etc.) can play (according to E. Goffman’s perspective, 1959) in this subject’s experience?

Is it possible to experience
 the necessity of necessary mathematical statements.

1. If so, what is the very nature of such an experience?

2. And, are actually some students experiencing it, and how?

In this paper, we shall not address the question of the roles of the “Others” (that we previously described in terms of a “double didactic pyramid”, see Drouhard 1997a, 1997b). We rather shall focus here on the notions of necessity of necessary mathematical statements (part 2: Necessary Statements) and on the nature of the related knowledge (part 3: “Aspects of Knowledge”).

2. Necessary statements

2.1. Institutionalisation in Mathematical Discussions

Our starting point is the following. What is the teacher supposed to do, at the end of a Scientific Debate (Legrand, 1988) or more generally of a Mathematical Discussion (Bartolini-Bussi, 1991, see also Hoyles, 1985), in order to turn the many statements yielded by the discussion into “official” mathematical statements, which is “Institutionalisation” in the terms of the Theory of Didactic Situations (Brousseau, 1997, Margolinas 1992, 1993)? And what is s/he actually doing? On the one hand, in a strict Social Constructivist point of view, the group is supposed to “ construct ” the whole mathematical knowledge by itself, the teacher’s role being just to lead the discussion. On the other hand, the teacher actually says something about the new common knowledge. Well, what does s/he says? How what s/he says may change the status of the statements? In most cases, s/he summarises; we think, however, that summarising is not just saying the same things shorter; but has an effect on the meaning of the statements. In brief, our question is the following: what is institutionalised in a mathematical discussion, and how? What is institutionalised must be obviously related with what is specific to mathematics. Then, a first point is to determine what is specific to mathematics in a discussion, in other words to what extent a mathematical discussion differs from, say, a political discussion. A first answer could be the following: in a mathematical discussion, individuals are experiencing contradictions. We use here the words “to experience” and “contradiction” in a strong sense; it is not just to be engaged in some kind of contradictory debate, it is to have the intimate experience that others
 can be certain of opposite ideas, and cannot be convinced by authority arguments, for instance.

2.2. Resistance

The simple fact that contradictions exist - and are perceived as such by the participants! - involves that in mathematics, some arguments are particularly strong. In other words: in mathematics, statements do resist. A wall resists to your efforts to break it, too; but, if you have an axe big enough, you can make a hole in it. On the other hand, there is no axe to allow you to consider true a false mathematical statement. Of course, you can, but you cannot avoid the fact that anyway it is an error. This ‘resistance’ of mathematical statements is, for us, characteristic of their ‘necessity’. 

Unlike statements like “CERME-1 is held in Osnabrück”, most mathematical statements are necessarily true or false, as:

« for any a and b belonging to a commutative ring, a2-b2=(a+b)(a-b) »

What is the nature of this necessity? It is not easy to characterise such an ‘epistemic value’ (Duval, 1995) of statements. A first (logicist) answer can be found in terms of mathematical logic: a necessary statement is the result of a valid inference (Durand-Guerrier, 1995; 199?). From this point of view, the problem of what is institutionalised at the end of a mathematical discussion (and more generally at the end of a lesson
) becomes simple and easy to understand: students have just to learn the content of the statements and that these statements result from valid inferences; in other words, that they have to be demonstrated. 

This approach however remain for us somewhat unsatisfactory. We think, indeed, that it does not take into account the aspect of resistance of statements, whereas the experience of this resistance appears to be crucial in mathematical discussions (if it would not be the case, discussions would be just pedagogical ‘tricks’, to help students to find and refine ideas but not specific of a mathematical content). 

2.3.  Wittgenstein

We found in Wittgenstein (1978) a more subtle characterisation of necessity, related to resistance, although apparently paradoxical: the idea (expressed here in a very sketchy way) that mathematical objects resist us to the very extent that we will that they resist. The mathematical objects do not resist by themselves, as walls resist according to their physical nature. Mathematical objects resist because we want them to resist us. But, what is the origin of this willpower? It seems that, for Wittgenstein, mathematicians need objects that resist them because doing mathematics is precisely working on such resisting objects. Surely they could work with ‘weaker’ mental objects but then, what they would do, could no longer be called “mathematics” (this is a turning point). 

Wittgenstein (1986) uses often a metaphor of games. We could illustrate it as follows. In chess game, a pawn goes forward only. Obviously, you can move a pawn backwards; but you may not. Well, more precisely, you even may decide to authorise this movement indeed; but in this case you no longer play the same game. Wittgenstein (speaking here of a “grammar”) stressed the importance of the dual notions of arbitrary rules of the game, and of the definition of an activity (you may break the rules but in this case you play another game, i.e. a game defined in an other way).

This (anti-Platonist) point of view appears often questionable indeed. However, we think that a concrete example may be found in the G. H. Hardy’s book of Memoirs. In this book, Hardy speaks about the Indian mathematician Ramanujan (author of incredibly difficult formulas, some of them still used in the very recent computations of p) who learned alone the advanced mathematics in an old-fashioned exercise book (where solutions were given without any demonstration). Ramanujan, Hardy said, was a pure genius in mathematics but at the same time he did not really understand some fundamentals, for instance the meaning of a demonstration! We could consider that Ramanujan’s mathematics are an example of ‘different’ mathematics, where most knowledge is similar to usual, except for some high-level touchstones as the role of the demonstration. Likewise, we could address the difficult question of the nature of non-occidental mathematics. Are (classical) Chinese mathematics mathematics? The computations are the same, but likely not the proofs...

In the CESAME group, we called this type of necessity (related to the rules of the mathematics considered as a game) the “epistemic necessity”
.

2.4.  Awareness

From a learning-oriented point of view, an individual has many possibilities to be aware of this epistemic necessity. For a given mathematical statement, s/he may know (that the statement is necessarily true), know it and know why, know it and remember that s/he has been knowing why (but ignore why at present); s/he may even know that s/he forgot why precisely the statement is necessarily true, but be persuaded that s/he could retrieve his/her experience of the epistemic necessity of the statement, etc. The question of the various ways for a subject to be aware of the epistemic necessity of a statement still remains open. However, it is clear for us now, that one of the specific features of mathematical discussions is to give students a chance to have an experience of the necessity of the statements (in terms of resistance to contradiction) and that this epistemic necessity is a part of what is to be institutionalised by the teacher.

3.  ASPECTS OF KNOWLEDGE

Let us come back to the initial question: what is institutionalised in a mathematical discussion? We just saw that the epistemic necessity is one of the answers. It is clear however that a much larger amount of things may be learnt through such discussions: for instance, in algebra, the know-how and also what we could call the “know-why” of the rules. More generally, something about mathematical statements is institutionalised
, which is more than their strict content. In order to give a framework to this idea, we propose to consider that a (taught) knowledge present three aspects:

The first aspect is made of the mathematical content: of the knowledge, the semantics of the related statements, according to the Tarsky logic
.

I.
The second aspect contains the rules of the mathematical game, the know-how, but also that, for instance, algebraic expressions have a denotation (Drouhard, 1995), true statements are necessarily true, definite statements are either true or false, demonstrations are (the) valid proofs etc.

The third aspect contains the most general believes about mathematics, as for instance “mathematics is a matter of understanding” or in the contrary (as many students say), “in mathematics there is nothing to understand”
.

We chose to call these components of a mathematical knowledge “aspects” to express the idea that these components could hardly be defined and studied separately one from another. A mathematical theorem (whose “content” is its aspect I) is mathematical (aspect III) indeed, inasmuch as it is necessarily true (aspect II)! The distinction between these aspects is just a question of “point of view”. We could imagine an optical metaphor: a given mathematical knowledge is like a White light, obtained by superposition of many coloured light; and a colour (corresponding to one aspect in the metaphor) can be viewed only if we observe the light through a coloured filter, which suppresses all the other colours.

Of course, that the expert knows the rules of the mathematical games, and that anybody has general believes about mathematics is in no way original. For us, the interest of focusing on such aspects is that now we are able to address the question of how and when are these various aspects are taught and learnt. Actually, we feel that many studies in didactics focus mainly on the teaching of the aspect I of the knowledge (its “content”) or more precisely that aspects II and III are seldom in the foreground
 but instead often remain in the shadow
.

4.  teaching and learning

Let us consider now the second facet of the question: how is knowledge, with its three aspects, institutionalised? In particular, what is the role of the teacher related with aspects II and III of a mathematical knowledge? What does s/he do? Clearly, the teacher cannot just say about the epistemic necessity of a statement S that “S is necessary”! We think that, a priori, this role is rather different than the teacher’s role about the aspect I of knowledge. In particular, we think that his/her role is often performative (utterances that allow us to do something by the simple fact they are uttered: Austin, 1962). 

The teacher puts the label “mathematics” on what the student does and so s/he gives the student a hint on what mathematics are. Let us consider the sentence:

«Using denotation to invalidate a rule or a result is a mathematical action»

From our point of view such a sentence could illustrate the way we wish to use the aspects of knowledge while teaching:

(a)
the rule is invalid - it is false - in the same way that “CERME-1 is held in Berlin” is false,

(b)
to see (demonstrate, prove, check) that it is false a mathematician has a method, tries with values of x.

(c)
to know that this method is valid and to use it, is “doing mathematics”.

We believe that (a), (b) and (c) above do not play the same role in the learning of mathematics and cannot be told in the same way. Similarly, as teachers, we sometimes find work of students which are written with words and symbols commonly used in mathematics. These works look like mathematics and someone who doesn’t know mathematics could be mistaken. What we feel then is that “this mess has nothing to do with mathematics”: assertions are incoherent, the result is taken for granted and used in the proof, notions are mixed one for the other… not only are the theorems and definitions false (aspect I), but above all we do not recognise the “rules of the mathematical game” (aspect II).

It seemed useful to us to point these three aspects of knowledge so as to keep in mind how learning and consequently teaching mathematics is a complex action. Mathematical statements are mathematical if and only if they actualise the three aspects of knowledge. A consequence of this, is that the students’ conceptions about mathematics (aspect III) must be constructed in the process of learning mathematics. It is a sort of paradox: one learn something which is not yet defined and learning it, this person learns what is the nature of what s/he is learning (maybe, this is not specific to mathematics: learning piano is not just learning how to move one’s fingers on a keyboard so as to produce the correct sounds). 

In brief, we can consider that to learn mathematics (I and II), is also to learn what are mathematics (III). On the other hand, to teach that a statement is mathematical (II)
, is also to teach that mathematics are made (III) of statements like the one which is taught (I)!

5.  Provisional conclusion

We are fully aware that in this paper most ideas are mainly tentative and expressed in a quite abrupt way. We tried our best
, but the research is still ongoing and to express our ideas in a more detailed and concrete way is our work to come. We tried however to find some empirical data to support these ideas, and this can be found in the paper of Sackur & Assude
. An other ongoing research on inequations is precisely addressing the question of to what extent are students aware of the necessity of algebraic statements when they solve inequations
.

We would like to stress however the point that our research takes place without ambiguity in the domain of social constructivism, not just for anecdotal reasons as the many references to Wittgenstein but since we think (following this author!) that the question of the epistemic necessity has no sense beside the point of view of the social construction of mathematics: all our keywords (rules of a game, definitions, beliefs...) are socially constructed, shared and taught.
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ON CONCEPTUAL KNOWLEDGE AND THE OBJECTS OF MATHEMATICS

Dimitris Chassapis

Aristotle University of Thessaloniki,  dchassap@eled.auth.gr

If it is accepted, that “the ontology of mathematics is given by the discursive realm of mathematics, which is populated by cultural objects, which have real existence in that domain”, and “mathematical signifiers and signifieds are mutually interacting and constituting, so the discourse of mathematics which seems to name objects outside of itself is in fact the agent of their creation, maintenance and elaboration, through its use” (Ernest, 1997), if, in other words, it is accepted that the “mathematical discourse as a living cultural entity, creates the ontology of mathematics” (Ernest, 1997), then it is seemed that mathematical discourse, if not actually self-referential, constitutes a closed system, and mathematics as a discipline seems to not provide a theoretical knowledge of any realm of social or material reality, which is existing independently and outside of itself. That is, mathematics by itself seems to not deal directly and precisely with any realm of experienced reality, providing the necessary grounds for confirming or refuting its theoretical propositions. Conceptual knowledge of mathematics and the objects it appropriates seems to coincide and any reference of mathematics to an independently and outside of itself existing reality, it seems to be possible only through its mediation by other scientific disciplines, which are utilising mathematics. If so, the constitution of the particular scientific methods which mathematics employs to correlate theoretical knowledge to its objects and simultaneoysly to test the efficacy of that knowledge for the conceptual appropriation of its objects is also problematised in many ways.

The adoption of a social constructivist standpoint about mathematical knowledge and its objects in contrast to the ontological asumptions of Platonism and mathematical realism, a standpoint like that elaborated by Ernest for instance, beyond the various particular issues it raises, it makes, in principle, the fundamental status of mathematics as a scientific discipline ostensibly problematic. In the sense that, mathematics as any scientific discipline  is a sector in the quest for truth about experienced reality and, If that conception is given up or radically modified, then mathematics seems to run a risk to be reduced to a kind of esoteric art form---to an intellectual play.

As a first step in a course of elaborating convincing answers to the above mentioned and many relevant questions, within a framework ensuring the fundamental scientific status of mathematics, it may be -- adopting a thesis expressed by Raymond (1978) -- to consider any mathematical text (in the usual sense since mathematics is always written or in the broad sense of a text according to Derrida) as being composed, in a way constituent for itself, by two distinct parts: the “mathematical” part and the “mathematicised” part of the text. In any particular mathematics text and exclusively in relation to that text, its “mathematicised” part constitutes the conceptually appropriated object, while its “mathematical” part constitutes the conceptual knowledge which accomplishes this appropriation. In other words, the “mathematical” part of the text is considered to play the role of theoretical knowledge and the  “mathematicised” part is assigned the role of the conceptually appropriated reality. The  “mathematicised” in particular, is always an already theorised field, hence variable, which has been constituted as such, either outside any branch of mathematics, or inside someone of them, however devoid of any relations to another branch of mathematics. The “mathematical” on the other hand, may be a mathematical conceptual system already havig been constituted as such, which play the role of theoretical knowledge against an assigned as object of its study. The “text” of analytic geometry, as an example, constitutes the conceptual appropriation of the “mathematicised” of the Euclidean geometry by the “mathematical” of algebra.

These two parts of a mathematical text are inextricably interweaved and their definite segregation, in the sense that any particular paragraph or proposition of the text falls exclusively within one or the other of the two parts of the text, is essentially impossible. In addition, the partition of a particular mathematical text in two parts, the one designated as constituting the “mathematical”, i.e., the conceptual knowledge and the other the “mathematicised” part, i.e., the conceptually appropriated object , has to do with that and only that particular text. Neither the particular partition nor the corresponding designations are necessarily preserved in any other mathematical text. According to the case, the part which constitutes the “mathematicised” in a particular mathematical text may constitute the “mathematical” in another mathematical text and conversely. In other words, the designation of a part as the “mathematical” or the “mathematicised” part of a mathematical text refers to a function, which that particular part of the text performs and consequently, it does not reflect any self-existent and definable per se property of the involved mathematical conceptual knowledge or its objects of study.

Let us consider as an example, the concept of circle, as it is actually utilised in the domain of a particular social practice, land-surveying or navigation for instance, with the practical rules which dictate its permissible uses in that particular practice. The concept of circle is being mathematicised after its relative conceptual independence from every aspect of that one, as well as any other particular practice. Such a conceptual independence is equivalent to its transformation in some kind of “object”, which possesses pertinent “properties” and which generates “facts” or “events”, as for instance is the “fact” that, ‘the angle at the centre of a circle is twice the angle at its circumference." Just as, and to the extent that, the concept of circle attains its conceptual autonomy from any particular practice, it becomes susceptible to a pertinent conceptual elaboration. This means that, all the “facts” or “events” which this “object” generates require their conceptual appropriation by a consistent and rigorous conceptual system. A such conceptual system is the above mentioned “mathematical” part of a mathematics “text”, which attains the conceptual appropriation of all “facts” or “events”  generated by a mathematical “object”. From this point of view, the Euclidean geometry may be considered as the first in history “mathematical” which succeeded in the conceptual appropriation of all the “facts” or “events” generated by geometrical concepts, under its corresponding historical conditions. 

Many examples may be added to: the “mathematicised” of Newton’s fluxions and Leibniz’s differentials have been conceptually appropriated by the “mathematical” of differential and integral calculus of Cauchy and his successors, the “mathematicised” of probabilities arisen from games of chance has been conceptually appropriated by the “mathematical” of measure theory, and so on.

The “mathematicised” is not, of course, limited to, or constituted by, the initial and possibly non integrated stages of a mathematicisation.  Since the “mathematicised” is not referred to an entity but to a function, which is performed in accordance to a particular mathematical text, any part of mathematics may be functioning as such in relation to another part of mathematics. The earlier mentioned example of analytic geometry is a such indicative case. 

On this account, the development of mathematics, as it is well known, is not only owed to an “internal” development of the various mathematical conceptual systems, but equally to an interweaving of these mathematical systems or their parts, as it is derived by their alternation between the functions of the “mathematicised” and the “mathematical” in corresponding mathematical “texts”.

Every effort to the conceptual appropriation of any “fact” or “event”  generated by a mathematical “object” - identified in the mathematical practice as “proof” - is carried out within a mathematical “text”, employing the conceptual system defined by the related “mathematical” part of that “text”. The attainment of any usual mathematical “proof” implies the following distinct results (Baltas, 1978). 

First, the existence of a “proof” by its own removes the status of hypothesis from a stated proposition and transforms it to an actual mathematical “fact” or “event”. Second, the “proof” itself constitutes the conceptual appropriation of the mathematical “fact” or “event” ensured by its own existence within the relevant mathematical conceptual system. Third, the “proof” validates retrospectively the capacity of that mathematical conceptual system to accomplish succesfully the conceptual appropriation of the particular “fact” or “event”. Finally, the deductive chain composing the “proof” records the actual process, which validates the mentioned capacity of the relevant mathematical system.

In brief, the existence of a “proof” validates by itself the capacity of the relevant mathematical system to appropriate conceptually the specific “fact” or “event” conjectured by the hypothesis, while it is the “proof” itself which constitutes that validation. In this sense, the “proof” of a hypothesised mathematical “fact” or “event” and the validation of the capacity of the pertinent mathematical system to ensure the conceptual appropriation of that “fact” or “event” are coincident.

This is not the case in other disciplines, as for instance is physics or chemistry. In these disciplines, the procedures of any proof are exclusively subjected to the relevant conceptual system, in contrast to the procedures of validation, which are completely subjected to the scientific methods, experimental as a rule,  employed to associate the conceptual system with its objects of study. Although, the scientific methods employed by any discipline are, in the last analysis and in some extent, shaped by, and simultaneously shaping both the relevant conceptual system and its ojects of study, for that reason being simultaneously material and mental, concrete and abstract.

In mathematics, the conceptual systems and their objects constitute, as commented earlier, just functions of a mathematical “text”, alternating their playing roles in the various particular mathematical “texts”.  Thus, a mathematical conceptual system and its objects share the same fundamental characteristics, which implies that the proof methods of mathematics share also the same fundamental characteristics. Therefore, proofs and validations inevitably coincide in mathematical practice, being in fact, likewise the mathematical conceptual systems and their objects, functions of a mathematical “text”. For that reason, whatever constitutes a proof of a mathematical “fact” or “event” in a particular mathematical “text”, it may constitute a validating procedure of a mathematical conceptual system in another mathematical “text” and vice versa.

Conceiving the objects of mathematics as being determined by the mathematical discourse, when functioning as “mathematicised” in relation to a “mathematical”, then any foundational project of mathematics is in vain, since mathematics are founded on the already “mathematicised”, not concerned with sources and the prcesses which it has acquired from its initial functional status. What have been denoted in the history of mathematics as “foundations”, may be considered as simply broad conceptual systems aiming at the conceptual appropriation of all the classes of the registered at the moment and the prospective to be defined mathematical “objects”.

For the reasons outlined above, and possibly many more others, it actually can be maintained in agreement with Ernest,  that the ontology of mathematics is created by the mathematical discourse. As a consequence, mathematics as a scientific discipline maintains an autonomy and self-sufficiency, being depended on its own pertinent means and procedures for the conceptual appropriation of the objects, which mathematics itself determines as such, as well as for the evaluation of its own theories, means, procedures and products. For the same reasons however, mathematics appeals to, and is a priviledged scientific discipline for, Platonism.
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A PICTURE IS WORTH A THOUSAND WORDS

Francis G Miles
Martin Gardner in his article 'Is Nature Ambidextrous?' [1] discusses the difficulty of explaining 'right' and 'left' to extraterrestrial creatures - assumed for simplicity's sake to be English-speaking humans 'exactly like us' - over a radio link. It's not too hard to explain the difference between right and left (mirror-images, stereoisomers, etc) but it's much harder to explain which is which, which is right and which is left. Because the fundamental laws of nature are completely 'ambidextrous,' he argues, there turns out to be simply no way we can do this.

(A few years later Lee and Yang won the Nobel Prize for showing that the laws of nature aren't completely ambidextrous after all, though in a very subtle and abstruse respect. This came as an enormous surprise not only to Gardner but to the whole scientific community, and Gardner wrote a whole book about the subject. [2])

Neither Gardner nor any of the other authors he mentions, so far as I know, seem to have realised that the difficulty in explaining 'handedness' is firmly rooted in the nature of the communication medium - a radio signal. If we could send a postcard to the planet Faroffia there would be no problem. Just draw three arrows at right angles to each other, labelled 'top,' 'left,' and 'right,' and the thing is done.

Unfortunately the postcard must be sent by 'snail mail'; faxing it or sending a TV image won't do. The Faroffians might use fax machines and TVs which draw their pictures starting in the top right-hand corner, not as we do in the top left-hand corner. Then their image of the postcard would come out reversed.

Alternatively, if the Faroffians have extremely powerful telescopes, we could send them by radio a map of the Earth (or of our galaxy) marked to show which is left and which is right, and tell them to look at our planet through their telescopes and compare it with the map.

Statues and models are three-dimensional, pictures (including postcards,  images seen through a telescope, photographs taken with a camera, and diagrams) are two-dimensional, all other forms of communication are one-dimensional. A perspective drawing maps three dimensions into two, and various dodges which one can lump together as 'scanning' map two dimensions into one - or even three dimensions into one. But something is lost in the mapping: handedness in the case of one-dimensional scanning. Think also of the well-known optical illusion produced by drawing a cube with the perspectival 'vanishing point' at infinity. If you look at it long enough you see it jump back and forward into apparent reversals of its orientation. M C Escher exploits this effect in some of his etchings. You can't do it with a real, three-dimensional cube; it's a result of the mapping into two dimensions.

Computer programs are also one-dimensional, at least the 'conventional' kind which run on IBM PCs. The program is a string of instructions which the computer carries out one at a time, at enormous speed. The 'line' of the program is not a 'straight' one, it invariably contains many loops and jumps to another place in the string of instructions, but it's still one-dimensional. A piece of thread is one-dimensional in this way, however knotted and tangled the thread becomes. Programs can 'paint' two-dimensional pictures on the screen of the computer, and these of course have a handedness, but the handedness is in the hardware, not in the program. If you built a computer of the Faroffian type, scanning the screen from right to left, the same program would paint the pictures in reverse.

(Writers of Semitic languages would very much like to have a switch on their computers which would 'turn it round' like this. Then they could use a word processor to write Arabic or Hebrew from right to left, which is very difficult indeed with Earthly computers.)

Our minds are rather like computer programs in some ways, and our main channel of communication with each other, language, is one-dimensional like a radio signal: it's one damned word after another. No one can talk with two voices at the same time, or sing quartets all by themselves (though I believe some people can whistle and hum tunes at the same time, allowing them to produce a two-part harmony). This is a limitation of our vocal organs, not of our brains. Many people have learned to play counterpoint music on the piano, like Bach partitas or fugues, fingering three or four or more different melodies going on at the same time, and (with a little practice) we can hear all the tunes separately, as well as enjoying the harmony they make together. To listen to two people talking at the same time (or to read two books at the same time) is much more difficult, though it can be done. Language on the whole is a one-track one-dimensional medium of communication. It gives a new meaning to the phrase 'a line of talk.'

But even contrapuntal music is bilinear or multilinear communication, not two-dimensional; even a hundred-piece symphony orchestra can be recorded on tape or transmitted by radio, strictly one-dimensional media. (But think about stereo and quadraphonic sound systems!)

When we are thinking in language, as many people do most of the time, our thoughts are similarly one-dimensional, and our brains may well be acting rather like computers - possibly with bilinear or multilinear programming, which ordinary computers can't do. ('Supercomputers' do already operate with multilinear programming; and experimental 'neural network' computers have been built which are not linear in their programming at all. But these latter are still, as I understand it, at the Frankenstein's monster stage, minds with a bolt through their neck.)

But there are several reasons for believing that our minds can operate in two or even three dimensions, perhaps not quite so effectively: that when we look at a drawing or a model, or visualize it in our imagination, our minds are not like computers at all, scanning them or painting the screen along a one-dimensional channel, but can actually operate with two- or three-dimensional 'gestalts' (a term of psychology, German for 'shapes') taken as wholes.

1. How would you explain optical illusions like the drawing of the cube in terms of one-dimensional scanning?

2. When you see or imagine a smiling or scowling face, you see it all at once, you don't inventory it: 'eyes? hmm,' 'mouth? hmm,' 'forehead? hmm,' and so on. It's true that our eyes, though they're a bit like cameras, only make a sharp image in quite a small part of the centre of the visual field; all the rest is fuzzy and out of focus ('peripheral vision'). (The 'clear spot' is about the size of the yolk of a fried egg on the table in front of you, as you can check any time at breakfast.) So actually when we see a face we must be scanning it to some extent; nevertheless, two- or three-dimensional gestalts are formed in our minds from this visual scan.

3. Not all our communication is one-dimensional language. We very often supplement it with three-dimensional gestures. Can you describe a spiral staircase without using your hands?

Our three-dimensional gestalts are much less assured than our two-dimensional ones. Three-dimensional geometry and calculus really demand diagrams, much more than two-dimensional. Imagine a cube. How many corners has it? OK, that's an easy one. How many long diagonals has it, ones that go through the centre of the cube? Are they at right angles to each other? Not so easy. Now imagine sawing it in two pieces. Is there a way of doing this so that the exposed faces have five sides and five angles? Diagrams are not allowed! (There is a way, but it's not easy to visualize; and personally I can hardly visualize it at all without muttering a commentary to myself in words.)

Even two-dimensional gestalts are insecure compared with one-dimensional thinking, as is shown by the existence of optical illusions; there's nothing quite corresponding to them in verbal thinking.

But computers can't really do this at all. They can simulate it of course, computers can simulate almost anything. But I don't believe anyone has yet managed to program a computer to recognise faces - not several hundred different known faces, equally instantly whether they're laughing, frowning, sneezing, etc, which all of us do every day without thinking about it. And the computer simulation depends on a one-dimensional program and a one-dimensional data store; it's impossible to believe that our minds do. Somehow they must be able to store pictures and three-dimensional models as such. Anyone who can think of a way to program a computer to do this will get richer than Bill Gates. (Perhaps something analogous to stereo sound recording would do the trick?)

Reading and writing are interesting, and a little confusing. A written text is one-dimensional, like speech: one damned word after another. But it consists of letters and words, and the letters at least are two-dimensional gestalts. When we've learned to read fluently, it's fairly obvious that we read whole words as gestalts, at least to a certain extent; but also that we take only a general view of them, and often guess at the details. My son was once driving on a country road, thinking about something else, when he saw a sign outside a house which he read as 'Boarding Kennels and Cannery.' He just had time for a second look, and of course it was 'Cattery.' There ought to be a name for this kind of misreading (like 'spoonerism') because it's not at all unusual. I think it shows that rapid reading includes quite a lot of guessing, or at least jumping to conclusions.

I have always been interested in languages and perhaps especially in alphabets; I can 'word read' in the Greek, Russian, and Hebrew alphabets as well as in our own. I mean by this that (even though I don't know any of these languages very well) when I see a text in any of them I can read a whole word at once, without having to spell it out letter by letter. And of course anyone can do this in any language which uses our Latin alphabet, even if you don't know the language at all - Finnish, for example. It helps if you have some notion of how the language is pronounced.

I know the Arabic alphabet, but I've never got up to 'word reading,' I'm still at the stage of 'letter reading.' The transition seems to come about quite quickly, after you've been puzzling over texts for a few weeks. It's not easy to understand: obviously you don't have word gestalts stored in your mind for completely unknown languages like Finnish, so what exactly has happened to your mind when you move from letter reading to word reading?

Chinese characters, which are also used for writing Japanese and Korean (the Japanese call them Kanji) are different from alphabetic letters in many ways. There are far more of them (maybe 30,000 in a big dictionary, though very few people will actually be able to recognise that many), and although many of them are quite simple - written with say six strokes of the brush or less - some are very complicated indeed. There are 214 'radicals,' one of which must be used as an element in each more complicated Kanji. The 214th radical, the 'flute' radical, is written with 17 strokes, and a few of the compound Kanji are written with 22 strokes. (In the Latin alphabet only E and W need as many as four strokes.)

But Kanji differ from letters in a more fundamental way: each of them has a meaning as well as a pronunciation. 'Kanji' is written with two Kanji, one for 'kan' meaning China and the second for 'ji' meaning 'character.' Some words can be written with a single Kanji, but many use two or more.

Literate Chinese, Japanese and Koreans, amazingly, can word read in Kanji, and because they spell the meaning not the pronunciation it doesn't matter too much whether the language they were written in was originally Chinese, Japanese or Korean. Chinese films are often made with Kanji subtitles, because the dialects or languages of different parts of China are mutually incomprehensible; they're often shown in Japan with the original subtitles, and most of the audience can follow them, more or less.

I believe it's true that Kanji readers actually use the right side of their brains for reading, unlike us alphabetic readers who use the left. This isn't genetic or 'racial,' it's just the nature of the script. Whether it's because there's more storage space on the right side of the brain, or because it's more concerned with pictorial, 'synthetic' thinking than with literal, 'analytic' thinking, I don't think anyone knows.

Would a two-dimensional communication channel be more efficient than our one-dimensional language? It's a little difficult to pin this question down. A printed page is a two-dimensional communication, in a sense, and indeed each letter of the print is a two-dimensional gestalt. But it isn't a two-dimensional communication in the way that a diagram, a portrait or a landscape painting is; it's intended to be read sequentially, from left to right and top to bottom (unless it's in Arabic or Chinese), and mapped into a one-dimensional string of words and sounds. (And signing language, what the politically incorrect call deaf-and-dumb language, uses three-dimensional 'letters' or 'words,' but the communication is similarly sequential and one-dimensional.)

Suppose for a moment that the Faroffians, though like us in most respects, have a visual display unit on their chests, of biological materials and operated directly by their minds like our vocal chords, and that they converse by showing pictures. What sort of pictures could they be? The fundamental use of language, as I've argued elsewhere, is for chat:

'Hallo, Mr Brown, haven't seen you for months. How are you keeping?'

'Nicely, thank you, Mavis. And you? Goodness, how your little girl has grown! How old are you now, sweetheart?'

This sort of thing, though not important in itself, is of great theoretical importance because it's 'ordinary language,' as the logicians say. We aren't inclined to call anything 'a language' unless it can be used for chat of this kind. Notice that the sample contains as many questions and exclamations as informative 'statements'; this is typical of chat.

The Faroffians might have established conventions for questions and exclamations, perhaps showing the picture upside-down for a question and reversing it rhythmically to its mirror image and back for exclamations. But it's still not clear what their pictures, to carry on a conversation of this kind, could be like; and whatever form they take, I can't avoid the conclusion that conversation at least, if not the individual pictures, must be more or less sequential - and so one-dimensional, much as the printed page is one-dimensional though its individual symbols are two-dimensional.

Do they show one picture for each complete speech? If so, how could you picture a speech like


All the world's a stage,


And all the men and women merely players;


They have their exits and their entrances;


And one man in his time plays many parts,


His acts being seven ages.


First the infant, mewling and puking in his nurse's arms, etc.[3]

Perhaps it would be like a comic strip, with a sequence of smaller pictures arranged on the screen in some conventional way. But even a comic strip is a one-dimensional communication channel like print, except that its two-dimensional elements are much more elaborate.

Or perhaps they show one picture for each sentence, or phrase; then the display would be like a silent film. Whatever mode they use, their communication is sequential - unlike a portrait or landscape painting - and my tentative conclusion is that one-dimensional speech, for chat and chat-like communication, is a more efficient medium than pictures. Every picture tells a story, they say; but you can't chat with pictures alone.

Perhaps this is all rather superficial, but it seems to me that such a biological VDU might be a useful aid to communication, for showing diagrams and gestures, but can't seriously replace speech as the medium for the ordinary uses of language.

[1] (Philosophy and Phenomenological Research, December 1952, reprinted in Order and Surprise, OUP 1983.)

[2] The Ambidextrous Universe, Scribner's 1979.

[3] Shakespeare, As You Like It, Act II scene 7.
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CESAME: THE PERSONAL HISTORY OF LEARNING MATHEMATICS IN THE CLASSROOM.  AN ANALYSIS OF SOME STUDENTS’ NARRATIVES

T. Assude, C. Sackur & M. Maurel

DIDIREM  (Paris 7) et IUFM de Versailles, assude@gauss.math.jussieu.fr

GECO. IREM de NICE,  sackur@unice.fr  and  maurel@unice.fr

Our paper comes from the work we did in the Association pour le développement du Génie Cognitif, Nice (GECO) and more precisely in a project named CESAME supported by the Institut Universitaire pour la Formation des Maîtres (IUFM) of Nice. CESAME means: « Construction Expérientielle du Savoir, et Autrui dans les Mathématiques Enseignées » and our aim is to interpret what students say or write about their experience of mathematics and more precisely about their experience of the Necessity in mathematics (see the paper by Drouhard presented in the group of CERME). In this paper we shall present the part of our work which concerns the way to « reach » this personal experience, so we shall examine how one can make the students produce narratives about their experience.

We shall develop some theoretical questions, examine what could be efficient methodologies and present and analyse some narratives we have collected. 

We make use of some concepts which have been developed by the French didacticians, mainly Brousseau and Chevallard. References of their works are given in the bibliography; moreover we give short illustrations at the end of this paper.

1.  First step
  

At the beginning of the year, we very often ask our students (high school, university or pre-service teachers) the following question: « tell briefly a personal memory, something which happened to you last year or before, on a mathematical subject.  This anecdote should have a mathematical content, and concern yourself (do not recall the day when you fell off your chair, and do not cite merely the title of a chapter) ». This question may be formulated in different ways, for example « tell two memories concerning mathematics, one which impressed you positively, the other one negatively ».

The purpose of such a question is to try to catch what students might say about their experience in mathematics and about their relation to mathematics. This is interesting for us, both as researchers and as teachers.

What is the importance for us of such a demand? to cope with this question it appears to be useful to introduce the notion of « didactical time ». The « didactical time » means the time which regulates the way knowledge processes and the way in which knowledge is divided for teaching (Chevallard & Mercier, 1987). The didactical time gives the norms for the process of knowledge, and it organises the chronology of the students’ learning. Its management is under the responsibility of the teacher. Generally the students cannot convert the didactical time into a personal history of their own knowledge. That means that in the math classroom there is almost no time for the students to express their own personal relation to time; in a more precise way, we can say that there is no time for them as individuals to say : «I did not know; then I did this…, and now I know ».

Asking a student to recall memories gives her/him the opportunity:

1. to identify an event which is important for her/him in her/his personal history of mathematical knowledge or from the point of view of her/his relations to mathematics.

2. to put words on it and thus to make it exist for her/him, interacting with others, since a narrative is not completely private.

For us researchers, the interest is double in the way that we believe that:

1. the history of knowledge is part of the knowledge

2. mathematical knowledge is not limited to an accumulation of definitions and theorems, but includes knowledge about the nature of mathematics (Assude and al, 1997). When recalling a math event the student identifies what is « mathematical » for him and this is a knowledge about mathematics which, for us, is part of an individual’s mathematical knowledge.

2. Time and Narratives

We shall examine here some theoretical questions about narratives, based mainly on the works of P. Ricoeur (Ricoeur P. 1983). As we said before and as we shall see more precisely later, the time in the classroom is « blank » for the student. When they are asked to recall a personal memory concerning mathematics, they do not imagine that they may evoke the way they lived during the time of the class of mathematics, their own, personal history. There seems to be no capitalisation of this temporality as they are not able, or they don’t allow themselves to tell the story of their personal knowledge.

The problem our students are facing when confronted with our demand is:

1. what is the meaning of the question : « what happened to me? »?

2. how could I say it?

These two questions are central in our preoccupation because we think that students certainly build stories about the time they are living and about the events in this time. What could be the content of such stories? It should not be a mere accumulation of anecdotes; one doesn’t need to re-live or re-evoke the entire situation with all its details to understand the meaning of a mathematical object. Things are certainly more complex: when the story is stored in the memory, the different events are related to one another, some disappear being included into others, the chronology also may be changed. In fact one builds a new story which can be stored but also which can be recalled upon need. Roger Schank (1995) says (translated into English by C. Sackur (sorry for the poor English!)

« The creation of a narrative is a process which implies the memory. Why do human beings tell stories? For a very simple reason; because the process itself of creation of the story creates the mnemonic structure in which the gist of the story will remain for the rest of our life. To talk is to remember. Certainly, psychologists have known for a long time that repetition helps memory. But the fact of « telling a story » is not repetition; it is creation, and the fact of creation is a full mnemonic experience.


Moreover stories which are most able to be told, and often the most interesting ones to listen to or to read are those related to frustrating experiences. To put our memories into shape, and to learn, we tell stories in which difficulties have been solved in a way or another. Thus we memorise the solutions, and build a new knowledge, which is stored to be used in the future. »

Our hypothesis is that learning includes developing the ability to recognise in the present an «echo » of a past story which lies in our memory. This permits us in the present to anticipate, to know whay our expectations are, to understand and thus act for the future.

In other words, the theoretical bases of narratives lie in this triple representation of past, present and future.  They answer the question of the signification of temporal experience. The present is both the time of memory and the time of anticipation, that is of attention for a project concerning the future.

We shall examine now if we can find in the memories of the students what we are looking for: the expression of temporal construction and use of knowledge and among others the experience of necessity.

3. Typology of memories

We asked a wide variety of students about their memories: high school students, university students, pre-service teachers (primary school) and mathematics pre-service teachers. Most of the narratives we talk about in this paper are collected at the very beginning of the year when the teacher first meets with the students. As one can easily understand by reading the present paper, we, in the CESAME group do think that memory of learning is an important issue in the process of learning mathematics; we then present the work in the math class emphasising this point. This is the reason why we first ask for the narratives and then start talking with the students about what we think is mathematics learning. Later, during the school year we ask for other narratives and one of the subjects of our work is precisely the role these could play in the teaching and learning of mathematics.

We have just began the analysis of some of these memories and we shall present here the very first results so as to illustrate both our aims as researchers and as practitioners. As a consequence of our theoretical background we have constructed a grid for this analysis which permits us to give a typology of the memories and is a tool for interpretation.

Grid for the analysis of the narratives
I.ACTORS 

 
who is in the story?
who is acting? 
who is the  interlocutor?
who is thinking?

the student





another student





the group





the teacher





« someone »





another





II. MATHEMATICAL CONTENT
- label

- precise content

- precise statement
III. NON MATHEMATICAL CONTENT

- evaluation

- test

- results of tests

- oral questioning
IV. WHAT ARE THEY EXPERIENCING?
- understanding

- not understanding

- break of « didactical contract »

- epistemological break

- positive experience  

- negative experience  

V. STYLE OF WORK

- classical

- discussion

- group

VI. CHRONOLOGY

VII. LEVEL OF KNOWLEDGE

 The analysis of the first narratives we collected (about one hundred) led us to three observations; the first is that most memories we studied involve institutional matters. We call them « non mathematical contents », such as tests…(see above). Most of these memories relate negative experiences, unfairness or humiliation. A second observation is that no « other » is mentioned except the teacher who is perceived either like an outstanding person or like an humiliating person and very seldom like someone who helps in learning mathematics. The third one is that mathematical contents are rare: there are very few mathematical events.

Here are two examples of narratives produced by 12th graders:

ERIC: during the lesson on primitives which lasted one week, I used to mix up primitives and derivatives in almost all excises. For the test I managed not to make the confusion and I got a mark of 12/20.
I.ACTORS 

 
who is in the story?
who is acting? 
who is the  interlocutor?
who is thinking?

the student
*
*



another student





the group





the teacher





« someone »





another





II. MATHEMATICAL CONTENT
- label *
III. NON MATHEMATICAL CONTENT

- test *

- results of tests *
IV. WHAT ARE THEY EXPERIENCING?
- positive experience  *

- negative experience  *
V. STYLE OF WORK

- classical *
VI. CHRONOLOGY  not mathematical
VII. LEVEL OF KNOWLEDGE  nothing

CAROLINE: when I was in grade 9, my ambition was to become a math teacher. My teacher proposed that I would teach the lesson on linear systems (2 equations, 2 unknowns). I never had had such a terrible experience: nobody was listening to me. Hence I don’t want to become a math teacher anymore.

I.ACTORS 

 
who is in the story?
who is acting? 
who is the  interlocutor?
who is thinking?

the student
*
*



another student





the group





the teacher
*
*
*


« someone »





another





II. MATH 

- label *
III. NON MATHEMATICAL CONTENT

- oral questioning *
IV. WHAT ARE THEY EXPERIENCING?
- negative experience  *
V. STYLE OF WORK not classical
VI. CHRONOLOGY not mathematical
VII. LEVEL OF KNOWLEDGE no
As a conclusion, we may say that students produce memories without mathematical knowledge (although the demand was explicit on that point), involving no other people but the teacher, without any chronology. There is no « before », no « now », no « after ». Now the question is: either the students never experienced any mathematical event, or they don’t remember them (that means that they didn’t identify them as mathematical), or they don’t feel allowed to talk about them.

These first results show us the importance of institutional liabilities which weight on the students when they are facing an unusual demand. This questions us from different points:

1. is there room in the math class for students to live a personal story about mathematics?

2. what do students allow themselves to recall about their personal relationship with mathematics?

3. what is the role of the history of the construction of knowledge in the knowledge itself?

4. how could we lead students to talk about the experiences they were confronted to in the math class?

From the point of view of the practitioner, these observations give us a clue to make things change. We have to legitimate, from the point of view of the institution, the facts of talking about mathematics, of living mathematical events in the math class… A use of narratives, which would become frequent, could help us in this direction. They could become a didactical tool which would help the student to contact her/his own personal experience of mathematics and identify the nature of her/his relationship with mathematical knowledge. The remaining problem is how to make students produce the narratives and how to use them in the classroom.

4. Some examples of narratives

As we said before, students limit themselves to the institutional aspects, where time is not something to share and is not related to their own work. The school as an institution gives no importance to the way time flows for the students and to the way they live in the classroom.
As an extreme example of this non-existence of a lived and shared time we can cite this narrative of a mathematics pre-service teacher:

« positively: addition

negatively: subtraction

more seriously, thing that were really important have nothing to do with mathematics. I’m sorry. »

We can observe here that someone who s almost a math teacher has nothing to tell about her/his experience of mathematics. S/he will not be able to use it while teaching, to have it as a resource when s/he encounters difficulties in her/his teaching. This narrative shows that the memories can be a sign of the nature of the relationship with mathematics. This is important for a practitioner.

We will oppose to this narrative that of another pre-service teacher:

« During my first year at the university I had once the satisfaction of solving a problem with a solution which I entirely constructed myself. Then the teacher worked for a whole hour to try to find where was the bug, but never managed to find any. »

Here we think that we find the existence of a mathematical memory: the student talks about an experience that s/he lived, which had to do with the necessity in mathematics, which involved others, the teachers and the group of students as interlocutors.

Rather than very dull stories about institutional liabilities which are what we most often gather, we shall cite two other narratives which have been collected in the middle of the year. In this class the teacher used to allow the students to express their personal temporality by proposing   styles of work which are not classical which we shall not describe here and by discussing the role of memory. So after some month he asked the question: « two or three things which happened since September. I remember that… »

« When I was in grade 10, I used to think that if a unction was growing its limit had to be + . This year I learned, while studying the chapter on functions, that a function could be growing and have an upper bound at the same time. »

Here one can find clearly the expression of a lived temporality. This 11th grader expresses the memory of a mathematical event.

Here is another narrative: 

« I remember failing on the inequality x < x2 . I thought it was a true inequality, and now I know that, of course, it is false. ».

This student, some months after the event took place, a sort of evidence, which is certainly not the result of a convention. This narrative leaves room to time, and we can find something which appears to us like necessity.

Conclusion

A majority of narratives do not include anything related to mathematical content, to other people than the teacher, and to mathematical events. Nevertheless we have shown that some narratives do give room to the expression of time and of necessity. We think that those illustrate a better relationship to mathematical knowledge than the others.

Our further work will tend to go further in the interpretation of these narratives and in the study of some questions such as: what is the role the narratives could play in the classroom? could they lead to a better construction of mathematical knowledge? how could we make students produce them: how make students build stories for themselves about their life in the math classroom? how to ask to get these stories?
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Notes on didactical situation and didactical contract:

Didactical and a-didactical situations are situations of teaching in the class room; in a didactical situation the intention of teaching some knowledge is explicit: the teacher says:  « to day we shall study the concept of derivatives ». In an a-didactical situation the intention is not explicated; the teacher gives some problems to the students; to solve the problems the students will need to learn something which will be later identified as the concept of derivatives. In an a-didactical situation the need for the concept is better perceived by the students.

Didactical contract means the set of more or less implicit rules which regulate the relations between teacher and students in the classroom. Some are institutional and very general rules (the students must sit during the math class), others are very specific ones linked to mathematics. Breaking the didactical contract produces facts which permit to identify some of the rules: the teacher is not supposed to give a test on a lesson which was studied the year before; a problem should not lead to the answer: « one cannot know ».

Such problems have been studied under the concept of : « the Age of the Captain » at elementary school level. An example is: « in a classroom there are 12 girls and 10 boys, what is the age of the teacher? » Almost no child says: « I cannot know ». More than that if the answer is obviously ridiculous the children will say:  « it’s your fault, you didn’t give me the right numbers! ». The effect of the didactical contract is that any question should have an answer using the data of the exercice and the computing capacities the child recognises her/himself.
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CHANCE AND CHOICE
Francis G Miles
It's quite difficult to think of something that computers can't do with numbers, but there is one thing: computers can't produce a genuine 'random number,' like the ones you get by tossing coins or throwing dice. For games and suchlike, where the program has to simulate throwing a dice or dealing out cards, they have subroutines which produce 'pseudo-random numbers,' and the programmers hope you won't be able to distinguish them from really random numbers.

I know two ways of programming for pseudo-random numbers - I dare say there are others.

One is to use the computer clock. Most computers have a subroutine in the operating system which does nothing but count up from one to some very large number (perhaps 65,536, 2 to the 16th, in a small computer, or 2 to the 32th, more than four billion, in a bigger one) and then start again at the beginning, over and over again. This counter goes very fast indeed, it runs right through its range of numbers in minutes or even seconds. It's used to work the clock routine in the operating system, because the counting goes at an absolutely constant rate. But you can also read it at any instant for a pseudo-random number. If the counter number is odd you call it 'heads,' if it's even you call it 'tails,' or something like that.

This works pretty well for some purposes. But suppose someone writes a program with a loop in it which reads the clock for a random number each time the loop turns - you might do this 52 times to simulate shuffling a pack of cards. The program loop will also run at an absolutely constant rate, so the numbers it reads will come out in a regular sequence. In the worst case it might actually read the same number each time! Not so random.

The other method uses a 'seed formula': you feed a 'seed' number into a subroutine which turns it into a different number by a formula designed to make it as unlike the seed as possible (eg multiply the seed by a large number, divide the result by a different large number and use the remainder from the division). The seed can either be got from the clock or can be the result from the last use of the seed formula; or the program may ask the operator for his choice of seed. Again this works quite well. But if you use the seed formula over and over again, after the computer has used up all the numbers up to the limit it can handle, in an apparently random sequence, it will go through them all again in exactly the same sequence.

You see the problem. Random numbers are supposed a) to be unpredictable and b) not to show any regularity or pattern. (These amount to the same thing, really. The only way you can predict anything - unless you have supernatural powers! - is by expecting that it will follow some pattern you have been able to observe.) But computers, at least in theory, are entirely predictable machines. The designer of the computer, or anyone who understands how it works, in theory could predict the result of any operation the computer performs. And because the computer is a finite machine - there's a limit to the size of the numbers it can handle - repeating any operation indefinitely will produce a repeated pattern eventually, though it may be a very large-scale one.

When you come to think of it, the case isn't much better with coin tossing or dice throwing. In theory, if you knew very precisely the forces acting on the dice or coin, their weight, moment of inertia, distance from the ground, etc, you could predict which way up the coin or dice will fall, or even that it will land balanced on its edge or corner. So even dice and coins can only produce pseudo-random numbers. They only seem random because in practice one never does know all those things.

It seems that the computer's pseudo-random numbers, if you program with discretion, can be just as random (or anyway nearly as random) as the numbers you get by throwing a dice. In theory you could predict them but the computer produces them much faster than your predictions.

In a completely determined universe there's no such thing as chance - in theory. All there is is pseudo-chance, produced by the fact that in practice there are many things we don't know about which will cause certain events to happen in ways we can't therefore predict. Why did the lightning kill Smith but not Brown? We don't know (God knows, we say); it was pure chance. It wasn't really, it was pseudo-chance. Pseudo-chance is what produces effects that are too difficult for us to predict.

According to the quantum physicists, we don't live in a completely determined universe, there are some events in the world of subatomic particles which really do happen by chance, not by pseudo-chance. It's not that we don't understand why they happen, not even that there's no way we could find out. They happen for no reason, there's nothing there to understand.

Einstein strongly resisted this notion - 'God does not play dice with the universe,' he said - but it's now orthodox, the accepted theory. I think I agree with Einstein. (Bertrand Russell did too - and unfortunately so did the orthodox Marxist/Leninist physicists of the old USSR, for very bad reasons.)

Until quantum physics was invented there actually was no such thing as 'pure chance,' or to put it another way 'chance' simply meant 'effects which are too hard to predict' - what I'm now calling pseudo-chance. 'Pure chance' is a new concept, a hypothetical concept of quantum physics, and I'm very suspicious of it. The physicists seem to be saying 'we don't know why these things happen and we're not going to try to find out.' This is not what we pay scientists for.

I believe there are now 'random number generator' machines (not ordinary computers) which use 'radioactive decay' to generate their numbers, so that they actually are the result of the quantum physicists' 'pure chance.' I don't think anyone believes that the fall of a dice is controlled by quantum effects, so dice still make pseudo-random numbers. Perhaps you could make very teeny dice which would give real random numbers by quantum effects, but it's hardly worth the trouble.

There's a parallel here with the age-old controversy about 'free will' and 'determinism' (or 'predestination' in the older theological terms). If the universe is wholly deterministic, then in theory we can never make a free choice about anything; all our choices are automatic, controlled by the way the atoms fall about inside our brains or by the hidden motivations in our subconscious mind. (If we saw something nasty in the woodshed when we were three, we may end up unable to eat fish, or homosexual, or something.)

By analogy with the idea of pseudo-chance, it seems obvious that even in a determined universe we have 'pseudo-free will.' However well you know a person, in practice you can't always predict what choices they are going to make. I've been married for forty-five years, and my wife and I have never been separated for more than maybe four weeks at a time, when I was travelling on business. I suppose I know her about as well as anyone ever knows anyone else. But I never have the faintest idea what she's going to say next, and when we go out for a pub lunch, if you asked me to predict what she will choose from the menu I would be wrong as often as not. If (pseudo-)chance means unpredictable events, then I maintain that (pseudo-) free will means unpredictable decisions.

This isn't quite satisfactory. Mostly we feel that our choices are actually more free even than that. It's been suggested that in some unfathomable way our choices may even depend on quantum effects inside our brains, so that they're unpredictable in theory as well as in practice. I'm not sure that that makes it any better.

The traditional cop-out is to maintain that our (free) will is a function of our soul (or mind, or personality), which isn't material - it's 'spiritual' - so it isn't subject to the deterministic laws of physics and chemistry at all. Descartes, the seventeenth-century mathematician and philosopher, proposed that there are two worlds, the material world and the spiritual, but in some unfathomable way our minds, which are spiritual, are linked with our material brains and are able to control them.

This was always a mystery and caused a good deal of controversy. It was rather thoroughly debunked in the 1950s by Professor Gilbert Ryle (The Concept of Mind), whom I remember as one of our more entertaining lecturers when I was 'doing' Philosophy at Oxford. He called it the theory of 'the ghost in the machine.'

I'm quite sure Gilbert Ryle wasn't familiar with computers and computer programs - hardly anybody was in the 1950s. If he had been he mightn't have been quite so scornful about ghosts in machines. I have a program on my computer which plays quite a good game of backgammon; backgammon is a game partly of chance (you must throw a pair of dice on each move) but partly also of skill, because what you do with your throw of the dice is a matter of strategy and tactics. Bridge and even poker are similar mixtures of chance and choice. Draughts and chess aren't, they're all skill.

It isn't the computer that plays backgammon, it's the program. If you haven't got the program loaded in your hard disk the computer knows nothing of backgammon at all. And the program is not in the material world. If you wanted to be fanciful you could call it a 'spirit,' or even a 'ghost in the machine.' When you copy the program into the computer from a floppy or a CD, the computer doesn't get any heavier; when the program was written onto the floppy or CD in the first place that didn't get any heavier either. A program is like a story or a tune - or a number, for that matter. It exists, in some sense, but not in any particular time or place, it doesn't take up any (physical) space and it doesn't weigh anything. Of course, the disks are material and the 'program is on the disk,' but this isn't the program, it's a recording of the program. If you damage the tape of a Schubert quartet you don't damage the quartet, only the tape.

Programs even have a kind of personality, though a very limited one. The backgammon program makes strategic and tactical decisions depending on the throw of the dice. When its evaluations indicate two possible moves with equal chances, it chooses one - at random? - it seems to play with a certain characteristic style, however. Other programs, even utilitarian ones like word-processor programs, also have this kind of personality, of course reflecting the personality of the programmer who wrote them.

I don't know the details of the backgammon program, but without doubt it uses the computer's pseudo-random number subroutine, both to present the throws of the dice and to choose between possible moves after it's evaluated them for strategic and tactical advantage. So its dice throws are pseudo-random and its choices are made with pseudo-free will. But the effect is very convincing. I think it passes the Turing test (if you can't guess whether it's a person thinking or a machine, then the machine is thinking) - but only of course as a backgammon player.

It's tempting to say 'the brain is a computer and the mind is its program.' Very tempting indeed, but dangerous. I prefer to say 'the relation between mind and brain is rather like the relation between a computer program and a computer.' For one thing, the brain and the mind inhabiting it are completely inseparable. You can't stick a plug in your ear and load a new personality from disk - or even a knowledge of Sanskrit, or the contents of today's newspaper. Nice if you could. You can't even erase any programs, or parts of them, from your brain. We haven't the technology to do such things, but I very seriously doubt that there could be any technology to do it.

Computers are (usually) built with completely blank minds. Then the manufacturers load them with an 'operating system,' which is a program, but it won't really do anything but accept other programs. Then the owner of the computer can write his own programs, or more often load programs from disk, to do all the things he wants the computer to do. When he's done whatever he wants the program to do he can erase the program from the computer - he's still got it on disk for the next time. Brains can't do anything like that at all.

But brains are different from computers, and minds from programs, in other ways. Computers feel no hope, fear, love, or any other emotion. They have no imagination or ideas of their own. They can't laugh, dream, or make up stories, tunes, jokes or even original computer programs; they can't even chat like a reasonable person. Programs have been written to simulate some of these activities, but they're all more or less pathetic, like a child dressing up in grown-up clothes. If minds have all these faculties that programs lack, perhaps they have real free will as well, not just the pseudo-free will which is derived from random number generators. How could one possibly tell?

My only point is that if the mind is like a computer program - and I believe it is, up to a point - then it is, after all, an immaterial, 'spiritual,' entity and isn't subject to physical laws. So it might be genuinely 'free' even in a completely determined world. The program runs the computer, not the other way round. Perhaps the mind really does control the brain, in a way Descartes couldn't possibly have imagined.

I say nothing about immortality; I don't know whether our souls are immortal or not. If you destroy a computer, you destroy any programs stored in it, and if there are no copies on disk that's the end of them, there's no way to recover them. Perhaps our minds are different.
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Abstract

The text raises the question why didactics seems to be such a harmless matter. Various aspects of the perception and the reputation of didactics are discussed rather more than its real meaning or importance. Is the low regard in which didactics is held also a consequence of its alleged purpose of reconciling the learner with the given facts of this world instead of enabling him to change them?

Wo bleibt das Subversive?

Ist die Fachdidaktik ein harmloses Metier?

Dank dem Zentrum für die Einladung, Dank auch an die Anwesenden, die erschienen sind, weil oder obwohl ich hier bereits schon einmal vorgetragen habe. Ich verstehe meinen heutigen Vortrag mehr noch als meinen letzten als Thesen zu einem anschließenden Gespräch, und damit dieses auch zustande kommt, werde ich im folgenden hier und da ein wenig übertreiben, nur daß ich Ihnen zunächst nicht sage wo. Robert Havemann soll einmal vor dem Zentralkomitee und, wenn ich nicht irre, als dessen Mitglied, nachdem wohl ein Redebeitrag von ihm einige Empörung hervorgerufen hat, gesagt haben: Meine Damen und Herren, ich weiß gar nicht, warum Sie sich so aufregen, das, was ich sage, ist eine ungeheuerliche Harmlosigkeit, verglichen mit dem, was ich denke.

In einer der Veranstaltungen, in denen sich die Fachdidaktiken und die Schulpädagogik im letzten und vorletzten Semester zu einem Dialog zusammenfanden, sprach auch ein Student über sein Studium und machte eigentlich eher beiläufig die Bemerkung: Die Didaktik erschiene ihm irgendwie so harmlos. Ich denke, die Ungeheuerlichkeit dieser Bemerkung war ihm gar nicht bewußt, sie war fast versehentlich über seine Lippen gerutscht, und ehe ich mich noch so recht empören konnte, kam mir der Gedanke, daß er mit seinem Diktum etwas getroffen hat, worüber sich nachzudenken lohnt.

Es geht dabei natürlich nicht darum, daß er recht haben könnte, sondern um die Frage: Wie kommt die Didaktik zu dem Odium der Harmlosigkeit? Ich will hier also nicht Bestimmungen für eine harmlose und eine nicht-harmlose Didaktik entwickeln, um dann die harmlose Didaktik zu brandmarken und den Kollegen in die Schuhe zu schieben und diesem Pappkameraden schließlich meine nicht-harmlose, vielleicht sogar subversive Didaktik gegenüberzustellen, nein, es geht mir zunächst tatsächlich nur um die Frage: Wie kommt die Didaktik, und ich meine damit vor allem die Fachdidaktik, zu dem Odium der Harmlosigkeit?

Ich will versuchen, die Intention dieser Frage noch einmal an einem Beispiel zu verdeutlichen: Das Bild des Lehrers in der Öffentlichkeit namentlich in der Presse ist recht negativ. Wenn ich mich damit beschäftige, dann ja nicht, weil ich glaubte, hier liege ein berechtigtes oder unberechtigtes Urteil vor, es ist ja ganz offenkundig, daß hier gar kein Urteil vorliegt, aber dennoch kann ich versuchen, die Genese dieses Bildes oder Zerrbildes zu verstehen, ist es sinnvoll zu untersuchen: Warum prägt ein Lehrer mit dem Surfbrett auf seinem PKW-Kombi dieses Bild oder ein penetranter Mathe-Pauker und nicht andere positiver „besetzte“ Figuren?

Zurück zum harmlosen Odium der Didaktik:

1. 
Es könnte von den Personen ausgehen, die Fachdidaktik betreiben, also den Fachdidaktikerinnen und Fachdidaktikern.

2. 
Es könnte auf die Art und Weise zurückgehen, wie Fachdidaktik hier im Hause und anderswo betrieben wird; sozusagen auf ihre Erscheinungsform, also auf einer Verwechslung von Form und Inhalt beruhen.

3. 
Es könnte mit der Auffassung über die Rolle der Fachdidaktik im Studium künftiger Lehrerinnen und Lehrer in Verbindung stehen. Auffassungen von Personen innerhalb oder außerhalb der Fachdidaktik, möglicherweise auch (vermeintlich) oberhalb oder unterhalb von ihr.

4. 
Sein Herd könnte auch in Auffassungen vom - wenn Sie mir dieses sehr deutschen Wort gestatten - vom Wesen der Fachdidaktik zu suchen sein.

Diese vier möglichen Aspekte lassen sich nicht fein säuberlich trennen, sie gehen ineinander über, und ihre Unterscheidung ist nur rein pragmatischer Natur.

Didaktiker

Zum ersten Punkt, also zu dem Bild, das die Didaktiker abgeben, kann ich hier nicht sehr viel sagen, zumal ich hier ganz besonders befangen bin. Es gibt da schon merkwürdige Figuren, das würde ich jedem Studenten sofort konzedieren: den Erklärfritz, den mehr oder weniger heillosen Schwätzer, den strengen Missionar oder die freundliche Hebamme; ich kann nicht beurteilen, ob es nun in den Fachdidaktiken mehr solche Figuren als in anderen Wissenschaften gibt, ernster wäre schon die Frage, ob das, was hier am Fachdidaktiker als lächerlich, ätzend oder klebrig erscheint, z.B. bei einem Mathematiker oder Chemiker als schrullig-liebenswert, genial-vertrottelt oder sympathisch weltfremd gesehen und bezeichnet würde. (Einstein ist nicht lächerlich, da kann er noch so weit die Zunge herausstrecken!) Das läge dann aber nicht am Fachdidaktiker, sondern an der Wert- oder Geringschätzung seiner Wissenschaft, auf die ich weiter unten eingehen will. Es gibt da auch den freundlichen „didaktischen Onkel“, der alles noch einmal erklärt und gerade auf Grund seiner nachhaltigen Freundlichkeit so harmlos wirkt, zugleich aber recht gern für Examensprüfungen gewählt wird. Na ja, und!

Für den Didaktiker selbst ist vielleicht bedrückend, daß sein Metier sich - zumindest im größeren, wenn auch nicht großen Stil - erst in den sechziger, siebziger Jahren an den Hochschulen etabliert hat, und so fehlen ihm vielleicht die bedeutenden Ahnen oder Vorbilder, die geschichtliche Tiefe und Weite der Disziplin. Das könnte wohl auch ein Grund dafür sein, daß man hier - mehr als in anderen Bereichen - auf Autodidakten trifft, bei denen eher die Schroffheit ihres eigenen Denkens - zuweilen wohl auch Hausbackenes und Selbstgestricktes - auffällt als die Sicherheit, Gelassenheit und Souveränität, die Tradition und Wissenschaftlergemeinschaft eines „alten“ Faches hervorbringen (können). Ähnliches müßten dann auch für andere neue Disziplinen wie etwa die Politikwissenschaften oder die Informatik zutreffen; näheres ist mir hier nicht bekannt.

Arg mag einem bei manchem Fachdidaktiker auch die Liebe zu seinem Fach aufstoßen; vielleicht, so ist man dann geneigt zu meinen, erschöpft sich seine ganze Wissenschaft in der mühsamen Rationalisierung dieser Liebe, die sie - Glück im Unglück - auch nur schlecht kaschiert. Der Fachdidaktiker und seine Spielzeugeisenbahn. Einem Germanisten oder einer Chemikerin würde man so sicher kaum die Liebe zur Germanistik oder Chemie vorhalten, allein diese ist ja auch nicht Inhalt seiner bzw. ihrer Tätigkeit. Aber bei manchem Fachdidaktiker könnte man manchmal diesen Eindruck haben.

Auch Kleinkrämer und -bürger kann man unter ihnen antreffen, Autoren von Kirchenblättchen und anderen Verbandsorganen ohne Souveränität oder wissenschaftlichen Weitblick. Wo gäbe es die nicht?

In der Mathematik mag es noch eine spezielle Version geben: der Didaktiker als Verräter, der in unverantwortlicher Weise eine Fähre zur Insel der happy few betreibt. Eine Tradition mathematischer Lehre ist die Unverständlichkeit, die man sowohl in Kolloquien als auch in Vorlesungen antreffen kann.  Wer verständlich vorträgt, mit dessen Forschung kann es nicht weit her sein; offensichtlich betreibt er Folklore. Die Vorlesungen dienen der Auslese, also bemühe man sich (nicht) und trage besser schlecht vor; wer es trotzdem versteht, der ist geeignet; wer nicht aufhört zu verstehen, wird zum Konkurrenten; man schaltet ihn schließlich zur größten Not dadurch aus, daß man ihn als Assistenten einstellt.

Aber all dies erklärte nur, daß die Didaktik ärgerlich, hinderlich und störend sein kann, rechtfertigte aber nicht die Einschätzung harmlos.

Zum didaktischen Betrieb

Sprache erscheint dem, der formal denkt, häufig unlogisch. Vermutlich liegt gerade darin ihre Verständlichkeit. Nach einem Artikel in der FAZ mit der Überschrift Mann erschlug grundlos seine Frau erkundigte sich ein Leser ganz folgerichtig in einem Brief, welche Gründe es wohl gebe, seine Frau zu erschlagen. In Statements und Überschriften findet man immer wieder eine Gedankenfigur, die ich bezeichnen möchte als:

pro bono contra malum 

Der Finanzminister tritt etwa gegen überhöhte Beihilfen an die neuen Bundesländer ein, der Innenminister gegen eine Asylantenflut, der Justizminister für eine angemessene Bestrafung von Vergewaltigern etc. Eine rhetorische Figur: Wer wäre schon für überhöhe Beihilfen, für eine Asylantenflut oder gegen eine angemessene Bestrafung? Der Leser versteht die Botschaft. Offensichtlich hält z.B. der Innenminister die Zahl der Asylbewerber für zu hoch und bringt das auf diese Weise zum Ausdruck.

Ich habe zuweilen den Eindruck, daß von manchen manchmal in der Fachdidaktik ähnlich gearbeitet und gelehrt wird. Wenn man etwa an den Gebrauch von Termini wie dem des handlungsorientierter Unterrichtes denkt, dann ist da wohl eine Entscheidung gefallen, daß dieser nämlich etwas Anzustrebendes sei, und nun wird propagiert oder missioniert oder agitiert oder - wie Sie es auch immer nennen mögen. Wissenschaft wäre doch zunächst zu fragen, was ist handlungsorientierter Unterricht oder was will man als solchen charakterisieren, was unterscheidet ihn von anderem Unterricht, worin liegen seine Stärken und Schwächen etc., statt ihn mirnichts dirnichts zu propagieren und vielleicht sogar als Terminus in Studien- und Prüfungsordnungen zu übernehmen. Wer wäre denn gegen einen kindgemäßen Sachunterricht in der Grundschule, wer gegen eine alters- und sachgemäße Darstellung der Prozentrechnung? Man gebe also das pro bono contra malum Denken auf und betreibe, um im Bild zu bleiben, statt dessen mehr Moralphilosophie mit den Studenten. Sonst wird Didaktik zu Recht als harmlos betrachtet werden, nämlich als ein Metier des guten Willens oder gar der Gutwilligkeit.

Gleichfalls nach dem pro bono contra malum Prinzip nur systematischer verlaufen die

Wagenschein- und von-Hentig-Messen

Es wird ein fachdidaktischer Vortrag oder eine Vorlesung gehalten. Die schnöde Realität ist bekannt, ihr gilt es entgegenzutreten. Mit großer Bewegung und innerer Anteilnahme beruft man sich dabei auf Kronzeugen und Erzengel, wie Wagenschein und von Hentig. Vermutlich haben solche Veranstaltungen eine tiefe Berechtigung. Hier soll erweckt werden. Ich selbst  habe an solchen schon teilgenommen, als Gläubiger, zuweilen auch als Meßdiener. Die Analogie zu religiösen Veranstaltungen erstreckt sich leider auch auf die Teilnehmer: Die, die es nötig hätten, fehlen und die, die da sind, haben es nicht nötig, schwören sich aber noch einmal auf die gemeinsamen Ziele als Glaubens- oder Fangemeinde ein. Man sollte aber die Teilnahme an Gottesdiensten nicht mit theologischer Arbeit verwechseln.

Um es überspitzt zu sagen: Theologie mündet nicht in Glauben, Fachdidaktik nicht in Unterricht.

Die zahlreichen Praktika an der Universität Potsdam

Nun ja, wird man einwenden, das Studium soll aber doch - nach unserem Hausheiligen und seinen Schriften - professionsorientiert sein; dazu gebe es schließlich die zahlreichen Praktika.

Nicht die Anzahl und Dauer der Praktiken, sondern vor allem die Ausrichtung (lat.: Orientierung) bestimmen ihre Bedeutung für das Lehramtsstudium. Die frühen Schulpraktika haben mich nie so recht überzeugt. Das Argument des Rollenwechsels erinnert mich mehr ans Monopoly-Spielen: Für die nächsten drei Runden übernehme ich die Bank. Schule ist den Studentinnen und Studenten hinreichend - wenn nicht im Übermaß - bekannt, sie sind Anstaltsprofis. Sie kennen den Sinnspruch „Non scholae sed vitae discimus“ zur Genüge. Lehramtskandidaten haben mir gegenüber schon schalkhaft berechtigt das Gegenteil versichert, sie wollten doch Lehrer werden, also für die Schule lernen: Non vitae sed scholae. Jemand der dreizehn Jahre in der Schule verbracht hat, vermutlich noch als nicht allzu schlechter Schüler, sollte nicht sofort gewendet und wieder dort hingeschickt werden. Wann tritt er denn endlich einmal ins Freie, probiert seine Bildung tatsächlich aus: taugt sie, trägt sie, wenn er „vor die Fragen des Lebens“ (Kühnel) gestellt wird? Statt dessen wird er von uns zurück in die Schule geschickt; nur nicht zuviel frische Luft! Statt dessen halten wir ihn dazu an durchzustarten. Nahezu entgegengesetzt wird in der Denkschrift der Bildungskommission NRW Zukunft der Schule - Schule der Zukunft
 als Voraussetzung für die Aufnahme eines Lehramtsstudiums ein halbjähriges Praktikum oder eine adäquate berufliche Tätigkeit in Wirtschaft, Verwaltung, sozialen und außerschulischen pädagogischen Einrichtungen empfohlen. Dieses soll vor allem dazu dienen, vor Studienbeginn Tätigkeitserfahrungen außerhalb der Schule zu gewinnen. In die gleiche Richtung gehen die Erfahrungen am Studienseminar für die Sekundarstufen I und II in Potsdam: Kandidaten mit „Vergangenheit“ taugen mehr als Retortenbabies.

Die schulischen Praktika werden häufig handwerklich gesehen und begründet, vielleicht sogar als eine Art duales Bildungssystem: die Studentinnen und Studenten sollen schon einmal ein bißchen Lehrerluft schnuppern, hie und da und zunehmend selbst Stunden geben, eben Lehrling oder Novize sein: früh krümmt sich, was ein Häkchen werden will. Ich halte solches Vertrautmachen und Vertrautwerden in der ersten Phase des Studiums nahezu für das Gegenteil eines wissenschaftlich angelegten Studiums, was übrigens nicht sagt, daß die Studentinnen und Studenten diese Praktika nicht außerordentlich schätzen und als motivierend erleben. Eine Schul- oder Unterrichtswissenschaft müßte gerade damit beginnen, der Schule und ihrem ganzen Betrieb, um nicht zu sagen Zirkus, den Schleier der Selbstverständlichkeit zu rauben. Dieses Affentheater - laut meinem Fachleiter kommt dieser Ausdruck von offenem Theater - ist nichts weniger als selbstverständlich; die Studentinnen und Studenten sollten es erst einmal bestaunen lernen, sich verwundert die Augen reiben. Ein Mittel, dies zu lernen, wäre übrigens die Verfremdungsmethode der Interpretativen Unterrichtsforschung: der mikroskopische Stil deren Transkripte entzieht dem unterrichtlichen Geschehen Selbstverständlichkeit und Natürlichkeit (Zoo(m)methode). Man kann auch anders vorgehen, indem man zum Beispiel alternative Schulformen oder Schulen in anderen Ländern besucht und untersucht oder sich mit der Geschichte von Schule beschäftigt. Dabei würde zunächst die Geschaffenheit, die Künstlichkeit der uns eigentlich so vertrauten Schule deutlich. Grundsätzlich würde ich die These aufstellen: Unterricht kann nur gut sein, wenn sich der Lehrer dieser Künstlichkeit bewußt ist und sie - zuweilen auch mit den Schülern - reflektiert. Schule ist eine gesellschaftlich geschaffene, künstliche Situation, so „natürlich“ auch die Beteiligten agieren mögen. Dies kann einem übrigens schon ganz äußerlich deutlich werden, wenn man zum Beispiel eine Schule, d.h. ein Schulhaus in den Ferien betritt. Nämliches gilt auch für das schulische Curriculum als Basis von Schule. In dem gut lesbaren Bändchen Handlungsorientiert lehren und lernen nennt und erläutert Gudjons
 zehn Merkmale des Projektunterrichts und benennt als zehntes dessen Grenzen.

Seine Grenzen sind ebenfalls ein Merkmal des Projektunterrichts“ (...) Historisch läßt sich nachweisen, daß nicht der Projektgedanke, sondern der Lehrgang das Entstehen von Schulen begründet: „Schule entsteht immer dann, wenn ein umfassender, rational durchgebildeter Lehrgehalt existiert, der nur in methodisch geordneter Weise überliefert werden kann.“ (Geißler 1969, 165).
Wenn das Lernen in der natürlichen Lebensumwelt nicht mehr ausreicht, um die in einer Kultur gesammelten Erfahrungen, Erkenntnisse und Fertigkeiten zu vermitteln, dann setzt die Übermittlung in Form des systematisch geordneten und methodisch geplanten Unterrichts ein. Insofern ist der Lehrgang letztlich - trotz aller „Entschulungsversuche“ - das Kernstück von Schule überhaupt. 
(Geißler, G.: Strukturfragen der Schule und der Lehrerbildung. Weinheim 1969)
Didaktik und Fachdidaktik sollten sich nicht darauf kaprizieren, von der Schule oder den Lehrern ständig etwas zu fordern, was diese nicht leisten können. Nimmt man die Bedingungen, unter denen letztere arbeiten, nicht zur Kenntnis oder nicht ernst, dann wird man in der Tat schnell zum harmlosen Rufer in der Wüste avancieren.

Zur Rolle der Fachdidaktik im Lehramtstudium

Hier sind wir auch schon mitten in meinem dritten Punkt, nämlich der Rolle der Fachdidaktik im Studium. Training on the job, eine Instituts- oder PH-Ausbildung, bei der zwei Instrumente zu erlernen, eine schöne Schrift wichtig, jede Stunde eine Deutschstunde und der Unterricht ganzheitlich angelegt ist, entsprechen sicher dem Bedürfnis und den Erwartungen insbesondere vieler Grundschulanwärterinnen und -anwärter besser als ein wissenschaftliches Studium. Und deshalb bin ich mir gar nicht einmal sicher, daß das wissenschaftliche Studium für diesen Personenkreis geeigneter als eine Lehrlingsausbildung ist. Wenn es weder dem Fach noch seiner Didaktik gelingt, ihre wissenschaftlichen Ansprüche, Fragestellungen und Themen im Bewußtsein der Studierenden zu begründen, dann bleibt subjektiv gerade die Wissenschaftlichkeit ein Ärgernis, um nicht zu sagen, ein Hindernis auf dem Weg zu dem angestrebten Beruf, in dem dann zwar mit zeitlicher Verzögerung, aber unmittelbar auf das eigene, schon als Schüler erworbene Lehrerbild zurückgegriffen wird, die Orientierung am eigenen Mathematik- oder Deutschlehrer.

Mischformen der Ausbildung und Bildung, etwa eine wissenschaftliche Handwerkslehre, müssen schließlich doch der einen oder anderen Seite den Vorzug geben. Wissenschaft verflacht dabei leicht zur idealen oder idealisierten Praxis. Dann wären Didaktik und Fachdidaktik zu Recht der Harmlosigkeit überführt. Sie verkämen zu einer allenfalls begrifflich aufwendigen Beschreibung von Lernvorgängen, die jeder 13-jährige, ganz zu schweigen von dreißig 13-jährigen, in Minutenschnelle desavouieren könnte. Denn die Verhältnisse, die sind nicht so, wie man bei Bert Brecht lesen kann. Harmlos, weil lächerlich, wäre das berechtigte Urteil. Der gleiche Tenor - wenn vielleicht auch nicht so heftig - kann sich auch bei der Fach-Didaktik als service subject ergeben, die mit wenigen Stunden dem Fach gegenübertritt, dessen Inhalte nun auf Schulniveau zu- oder ausrichten, sie lehrbar oder gar lernbar machen soll. Die Dignität der Wissenschaft deckt nicht ihre Schulvermittlungs- oder PR-Abteilung, da diese gar nicht wissenschaftlich gedacht oder betrachtet werden: auch so kann Didaktik harmlos werden.

Auffassungen von Fachdidaktik als wissenschaftlicher Disziplin oder Was Fachdidaktik nicht ist

Das gleiche Epitheton träfe auf einige naive Didaktikbilder zu. Stellen wir uns etwa folgendes vor: im Vordergrund ein Ställchen, in dem neben einigem Babyspielzeug ein Kleinkind zu sehen ist, das auf seinen Beinchen stehend seine Arme nach draußen reckt. Im Hintergrund vollgepfropft oder streng geordnet Bücherregale über Bücherregale mit Beschriftungen wie Physik, Metaphysik, Mathematik, Chemie, Medizin, Jura etc., soweit das Auge des Betrachters sehen kann. Als Bildunterschrift der Ausruf: Gott sei Dank - es gibt Didaktik. So weit, so lächerlich, und doch sehe ich westliche und östliche Versionen, deren Zerrbild das beschriebene sein könnte. Noch systematischer vielleicht: das Bild zweier benachbarter Einrichtungen; ein Kreißsaal neben einer Bibliothek. Hier würde ich als Didaktiker eher auf Unzu-ständigkeit plädieren, als Fischerei- und Computervokabeln wie Netz, Netz des Wissens, Vernetzung, vernetztes Denken ins Feld zu führen. Auch der Schlachtruf „Alle alles zu lehren“ schreckt mich. Eine schreckliche Vorstellung: ständig bringen irgendwelche Leute anderen - zumeist wohl jüngeren - etwas bei, als gäbe es nichts anderes oder Schöneres und Wichtigeres oder Nützlicheres für diese zu tun, als stillzuhalten und zu lernen. Ist das der Triumph von Didaktik: Das Leben wird schließlich gänzlich zur Lebensvorbereitung?

In Parenthese: es könnte auch zu dem Odium der Harmlosigkeit beitragen, daß Schüler Kinder sind, Didaktik also als Sandkastenwissenschaft, die - wie andere Wissenschaften abwertend - der professionalisierten Mutterrolle zugeschrieben werden. Ich erinnere nur an das sogenannte Problem der Feminisierung der Pädagogik.

Westlich: das Spielzeugland

Sesame street: Bunt lackierte und gut motivierte Wege und - mit besonderer Inbrunst - geplante Holzwege baut der Didaktiker auf, wird dafür gelobt und doch harmlos genannt: Wie kommt’s? Ich kann dies hier nur kurz skizzieren: der sorgfältigen, vielleicht zuweilen sogar übersorgfältigen Stoffanalyse folgt eine Sequenzierung des Stoffes in appetitliche Happen (teaspoon-, step by step- oder staircase-method), diese werden dann einzeln durchdacht, motiviert, mit Beispielen und Aufgabenstellungen versehen, kurz sie werden mit Aufwand und Mühe didaktisiert. Der Stoff ist erlegt und zerlegt; er hat längst seinen Geist ausgehaucht, es handelt sich nur noch um seine curriculare Simulation: es sieht zwar noch so aus wie Mathematik, ist aber keine mehr; das ist jetzt Schule. Die Fragen sind verschwunden, es werden Antworten gelehrt, auf Fragen, die nie gestellt wurden. Der Schüler kann nur raten, der Lehrer souffliert ihm dabei. Ein trauriges Resultat, aber nicht eines einer harmlosen Didaktik, sondern eines sinnlosen, weil Sinn austreibenden Didaktisierens.

Vielleicht führte auch das diffuse Gefühl den eingangs erwähnten Studenten zu seinem Ausspruch über die Didaktik, daß es in dieser nicht um das Eigentliche, die Sache selbst nämlich gehe, sondern dieser gleichsam etwas angeklebt werde, daß Didaktik weder ihm noch seinen künftigen Schülern die Sache näherbringt, sondern sich eher als eine eigentümliche Ebene - voller zusätzlicher Wörter, Begriffe und nicht so recht nachvollziehbarer Ansprüche - dazwischen schiebt. Als ein oberflächliches Indiz dafür ließe sich die Frage eines Studenten werten, der in der ersten Sitzung eines Seminars zur Didaktik der Algebra wie die anderen Teilnehmer zunächst einige Aufgaben zur Gleichungslehre selbst bearbeiten sollte: „Soll ich die Aufgaben so lösen, wie ich das normal tue, oder so, wie ich es als Lehrer für die Schüler tun müßte?“

In diesem Zusammenhang auch noch eine Bemerkung zu dem Begriff der didaktischen Reduktion, den ich - zumindest aus meinem Gebiet heraus - nicht so recht verstehen kann: In der Mathematikdidaktik ist es nicht das Hauptanliegen, das Interessante einfach zu machen, sondern das Einfache interessant zu machen. Das Einfache (freilich auch als Abstraktes) ist der Schlüssel zum Verstehen und nicht die Simplifizierung komplexer Sachverhalte. Aber vielleicht gilt dies nur auf meinem Gebiet und auf anderen stehen didaktische Reduktionen im Mittelpunkt.

Östlich: das Lernland

Ulbrichts Diktum, es gelte den Westen zu überholen statt ihn einzuholen, kennzeichnete die Konkurrenzsituation. Wieder notwendig verkürzt: der wissenschaftliche Sozialismus wollte eine Durchformung der Gesellschaft, eine Ausrichtung auf sozialistische Zielvorstellungen erreichen. Aus meiner Sicht führte dieses Denken im Bildungsbereich (und nicht nur dort) zu einem Optimierungsdenken: es galt den Wissenserwerb, die Fähigkeitsentwicklung etc. zu optimieren. Hinzu tritt die - für mich zunächst nicht verständliche und nicht nachvollziehbare - Vorstellung, daß diese Aufgaben eine Lösung, eine eindeutige Lösung haben, die durch gute und sorgfältige Planung erreichbar ist. Vielleicht sind die Aussagen des dialektischen Materialismus über die homogen strukturelle Einheit der Welt die philosophischen Grundlagen dieser Prämisse. Diese Eindeutigkeit der Lösung scheint mir charakteristischer und Lehrende wie Lernende in ihrem Denken prägender als deren jeweiliger Inhalt und deren jeweilige Gestalt. Nämliches gilt für die offensichtlich unterstellte Deduzierbarkeit dieser Lösungen aus systemischen Grundlagen und Vorgaben; eine Ableitbarkeit aus einer Hierarchie von Zielvorstellungen und Begriffen, die an die Nikomachische Ethik erinnert. Als ich hier in Potsdam zu arbeiten begann, war eine meiner Fragen: Ist die Mathematikdidaktik in der ehemaligen Bundesrepublik in ihrem Kern so affirmativ, wie mir die Mathematikmethodik in der DDR stets erschien? Inzwischen ist mir klar geworden, daß zumindest für die DDR von Affirmation nicht die Rede sein kann: die sorgfältige Planung, zuweilen auch Planungswut, in allen Belangen des Bildungs-, Schul- und Hochschulwesens der DDR war nicht nolens volens, mehr oder minder System bejahend, sondern dessen vorsätzlicher Bestandteil und Träger. Es stellt sich also für die DDR geradezu die gegenteilige Frage: Ist es überhaupt möglich, Methodik oder Didaktik so zu gestalten, daß sie den Zielvorstellungen eines (und speziell dieses) gesellschaftlichen Systems Vorschub leisten und sie befördern? Diese Frage wurde hier offensichtlich bejaht; die Könnens- und Wissensentwicklung wurde optimiert; die Schülerinnen und Schüler sollten optimal aneignen. Wissenspeicher wurden in der DDR Jahrgangsbände zum Mathematikunterricht genannt. Ich kann mich von dem Gefühl nicht ganz frei machen, daß das WiKö (das Wissen und Können) und das Aneignen Begriffe sind, die Resultate einer Verdinglichung sind, die wohl ihre deskriptive Folgerichtigkeit haben mag, zugleich aber systematisch und notwendig daneben schlägt. Häufig haben Lerntheorien aus gutem Grund letztlich einen biologischen Hintergrund. Ich würde einmal - freilich nur zu Testzwecken - die Quantenmechanik mit ihrem Teilchen-Welle-Dualismus als Hintergrund vorschlagen: da hätte man auf der einen Seite das Transportproblem, wie kommen diese Lerngegenstände, also jetzt Lernteilchen, in den Kopf des Lernenden, und wenn es zu dinglich würde könnte, könnte man schnell auf die Welleninterpretation dieser undinglichen Bewegung erklärend zurückgreifen. 

Didaktik als Darstellungskunst

Es gab oder gibt ein Jetzt-helf-ich-mir-selbst- oder Die-Axt-im-Haus-Buch, das gut geschrieben und illustriert erläuterte, wie man seinen Klokasten repariert und ähnlich lebenswichtige Dinge verrichtet. Der Autor war offensichtlich ein Fachmann in diesen Fragen. Wenig später erschien von ihm ebenso gut geschrieben und illustriert ein Kochbuch, später ein Sachbuch zu einem ganz anderen Thema. Das hat mich verwundert: der Autor konnte gar nicht in all diesen Dinge bewandert oder gar Fachmann sein: Handelte es sich also um einen Didaktiker, der ggf. Sachverhalte und Vorgänge besser erklärt, als es der Fachmann selbst kann? Auch wenn man diese Fähigkeiten, gerade angesichts so mancher Gebrauchsanleitung, bewundern kann, ich würde das Darstellungskunst
, aber nicht Didaktik nennen. Der Didaktiker, der seinen Stoff verloren hat, bei dem an die Stelle der Sache und ihrer Klärung die Kunst des Zeigens getreten ist, der mag zwar Sachverhalte angemessen darstellen, aber mit seinem Stoff hat er auch seine Schüler verloren: hier wird nicht gelernt, sondern gezeigt und erklärt. Die Abenteuer des Denkens sind längst verschwunden zugunsten einer wohl durchdachten Filetierung des Stoffes, die Sache selbst verblaßt nahezu notwendig unter ihrer aufwendigen Verpackung, Medien- und Computereinsatz tun ein übriges, vom Kern der Sache abzulenken. Vermittlungskunst statt Didaktik: was breitgetreten wird, nimmt an Umfang zu und an Höhe (Niveau) entsprechend ab.

Harmlos weil wirkungslos

Der Nobelpreisträger Richard P. Feynman ist zumindest unter Naturwissenschaftlern und insbesondere Physikern ein berühmter und geachteter Mann.  Man preist seine Veranstaltungen als atemberaubend, man liebt seinen Stil, wenn nicht sogar Lebensstil, der - ganz Naturwissenschaftler - vor nichts haltmacht: weder vor Autoritäten noch vor Königen, Frauen oder Wunderheilern. Dies können Sie seinem Buch: „Sie belieben wohl zu scherzen, Mr. Feynman“ - Abenteuer eines neugierigen Physikers nachlesen. Auf Seite 448 beginnt er dort ein Kapitel mit folgendem Absatz:

Im Mittelalter gab es alle möglichen verqueren Ideen, zum Beispiel die, daß ein Stück vom Horn des Rhinozeros die Potenz steigere. Dann wurde eine Methode zur Aussonderung von Ideen entdeckt - die darin bestand, eine Idee auszuprobieren, um zu sehen, ob die funktionierte, und sie, wenn das nicht der Fall war, zu eliminieren. Diese Methode wurde natürlich zur Wissenschaft ausgebaut. Und die hat sich so gut entwickelt, daß wir jetzt im wissenschaftlichen Zeitalter leben. Dieses Zeitalter ist in der Tat so von der Wissenschaft geprägt, daß es uns schwerfällt zu verstehen, daß es je Wunderheiler geben konnte, wo doch nichts - oder nur sehr wenig - von dem, was sie vorschlagen, je wirklich funktionierte.

Er kommt dann auf Ufos, Astrologie, Halluzinationen und Uri Geller zu sprechen und führt dann weiter aus:

Doch dann fing ich an zu überlegen: Was gibt es denn sonst noch, woran wir glauben? (Und dabei dachte ich an die Wunderheiler und wie leicht es gewesen wäre, sie zu überführen, wenn man darauf geachtet hätte, daß nichts wirklich funktionierte.) So kam ich auf Dinge, an die noch mehr Leute glauben, zum Beispiel, daß wir ein Wissen davon haben, wie wir erziehen sollen. Es gibt ganze Schulen in bezug auf Lesemethoden, Rechenmethoden und so weiter, aber wenn man achtgibt, sieht man, daß die Leistungen im Lesen weiter zurückzugehen - oder kaum steigen -, und das, obwohl wir beständig eben diese Leute einsetzen, um die Methoden zu verbessern. Das ist auch so ein Wundermittel, das nicht wirkt. Man müßte das untersuchen: Woher wissen sie eigentlich, ob ihre Methode wirkt? Ein anderes Beispiel ist die Behandlung von Verbrechern. Offenbar ist es uns nicht gelungen - wir besitzen zwar viele Theorien, haben aber keinen Fortschritt gemacht -, durch die Methode, mit der wir Kriminelle gewöhnlich behandeln, die Verbrechensrate zu senken. 
Trotzdem heißt es, diese Dinge seien wissenschaftlich. Sie werden studiert. Und ich glaube, gewöhnliche Leute, die vernünftige Ideen haben, werden von dieser Pseudowissenschaft eingeschüchtert. Die Lehrerin, die eine gute Idee hat, wie sie ihren Schülern das Lesen beibringen kann, wird vom Schulsystem gezwungen, es anders zu machen - oder läßt sich vom Schulsystem sogar weismachen, daß die Methode nichts taugen könne. Oder eine Mutter bestraft ein paar Lümmel und fühlt sich für den Rest ihres Lebens schuldig, weil sie im Sinne der Experten nicht „das Richtige“ getan hat. Wir sollten uns also Theorien, die nicht funktionieren, und Wissenschaften, die keine sind, sehr genau anschauen. Ich glaube die pädagogischen und psychologischen Untersuchungen, die ich erwähnt habe, sind Beispiele für das, was ich als Cargo-Kult-Wissenschaft bezeichnen möchte. In der Südsee gibt es bei bestimmten Völkern einen Cargo-Kult. Während des Krieges sahen sie, wie Flugzeuge mit vielen brauchbaren Gütern landeten, und nun möchten sie, daß das wieder geschieht. So sind sie übereingekommen, Landebahnen anzulegen, seitlich der Landebahnen Leuchtfeuer anzuzünden, eine Hütte aus Holz zu bauen, in der jemand mit einem hölzernen Apparat sitzt, der wie ein Kopfhörer aussieht und in dem Bambusstöcken als Antennen stecken - das ist der Fluglotse -, und die warten darauf, daß die Flugzeuge landen. Sie machen das jede Nacht. Die Form ist perfekt. Es sieht genauso aus, wie es früher aussah. Aber es funktioniert nicht. Es landen keine Flugzeuge. All das nenne ich Cargo-Kult-Wissenschaft, weil es anscheinend allen Respekten und Formen der wissenschaftlichen Forschung folgt, aber etwas Wesentliches verfehlt, denn die Flugzeuge landen ja nicht.
 

Sind Pädagogik, Didaktik und Fachdidaktik ein Kult mit hölzernen Kopfhörern? Ein aufwendiges, schön erdachtes oder beschriebenes, suggestives Bild, nur glücklicherweise, will man hastig hinzufügen, falsch. Der Schuß geht daneben und trifft doch: hoffentlich diesen oder jenen Kollegen, könnte man sich hämisch wünschen. Was bei Feynman zunächst wie eine gelungene Beweisführung aussehen mag, ist bei näherer Betrachtung doch nur ein blendender Vergleich: Ein offensichtlicher Pseudokult wird Wissenschaft genannt, um diese - aus meiner Sicht sogar recht platt - zu desavouieren, so daß schließlich nur Naturwissenschaft als solche - mit einem eher beschränkten Begründungshorizont - bestehen kann. Dieser Schuß geht daneben. Ins Herz trifft insbesondere der Pädagogik aber offensichtlich die Frage nach ihrer Nützlichkeit. Die Pädagogik läßt sich von dieser Frage fesseln und knebeln, sie scheint ihr ein ständiges Damoklesschwert.

Feynmann wüßte übrigens auch hier Rat:

Ich war beispielsweise ein wenig überrascht, als ich mich mit einem Freund unterhielt, der eine Rundfunksendung vorbereitete. Er arbeitet über Kosmologie und Astronomie und fragte sich, wie er die Anwendungen seiner Arbeit erklären sollte. „Nun“, sagte ich, „es gibt keine.“ Er sagte: „Ja das stimmt, aber wenn ich das sage, bekommen wir dafür keine Forschungsmittel mehr.“ Ich finde das irgendwie unredlich. Wenn man sich als Wissenschaftler darstellt, sollte man den Laien erklären, was man tut - und wenn diese einen unter diesen Umständen nicht mehr unterstützen wollen, dann ist das eben ihre Entscheidung.

Gerade aus meinem Fach heraus fällt mir auf, wie stark die Pädagogik von der Frage der Nützlichkeit besetzt ist. Die Mathematik scheint mir dagegen sicher wie die Existenz der Erde und des Mondes; aber nicht oder zumindest nicht vorrangig, weil sie nützlich wäre, sondern einfach auf Grund der Dignität ihres Forschungsgegenstandes und ihrer Erkenntnisse. Emphatisch zitiert 1930 einer der größten - deutschen - Mathematiker, nämlich David Hilbert, in seiner programmatischen Rede Naturerkennen und Logik beipflichtend den 1804 in Potsdam geborenen Mathematiker Carl Gustav Jakob Jacobi: Die Ehre des menschlichen Geistes ist der einzige Zweck aller Wissenschaft. Warum sind die Pädagogen dagegen so kleingläubig und stellen so häufig ihre eigene Wissenschaft zur Disposition? Wer fragte denn nach der - von mir unbestrittenen - Nützlichkeit der Altphilologen oder Archäologen?

Eine Hypothese wäre: je mehr die Wissenschaft sich dem Menschen nähern, desto mehr löst sie sich auf. Aber ich weiß nicht, ob sie richtig ist, und selbst dann wäre sie noch kein Grund, die Nützlichkeit zum Knebel und Büttel oder Wertmaßstab pädagogischen Denkens zu erheben.

Wo bleibt das Subversive

Ich werde mich hüten, gerade nach meinen obigen Ausführungen hier nun einer Für das Subversive gegen das Affirmative - Didaktik das Wort zu reden oder auch nur meine Stimme zu leihen. 

Schlechte Zeiten für Subversion? Schleichend in den achtziger Jahren, rapide in den neunziger Jahren haben die Hochschulen einen Autoritätsverlust erlitten, den sie selbst fleißig befördert haben. Autorität, Einfluß, Macht und schließlich Geld erwirbt man heute durch Drittmittel: nicht seine Stellung oder seine Schriften machen den Professor heute bedeutend, sondern die Höhe der Drittmittel, die er eingeworben hat. Nicht sein Denken macht ihn bekannt, sondern die Tatsache, daß es ihm gelang, Sponsoren, die im Zweifel nichts von der Sache verstehen, zu überzeugen, ihm ihr Geld für diesen oder jenen Zweck anzuvertrauen. Die Hochschule ist erfreut so bedeutende Mitglieder in ihrem Lehrkörper zu wissen. (Nicht einmal bei einem Hochschulfest oder dem Empfang nach einer Ehrenpromotion geht es ohne Nennung der Sponsoren ab, als könnten wir nicht einmal unser Bier mehr selbst bezahlen.) Kritische Potenzen der Universität erlahmen in dieser science-park-Landschaft. Hier geht es nicht mehr um unbewußte oder verschwiegene Affirmation sondern um bewußte und offene Geld-, Auftrags- und Parteinahme von und für die Industrie- und Handelskammer und der in ihr zusammengefaßten Unternehmen.  Es scheint seltsam anachronistisch, hier noch nach Subversion zu fragen. Es liegt deshalb nahe, einen „älteren“ Text von 1971 heranzuziehen, ein Gespräch zwischen Michel Foucault und Studenten, das unter dem Titel Jenseits von Gut und Böse in dem Buch Von der Subversion des Wissens abgedruckt wurde.

Subversion des Wissens

Alain: Es darf nicht vergessen werden, was sich auf der Straße abspielt: die Durchsuchungen des Quartier Latin; die Bullen, die mit ihren Wagen die Mopeds der Schüler blockieren, um zu sehen, ob sie nicht Drogen haben. Diese ununterbrochene Präsenz: ich kann mich nicht auf die Erde setzen, ohne daß mich ein Uniformierter zum Aufstehen zwingt. Doch ist die Repression im Unterricht, die einseitig ausgerichtete Information, wahrscheinlich noch schlimmer... Serge: Man muß unterscheiden: zunächst die Aktivitäten der Eltern, die einem die Höhere Schule als Etappe zu einem bestimmten Berufsziel hin aufzwingen und die alle Hindernisse, die sich diesem Ziel entgegensetzen, zu beseitigen suchen; dann der Staatsapparat, der jede freie und kollektive Aktion untersagt, auch wenn sie harmlos ist; schließlich das Schulwesen selbst - aber da sind die Dinge noch komplizierter. Jean-Pierre: In vielen Fällen wird der Unterricht des Lehrers nicht unmittelbar als repressiv erlebt, auch wenn er es eigentlich ist. Michel Foucault: Jawohl, die Wissenvermittlung stellt sich immer als etwas Positives dar. In Wirklichkeit fungiert sie immer als Unterdrückung und Ausschließung - die Mai-Bewegung in Frankreich hat einige Aspekte davon bewußt gemacht: Ausschließung derjenigen, die kein Recht auf Wissen haben oder die nur auf einen bestimmten Typ des Wissens Recht haben; Aufzwingung einer bestimmten Norm, eines bestimmten Modells des Wissens, das sich hinter dem Gesicht einer interesselosen, allgemeinen, objektiven Erkenntnis verbirgt; Existenz „reservierter Wissenszirkulationen“, die sich innerhalb eines Verwaltungs- und Regierungsapparats, eines Produktionsapparats, bilden und zu denen es keinen Zugang von außen gibt.“

Die Wissensvermittlung stellt sich immer als etwas Positives dar. Didaktik als Versöhnung mit der Welt, der gesellschaftlichen Ordnung? Liegt hier ihr eigentlich affirmativer Charakter? In wenigen Sätzen ließe sich diese Frage nur falsch, plakativ oder ungenügend beantworten. Statt dessen wäre zunächst einmal weiter zu fragen: Kann Didaktik affirmativ, das Wissen selbst aber subversiv sein? Ist „wahre“ Wissenschaft nicht von vornherein subversiv oder kann sie ebenso gut oder beliebig auch Herrschafts- und Verfügungswissen anhäufen? Macht Erkenntnis die Sache sich gefügig? Oder fügt sie sich ihr? 

Wenn Wissen subversiv sein kann, was sagen dann die Gesellschaft und der Staat dazu? Wie reagieren sie darauf als Inhaber und Betreiber nahezu aller Bildungseinrichtungen? Hier auf dem Boden der ehemaligen DDR vermisse ich eine Behandlung dieser Fragen. Von ideologischer Gängelung befreit, müßte gerade hier doch ein Knall zu hören sein. Wo bleiben das Beben und seine Wellen, das die Staatlichkeit von Wissenschaft und Bildung befragt und in Zweifel zieht? Ich sehe hier nur hauptsächlich Nachlernen und Rezipieren vorher unzugänglicher Quellen: wo bleibt das Subversive?

Subversion der Wissenschaft

Subversion der Wissenschaft könnte heißen, daß die Wissenschaft Gesellschaft und Staat untermininiert, aber auch daß die Wissenschaft selbst untergraben wird. Wie schnell deren begriffliche Gerüste, Theorien, Selbstverständnis und gesellschaftliches Rollenverständnis ins Rutschen kommen kann, läßt sich erleben, wenn man z.B. - und vielleicht nur ein Stück weit  - Ausführungen von Paul Feyerabend folgt (und man wäre fast versucht, dies auch einmal Feynman zu empfehlen). In Wissenschaft als Kunst geht er auf die Fragen: (a) Was ist Wissenschaft? und (b): Wie wichtig sind die Wissenschaften? ein. Zur ersten bemerkt er:

Frage (a) nimmt an, daß alle wissenschaftlichen Disziplinen in allen Stadien ihrer Geschichte gewisse Züge gemeinsam haben und daß man diese Züge aufzeigen, beschreiben und verstehen kann, ohne die komplexe Praxis zu verstehen, der sie angehören. Die Annahme setzt voraus, daß Wissenschaftler, die ja die Tendenz haben, alles zu kritisieren und zu verändern, doch gewisse Dinge unberührt lassen - und das sind eben die Dinge, die ihre Verfahren „wissenschaftlich“ machen. Die Annahme war plausibel in Zeiten, in denen große Teile der Wissenschaften eine einheitliche Basis postulierten und glaubten, sie in den Prinzipien gewisser hervorragender Wissenschaften gefunden zu haben, wie etwa in den Prinzipien der Mechanik. Wissenschaftlich sein hieß dann eben den Prinzipien der Mechanik so genau wie nur möglich folgen. Heute ist die Annahme nicht mehr plausibel. Die Entwicklungen, die zur Relativitätstheorie und zur Quantentheorie geführt haben, haben nicht nur grundlegende Prinzipien wissenschaftlicher Methodik verletzt, sie haben auch zu Theorien geführt, die scheinbar den Grundsätzen des vernünftigen Denkens selbst widersprechen (Grundsätzen wie etwa: Trennung von Subjekt und Objekt; Kausalität; Gesetze der formalen Logik; mechanische Modelle; und so weiter). Niemand kann nach so drastischen Veränderung voraussehen, was die Zukunft bringen wird. Es wäre daher sehr unklug, wollte man noch einmal versuchen, die Wissenschaften durch Aufstellung stabiler Randbedingungen der Forschung zu zähmen. Der Versuch ist nicht aussichtslos, aber wenn er gelingt, dann gelingt er als ein politisches Manöver und nicht, weil er dem Verfahren der Wissenschaften selbst entspricht. Die einzige vernünftige Antwort auf die Frage (a) ist also eine historische Antwort: das sind die Theorien, die wir heute haben, das sind unsere Forschungsmethoden, das sind die Gründe, warum wir sowohl die Theorien als auch die Methoden für gut halten - aber neue Theorien und neue Methoden können uns jeden Augenblick überraschen.

Unnötig zu sagen, daß Feyerabends Anmerkungen zur Frage (b) für den naiven und insbesondere den naturwissenschaftlich geprägten Denker noch viel verwirrender und beunruhigender ausfallen. Es wäre wenig sinnvoll, sie hier zu paraphrasieren. Eine Didaktik, die ihr Fach auch als Ganzes sieht, kommt aber gar nicht umhin, sich solchen Fragen zu stellen.

Subversive Erziehung

Der Anspruch des eigenen Denken: führt es nur bis zu den Begriffen, die zumeist schon von anderen entwickelt sind, oder führt es auch wieder hinaus? Wie ernst nimmt es sich selbst? Wo bleibt die Skepsis, der Vorbehalt oder auch nur der natürliche Argwohn gegen das, was einem da vorgesetzt wird? Als „besonders unwissenschaftliche“ Haltung erschiene es mir, wenn die Lernenden all das, was sie vom Katheder hören, für bare Münze nähmen, mit der sie dann später ihr Examen - die Lehrenden beim Wort nehmend - bezahlen.

Mein harmloser Didaktiker-Rat an die Studenten wäre: statt den Dozenten aus den Händen zu fressen, lesen Sie einmal in nächtlichen Debattierzirkeln Feynman und Foucault und Feyerabend; und für die Kollegen: Was man den Studenten empfiehlt, sollte man - zuweilen wenigstens - auch selbst tun.

Ich danke Ihnen für Ihre Aufmerksamkeit.

In dem lebhaften Gespräch, das dem Vortrag folgte, standen weniger dessen Aussagen oder Thesen zur Debatte als das Nicht-Gesagte: nicht das Odium der Fachdidaktik wurde diskutiert sondern diese selbst, ihre Bedeutung, Nützlichkeit etc, so als müsse man sich nach „so einem“ Vortrag doch dieser Dinge schleunigst vergewissern. Fehlt der missionarische Brustton der inneren Überzeugung, scheint das didaktische Selbstbewußtsein bei manchem schnell ins Wanken zu geraten. 
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ABSTRACT

Starting from the Pythagorean view of mathematics as a way to explore the “roots and sources of nature” the paper considers some contrasting views of the different modern conceptions of the mathematical activity (Russell’s formalism, Gödel’s realism,...) in order to substantiate the author’s opinion about mathematics as a permanent attempt to render an ever more faithful approximation to reality, trying finally to suggest an explanation of the mind’s openness to infinity. 

Matemáticas y... Estructura de la Naturaleza?
Matemáticas, todos lo sabemos, es 2+2=4, log 2=0'301030..., tgx=senx/cosx, pi= 3'14... es la razón entre el perímetro y el diámetro de una circunferencia, dos triángulos son semejantes cuando..., qué pueden tener que ver tales cosas nada menos que con laestructura de la naturaleza? Ni siquiera a los matemáticos normales les oímos nada sobre tal relación! Que tenga que ver con la tecnología, con los cálculos relacionados con la construcción de un satélite que ha de viajar al espacio, pase, pero con... la estructura de la naturaleza! No estaremos delante de una exageración, una tremenda hipérbole, o tal vez ante una estrategia de propaganda en favor de algo tan abstruso como las matemáticas que necesita disfrazarse para encontrar cierto prestigio o al menos cierta comprensión en la gente crédula? No serán quimeras de iluminado? 

Mi intención, con las consideraciones que siguen, es tratar de ayudar a contemplar la matemática bajo la misma luz con la que durante muchos siglos muchas personas la han considerado. Es cierto que nosotros mismos, los profesionales de la matemática, una gran mayoría, nos hemos vuelto bastante prosaicos en nuestra propia concepción de lo que la matemática representa. Para una gran parte de nosotros la matemática es una especie de herramienta, más o menos complicada, pero muy potente para manejar bien ciertos problemas prácticos, o bien una serie de elucubraciones que la tradición nos ha entregado y que, no sabemos muy bien por qué razón, viene bien que transmitamos a los más jóvenes. 

Pero hubo un tiempo, en el nacimiento mismo de la matemática tal como hoy la concebimos, hace más de 25 siglos, a finales del siglo 6 a. de C., en que todo esto fue muy diferente. Para la comunidad de los pitagóricos, en cuyo seno fue gestada la matemática al modo que hoy la cultivamos, el pensamiento matemático era la escala hacia la comprensión del universo, hacia el conocimiento de "las raíces y fuentes de la naturaleza", como se expresan frecuentemente los documentos del pitagorismo primitivo conservados y esta era su función más importante. 

La estela del pitagorismo en la historia de la civilización humana es bien patente, especialmente en la del pensamiento occidental, con Platón actuando como influyente transmisor del pensamiento pitagórico. A lo largo de la historia unas veces se manifiesta de forma bien explícita, como en el propio Platón, los neopitagóricos, los neoplatónicos, la Kabala, Galileo, Kepler,... y otras más implícitamente, por ejemplo en el mismo fundamento de nuestra actual concepción científica, a través del pensamiento básico de que el universo en que vivimos es un cosmos ordenado, no un caos, es un mundo inteligible mediante la luz de la razón, y en muchos aspectos a través de la razón matematizante. 

Los pitagóricos: de los números a la divinidad
El siguiente testimonio puede resultar, en una primera consideración, un tanto chocante para los que vivimos acostumbrados a la concepción prosaica de la matemática, que somos la mayor parte de nosotros. Proviene de un pitagórico del siglo 4 a. de C., Filolao, y constituye una especie de himno entusiasmado al número. 

Grande, todopoderosa, todoperfeccionadora y divina 

es la fuerza del número, 

comienzo y regidor de la vida divina y humana, 

participante de todo. 

Sin el número todo es confuso y oscuro. 

... 

Porque nada de las cosas nos sería claro 

ni en su mismo ser ni en sus relaciones mutuas 

si no existiera el número y su esencia. 

El es quien armoniza en el alma 

las cosas con su percepción 

haciéndolas cognoscibles y congruentes unas con otras 

según su naturaleza, 

proporcionándoles corporeidad.
(Filolao, Diels,B.11)
La idea fundamental que aquí se expresa es la concepción presente en la base del pitagorismo de todos los tiempos. Para la comunidad pitagórica primitiva, ya desde los tiempos de Pitágoras mismo, cuya vida ocupa casi todo el siglo 6 a. de C., el orden y armonía del universo, que son objetos de contemplación, y a la vez modelo y espejo de lo que debe ser el comportamiento humano, se hacen especialmente diáfanos a través del número y sus proporciones. En este sentido es, probablemente, como hay que entender la afirmación del mismo Aristóteles según la cual para los pitagóricos "el número era la esencia de las cosas". 

Cómo llegó Pitágoras a esta percepción profunda que ha sido capaz de iluminar una buena parte de la vida intelectual de los 25 siglos que de él nos separan? Cómo es posible que su idea haya calado tan profundamente en el pensamiento humano hasta convertirse en el centro de vida de todo un movimiento científico-filosófico-religioso que ha perdurado de forma organizada durante unos cuantos siglos y que hoy mismo ejerce una influencia y una fuerza de atracción tan poderosa como tendremos ocasión de ver? 

La iluminación fundamental de Pitágoras está sostenida sobre tres constataciones que él tuvo ocasión de realizar, sobre todo a lo largo de sus viajes de estudio por los países de sabiduría milenaria de Mesopotamia y Egipto. 

1) Del legado babilonio y egipcio Pitágoras había aprendido que los movimientos de los astros están gobernados por leyes numéricas. 

2) Sobre todo a través de los desarrollos geométricos de los egipcios Pitágoras sabía también que las formas de las figuras geométricas se ajustan a los números y sus proporciones. 

3) Parece estar bastante bien documentado que Pitágoras tuvo ocasión de comprobar, a través de experimentos realizados por sí mismo, posiblemente a través del monocordio, un instrumento sonoro con una sola cuerda, que la armonía de los sonidos está regida por los números. 

De estos tres hechos, con una audaz extrapolación propia del verdadero genio que era, Pitágoras dedujo que todo en el universo está regido por el número, y mediante él llegamos a las raíces y fuentes de la naturaleza. 

Para Pitágoras la matemática (el número) se dirige en realidad a la exploración del universo entero, en primer lugar hacia la estructura de lo cercano, de lo sensible, pero también hacia la estructura de la mente, incluso constituye un modo de acercamiento a la divinidad. 

Esta sorprendente iluminación de Pitágoras es comentada como sigue por Alfred N. Whitehead, al final del primer capítulo de su obra Science in the Modern World (1925): 

Verdaderamente Pitágoras, con su fundación de la filosofía y de la matemática europeas, las dotó con la más afortunada de las conjeturas. 

O acaso fue un resplandor de genio divino que penetró hasta la naturaleza más íntima de las cosas? 

Tal fundación de la filosofía y de la matemática europea no tuvo lugar como un fenómeno singular e individual, sino a través de lo que ha sido sin duda uno de los movimientos intelectuales más influyentes y duraderos en la historia del pensamiento humano. La comunidad de índole filosófico-científico-religiosa que se creó alrededor de Pitágoras en la Magna Grecia (situada al sur de lo que ahora es la península italiana, y que comprendía ciudades libres tales como Crotona, Tarento,...) alcanzó una fuerte identidad que la hizo perdurar por varios siglos alrededor de unas creencias que resume así Dicaiarcos, un discípulo de Aristóteles, en el siglo 4 a. de C. (lo narra Porfirio, neoplatónico del siglo 3 d. de C.): 

(1) Que el alma es inmortal. 

(2) Que las almas cambian su lugar, pasando de una forma a otra (metempsicosis). 

(3) Que todo lo que ha sucedido retorna en ciertos ciclos y que no sucede nada realmente nuevo (eterno retorno). 

(4) Que hay que considerar todos los seres animados como emparentados entre sí. 

Trataremos a continuación de examinar los aspectos que han perdurado a través del tiempo de la visión interesante y profunda de los pitagóricos. 

Qué hay de válido en el fondo de la concepción de la matemática de los pitagóricos?

Qué se puede pensar sobre la iluminación pitagórica después de 25 siglos de evolución ascendente de la matemática? La descripción general del quehacer matemático que se expone a continuación podría ser compartida sin problemas, pienso yo, por la mayor parte de los matemáticos contemporáneos. Como veremos, incorpora algunos de los rasgos de la intención de los pitagóricos. Cuando más adelante descendamos a la interpretación, un poco más detallada, del significado de esta actividad, entonces es cuando deberemos hacer notar las divergencias existentes entre los mismos matemáticos de la actualidad. 

La matemática es una exploración de ciertas estructuras complejas de la realidad que, mediante un proceso de simbolización adecuado de los objetos a los que se acerca, y mediante una manipulación racional rigurosa de ellos, se dirige hacia un dominio efectivo de dicha realidad. 

Las estructuras complejas de la realidad que en un principio trató de explorar la actividad matemática fueron las relacionadas con la multiplicidad y con el espacio, las dos estructuras básicas con las que el hombre se enfrenta de una forma espontánea y apremiante. De la intención racional de conseguir el dominio de estas realidades surgieron la aritmética y la geometría. Esta es la razón de que, en un principio, y por mucho tiempo, la matemática fuera definida como la ciencia del número y de la extensión. 

Pero cuando las herramientas conceptuales de la matemática iniciales, número y geometría, fueron haciéndose más sofisticadas, cuando los instrumentos materiales de observación de otro tipo de estructuras de la realidad fueron perfeccionándose, y cuando se despertó la motivación suficiente para tratar de dominar otras regiones de la realidad material o conceptual, la mente matematizante fue creando otros sistemas adecuados para lograr el señorío de tales estructuras. Así es como nacieron, por ejemplo, 

el álgebra, como símbolo del símbolo, es decir como un intento simplificador, a través de la introducción de nuevos modos de simbolización, de las relaciones de la aritmética, 

el análisis matemático, fruto en un principio de la exploración del cambio físico en el tiempo y del estudio cuantitativo de la relación causa-efecto cuando ésta es suficientemente simple de analizar, 

la probabilidad y la estadística, que encuentran modos de manejar cuantitativamente el azar, es decir aquellas situaciones en las que las causas que en ellas influyen son tantas y tan complejas que la mente matematizante ha de renunciar a examinar el influjo aislado de cada una para explorar de otro modo la influencia global de todas ellas, 

la lógica matemática, que trata de explorar de modo riguroso las estructuras de funcionamiento deductivo de la misma mente cuando se ocupa de 

temas en los que tales estructuras son susceptibles del proceso de simbolización y manipulación rigurosa que llamamos matematización,... 

El avance de la matemática, como vemos, tiene lugar, en extensión, a medida que la mente humana se va encontrando capacitada y provista de las herramientas adecuadas, conceptuales y materiales, para explorar nuevos campos de la realidad, ya sea externa o interna, y este proceso parece que nunca llegará a su fin, dada la extrema complejidad del mundo real, que siempre va ofreciendo nuevos retos a la mente con intención matematizante. 

En tiempos recientes, gracias a la disponibilidad de un gran cúmulo de herramientas conceptuales nuevas, en torno fundamentalmente al análisis matemático, y gracias también a la presencia de la revolucionaria herramienta que constituye el ordenador, ha surgido la posibilidad de iniciar, a través de la teoría de los sistemas dinámicos, la exploración de los fenómenos de la naturaleza que no son lineales (es decir el efecto no es proporcional a la causa, sino por ejemplo al cuadrado de la causa), y esto ha abierto una ventana para contemplar de cerca lo que se suele denominar caos matemático. 

Un reto que se perfila para el futuro, en el que en nuestro tiempo han comenzado los primeros balbuceos, consiste en la exploración, mediante nuevas herramientas matemáticas, del funcionamiento global de la mente humana, del problema, por ejemplo, de encontrar explicaciones al fenómeno de la conciencia refleja, es decir al modo en que la mente conoce que conoce. 

El proceso de matematización: 

un camino de ida y vuelta entre la realidad y las ideas.

Hasta aquí hemos tenido ocasión de contemplar cuál es el sentido del quehacer matemático, es decir qué es lo que con eso que hemos llamado matematización se pretende. Vamos ahora a examinar un poco más profundamente cómo tiene lugar tal proceso, cuáles y cómo son las fases a través de las que la mente procede a la matematización. 

Cómo es propiamente el proceso de matematización? A grandes rasgos se pueden distinguir las siguientes etapas: 

1) la mente se acerca a la realidad con intención matematizante
es decir, colocada ante una realidad tal vez muy compleja la mente se encuentra motivada y suficientemente provista de instrumentos adecuados para acercarse a ella y comenzar a analizarla, es decir a descomponerla en sus elementos más simples, a prescindir de multitud de aspectos de esa realidad que son los causantes de su extraordinaria complejidad, a quedarse con unos cuantos que le parecen más propicios para empezar a practicar sobre ellos el ejercicio de simbolización e introducción en las redes y estructuras de sus conocimientos ya familiares a fin de aplicarles a ellos los útiles matemáticos que ya posee o de crear otros nuevos más idóneos para lo que le ha quedado de la realidad que se ha propuesto analizar. En otras palabras, abstrae, simplifica, modeliza, pero también hay que decirlo, mutila la realidad para tratar de entenderla, al menos parcialmente. 

2) el matemático desarrolla el propio modelo mental que ha creado
guiada la mente unas veces por el deseo de resolver los problemas prácticos que condujeron a la creación del modelo, otras veces motivada por un cierto placer estético de exploración de los problemas que el modelo mismo le propone de forma natural,... la mente va desarrollando, en ocasiones incluso con una extensión y profundidad que pueden parecer poco razonables, un edificio conceptual que, según confía, puede ayudarle a entender mejor la realidad misma que inició su construcción 

3) la mente vuelve a la realidad de partida con los resultados que sus construcciones le ofrecen, a veces realizadas sin pretensión alguna de aplicación a la realidad, y...  observa con sorpresa su adecuación a ella, a veces perfecta!
tal ha sido la situación en muchos casos de la historia del desarrollo de la matemática, tanto en tiempos antiguos como recientes; un caso bien conocido y que no necesita mucho comentario es el profundo desarrollo de la teoría de las cónicas en la matemática griega clásica, que tiene su origen en la curiosidad geométrica por saber cómo son las posibles secciones de un cono y que, llevado adelante con un alarde extraordinario de técnica por Apolonio en el siglo 3 a. de C., en buena parte por puro placer estético, encontró en el siglo 17, con Kepler y sus tres leyes sobre el movimiento de los planetas, una culminación digna de esta bella construcción teórica sobre las cónicas. 

Este extraño camino, contacto inicial con una realidad, abstracción de unos cuantos aspectos de ella, construcción de todo un edificio mental por motivos que pueden ser tan variados y aterrizaje sobre la realidad inicial, que parece adaptarse a las construcciones realizadas, le deja a uno con una sensación semejante a la que uno cualquiera de nosotros experimentaría en la situación siguiente. Un buen día, basado en unos pocos detalles que conozco de la vida de una persona, me decido a escribir una novela sobre ella. Después de haberla escrito toda ella, con multitud de detalles, que yo considero ficticios, llego a conocer a tal persona... y me entero de que mi descripción se ajusta, punto por punto, a la realidad! Por su puesto que mi asombro sería enorme. 

No es de extrañar que este misterio de la adecuación de nuestra teoría a la realidad haya dejado perplejos a muchos de los científicos que han reflexionado sobre ella. He aquí tres testimonios llamativos. El primero pertenece a E. Wigner, gran físico que recibió el premio Nobel en 1963, en un famoso artículo que lleva el significativo título La irrazonable efectividad de las matemáticas en las ciencias naturales: 

El milagro de la adecuación del lenguaje de las matemáticas para la formulación de las leyes físicas es un don maravilloso que ni entendemos ni merecemos. Deberíamos mostrarnos agradecidos por él y esperar que permanezca siendo válido en la investigación futura y que se extienda, para bien o para mal, para placer nuestro, aunque también tal vez para nuestra perplejidad, a ramas más amplias del saber. 

(E.P.Wigner, The unreasonable efectiveness of mathematics in the natural sciences, 1960) 

El segundo testimonio pertenece a N. Bourbaki, seudónimo bajo el que un célebre colectivo matemático, con su obra Élements de Mathématique a partir de los años cuarente, alcanzó enorme influencia en el desarrollo de la matemática reciente: 

Que existe una relación íntima entre los fenómenos experimentales y las estructuras matemáticas parece confirmarse plenamente de la forma más inesperada mediante los descubrimientos más recientes de la física contemporánea. Pero no sabemos absolutamente nada sobre los fundamentos de este hecho (suponiendo que se pudiera encontrar realmente significado a estas palabras) y tal vez no lleguemos a saber nunca sobre ello. 

(N.Bourbaki, L'Architecture des Mathématiques, 1948). 

Bourbaki se refiere a los avances espectaculares de la física en torno a la relatividad, partículas elementales,... Parecía en aquel tiempo como si los instrumentos matemáticos ya creados casaran perfectamente para explicar una realidad que no tenía nada que ver con la motivación y los orígenes de tales instrumentos. 

El tercer testimonio interesante proviene del mismo A. Einstein, artífice en buena parte de los avances en física a los que aludía Bourbaki anteriormente: 

Aquí aparece un rompecabezas que ha perturbado a los científicos de todos los tiempos. Cómo es posible que la matemática, un producto del pensamiento humano,que es independiente de la experiencia, se ajusta tan excelentemente a los objetos de la realidad física? Puede la razón humana sin experiencia descubrir con su puro pensar propiedades de las cosas reales? 

(A. Einstein, Sidelights of Relativity) 

El problema efectivamente asombra a cualquiera que a él se asome y, en el fondo, no es otro que el de la relación mente-mundo, sobre el que tanto han elucubrado filósofos y científicos de todos los siglos. Cuál es la relación de nuestra mente con la realidad? En qué consiste propiamente conocer? 

Desde el campo propio de la filosofía se han dado muchas respuestas diferentes y aun diametralmente opuestas a este problema, lo cual no es muy sorprendente, dada la naturaleza tan compleja de la pregunta. Parecería que en la matemática, donde hemos construído un mundo que parece más a medida de nuestra propia mente, la situación debería aparecer más clara. Cuál es la relación matemática-realidad que hace posible esta situación misteriosa? Como veremos enseguida, tampoco los matemáticos que más han reflexionado sobre ello están de acuerdo. 

Respuestas al enigma: realismo y formalismo frente a frente?
Para obtener una primera visión de la confrontación de que hablamos se pueden considerar dos testimonios muy importantes y bien representativos de las dos concepciones enfrentadas. 

La postura calificada como formalista(la forma de nuestras afirmaciones es lo determinante en matemáticas)se puede entender a través de las siguientes palabras de B. Russell con las que él describe el quehacer matemático: 

La Matemática Pura consiste enteramente en tales aseveraciones como la consistente en que, si esta y esta otra proposiciones son verdaderas acerca decualquier cosa entonces estas y estas otras proposiciones sobre esa cosa son verdaderas. Es esencial no discutir si la primera proposición es realmente verdadera y no mencionar qué es esa cualquier cosa de la que se supone que es verdadera... 

...Si nuestra hipótesis es acerca de cualquier cosa y no acerca de una o más cosas particulares, entonces nuestras deducciones resultan ser matemática. Por lo tanto la matemática se puede definir como el campo en que nunca sabemos de qué estamos hablando ni si lo que decimos es verdadero. 

(Bertrand Russell, Recent Work on the Principles of Mathematics, International Monthly 4 (1901)). 

las que Russell alude, de las que se pueden afirmar (se suponen verdaderas) tales y cuales proposiciones (aunque en realidad no es necesario ni nos debe importar que sean verdaderas o no). Las reglas de combinación de esos objetos son en el caso de la matemática las reglas deductivas, es decir las reglas por las cuales de unas cuantas afirmaciones se siguen lógicamente otras. 

Es conveniente hacer notar que Russell se refiere aquí explícitamente a lo que el llama MatemáticaPura, un término del tiempo en las universidades británicas que no incluía los desarrollos matemáticos relativos a las aplicaciones. Y también viene bien recordar que él y A.N.Whitehead intentaron llevar a cabo con los Principia Mathematica (1910-1913) un proyecto titánico interesante con el que se pretendía derivar la matemática a partir de la lógica. La descripción de Russell bien puede corresponder a dicho intento, pero lo discutible, y por muchos rechazado, es que eso constituya el quehacer propio de la matemática. A mi parecer se podría decir que la descripción de Russell se adapta de algún modo a lo que es el mero juego deductivo de la matemática o de cualquier otro sistema hipotético-deductivo, pero no a lo que ha constituído propiamente el quehacer matemático de todos los tiempos. Creo que serían pocos los matemáticos del pasado, e incluso del presente, los que estarían seriamente de acuerdo con la afirmación de que su quehacer matemático es un mero juego deductivo cuya relación con la realidad es mejor dejar a un lado. 

En los tiempos actuales, la concepción opuesta, que se denomina realismo matemático, se puede entender bien, en una primera aproximación, a través de las siguientes palabras de K. Gödel, autor de algunos de los trabajos más importantes en la matemática de todos los tiempos en relación con la comprensión de lo que la matemática significa desde el punto de vista filosófico. Al final de una importante conferencia, la conferencia Gibbs, en 1951, Some basic theorems on the foundations of mathematics and their philosophical implications, proclamaba bien abiertamente su propia concepción de la matemática: 

...la concepción platónica es la única sostenible. Con ello me refiero a la concepción de que la matemática describe una realidad no sensible, que existe independientemente tanto de los actos como de las disposiciones de la mente humana, y que sólo es percibida por ella, aunque probablemente de forma incompleta. Esta concepción es más bien impopular entre los matemáticos, aunque algunos de los grandes la han adoptado, por ejemplo Hermite, que escribió una vez lo siguiente: 

'Existe, si no me equivoco, todo un mundo que es el conjunto de las verdades matemáticas, al que no tenemos acceso más que por la inteligencia, al igual que existe el mundo de las realidades físicas; ambos son independientes de nosotros y de creación divina.' " 

(K.Gödel, Ensayos inéditos, Edición a cargo de F. Rodríguez Consuegra, Mondadori, Madrid, 1994, p.169) 

Esta conferencia de Gödel, que ha permanecido inédita hasta hace tres años, como la mayor parte de sus escritos filosóficos, frutos del trabajo de más de 40 años de intensa dedicación a las implicaciones filosóficas de sus propios resultados matemáticos, destaca su concepción pitagórico-platónica de la matemática, frente a las tendencias formalistas muy dominantes en la época en que fue pronunciada. La expresión de Gödel es bien explícita y, con toda probabilidad escogió con sumo cuidado todas y cada una de sus palabras, a juzgar por su forma de trabajar, en constante duda y replanteamiento de los pensamientos que iba elaborando, como queda bien patente en lo que va apareciendo publicado de todos los escritos muy elaborados que dejó inéditos. 

Formalismo y realismo son dos concepciones muy distintas de lo que el quehacer matemático significa. Esto no quiere decir que tal escisión interna inquiete mucho a la comunidad matemática. La mayor parte de los matemáticos actuales consideran que tienen ante sí una tarea suficientemente atrayente y complicada al tratar de resolver los problemas concretos que se van generando de forma natural con el desarrollo de su propio campo y dejan como responsabilidad de quienes se ocupan de explorar los fundamentos de la matemática los temas que no son de índole técnica, sino más bien de sabor filosófico. Piensan que en realidad tales problemas no afectan en absoluto la belleza ni la utilidad del juego que la comunidad matemática desde hace milenios viene practicando. 

Pero parece una actitud más razonable tratar de interesarse por este tipo de problemas al menos hasta el punto de poder formarse una idea propia bien fundamentada sobre el sentido y el alcance de la actividad a la que cada uno de nosotros está dedicado. Esto es, por otra parte, bien útil a fin de no quedar atrapado por los muchos prejuicios alrededor de la ciencia, y en particular alrededor de la matemática misma, que nos pueden impedir contemplar con objetividad el lugar que nuestra actividad ocupa en el desarrollo de una cultura más plenamente humana. La matemática participa de muchos de los aspectos del juego, pero no es solamente un juego, sino también una ciencia, un arte intelectual creador de una belleza peculiar, uno de los ejes fundamentales de la cultura, con un lugar muy central en ella y una responsabilidad muy especial en su correcto desarrollo. Trataré a continuación de exponer sucintamente unas cuantas observaciones propias en torno al triángulo realidad-mente-matemática que tal vez puedan ayudar a otros a formarse su propia opinión sobre el problema. 

Una explicación plausible: la aproximación permanente del quehacer matemático hacia la realidad.
A mi parecer se puede concebir el sentido del quehacer matemático como una aproximación hacia la realidad, aproximación cada vez más sutil mediante la construcción de esquemas mentales que tratan de explicar de modo más adecuado aspectos nuevos de la misma realidad o bien aspectos ya considerados por etapas anteriores que resultan ser problemáticos y aún inabarcados por nuestra comprensión. La matemática surge de la interacción continua de la mente con la realidad, del modo que señalaré en seguida. 

En primer lugar quisiera dejar claro que por realidad no quiero significar solamente el mundo externo, el mundo perceptible por nuestros sentidos y cuantificable mediante nuestros instrumentos de medida, sino también el mundo mental, el universo conceptual que el matemático va estructurando, ya que es claro que la matemática se va construyendo también tomando como objeto de su consideración el edificio mismo de los objetos que ya ha construído. 

Pero sí que es cierto que las realidades iniciales de partida sobre las que la mente matemática inició su exploración fueron las realidades sensibles a su alrededor. Como he indicado antes, las estructuras de multiplicidad y las estructuras espaciales presentes para nosotros en nuestra primera percepción de ellas dieron lugar a las primeras formas de matematización, aritmética y geometría. 

Cómo? Tal vez se puedan señalar en el proceso unas cuantas etapas. El hombre capta las realidades externas directamente mediante sus sentidos, pero en cierto modo el magma caótico que podrían resultar sus percepciones se le comienza a hacer transparente ya desde el principio para su mente gracias a que sobre ellas lanza sus redes y esquemas conceptuales. La percepción sensorial del hombre no es previa en el tiempo a la percepción intelectiva, sino coincidente con ella. Juntamente con su percepción sensorial el hombre percibe relaciones de similitud, diferencia, formas, situación,... entre las cosas. Es capaz de iniciar un proceso de matematizaciónen sobre ciertas estructuras básicas de la realidad en el sentido indicado anteriormente (simbolización, manipulación racional,...). Sus trucos iniciales que en un principio pudieron ser bien toscos se convierten en esquemas más sofisticados que le proporcionan un cierto éxito. 

Por ejemplo, el hombre afronta la multiplicidad, presente en las cosas y también, de una manera más sutil, en la propia conciencia de repetibilidad de su yo mismo, es decir de su misma unidad interna. Idea el número como instrumento adecuado para manejar esa multiplicidad de las cosas mediante unas cuantas hipótesis razonables. A través de esta estructura mental llega a dominar aspectos simples de la realidad subyacente. 

Los éxitos conseguidos le hacen más audaz. Se atreve con aspectos más complicados y sofisticados de la realidad que observa y de las estructuras que se ha ido creando. Por ejemplo, en relación con el número, se forja conjeturas tal vez aventuradas, como la de los pitagóricos que ya hemos contemplado, según la cual el universo entero está regido por los números naturales (1,2,3,4,...) y por las proporciones entre ellos. 

Aparecen situaciones que resultan confusas y paradójicas. Con respecto a la concepción del número entre los pitagóricos surgió la presencia del número irracional y el mundo se les vino abajo. Los esquemas iniciales que la mente matemática había esperado que pudieran explicar adecuadamente la realidad para la que se habían construído resultan ahora demasiado simples y estrechos para seguir explicando aspectos nuevos que han surgido o bien insuficientes para poder dar cuenta, como esperaba, de situaciones más abiertas. Es necesario revisar tales concepciones. 

Esta revisión no se realiza inmediatamente, no se sabe bien cómo hacerlo, y por ello no se percibe a veces, en el desarrollo de la matemática, como un avance, sino más bien como un fracaso, como una profunda crisis, como sucedió en el caso de la irrupción del número irracional entre los matemáticos pitagóricos. Sólo a posteriori podrá ser contemplada como una crisis de crecimiento, cuando, después de reparado el edificio y con una cierta visión panorámica, se deshaga la comunidad matemática de los prejuicios que le habían inducido a aceptar como buenas las ideas y expectativas que en realidad no tenían un fundamento adecuado. La realidad acaba por imponerse. 

En esta interacción con la realidad, con la estructura de la naturaleza, la matemática va desarrollándose, profundizando y abarcando campos más amplios. Esta situación apunta, a mi parecer, a la existencia en la mente humana de una cierta plasticidad, también en este terreno aparentemente tan rígido del pensamiento matemático. 

La mente se acerca a la realidad para matematizarla y se construye ciertos trucos mentales, incluso en ocasiones esquemas axiomáticos bien sofisticados que, ya que de momento le van bien, incluso a veces sorprendentemente bien, los da por perfectamente adecuados y piensa que abarcan y se ajustan a la realidad entera, dominando plenamente los aspectos de ella a los que se dirigen. Piensa que esas configuraciones de su mente que con esfuerzo ha realizado se adaptan plenamente a la realidad, piensa que son las leyes a las que la misma realidad se ajusta.. Pero tal vez no tiene en cuenta que sus esquemas fueron abstracción y mutilación de la realidad y que de ella pueden surgir, cuando trate de enfrentarse con nuevas preguntas y problemas, aspectos que ya no son dominados por tales esquemas. 

Cuando estos aspectos surgen, en muchas ocasiones manifestados por la presencia de situaciones paradójicas, la mente se encuentra en un principio sacudida, las cosas no casan con sus expectativas, pero no tarda en encajar la convicción que se le impone de que las cosas no son como pensaba y que tiene que aceptar la realidad tal cual es. Vuelve a construirse nuevos esquemas, nuevos trucos, cambia de sus axiomas aquellos que piensa que le van a venir bien para que el nuevo sistema que construye se adapte a todas las situaciones que en ese terreno sabe ahora que se dan. 

En mi opinión la matemática surge de esta interacción continua entre la mente y la realidad. La realidad posee su estructura, por supuesto. La realidad es como una filigrana de estructura extraordinariamente fina que actúa como un estímulo necesario para que, en la interacción mente-realidad, surja el edificio conceptual de la matemática. La mente se acerca a ella y se adapta a esa realidad, en un intento que parece suficiente para los problemas simples con los que se ocupa al comienzo, mediante los esquemas que crea. Tales esquemas no tienen por qué coincidir enteramente con los de la realidad. Son aproximaciones a ella, pero nunca acabarán por abarcarla toda, como más adelante veremos. 

Por supuesto que algunas de estas estructuras conceptuales fundamentales tendrán una solidez permanente, 2+2 siempre serán 4, pero puede haber finezas, explícitas o implícitas, en esa forma inicial de acercamiento a la realidad que no parecen importantes para los problemas más básicos, pero que afloran cuando las preguntas se hacen más sofisticadas. 

La aritmética de los números naturales no parece presentar problemas de fondo hasta que la mente se encara con otras preguntas que nos colocan en una cierta encrucijada. Por ejemplo, si consideramos por un lado todos los números naturales (1, 2, 3, 4,...) y por otro todos los números pares (2, 4, 6, 8,...), nos podemos preguntar legítimamente: dónde hay más, en el primer conjunto o en el segundo? Por una parte parece claro que, como todos los pares son naturales y el 3, por ejemplo, es natural y no par, uno debería responder que los naturales son más. Pero por otra parte es claro que cada número par, por ejemplo 28, se puede emparejar con su mitad, aquí 14, y de esta manera los elementos de los dos conjuntos quedan emparejados uno a uno, sin que sobren números naturales ni números pares, cada oveja con su pareja. De modo que hay tantos pares como naturales. Esto es lo que constituye una de las paradojas importantes de los números naturales (paradoja de Galileo), detrás de la cual está la antiquísima polémica sobre el infinito potencial y el infinito actual. El enfrentamiento matemático de forma sistemática con situaciones semejantes tuvo lugar a finales del siglo 19 con G. Cantor y dió lugar a una expansión considerable del ámbito de la matemática, con la creación de la teoría de conjuntos. 

Con respecto a paradojas semejantes a la mencionada de Galileo y otras más profundas que aparecieron en la teoría de conjuntos y en los fundamentos básicos de la matemática, Gödel pensaba que lo que sucede es que la teoría de conjuntos es algo que tiene realidad propia, en ese mundo de las ideas del que en su conferencia Gibbs anteriormente citada se hacía eco, y que lo que sucede es que la mente humana no ha llegado a penetrar aún suficientemente en ella para ver claro y extraer con justeza cuáles son los axiomas por los que se rige, pero que con el tiempo la mente verá más claramente y entonces será capaz de discernir cuáles son los axiomas que es preciso adoptar, pues son los de la realidad. La teoría de conjuntos por tanto, es algo que está ahí, independiente de la mente humana y que lo que hace la mente con ella no es más que observarla y darse cuenta de su forma, de manera semejante a la que un botánico va observando las diversas especies de plantas y las describe. Pero, si esto es así, cómo explicar la posibilidad de establecer, por ejemplo, diversos sistemas axiomáticos en geometría y en teoría de conjuntos, igualmente legitimados desde el punto de vista del constructor lógico, y tales que el sistema A resulta más adecuado que el B para manejar y explicar ciertas situaciones mientras que el B es más adecuado para explicar otros aspectos de la realidad? Cómo se puede afirmar a la vista de este fenómeno que solamente uno de estos sistemas es el que posee la exclusiva de ser el auténtico esquema de la realidad? 

Quizás se pudiera modular el pensamiento de Gödel de la siguiente forma. Se podría tal vez pensar que, como he afirmado antes, la realidad es la motivación para que nuestro mecanismo mental construya diversos modelos, esquemas mentales, que no son necesariamente impuestos por ella ni por la forma de ser de nuestra propia estructura mental. En realidad ninguno de los esquemas que construyamos va a agotar sin residuos la realidad misma que pretende manipular y manejar. Por eso mismo la mente es, hasta cierto punto al menos, libre en su construcción. La realidad nos proporciona la ocasión. Nuestra mente la puede interpretar de diversas formas. Y cuando hablo de realidad, como dije antes, me refiero también a nuestra propia estructura mental, y muy principalmente a ella, ya que la matemática se fundamenta de forma tan determinante en esta estructura mental. 

Por lo tanto, en este proceso de ajustamiento a la estructura fina de la realidad, la mente, que forma parte ella misma de tal realidad, va conformando estructuras propias que, espera, se adecúen cada vez mejor. La mente actúa en esta interacción con cierta plasticidad y libertad. Ante una misma etapa de la interacción mencionada la mente puede optar por construir tal o cual sistema de axiomas (geometría euclídea o no-euclídea, teoría de conjuntos cantoriana o no-cantoriana) e incluso es capaz de desarrollarlos todos ellos independientemente por tenerlos en reserva, tal vez a la espera de su posible aplicación cuando surja una situación que convenga. Quizás se encuentre en el futuro en circunstancias en las que uno de los sistemas que ha creado pueda proporcionarle ventajas en su interpretación de algún aspecto de la realidad. 

Esta visión de la matemática permanentemente en camino hacia una comprensión más cabal de diferentes aspectos de la realidad y construyéndose y perfeccionándose a sí misma en interacción profunda con los aspectos de la realidad misma a los que dirige su contemplación está plenamente en consonancia con las propias ideas de Gödel acerca del carácter inagotable del quehacer matemático, y con la apertura estructural del pensamiento de la matemática al misterio, como tendremos ocasión de ver en detalle más adelante, al tratar, al menos someramente, la significación del teorema de Gödel en la comprensión del significado de la actividad matemática. Pero antes quisiera centrar la atención sobre un punto interesante que de algún modo ya ha hecho su aparición en nuestra exploración del modo como tiene lugar el desarrollo de la matemática. Cuál ha sido la fuerza fundamental que ha empujado al matemático a modificar las concepciones, en muchos casos bien arraigadas y aparentemente con fundamentos bien seguros, en las que estaba asentado? 

La paradoja como estímulo del progreso matemático.

Una paradoja es una situación a la que llegamos cuando, pensando adecuadamente, a partir de ciertas premisas de las que nos parece no poder tener ningún motivo para dudar, llegamos a una afirmación que, por lo tanto, nos parece incontrovertible, y a continuación, pensando de otro modo también indubitable, llegamos a una conclusión que contradice la anterior. Una paradoja no es un sofisma. Un sofisma es un engaño más o menos sutil. Una paradoja es una oportunidad para profundizar en nuestras ideas y concepciones, ya que pone de manifiesto que hay algo en las premisas que damos por perfectamente buenas que no hemos llegado a entender correctamente. En cierta ocasión, trabajando con un grupo de colaboradores sobre un problema difícil se le oyó musitar a Niels Bohr, uno de los grandes científicos del siglo: "Magnífico! Hemos topado con una paradoja. Ahora sí que podemos tener esperanza de progresar". 

La paradoja de Galileo que hemos considerado antes (hay y no hay más naturales que números pares) nos pone de manifiesto que el sentido de ese hay más es ambiguo cuando se trata de conjuntos infinitos y hace falta que nos pongamos de acuerdo sobre él antes de tratar de manejar un conjunto infinito con cierto rigor. G.Cantor, al hacerlo, consiguió abrir caminos hasta entonces insospechados para poder manejar de alguna forma el concepto de conjunto infinito actual, hasta entonces desterrado de la matemática. Solamente el infinito potencial era admisible, es decir el conjunto de los números enteros no se podía tratar matemáticamente como algo completo, en su totalidad realizada, sino como algo que se hace. 

En la historia de la matemática las paradojas importantes han representado un verdadero cambio de rumbo en su evolución, al poner de manifiesto que ciertas formas de pensamiento, hasta entonces por nadie discutidas, resultaban conducir a una situación de es y no es insostenible para la mente matemática. El que la proporción entre las medidas de la diagonal y el lado de un pentágono regular no fuera expresable mediante una proporción entre dos números naturales, es decir la aparición del inconmensurable, del número irracional, dió al traste con la creencia fundamental de los pitagóricos de que los números naturales regían todo el universo, pero fue la ocasión para que se enriqueciera la matemática con nuevos métodos para el tratamiento del número (métodos de exhausción de Eudoxo). Las cuatro paradojas de Zenón (Aquiles y la tortuga, la dicotomía, la flecha, el estadio) acabaron con la creencia, también pitagórica, en la constitución atómica del espacio y dieron ocasión para pensar mucho en la naturaleza continua del espacio de la geometría. 

En tiempos más recientes, en torno al comienzo del siglo 20, las paradojas en torno a la teoría de conjuntos, la paradoja de Cantor (sobre el conjunto de todos los conjuntos), la de Russell (paradoja del barbero), de Richard (sobre los adjetivos autopredicables y heteropredicables), han dado lugar a toda una revolución en torno a los fundamentos de la matemática, que vino a tener una primera cima histórica con el teorema de incomplitud de Gödel en 1931, que enseguida examinaremos un poco más de cerca. Con esta revolución se puede decir que la matemática ha pasado a ser, en lugar de la disciplina un tanto cerrada en sí misma que el programa de Hilbert (con el que se pretendía demostrar que cualquier proposición legítima del sistema matemático es un teorema o un contrateorema) la hubiera convertido, una disciplina inagotable, abierta, en perpetua expansión, camino de una mejor adecuación a la realidad. 

Un aspecto interesante de las paradojas que hemos mencionado es que en todas ellas está de alguna forma presente algún tipo de proceso que tiene que ver con el infinito matemático. No es casualidad, ya que, como tendremos ocasión de ver enseguida, el infinito matemático, presente en el pensamiento matemático desde sus mismos orígenes, es lo que le proporciona la profundidad que posee, aunque también constituye la raíz de los problemas más profundos en los que se embarca. 

Hacia la matematización del infinito. 

Una barrera en el camino: el teorema de Gödel.
La presencia del infinito en la matemática constituye un reto insoslayable. En la misma percepción originaria de la multiplicidad presente en las cosas, en ese caer en la cuenta de la finitud (no soy quien lo llena todo) y repetibilidad de la unidad presente en la propia conciencia del yo (hay otros como yo mismo), en esos puntos suspensivos que colocamos cuando empezamos a contar y decimos 1,2,3,... está ya presente de alguna manera la percepción de la presencia del infinito en nuestra mente. 

Se trata de una presencia no temática, es decir no se hace ella misma objeto al modo como se objetivan las cosas concretas del resto de nuestro conocimiento, pero en realidad es esta presencia la que está dando fundamento a nuestra posibilidad de conocimiento de lo que es finito. Lo finito se recorta en lo infinito como en un horizonte. El infinito está en nuestra mente a modo de un espacio en el que lo finito se destaca, precisamente delimitándose a través de su propia concreción, mostrando así que no lo es todo, que no lo llena todo. Y al mismo tiempo nuestro conocimiento de los objetos concretos, de cualquier conocimiento de lo finito, nos hace percibir la presencia de lo infinito de una forma que tal vez se entienda mejor con la siguiente comparación. En la total oscuridad de una habitación penetra por una rendija un rayo de luz que sale de la habitación por otra rendija opuesta. Entonces no vemos el rayo de luz, y no seremos capaces de percibir la presencia de ese rayo de luz a menos que un objeto, o bien las partículas de polvo del aire, sean iluminadas por ese rayo de luz. Al ver las partículas nos apercibimos de la presencia del rayo de luz. De manera parecida, el infinito de algún modo presente en nuestra mente posibilita y funda nuestro conocimiento de lo finito, y en el conocimiento de lo finito y concreto nos apercibimos de esa presencia del infinito. 

El acercamiento con intención matematizante a esta estructura primordial de la realidad (la multiplicidad) es lo que da lugar, a mi parecer, al inicio de nuestras construcciones sobre el número. Y así se puede decir que el infinito matemático ya está presente en nuestro más primitivo contar 1,2,3,... Con el tiempo, y tras la familiarización con el número, la mente comienza a hacerse preguntas sobre la naturaleza de esa realidad presente en ella misma (por ejemplo, podemos considerar como un todo acabado esa multitud que empieza con 1,2,3,... y que sabemos perfectamente cómo se va construyendo? o bien no tiene sentido ninguno el hacerlo?). Estas preguntas se hacen cada vez más sofisticadas. Como ciertas de ellas conducen a situaciones paradójicas y posiblemente confusas, tal como hemos visto antes, la mente se construye un esquema hipotético, cuando es preciso incluso un sistema axiomático formal, con el que aprende a tratar con más rigor la situación. Parece que todo funciona satisfactoriamente. La mente adquiere cada vez más destreza y se atreve a explorar más alla. Vuelven a aparecer otras situaciones paradójicas que le hacen comprender que sus esquemas anteriores no dominan totalmente la realidad para la que fueron construídos. Su visión actual de la situación le sugiere algunas modificaciones de sus construcciones con las que los nuevos problemas quedan solucionados... 

A lo largo de la historia de la matemática, este tipo de proceso reaparece una y otra vez, motivando el progreso del pensamiento matemático. Los números irracionales aparecidos al margen de ciertas construcciones geométricas, las paradojas de Zenón en torno al movimiento y a la naturaleza continua del espacio, fueron motivaciones para construir una nueva forma de manejar matemáticamente esta forma de infinitud. Los desarrollos del cálculo infinitesimal, consolidados en un intenso trabajo de multitud de matemáticos entre el siglo 17 y finales del 19, constituyen nuevas formas de manejo del infinito matemático. La teoría de conjuntos de Cantor, a fines del siglo 19 y principios del 20, constituyeron el instrumento fundamental para tratar de dar rigor a estos nuevos esquemas de pensamiento. 

A principios del siglo 20, la teoría de conjuntos creada por Cantor, sobre la que se intentaba fundamentar de forma rigurosa el edificio de la matemática, parecía haber alcanzado una cierta madurez para tratar de resolver una pregunta crucial, el problema de la decisión (Entscheidungsproblem). Así se expresaba en 1925 D. Hilbert en un artículo, precisamente titulado Sobre el infinito: 

En cierto sentido la matemática se ha convertido en una corte de arbitraje, un tribunal supremo para decidir cuestiones fundamentales sobre una base concreta en la que todos puedan concordar y donde cada afirmación sea controlable,... Un ejemplo del tipo de cuestiones fundamentales que pueden ser tratadas de este modo es la tesis de que todo problema matemático es soluble. Todos nosotros estamos convencidos de que realmente es así. De hecho uno de los principales atractivos para atacar un problema matemático es que siempre oímos esta voz dentro de nosotros: Ahí está el problema, encuentra la contestación, siempre la puedes encontrar puramente pensando, pues en matemáticas no hay ningún 'ignorabimus'. 

(D. Hilbert, Über das Unendliche, Mathematische Annalen 95 (1925), 161-190). 

Según el sentir de Hilbert, todos los matemáticos del tiempo estaban de acuerdo en que, para cualquier proposición bien construída del sistema matemático habría de existir o bien una demostración de ella o bien una demostración de su negación porque en matemáticas no hay ningún "ignoraremos", kein 'ignorabimus' in der Mathematik. La demostración rigurosa de este hecho, que parecía estar fuera de toda duda razonable, fue un objetivo principal del programa que Hilbert proponía. Con ello se llegaría a establecer claramente esa condición de árbitro supremo de la ciencia matemática. 

No habían pasado 6 años cuando en 1931 K. Gödel daba al traste de forma definitiva con el programa de Hilbert. Pese a todas las expectativas de los matemáticos del tiempo, Gödel demostró que la situación real era precisamente la contraria: 

En cualquier sistema matemático suficientemente potente para que en él se pueda desarrollar la aritmética de los números naturales existen proposiciones P con perfecto sentido dentro del sistema que son indecidibles, es decir P no se puede demostrar, pero tampoco no-P se puede demostrar. 

Este es el contenido del primer teorema de Gödel (1931) sobre la incompletitud de la aritmética, que probablemente pasará a la historia como uno de los resultados más importantes de pensamiento matemático, en un artículo titulado Über folmalunentscheidbare Sätze der Principia Mathematica und verwandter Systeme (Sobre proposiciones formalmente indecidibles de los Principia Mathematica y sistemas relacionados). 

Poco después Gödel demostraría además, como resultado complementario, algo que hacía apreciar aún mejor la profundidad de su anterior teorema: 

Una de tales proposiciones indecidibles es precisamente la que afirma que en el sistema en cuestión no existen contradicciones. 

Es decir, construyamos el sistema matemático que construyamos, con tal tan sólo de que sea suficientemente potente para que en él se pueda desarrollar la aritmética ordinaria, no podemos demostrar dentro de él que nunca van a surgir proposiciones contradictorias, es decir no podemos estar seguros de que en él no va a resultar que P es un teorema a la vez que también no-P es un teorema, lo cual naturalmente invalidaría totalmente el sistema, ya que cualquier afirmación y su negación serían igualmente demostrables. 

Examinaremos a continuación algunas de las consecuencias de este enfrentamiento con el infinito, que tiene una cima importante para nosotros en el teorema de Gödel, especialmente las que tienen relación con nuestra exploración sobre el triángulo mente-realidad-matemática. Trataremos de recapitular brevemente lo que revela en relación con la concepción de la matemática como proceso de acercamiento a la realidad y señalando especialmente el carácter de la matemática como ciencia abierta que sugiere. 

El acercamiento de la mente a la realidad 

Una apertura de la matemática a la trascendencia?
Hemos visto cómo la mente, en el comienzo mismo de su matematizar, ya en el más primitivo contar, se hace cargo de la presencia, de un modo muy peculiar, en su misma estructura, del infinito. Esta presencia es precisamente la condición de posibilidad de nuestro conocimiento de lo finito, sin ser ella misma abordable de la misma forma que los demás objetos de nuestra mente. Se podría decir que es lo inabarcable, lo misterioso o, en palabras de L.Wittgenstein, lo inexpresable. Tal vez a esta situación aludía él mismo en una página de sus anotaciones: 

Lo inexpresable (aquello que me parece misterioso y no puedo expresar) proporciona tal vez el fondo sobre el que alcanza sentido aquello que pude expresar. 

(L.Wittgenstein, Vermischte Bemerkungen, Werkausgabe Band 8, Suhrkamp Verlag, Frankfurt am Main, p.472) 

Das Unaussprechbare (das, was mir geheimnisvoll erscheint und ich nicht auszusprechen vermag) gibt vielleicht den Hintergrund, auf dem das, was ich aussprechen konnte, Bedeutung bekommt. 

El intento de matematización de esta realidad ha conducido a la mente, tras el trabajo de muchos siglos, a través de numerosas crisis y profundizaciones sucesivas, al convencimiento de que el quehacer propio de la matemática es una actividad necesariamente abierta, inagotable escribe Gödel, en el sentido de que nunca puede darse por concluída. Esto, me parece, es bien congruente con la concepción de la matemática que antes he apuntado, como un proceso de permanente acercamiento a una realidad que siempre va a presentar nuevos parajes por explorar, acercamiento que se realiza gracias a la interacción constante con la realidad misma y a la inmensa flexibilidad de nuestra propia mente en este ejercicio de adaptación. 

Parece, pues, que el pensamiento matemático comporta varios aspectos que lo hacen muy interesante desde el punto de vista de la relación del hombre con la realidad global del mundo y que son los que, a mi parecer, explican algunas posiciones intelectuales de muchos matemáticos que pueden resultar bien extrañas para quienes nunca han pensado en tales aspectos. De varias maneras, en efecto, tiene lugar en algunos de los matemáticos que más han reflexionado sobre el sentido profundo de su ciencia, una apertura hacia la trascendencia que no les parece en absoluto estar en contradicción con su quehacer matemático, sino incluso fundamentada en ella misma. 

Cuál puede ser el sentido de esta apertura a la trascendencia? Será bueno, para comenzar, tratar de delimitar cuándo podemos responder afirmativamente sobre la existencia de una tal apertura a la trascendencia desde el mismo quehacer de la matemática. Tal vez, pienso yo, se puede hablar de tal apertura cuando al reflexionar sobre ese quehacer el hombre encuentra en él mismo indicios, pistas, que hacen pensar a quien matematiza que hay algo o alguien en el universo más allá de él mismo, es decir que es más, que sabe más, que puede más, que fundamenta de alguna manera lo que él encuentra, su misma actividad creativa, por lo que o por quien, según podemos barruntar, la naturaleza se sostiene de algún modo, que está realmente ahí, que es misterioso para nosotros y ante el cual, en principio, nuestro papel consiste en guardar un silencio respetuoso y expectante ante la posibilidad de que se comunique de alguna manera más cercana. Se dan tales elementos en la actividad matemática? 

Un poco más arriba hemos tenido la oportunidad de considerar las palabras de Charles Hermite, uno de los grandes matemáticos del siglo 19, repetidas con solemne aprobación por Gödel, sobre el origen divino del mundo de las ideas matemáticas. Enseguida tendremos ocasión de escuchar algunos testimonios semejantes. Se puede dar alguna explicación plausible sobre el origen de tales afirmaciones rotundas? 

Por una parte en la mente matematizante se da un cierto grado de libertad. Lo que la mente observa de la realidad que pretende matematizar le guía en sus construcciones, pero no le compele de modo absoluto hasta el punto de privarle de toda autonomía. La realidad observada le permite, en muchas ocasiones, una variedad inmensa de elecciones. Esto indujo a Cantor a afirmar que la esencia de la matemática radica en su libertad, y en ella defendía con insistencia algunas de las, en su tiempo, controvertidas construcciones de su teoría de conjuntos. Pero por otra parte, ante esa misma realidad el matemático tiene la sensación de encontrarse con que esa realidad tiene su estructura propia, su solidez peculiar que se le impone en muchos aspectos, que es algo que está por encima de su propio arbitrio. 

Esta situación explica, en primer lugar, la polémica permanente sobre si la matemática se crea o se descubre. En mi opinión, de acuerdo con la concepción ya considerada de la actividad matemática, el matemático atiende a la realidad y, con ella como referencia, construye los esquemas que, espera, se adaptan a mejor a ella, y permanece abierto a la posibilidad de mejorar su forma de aproximación a esa misma realidad. La matemática, en algún sentido, por tanto, se crea y se descubre. Hay estructuras de la realidad que podemos dar por definitivamente establecidas, descubiertas, por ejemplo que 2+2=4, y otras que la mente ha establecido, creado, como acercamiento suficiente, al menos en un primer intento provisional, y que también tienen su valor, incluso en el caso de que se observe más adelante que otras diferentes pueden servir mejor para explicar la realidad. 

Esa solidez y fortaleza de la realidad matemática, que se resiste de algún modo a posibles manipulaciones arbitrarias, y a los intentos de un falso encasillamiento, que la mente matemática colectiva y también el matemático individual en su propio trabajo experimentan tantas veces, son tal vez la raíz de las consideraciones en torno a la trascendencia que llevaron a los pitagóricos a contemplar la matemática como escala hacia la divinidad. Al contemplar la fuerza independiente y autónoma de las relaciones que en la matemática se crean-descubren, el matemático puede quedar plenamente convencido de que está percibiendo la presencia de algo superior a él, que le precede a él en inteligencia y cuyas huellas le parece estar siguiendo en todo su esforzado y laborioso trajín. Esto no ha sido tan sólo un convencimiento del pitagorismo primitivo. 

A mi parecer, la afirmación de Hermite (y Gödel), sobre el origen divino del mundo de las ideas matemáticas, provienen de la percepción, tal vez sin explicitar ni fundamentar más pormenorizadamente, de esta solidez y rotundidad de los objetos que la mente humana encuentra en su tarea de matematización. Para Gödel, según cuenta Hao Wang, uno de los matemáticos que mejor le han conocido, la tarea de construir una religión racional, basada en su pensamiento lógico-filosófico, constituyó uno de los núcleos importantes del trabajo filosófico de más de los últimos 30 años de su vida. Su teísmo no era como el de Einstein, quien creía en el Dios de Spinoza, no personal. Para Gödel, en palabras de Wang, Dios era más que persona, en consonancia tal vez con la teología negativa de muchos de los místicos de todas las tradiciones, según la cual, nuestras afirmaciones sobre Dios deben ir acompañadas de una confesión de nuestra ignorancia sobre él. 

Entre los personajes de la matemática del siglo 20 en cuyos escritos científicos ha quedado plasmado explícitamente algún tipo de percepción de esta apertura a la trascendencia que venimos comentando se encuentra L.Wittgenstein. En la segunda parte de su Tractatus, la parte que se denomina mística, se encuentra una buena porción de pensamientos con tal orientación, expresados, eso sí, en el estilo un tanto sibilino que caracteriza todo el Tractatus. Estos pensamientos ponen de relieve cómo la intención profunda de Wittgenstein en su obra era, como él mismo decía, ética. He aquí una muestra extraída de esta segunda parte: 

6.52 Percibimos que, incluso aunque todas las posibles preguntas científicas sean contestadas, los problemas referentes a nuestra vida no han sido tocados en absoluto. Es cierto que precisamente entonces no queda ninguna pregunta; y exactamente esto es la respuesta. 

6.521 La solución del problema de la vida se caracteriza por la desaparición de este problema (No es éste el motivo por el que personas para quienes el sentido de la vida resultó claro tras largas dudas no pudieron decir en qué consistía este sentido?) 

6.522 Existe ciertamente lo inexpresable. Esto se muestra, es lo místico. 

(Ludwig Wittgenstein, Tractatus logico-philosophicus , 1921) 

Otra muestra interesante de esta apertura a la trascendencia, esta vez de un matemático contemporáneo, que enlaza muy explícitamente con el pitagorismo primitivo, son las siguientes palabras finales de una conferencia pronunciada hace unos pocos años por Shafarevich, un gran algebrista, con ocasión de la entrega de cierto importante premio internacional, y que fue publicada en un buen número de revistas matemáticas: 

La matemática como ciencia nació en el siglo VI a. de C. en la comunidad religiosa de los pitagóricos y fue parte de esta religión. Su propósito estaba bien claro. Revelando la armonía del universo expresada en la armonía de los números proporcionaba un sendero hacia una unión con lo divino. Fue este objetivo elevado el que en aquel tiempo proporcionó las fuerzas necesarias para un logro científico del que en principio no puede darse parangón. Lo que estaba en juego no era el descubrimiento de un bello teorema ni la creación de una nueva rama de las matemáticas, sino la creación misma de las matemáticas. 

Entonces, casi en el momento de su nacimiento, habían aparecido ya aquellas propiedades de la matemática gracias a las cuales las tendencias humanas generales se manifiestan más claramente que en ninguna otra parte. Esta es precisamente la razón por la que en aquel tiempo las matemáticas sirvieron como modelo para el desarrollo de los principios fundamentales de la ciencia deductiva. 

En conclusión quiero expresar la esperanza de que por esta misma razón la matemática ahora pueda servir como modelo para la solución del problema fundamental de nuestro tiempo: revelar un supremo objetivo y propósito religioso para la actividad cultural humana. 

(I.R.Shafarevich, On certain Tendencies in the Development of Mathematics) 

La forma de percepción de la trascendencia por la mente humana a través de la robustez y solidez de los objetos mismos de la matemática, que la mente hubiera esperado ser más moldeables, no es en realidad muy distinta de la que pueda aparecer al contemplar la existencia de las cosas mismas, "al asombrarnos sobre la existencia del mundo", como afirma L. Wittgenstein en su Conferencia sobre Ética, al explicar las propias vivencias que constituían el fundamento de su sentido ético, o de la pregunta primigenia de Leibniz que sirve de arranque a toda la filosofía sobre por qué existe algo más bien que nada. 

Sin embargo, a mi parecer, en la estructura peculiar del pensamiento matemático tal como se nos revela en el itinerario que hemos recorrido, y más en concreto en la misma presencia del infinito en el origen de nuestra matematización, aparece una forma de apertura a la trascendencia que es diferente y que más bien presenta puntos de semejanza con la manera de proceder de algunos de los teólogos de nuestro tiempo como K. Rahner, en sus ideas sobre el acercamiento racional a Dios (Se puede consultar, por ejemplo, los Grados 1 y 2 de su Curso fundamental sobre la fe, Herder, Barcelona, 1989). A los matemáticos que tienen interés por pensar sobre el significado profundo del infinito desde su misma perspectiva científica les vendría bien recordar las palabras del gran matemático Félix Klein, quien, en conexión con las exploraciones sobre los fundamentos de la teoría de conjuntos hace notar cómo en muchos aspectos "las especulaciones de los escolásticos... han resultado ser los intentos más correctos de lo que hoy llamamos teoría de conjuntos", y señala cómo Cantor mismo, el creador de la teoría de conjuntos recibió su estímulo principal para ello de tal fuente (F. Klein, Vorlesungen über die Entwicklung der Mathematik im 19. Jahrhundert, Teil I, p.52, Chelsea, New York, 1967). 

Como hemos visto anteriormente, en la apertura inicial de la mente al conocimiento intelectual, a cualquier conocimiento intelectual, está presente, como horizonte, como condición de posibilidad de cualquier conocimiento concreto, el ser en su infinitud. Nosotros percibimos esta infinitud no de modo temático, sino como el espacio en que nuestro conocimiento tiene lugar. Esta presencia no es sólo mera condición de posibilidad, como podría ser la mera ausencia de obstáculos, sino causa fundante de nuestro propio conocer, no una mera cuestión de estructura externa. Es algo constitutivo de nuestro conocer, aunque de una forma tan velada que no se explicita. Y tal vez no se puede explicitar. El ojo, al ver, no se puede ver a sí mismo, a no ser en la imagen de un espejo. Y en ello posiblemente radica el carácter peculiar de esta presencia, que es por una parte, lo primario, lo siempre presente, lo más obvio de nuestro conocimiento, y por otra parte lo necesariamente oculto, escondido, misterioso. Si lo pudiéramos conocer al modo como conocemos los objetos cotidianos no sería lo que es. 

En este horizonte infinito debe destacarse el ser finito, limitado, y este horizonte es el que proporciona la posibilidad de cualquier otro conocimiento. No nos lo planteamos como objeto. Es el horizonte, el trasfondo de nuestra visión cognoscitiva que, de no estar ahí no habría nada en ella. La mente está por su propia naturaleza abierta a este horizonte y cualquiera de sus actividades lo pone de manifiesto. El ser finito, concreto, se destaca en ella precisamente de modo negativo, mostrando su limitación, su modo de ser particular que niega el modo de ser de otros muchos, afirmando así implícitamente que el ser importante es el que no tiene modo. 

Un examen más cercano, que aquí no podemos hacer con más detalle, de la peculiar estructura de nuestra mente, con esta apertura inherente en ella, nos lleva en primer lugar a pensar que, detrás de ese misterio, lo inexpresable, lo que a mí me parece misterioso, en palabras de Wittgenstein, que funda nuestro conocimiento no puede estar la nada, pues la nada no da lugar a cosa alguna, sino que es algo que tiene que existir, si bien con una forma de existencia muy distinta de la que nosotros mismos experimentamos. Algunas de las implicaciones de esta experiencia trascendental pueden tal vez ser resumidas como sigue. 

La percepción del horizonte, del infinito, del ser, dentro de nosotros nos estimula a buscar su fundamento. Y éste no se puede encontrar en la nada, pues la nada nada funda. Esto nos indica que ese fundamento es real, no es una construcción de nuestra mente, no es algo a lo que nosotros concedemos realidad, pues es previo de muchas maneras a nuestra propia realidad. Es ese fundamento real lo que está colocando las fronteras con lo limitado que nosotros percibimos de este modo peculiar desde el otro lado. Es ese fundamento real lo que propiamente posibilita nuestro mismo conocer y nuestro mismo ser. El misterio está ahí, más interior a nosotros que nosotros mismos, mucho más real que nosotros, fundando la realidad que somos nosotros. Es ese misterio el que posibilita nuestro conocer y nuestro ser y no al revés. 

Escondido... sí y no. Está presente, puedo pensar, en la forma, tal vez la única, que mejor corresponde a su ser, que es una forma que a nosotros se nos aparece como una mezcla de presencia insoslayable y de ocultamiento silencioso... el misterio inexpresable. Los místicos de todas las tradiciones, esas personas, como dice Wittgenstein en el Tractatus, para quienes el sentido de la vida resultó claro tras largas dudas y no pudieron decir en qué consistía, han evocado mejor que nadie esta situación. Así lo canta San Juan de la Cruz: 

Qué bien sé yo la fonte que mana y corre, 

aunque es de noche! 

Aquella eterna fonte está escondida, 

qué bien sé yo do tiene su manida, 

aunque es de noche! 

(De: Cantar de la alma que se huelga de conoscer a Dios por fe)
De esta forma, parece, se pasa desde lo que en principio podría uno señalar como mera apertura estática de la mente a lo que es misterioso y trascendente, que se da en su pensar originario (y así en cualquier pensar concreto, matemática y otras ciencias, por ejemplo), hacia un movimiento más activo de afirmación y de búsqueda más dinámica de lo que representa para la misma mente esto misterioso e inexpresable. La mente se apercibe de su propia situación de apertura a la trascendencia. Se pregunta por la razón de esta situación. La encuentra en un algo que tiene que fundarla aunque no sepa cómo debe concebirlo. Desea vehementemente saber y saborear más de ello. 

Oh cristalina fuente, 

si en esos tus semblante plateados 

formases de repente 

los ojos deseados que llevo en mis entrañas dibujados! 

(De: Canciones entre el alma y el esposo)
Y tras esa búsqueda, se topa con la cercanía al misterio que parece que ya se le va a manifestar más plenamente. 

Oh llama de amor viva, 

que tiernamente hieres 

de mi alma en el más profundo centro!; 

pues ya no eres esquiva, acaba ya, si quieres; 

rompe la tela de este dulce encuentro! 

(De: Canciones que el alma hace en la íntima unión en Dios su esposo amado)
La apertura de nuestra mente no es solamente apertura y dinámica de la inteligencia. En ella va incluída la persona toda con su voluntad, capaz de deseo, de amor, de compenetración, a través de la cual desearía ver colmada toda su forma de ser. La estructura de sujeto y persona del hombre derivan de una forma natural de esta experiencia originaria de lo transcendente, constituyen el soporte propio que posibilita tal experiencia trascendental y de ella se sigue, al percibirse el hombre a sí mismo como teniendo a su cargo sus propias decisiones y al estar colocado en el tiempo, su propia estructura de libertad. 

Pienso que es desde esta experiencia de lo trascendente desde donde uno puede entender mejor la relación íntima entre: 

sujeto (capacidad de hacerse cargo de sí mismo de modo muy especial), 

persona (capacidad de abrirse a otros en virtud de una misma participación de esa experiencia de lo trascendente y de abrirse a lo que es misterioso, pero acerca de lo cual puede colegir, por el hecho de estar fundando tal capacidad suya, que es ello mismo capaz de alguna forma también misteriosa de acoger su propia apertura), 

libertad (capacidad, fundada en su carácter de sujeto y persona colocada ante opciones, de elegir y actuar de modos diferentes) 

historicidad (colocado en un instante determinado del tiempo con todo lo que esto significa, por ejemplo su posibilidad de escrutar si en el pasado pudiera encontrar huellas de la manifestación del misterio). 

Es claro que no es este el lugar adecuado para tratar de llevar adelante las muchas implicaciones a las que parecen conducir estas consideraciones que enlazan, a mi parecer de forma natural, con el resto de las consideraciones filosóficas de todos los tiempos. 

Para terminar quisiera recordar unas palabras de A.N.Whitehead, que nos hacen volver a nuestro punto de partida y que vienen a subrayar la importancia del papel del modo de pensar matemático para una mejor comprensión de las estructuras de la realidad: 

La noción de estructura es tan antigua como la civilización... la infusión de estructuras en el curso de la naturaleza y la estabilidad de tales estructuras, así como la modificación de ellas es la condición necesaria para la realización del Bien. 

La matemática es la técnica más poderosa para la comprensión de la estructura y para el análisis de la relación entre estructuras... Considerando la inmensidad de su campo de acción la matemática, incluso la matemática moderna, es una ciencia en su infancia. 

Si la civilización continúa avanzando, en los próximos 2000 años la novedad predominante en el pensamiento humano será el señorío de la intelección matemática. 

(A.N. Whitehead, Sobre el Bien, 1923) 
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1.
OBJECTIVES
The African Mathematical Union Commission on the History of Mathematics in Africa (AMUCHMA), formed in 1986, has the following objectives:

a.
to improve communication among those interested in the history of mathematics in Africa;

b.
to promote active cooperation between historians, mathematicians, archaeologists, ethnographers, sociologists, etc., doing research in, or related to, the history of mathematics in Africa;

c.
to promote research in the history of mathematics in Africa, and the publication of its results, in order to contribute to the demystification of the still-dominant Eurocentric bias in the historiography of mathematics;

d.
to cooperate with any and all organizations pursuing similar objectives.

The main activities of AMUCHMA are as follows:

a.
publication of a newsletter;

b.
setting up of a documentation centre;

c.
organization of lectures on the history of mathematics at national, regional, continental and international congresses and conferences.

2. MEETINGS, EXHIBITIONS, EVENTS

2.1
International Colloquium in Béjaïa (Algeria)

The Study Group for the History of Mathematics in Béjaïa (GEHIMAB) organised (University Centre of Béjaïa, November 9-11, 1997) an international colloquium on "Béjaïa and environment during the ages: History, Society, Sciences, Culture".  Related to the history of mathematics the following papers were presented: 

*
Mustapha Abdelkader-Khaddaoui, E.N.S. d'Alger (Algeria): Arithmetic and its methods in Bougie;

*
Moktadir Zerrouki, E.N.S. d'Alger (Algeria): Some mathematical algorithms used in the science of inheritance by two mathematicians who lived in Bougie;.

*
Michel Ballieu, LouviÀre (Belgium) & Djamal A‘ssani, Universit» de Bougie (Algeria): The mathematical knowledge available in the Small Kabylia in the 19th century;

*
Djamel Eddine Mechhed, Universit» de Bougie (Algeria): The alphabetical numeration in the manuscripts of the Small Kabylia

*
Bernard Rouxel, Universit» de Bretagne Occidentale (France) & Djamel A‘ssani, Universit» de Bougie (Algeria): The geometer Albert Ribaucourt in Bougie;

*
Rachide Bebbouchi, Universit» d'Alger (Algeria): The geometrical reflections of the EugÀne Dewulf in Bougie;

*
Ettore Picutti, U.M.I., Milan (Italy): Leonardo of Pisa and his “Liber Abaci”;

*
Jacques S»siano, Ecole Polytechnique de Lausanne (Switzerland): The algebra of Leonardo of Pisa and its influence in medieval Europe;

*
Gino Arrighi, Lucca (Italy): Towards a better knowledge of the Latin versions of Arabic texts.

2.2
Papers presented at recent meetings

*
At the Conference in Honor of the 65th Birthday of Ubiratan D'Ambrosio (the 'father of ethnomathematics'), realized on January 6, 1998 in Baltimore (USA), two talks were related to the history of mathematics in Africa. Paulus Gerdes spoke about the historical development of ethnomathematical research in Mozambique and D'Ambrosio's influence.  Nkechi Agwu (City University of New York) presented the paper "Mathematical teaching techniques inherent in Nigerian cultures".

*
At the 76th Annual Meeting of the National Council of Teachers of Mathematics (2-4 April 1998, Washington DC, USA), various papers were presented which are related to mathematics in or from Africa:

Ron Eglash & Gloria Gilmer: African hairstyle designs;

Arthur Powell: Out-of-school application of ethnomathematics: the game of oware;

Daniel Ness: Ethnomathematics and Asante kete drumming;

Beatrice Lumpkin: Some mathematical gems from Egypt;

John Sims: Designs from the Kuba (Congo) and the teaching of mathematics to arts students;

Paulus Gerdes: Exploring geometrical ideas from Southern Africa;

Nelson Sanz: Problem solving and 'aha' calculation experiences with the Rhind mathematical papyrus; 

Anthony Stevens & Janet Sharp: Learning about fractions and ratios by using African rhythms played on drums.

3.
CURRENT RESEARCH INTERESTS
*
Franz Gnaedinger (Zurich, Switzerland) is concluding a book entitled "Geometrie und Mathematik im alten Ägypten" (Geometry and Mathematics in ancient Egypt). 

*
Milo Gardner (Sacramento, USA) is analysing fractions in Ancient Egypt and prepared several manuscripts on "'false position' arithmetic that 'picked a number' to solve Egyptian fraction problems".

4.
NOTES AND QUERIES
This section is reserved for questions that readers would like to have answered; these are the 'queries'. The answers will be the 'notes'. If you have questions or answers about sources, dates, names, titles, facts, or other such matters related to the history of mathematics in Africa, frame them in clear and concise language and send them to the editors. If you are answering a question, make clear reference to that question. All readers may send both questions and answers. Each will be published with the name of the sender.

*
Mathematical manuscripts from Mali?
Mike Morelli (University of Wisconsin-Stout) has the following query "A while back, the Chronicle of Higher Education printed an article which stated that Dr. Henry Louis Gates, while in Mali, discovered 4000 books from a 14th century university library (Timbuktu?). I have been trying to get more information about this important discovery. What do you know about this? In what language are the books written? Were any of them math books? "

5.
HAVE YOU READ?

5.1 On the History of Mathematics in Africa

#248
Bashakova, I.: Diophantus and Diophantine Equations, Mathematical Association of America, Washington, 1997, 104 pp.

Presents the works of Diophantus of Alexandria, focusing on Diophantus' general methods of obtaining rational solutions of indeterminate equations of the second and third order.  The second part of the book considers the evolution of the theory of Diophantine equations from the Renaissance to the middle of the 20th century.

#249
Kielland, Else Christie: Geometry in Egyptian Art, Alec Tiranti, London, 1955, 214 pp.

Presents a brief survey of Egyptian geometry based on the papyri that have been found, followed by the interpretations which scholars placed on the geometric marks found on the Egyptian works of art.  Finally, Lange's law of frontality is discussed, with its revision by Schäfer.

#250
Lumpkin, Beatrice: From Egypt to Benjamin Banneker: African origins of false position solutions, in: Ronald Calinger (ed.), Vita Mathematica, Historical Research and Integration with Teaching, MAA Notes (MAA = Mathematical Association of America), 1996, Vol. 40, 279-289

Describes the use of the rule of false positions in ancient Egypt, in the work of later Alexandrian mathematicians, like Diophantus (c. 250), and of Abu Kamil (born 850), the influence on mathematicians in Europe and later on Benjamin Banneker (1731-1806), one of the first African American who dedicated himself to mathematics (cf. # 32, 82).

#251
Robins, Gay: Proposition and style in Ancient Egyptian Art, University of Texas Press, Austin, 1994, 279 pp.

"It has long been known that much Egyptian art executed in two dimensions as painting or relief was conceived and carried out on a squared grid, which helped to determine the proportions of the human figure.  Although there have been several previous studies of the Egyptian grid, these have been almost entirely limited to single standing or seated male figures...  In this book I have attempted to base my own ideas ... primarily on observations carried out on the actual monuments. I have considered female figures as well as male, other postures besides standing and sitting...  I show that the squared grid had an important influence on the composition of scenes as a whole and in helping to determine the characteristic style of a particular period.  I consider the effects of the major change in the grid that occurred in the twenty-fifth dynasty and persisted thereafter, and elaborate my discovery of the grid system adopted during the Amarna period." (Preface, p. vii)

5.2
Publications on the History of Mathematics, Ethnomathematics and Mathematics Education

#252
Ascher, Marcia: Malagasy Sikidy: A Case in Ethnomathematics, in: Historia Mathematica, New York, 1997, Vol. 24, 376-395

"Sikidy is a system of divination that plays a significant role in the lives of the people of Madagascar.  Here we focus on the mathematical ideas which it embodies. Formal algebraic algorithms are applied to initial random data, and knowledge of the internal logic of the resulting array enables the diviner to check for and detect errors. Sikidy and the mathematical ideas within it are placed in their cultural and historical contexts".

#253
Doumbia, Salimata: Maths et Cultures: Pythagore en Afrique, in: Bulletin Harmonisation des Programmes de mathématiques des pays francophones d'Afrique et de l'Océan Indien, Abidjan, 1997, Vol. 3, 6-11

Gives examples of Pythagorical figurative numbers in West Africa and presents some ideas of Paulus Gerdes' book "African Pythagoras" on African crafts and the Pythagorean theorem (cf. # 108, 182).

#254
Eglash, Ron: Scaling hexagons in a Bassari initiation mask, in: Mathematics Teacher, Reston VA, 1995, Vol. 88, No. 7, pp. 618, 620

Short note that analyses the presence of a scaling series of hexagons in a mask from the Bassari (eastern Senegal) and compares it with the use of the number six  in other contexts (time reckoning, string tallies, divination).

#255
Eglash, Ron: Bamana Sand Divination – Recursion in Ethnomathematics, in: American Anthropologist, Arlington VA, 1997, Vol. 99, No. 1, 112-122

Reflecting on his fieldwork realized among Bamana (or Bambara) diviners, the author compares their use of recursion, where the iterative function is addition modulo 2, with Cantor's recursion (cantor set), and hypotheses that an African concept of self-generated fecundity is the shared origin of both the Bamana divination and transfinite set theory.

#256
Eglash, Ron; Christian Sina Diatta and Nfally Badiane: Fractal structure in Jola material culture, in: Ekistics, Athens, 1994, Vol. 368, 367-371

Discusses self-similarity in altar, house, and village structures among the Jola in the Lower Casamance region in southern Senegal.

#257
Eglash, Ron: The African heritage of Benjamin Banneker, in: Social Studies of Science, London, 1997, Vol. 27, 307-315

"Benjamin Banneker (1731-1806) is well known for his accomplishments in early American applied science, as well as for his seminal role in African-American science history. Historical and linguistic evidence suggests that his grandfather was of Wolof origin, and that his father was from the area between what is now Ghana and Nigeria.  This cultural heritage may have emerged in some of his mathematical thinking" (p.307). (cf. # 32, 82)

#258
Eglash, Ron: Geometric algorithms in Mangbetu design, in: Mathematics Teacher, Reston, 1998, Vol.91, No.5, 376-381

Analyzes an ivory hat pin from the Mangbetu (northeastern Zaire / Congo) and the geometric algorithm involved in its production.  The top of the pin is composed of four scaled, similar heads (forming isosceles right triangles in photographic projection).  

#259
Gerdes, Paulus: On culture and mathematics teacher education, in: Journal of Mathematics Teacher Education, Dordrecht, 1998, Vol. 1, No. 1, 33-53

Presents a short history of mathematics teacher education in Mozambique since independence in 1975, highlighting the multicultural context and the role of the history of mathematics and of ethnomathematics in teacher education.

#260
Huylebrouck, D.: The bone that began the space odyssey, in: The Mathematical Intelligencer, New York, 1996, Vol. 18, No. 4, 56-60

Describes the Ishango bone (Congo / Zaire) as a Mesolithic mathematical artifact, some interpretations of the notches, and uses. Shallit remarks in a letter to the editor (Vol. 19, No. 3, p. 7) that papers by A.S.Brooks present a date of 20,000 years ago (not 11,000 years ago as stated by Huylebrouck) for the bone (cf. #20, 99, 162)

#261
Middleton, John (Ed.): Encyclopedia of Africa South of the Sahara, Charles Scribner's Sons, New York, 1997, 4 volumes

This encyclopedia contains two short articles by Paulus Gerdes: Geometries, Vol. 2, 224-227;

Number systems, Vol. 3, 346-348.

#262
Wilson, Eva: The interlacing and geometrical art of the Kuba, in: Eva Wilson, Ornament 8,000 years, Harry N. Abrams, New York / British Museum Press, London, 1994, 195-196

Short article on (a)symmetries in Kuba art (cf. #2, 105, 182).

5.3
Other publications on the History of Mathematics by African mathematicians

#263
Djebbar, Ahmed: La rédaction de L'istikmal d'al-Mu'taman (XIe s.) par Ibn Sartaq, un mathématicien des XIIIe–XIVe siècles, Historia Mathematica, New York, 1997, Vol. 24, 185-192

The author presents a "14th-century manuscript which has not been studied before.  It contains a complete redaction of the Kitab al-Istikmal by the Andalusian mathematician, al-Mu'taman ibn Hud (11th century), and informs us about the missing pieces of al-Mu'taman's book and about the content of his initial project that had never been completed".

#264
Hitchcock, Gavin: Teaching the Negatives, 1870-1970: A Medley of Models, For the Learning of Mathematics, Vancouver, 1997, Vol. 17, No. 1, 17-25

Six snapshots of important representative moments in the teaching of the negatives are represented in historical sequence as classroom scenes. 

6.
ANNOUNCEMENTS

6.1
First International Congress on Ethnomathematics

The International Study Group on Ethnomathematics organizes from 2 to 5 September 1998 in Granada (Spain) the First International Congress on Ethnomathematics. For more information, contact:

Maria Luisa Oliveras, Dpto. de Didáctica de la Matemática. Facultad de Ciencias de la Educación, Universidad de Granada, 18071 Granada - Spain (Fax: 34-58-246359 /34-58-243949; E-mail: oliveras@platon. ugr.es)

Website: http://www.ugr.es/~oliveras/ICEM1IN.htm
6.2
Web sites that may interest the readers of the AMUCHMA-Newsletter

*
AMUCHMA website


Scott Williams (Buffalo, USA) has been so kind to set a webpage for the English language edition of the AMUCHMA-Newsletter: 

http://www.math.buffalo.edu/mad/amu_chma_announce.html


See also Williams' web page "Mathematicians of the African diaspora":

http://www.math.buffalo.edu/mad/mad0.html

*
African Indigenous Knowledge Systems website


Gloria Emeagwali (New Brittain, USA) has created a website on African Indigenous Knowledge Systems:  

http://members.aol.com/Afsci/africana.htm

*
ISGEm website


The official website of the International Study Group on Ethnomathematics is maintained by Ron Eglash.  It contains the ISGEm-Newsletter and several useful links, including to 'African mathematics':  

http://www.cohums.ohio-state.edu/comp/isgem.htm

*
Indigenous Knowledge and Development Monitor website


The Indigenous Knowledge and Development Monitor is now also available directly from the web:  

http://www.nufficcs.nl/ciran/ikdm/

E-mail addresses of African centres:

Cameroon Indigenous Knowledge Organisation: ngwasiri@ciko.sdncmr.undp.org

Centre for Cosmovisions and Indigenous Knowledge:  aispcg@ncs.com.gh

Kenya Resource Centre for Indigenous Knowledge: kenrik@tt.gnapc.org, kenrik@tt.sasa.unep.no

South African Resource Centre for Indigenous Knowledge:  alwyn@aztec.co.za
*
Benjamin Banneker Association website


The Benjamin Banneker Association [BBA] (cf. # 32, 82, 257), founded in 1986, provides a forum for mathematics educators, mathematicians, and other interested people to discuss the learning and teaching of mathematics for African- American children.  The BBA recently created its website, managed by its president Carol Malloy:

http://www.unc.edu/~cmalloy/banneker.html
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8. SUGGESTIONS

What are your suggestions for improving the AMUCHMA Newsletter?

What are your suggestions for other activities of AMUCHMA?

Send your suggestions, comments, information, questions and any other contributions to the chairman or secretary of AMUCHMA.

Send articles, books and manuscripts for the AMUCHMA Documentation Centre to the Chairman or Secretary.

9.
DO YOU WANT TO RECEIVE THE NEXT AMUCHMA-NEWSLETTER?

The AMUCHMA Newsletter, published in Arabic, English and French, is available free of charge upon request.

Send requests to the Chairman

Paulus Gerdes: Universidade Pedagógica, C.P. 915, Maputo, Mozambique (Fax: 258-1-422113; E-mail: pgerdes@virconn.com)

for the English version; 

or to the Secretary

Ahmed Djebbar: Département de Mathématiques, Bâtiment 425, Université de Paris-Sud, 91405 Orsay Cedex, France (Fax: 33-1-47015917; E-mail: Ahmed.Djebbar@wanadoo.fr)

for the French and Arabic versions. 

Readers who would like to receive the AMUCHMA Journal in Portuguese should contact the chairman, C.P. 915, Maputo, Mozambique.

The English version of AMUCHMA 20 is reproduced and distributed

with financial support from SIDA-SAREC (Sweden)

© The Authors 1999

SHORT NOTICES

IN MEMORIAM FRANCESCO SPERANZA

Mathematics culture loses a great teacher and thinker, for on the 19th of December 1998 professor Francesco Speranza left us. He was born in Milano the 4th October 1932. In 1954 he graduated in Mathematics from Pavia University and he was assistant lecturer in Geometry at the University of Bologna from 1954 to 1967. In 1967, as full professor of Differential Geometry he taught at the University of Messina. In 1969 he moved to the University of Parma where, from 1974, he had the chair of "Matematiche Complementari". He was a member (until his death) of the scientific commission of the Italian Mathematics Union, of the Italian Commission for Mathematics teaching, and other important commissions. His extensive researches, motivated by a great curiosity and desire to investigate, goes from differential geometry to didactics, history and epistemology of mathematics to art in mathematics. In the eighties he found in Parma a Centre for Mathematics Education and a group of researchers and teachers for concerned with researches in didactics. He was persuaded of the need of providing an epistemological basis for didactics. Following Enriques, Gonseth and Lakatos he didn't erect barriers between philosophy of mathematics and experimental sciences. He considered himself to be a neo-empiricist, a non-absolutist, and a fallibilist. He claimed that this position parallels developments in the philosophy of science based on the great scientific revolutions of the 19th century and the beginning of the 20th century, and Popper's school. In the early 1990s he founded a National Group of Epistemology of Mathematics which organises conferences every year. His great variety of cultural and scientific interests led him to publish more than 200 paper.

The Group of Mathematical Education Research of Parma: Lucia Grugnetti, Carlo Marchini, Daniela Medici, Margherita Michelotti, Maria Gabriella Rinaldi, Paola Vighi.

THE EDGE

Recommended free Web Journal touching on matters intellectual and philosophical including philosophy of mathematics

http://www.edge.org/
CD EDITION OF THE  COLLECTED PAPERS OF C. S. PEIRCE

This is one of the philosophical works in The Past Masters Series 

produced by InteLex Corporation. 

This was reviewed in POMEJ10.

Here is an update of WWW addresses.

Peirce title in the Past Masters catelogue:   http://www.nlx.com/titles/titlpeir.htm  

Past Masters series titles is at:   http://www.nlx.com/pstm/pstmtitl.htm

�	Obviously in the theory of didactic situations, the dialogue between students already plays an essential role! Our point here is to make more explicit the relationship between the dialogue and the (epistemological) nature of the mathematical knowledge itself.


�	This latter point is mainly developed in the paper by sackur, assude et al. In the same thematic group


�	Supported by a grant from the dierf of the IUFM de Nice and in a second phase, in collaboration with the CEFIEC, Buenos Aires (M. Panizza and G. Barallobres)


�	Unfortunately the acronym is, by far, less euphonic in English…


�	We shall often use “to experience sth” in the meaning of to have a (subjective, intimate) experience of sth.


�	“Autrui”, in French


�	Actually, institutionalisation, Margolinas said (1992, 1993), is not a moment (at the end of a lesson) but rather a long-time process. Here, “the end of… (a lesson, a discussion)” is just a way of speaking.


� 	We use this word, “epistemic”, not to give to our study a pedantic style but we just need to avoid confusion between the intrinsic nature of mathematical statements (“epistemic necessity”) and the usual “pragmatic” necessity (if you want this, you must necessarily do that).


� 	By using the word “institutionalise” we do not suppose that it would be direct or explicit! We just want to say that since the mathematical knowledge is useless if the “know-how” and the “whys” are not available, these higher level knowledge are a part (sometimes hidden) of the aims of a lesson.


�	In which the meaning of “2+2 = 4” is precisely that two plus two are four. This is what quine calls the ‘denotation’ (in a sense totally opposite to frege), saying that “denotation is de-quotation” (removing the quotation marks).


� 	our point of view here is descriptive and not prescriptive: we try to say that there are various aspects of knowledge, and not what they might be.


�	The scientific debates about the “petrolier” (tanker) or the (electric) “circuit” devised and studied by Marc Legrand (1990) are amongst the few ones that address explicitly what we call aspects ii and iii of the mathematical knowledge.


�	We do not say that most situations observed in didactics would just allow the students to learn strictly the aspect i (the “content”) of the knowledge; that would be stupid since obviously students learn something about the rules (ii) and the mathematics (iii) when they construct a new knowledge. Rather, we try to say that the question of what do they learn about aspects ii and iii is seldom explicitly addressed, except in Legrand, for instance.


�	This led us to rehabilitate the famous “effet jourdain” (Brousseau)


�	And authors like Wittgenstein are not of a great help to allow us to express ideas in a non ambiguous, clear and detailed way…


�	Presented in the same CERME thematic group


�	A first presentation of the outcomes of this study will be done at the sfida seminary (Seminaire Franco-Italien de Didactique de l’Algebre) which will held in Nice in November, 1998.


� Zukunft der Bildung - Schule der Zukunft: Denkschrift der Kommission „Zukunft der Bildung - Schule der Zukunft“ beim Ministerpräsidenten des Landes Nordrhein-Westfalen/Bildungskommission NRW. Neuwied; Kriftel; Berlin 1995. S. 312


� Gudjons, Herbert: Handlungsorientiert lehren und lernen. Projektunterricht und Schüleraktivität. Bad Heilbronn 1989, S. 66/67 


� Während aber derartige Autoren - schon weil hohe Auflagen ihr Ziel sind - sich mit Verve an Abnehmer, Leser oder zumindest Käufer wenden, mag es in der Didaktik auch den Solipsisten geben, der die Dinge - ob eine neue Computersprache oder einen alten Hauptsatz - immer wieder sich selbst erklärt und dies als Didaktik ausgibt, potentiellen Abnehmern längst schon - räumlich wie zeitlich - entrückt.


� Feynman, Richard P.: „Sie belieben wohl zu scherzen, Mr. Feynman!“ Abenteuer eines neugierigen Physikers. München 19965, S. 448


� loc. cit. S. 450 f


� loc. cit. S. 455


� Seitter, Walter (Hg.): Michael Foucault. Von der Subversion des Wissens. München 1974, S. 110


� Feyerabend, Paul: Wissenschaft als Kunst. Frankfurt am Main 1984, S. 148 f.





