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OPENING

Welcome note Minister Stratmann

At the age of seven, Carl Friedrich Gaul’ added the numbers of 1 to 100 as fast as
lightning and obtained the result: 5050. How did he solve the equation so quickly?
Would we have been able to do this at such a young age? Can some of us do it now?
These questions, among others, take centre stage in the Year of Mathematics 2008.

Apart from being the Year of Mathematics, 2008 is also the German-Israeli Year
of Science and Technology. Both of these issues merge in the “Conference on Sym-
metries in Algebra and Number Theory” which is organized cooperatively by the
Mathematics Faculty of the Georg-August-University Gottingen and the Einstein In-
stitute of Mathematics of the Hebrew University Jerusalem and hosted in G6ttingen
from October 27 until October 30, 2008.

French mathematician Emile Borel once described his discipline as “poetry of
ideas”. This characterization is validated by numerous prosaic, technical develop-
ments for which mathematics provides the fundamental condition. Neither the
invention nor the production of computers, mp3-players or other machines would
be possible without the various achievements generated in the field of mathematics.
Technical terms such as fuzzy logic, chaos theory or computer simulation pervade
our everyday language. Concurrently, the prevalence of these concerns demon-
strates that since our world functions in ever more complex and mechanized modes,
we become increasingly dependent on the regulative force of mathematics.

By assembling the specialist conference “Symmetries in Algebra and Number
Theory”, scientists once again impressively prove that there is nothing more practical
than a good theory.

On this note, I extend my best wishes to all participants for inspiring discussions
and exciting insights that will advance science in Israel and in Germany via the
power of mathematics.

Sincerely,

Lutz Stratmann
Minister of Science and Culture of Niedersachsen
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Welcome note Vice-President Prof. Dr. Miinch

Honourable Dr Eikenberg, Honourable Professor Kazhdan, Dear Professor Ker-
sten, Honourable Guests!

It is a great pleasure for me to welcome you in the name of the presidential board
of the Georg-August-Universitdt in Gottingen to the conference “Symmetries in
Algebra and Number Theory”.

Let me begin with a little historical story: In January 1801 Giuseppe Piazzi, a priest
and astronomer in Palermo, discovered the first asteroid Ceres. Piazzi observed Ceres
from January 1st until February 11th. Then the weather became bad in Sicily and
in summer Ceres was too close to the sun to be observed. Piazzi published the
celestial positions of Ceres determined during the first 40 days of the year. Although
these data were rather sparse, a few scientists tried to calculate the positions where
Ceres should be found in November and December of 1801. One of them - 24 year
old Carl Friedrich Gauss - predicted a position which was about 10 degrees off the
other astronomers’ estimates. The astronomer von Zach in Gotha, who was the only
observer to know Gauss’ calculation, found Ceres on December 7th. This success
made Gauss famous in the scientific world.

This extraordinary achievement of a young mathematician is certainly quite
spectacular. Nevertheless, in Gottingen we are reluctant to be proud of it. Our
reluctance has two reasons. Firstly, in 1801 Gauss was not yet living in G6ttingen but
in his hometown Brunswick. It was the time between his student years in G6ttingen
and the almost 50 years when he was a professor of our university and director of
our observatory. So we cannot claim that this was an achievement which is to be
associated with Gottingen. The other reason for our reluctance is more serious.
Being a member of the Georg-August-Universitdt and more generally being German,
I find it hard to feel enough shame for the years between 33 an 45 of the last century
in order to be allowed to feel pride for whatever brilliant achievements have been
made in the decades and centuries before, namely in the field of mathematics. What
nazi-barbarism meant for the development of science in Germany is adequately
expressed by a quote of David Hilbert. In 1934 he was asked by the new Prussian
secretary for education, whether his institute suffered any loss by the leave of Jewish
scientists and of dissidents.

David Hilbert is reported to have answered: “The institute doesn't even exist any
more”. Hilbert knew that the loss of eminent minds like Landau, Courant, Bernstein,
Noether, Blumenthal, and Weyl was beyond estimate. Like Ceres was lost in the
daylight of the summer of 1801, G6ttingen science was lost in the night of German
history. More than 200 years ago, it took a mathematical hero to find the asteroid
when the sky was clear again.
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During the last 60 years we have struggled to find again the Géttingen University
of former times known as a place for ideas, knowledge, and understanding. We
have gone a long way, we have made many steps forward and sometimes found
that our steps are yet too small. Since last year the German excellence program for
universities is providing us with an extraordinary opportunity to take a leap forward
in the search of excellence. 15 young researchers have been hired for our five new
Courant Centres, which will change the face of G6ttingen University. One of the
Courant Centres is dedicated to "Higher Order Structures in Mathematics“. Again
we depend on scientific and scholarly heroes: not only those who are part of our
University but also those who are part of the worldwide scientific community, who
work together with our researchers and help Gottingen to be what it is best at: a
place for the advancement of science.

Let me quote David Hilbert a second time. It is also reported he had said that one
of his students became a novelist, because he lacked the force of imagination neces-
sary for mathematics. I cannot say whether this is true or just made up. Anyhow, we
are grateful to you for sharing our mathematicians’ interests and for sharing your
finest resource, namely your thoughts, ideas, and your force of imagination.

Ladies and Gentlemen, thank you for being here. I wish you a successful confer-
ence, new insights, an inspiring and pleasant stay in Gottingen.

Sincerely,

ﬁz\m

Joachim Miinch
Vice-President of the Georg-August-Universitét
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Welcome note Representative of the Hebrew University Dr. Eikenberg

Shalom - Boka tov — Bruchim haba’im

Using these three well known Hebrew words, let me thank the organizers for
inviting me as representative of the Hebrew University of Jerusalem in Germany to
your prestigious bilateral Conference and for the honour to contribute with some
remarks to this opening ceremony.

Looking at the media, at exhibitions, lectures and at other events such as your
conference, I must say: 2008 as the year of mathematics has become even for a
mathematical layperson like me more than just only a label which was attached
by the Federal Minister of Education and Research to the current year in Germany.
In any case, I can speak from own experience: there have been remarkably more
points of contact with your field which were reaching me during this year 2008 than
ever before. But to put in mathematical terms these contacts were not more than
tangential points. To give you some examples:

First: In arecent article about a symposium dealing with the mathematical master
pieces of Albrecht Diirer one of the lecturers was quoted saying, Mathematics is
as difficult as the Eiger North Face, which is for climbing alpinists one of the most
challenging mountains in the Alps. I don’t know whether the lecturer was an art
historian or a Mathematician. In any case he was in line with my respect for your
discipline.

Second: More tempting was at first glance what I read when I visited an exhibi-
tion about Jewish Mathematicians in the German speaking academic community,
currently presented in Bonn, covering the period from the 19<sup>th</sup> century
until the first decades after the Second World War and travelling altogether to seven
German cities. One of the exhibits was focussing on Edmund Landau who undertook
with his book “Grundlagen der Analysis”, published in 1930, to address students as
well as mathematical laypersons. This was the reason, why he wrote two prefaces,
starting with the phrase. “’I only require from my readers logical thinking and the
mastery of the German language, however nothing related to the so-called schoolboy
mathematics or even to the high level mathematics.”” To be honest I never reached
the top of the Eiger North Face nor did I continue the reading of Landau’s book, in
spite of the fact that one of the Hebrew University’s Minerva Centres was named
“”Edmund Landau Minerva Center for Research in Mathematical Analysis””.

Third: Only a few days ago I listened to one of the so-called Hirzebruch lectures
at the University of Bonn, offered by the well-known German writer Hans-Magnus
Enzensberger under the title “’"Metaphysical moods of Mathematics”” (“Methaph-
ysische Mucken der Mathematik”). To be honest again, I attended this lecture mainly
out of interest for Enzensberger. Enzensberger — with a major interest for mathemat-
ics over all his life — focussed in his lecture on the philosophy of mathematics. I do
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not claim I was able to follow him all the time. But he finished his remarks with the
following phrase: “”Most people do not have the slightest idea, to which extent their
life depends on a long chain of Mathematicians””.

Fourth: Once, I got a clue of the impact mathematicians had and have in the field
of arts when I was confronted for the first time with Marcel Duchamps, a Franco-
American artist. His work, in particular his Ready-mades, ironizing inter alia the
principle of gravity and influenced by an anti-scientific scepticism - expressed for
example in a hat-stand, hanging down by a thread from the ceiling - were influenced
by the mathematician and physicist Henri Poincaré who regarded the scientific laws
only as subjective understandings between human beings.

What is the concluding message which I draw from these rather superficial con-
tacts with your field? I would not be well advised to use my words for any remarks
about the scientific objectives of your Conference. To be on the safe side I will end,
therefore, my remarks with some general comments.

It is probably not by pure accident that your conference happens to take place this
year. As I mentioned before, 2008 was declared in Germany the Year of Mathematics,
i.a. to underline the importance of this scientific discipline, to win more young
people to focus their studies in this field and to increase at least the understanding
of the general public for the significance of mathematics.

In addition, I conclude from the logo on the website for your conference that your
event is also linked to the German Israeli Year of Science and Technology, which is
celebrated in 2008 and from which both countries expect new impulses for their
cooperation, which is, as I assume, still possible even within the dense network of
already ongoing bilateral scientific contacts.

Moreover, your conference is integrated in a chain of joint undertakings in various
fields including joint workshops, joint bilateral or EU-financed projects between
the Hebrew University of Jerusalem and the Georg-August- Universitidt Gottingen. 1
think, one can say without hesitation: the partnership between the two Universities
is full of life.

My next remark refers to the role of Mathematics at Hebrew and Goéttingen Uni-
versity. I do not want to carry coal to New Castle. You know much better than I do
what Mathematics means to both of your universities in terms of scientific contribu-
tions and in terms of the role they play for the overall reputation of your research
communities.

Of course, there is also the historical dimension. I am referring to the period
until 1933 with Goettingen’s reputation as the most distinguished scientific centre
of mathematics. As I learnt again from the exhibition which I mentioned at the
beginning, such reputation was highly based on at least a temporary, although never
completely unchallenged German-Jewish synthesis — or should I say symbiosis? -
and on the substantial contributions by Jewish mathematicians. I was informed



xvi OPENING

that Lorenz Abraham Stern, a mathematician, was around 1860 the first Jew to be
appointed as a full professor in Germany - as a Jew who sticked to his traditional
religious belief. And this happened in Géttingen. 1933 20 out of 94 full professors for
mathematics in Germany were of Jewish origin. Beginning in that year according
to a study 127 Jewish mathematicians were driven out of Germany, including 19
from Gottingen — an irreversible loss as in so many other scientific fields and areas
outside the research area. 15 Jewish mathematicians from Germany perished during
the Nazi regime. The figures, I am quoting. are derived from the exhibition and its
catalogue, which also expresses a word of caution concerning their finality.

In the light of such past there is still enough reason - even more than 60 years after
the end of the Nazi regime - to praise that it goes now without saying that Israeli and
German scientists have been meeting each other for many years, are cooperating
with each other and often have made personal friendship.

Let me add a last point. The website for your conference is mentioning the
Einstein-Institute of Mathematics at the Hebrew University as a co-organizer. The
name of Einstein leads me to another event which I would like to bring to your
attention. “”Einstein revisits Humboldt”” is the title for the presentation of the
Einstein Centre of the Hebrew University hosted by the Humboldt Universitit zu
Berlin in cooperation with the Max-Planck-Institute for the History of Science in
Berlin on 5 November 2008. Within four working groups focussing on physics, on
astrophysics, on Philosophy of Science and on International Relations Scientists
from the Hebrew University will meet with their German partners and will present
themselves during a festive event in the afternoon to the general public. I have
brought with me a poster drawing the attention to the public part of the event and a
couple of invitations together with detailed programs. I leave them with you in case
of interest.

And last not least, mentioning Humboldt leads again to Goettingen and to its
famous mathematician Carl Friedrich Gauss who also met Humboldt. Gauss and
Alexander von Humboldt are the main figures in a recent novel by the Austrian
writer Daniel Kehlmann. “”Measuring the world”” is a book full of humour, full
of information, filled with short and precise phrases and scenes. In this case easy
Mathematics for me!

But now I have moved already far away from the real topic of your Conference
and I better stop here in order to leave this latter topic in your hands and not to
steal more time from your deliberations. I am wishing you a successful conference
inspired by the genius loci.

Thank you for your attention.

<]

Henning Eikenberg
Representative of the Hebrew University for EU Research Framework Programmes
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Self-similarity in group theory and algebra
LAURENT BARTHOLDI .\ vtt ittt ittt ettt te e ienetneeeeneeneennenns 1

We describe avatars of self-similarity in the worlds of groups, associative
and Lie algebras; in each case, we highlight some important examples and
the questions or conjectures that they answer.

L-functions, automorphic forms, and arithmetic
VALENTIN BLOMER & GERGELY HARCOS .....tiitiit i, 11

We give a short, informal survey on the role of automorphic L-functions
in number theory. We present the strongest currently known subconvexity
bounds for twisted L-functions over number fields due to the authors and
give various arithmetic applications. This is based on a talk of the first author.

Bounded cohomology of the p-adic upper half plane
EHUD DE SHALIT ..ottt it i 27

We consider the bounded cohomology of Drinfel'd’s p-adic upper half
plane, with values in a local system M. We show that it has a canonical
splitting into the space of bounded one-forms with values in M. The paper is
largely expository, and self-contained.

On Arakelov vector bundles over arithmetic curves
NORBERT HOFFMANN L.ttt ittt ettt ittt et et ettt ettt iaaennns 49

Here ‘arithmetic curve’ means the set of all places X of a number field
K. Under the classical analogy between number fields and function fields,
Arakelov vector bundles over X correspond to algebraic vector bundles over
a smooth projective curve C. The text discusses analogues over X of three
results on such bundles over C: Riemann-Roch, the Narasimhan-Seshadri
theorem, and Faltings’ criterion for semistability.
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A conjectural non-commutative
generalization of a volume formula of McMullen-Schneider
TOBIAS FINIS & EREZLAPID ...\ iiiieas 59

The Fourier transform of the characteristic function of a convex polytope
is given by a localization formula due to Brion [2]. On the other hand, an
argument by McMullen-Schneider expresses the mixed volume of d polytopes
in a d-dimensional space in terms of volumes of parallelotopes formed by
d-tuples of edges, one from each polytope [4]. When we specialize these
formulas we get two seemingly different expressions for the volume of a
polytope. We propose a non-commutative conjectural generalization of this
identity. In the case of a root zonotope, such an identity is known and used in
the study of the spectral side of Arthur’s trace formula [3].

The j -invariant of a plane tropical cubic
HANNAH MARKWIG (JOINT WITH ERIC KATZ AND THOMAS MARKWIG) ........ 65

In tropical geometry, algebraic varieties are replaced by certain degenera-
tions called tropical varieties. Tropical varieties are piece-wise linear objects
that can be studied using combinatorics and linear algebra methods. We
can use tropical geometry to prove theorems about algebraic geometry by
means of these new methods. To reach this aim, we have to understand the
connection between algebraic geometry and tropical geometry. In this talk,
we want to understand the tropical analogue of the j-invariant of a smooth
elliptic curve.

Leopoldt’s conjecture for some galois extensions
PREDA MIHAILESCU .. tttttttt ettt et ettt et e ea et eeaeenes 69

In this paper we use Baker theory for proving some special cases of
Leopoldt’s conjecture. Thus we show that if the conjecture is true for some
field K, then it is true for solvable extensions thereof. Also, if it holds for
arbitrary extensions with simple groups, then it holds for any number field.
The proofs are essentially based on the talk given at the SANT Conference.

On Leopoldt’s conjecture and a special case of Greenberg’s conjecture
PREDA MIHAILESCU ittt ettt ettt ettt ettt eeeeens 79

The conjecture of Leopoldt states that the p - adic regulator of a number
field does not vanish. It was proved for the abelian case in 1967 by Brumer,
using Baker theory. We show that when K is a totally real extension in which
the prime p is totally split, then Leopoldt’s conjecture is equivalent to a
special case of Greenberg’s conjecture, which we prove. This case allows thus
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a proof which does not use transcendence theory. At the end of the paper
we give a new approach for the general case of Leopoldt’s conjecture, which
is currently under peer review. The two papers in these Proceedings gather
various approaches for attacking the conjecture of Leopoldt.

Homological algebra for Schwartz algebras
RALF MEYER ittt ettt ettt ettt e e e et et ettt e 99

Let G be a reductive group over a non-Archimedean local field. For two
tempered smooth representations, it makes no difference for the Ext-groups
whether we work in the category of tempered smooth representations of G or
of all smooth representations of G. Similar results hold for certain discrete
groups. We explain the basic ideas from functional analysis and geometric
group theory that are needed to state this result correctly and prove it.

Weights in generalizations of Serre’s conjecture and the mod p local Langlands
correspondence
MICHAEL M. SCHEIN ...ttt i e 115

In this mostly expository article we give a survey of some of the gen-
eralizations of Serre’s conjecture and results towards them that have been
obtained in recent years. We also discuss recent progress towards a mod p
local Langlands correspondence for p-adic fields and its connections with
Serre’s conjecture. A theorem describing the structure of some mod p Hecke
algebras for GL,, is proved.

Towards Langlands correspondence over function fields for split reductive groups
YAKOV VARSHAVSKY (JOINT WITH DAVID KAZHDAN) ........ccoviiuiiniinn.n. 139

In this note I will describe our joint work with David Kazhdan on the
global Langlands correspondence over function fields for arbitrary split re-
ductive groups.

Our main result asserts that for every pair (,w), where r is a cuspidal
representation of G one of whose local components is a cuspidal Deligne-
Lusztig representation, and w is a representation of the dual group, there
exists a virtual Galois representation p; ,,, whose L-function equals the L-
function of the pair (7, ).
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Maximal Sobolev regularity at radial points
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We establish precise regularity results for solutions to pseudodifferen-
tial equations with real principal symbols near radial points, microlocally in
the scale of H® Sobolev spaces. There is the new phenomenon of maximal
Sobolev regularity. We clarify this point by discussing how the two distin-
guished parametrices that one has near a radial point, where the pseudodif-
ferential operator under study is of real principal type, extend into that radial
point, and we provide an analytic formula for maximal Sobolev regularity in
terms of the principal and subprincipal symbols.

Elliptic gamma function provides the Cech cocycle of a gerbe
CHENCHANG ZHU .ottt ittt ittt it 161
G. Felder and A. Varchenko discovered certain modular formulas for
elliptic gamma functions. These identities are generalized to an infinite set
of identities for elliptic gamma functions associated to pairs of planes in 3-
dimensional space in [2]. There we also use the language of stacks and gerbes
to give a natural framework for a systematic description of these identities
and their domain of validity. In this note I summarize the work in [2] with an
emphasize on the Cech open covers.

The affine Macdonald’s formula
DAVID KAZHDAN ..ttt 169
In a paper with A. Braverman we defined the affine spherical Hecke
algebra. It is natural then to ask about the spherical eigenfunctionals. In the
finite-dimensional case they are described by MacDonald. In this note we
will talk about their affine analogue.

Hermann Weyl and the Early History of Gauge Theories
INORBERT STRAUMANN ..ttt ittt ittt it i i i iee s 173

One of the major developments of twentieth century physics has been
the gradual recognition that a common feature of the known fundamental
interactions is their gauge structure. In this talk the early history of gauge
theory is reviewed, emphasizing especially Weyl’s seminal contributions of
1918 and 1929.
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Abstract. We describe avatars of self-similarity in the worlds of groups, associative and Lie
algebras; in each case, we highlight some important examples and the questions or conjectures
that they answer.

Humans have since their origins been fascinated with symmetry. To quote Pierre
de la Harpe [18, page 3], it is “one way of coping with the frustrations of life’s limita-
tions: we like to recognize symmetries which allow us to grasp more that what we
can see”.

Symmetry is most conveniently expressed by a group of symmetries, and the
bigger the group, the more symmetries one has at hand. Uncountable symmetry
groups have two extremes (cf. Figure 1).

We shall be concerned in this text with objects whose symmetry group is totally
disconnected; a good model to keep in mind is the fern; symmetries include the
exchange of two neighbouring twigs, and all the replicas of this operation on sub-
ferns.

November 2008.

This is an extended abstract of a talk given in the “Symmetries in Algebra and Number Theory” conference
in Gottingen, October 27-31, 2008.
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FIGURE 1. Spaces with uncountable connected (left) and totally discon-
nected (right) symmetry group.

1. Self-similar sets

A self-similar set is a set X with a family X of maps X — X.

In interesting examples, these maps are injective; their images cover X; and their
intersections have empty interior. Furthermore, X could be a metric space, and the
maps could contract the metric.

A particularly simple model for X is a Cantor set, with X the set of maps from
X to its top-level clopens. More generally, a self-similarity structure on X with
appropriate restrictions gives rise to a Markov encoding of X.

2. Self-similar groups

A group G acting on a self-similar set X is self-similar [23] if for every g € G and
o € X there exist unique 7 € Z and h € G with

2.1 go=th:
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The self-similarity of G is conveniently encoded inamap ¢ : Gx X — X x G,
defined by ¢(g,0) = (7, h) using the above condition. This map contains the same
information as a map G — (X x G)* = 3% x G%; in fact its image lies in the semi-direct
product G* x Sym(Z) with Sym(Z) acting by permutation of the factors on G*. This
group is the wreath product of G and X, sometimes written Gt X. Therefore, the
self-similarity of G is also encoded by a map

$:G—Gl12:= GZxSym(Z).

It is not hard to see that ¢ is in fact a group homomorphism.

Given a self-similar group G, one may forget the space X on which it acts, and
reconstruct an action from the self-similarity map. This action will be on the set Z*
of words over Z; it may be extended by continuity to an action on Z°.

Givenge Gand a;...a, € X%, one sets gy = g; and for i = 1,..., n one computes
in turn ¢(g;-1, a;) =: (b;, g;). Then one defines the action of g by

g-ay...anp:=by...by.

2.1. Grigorchuk’s group. One may proceed in reverse: one starts by a self-similarity
map on a well-known group F, for example a free group; and defines a new group as
the quotient of F that acts faithfully on *.

For example, let F = (a, b, ¢, d) be a free group of rank 4; take X = {0, 1}; and define
¢:FxX—2XxFby

al—1, b0 +— 0a, c0+— 0a, d0— 0,
al— 0, bl~ 1c, cl—1d, dl— 1b.

Let ¢ be the subgroup of Sym(Z*) defined by ¢. It is the first Grigorchuk group [14].
For an in-depth introduction to ¥, see [18, Chapter 8].

2.2. Burnside’s problem. Recall that a torsion group is one in which all elements
have finite order; in a p-group, all elements furthermore have order a power of p.
Burnside [10] asked in 1902 whether every finitely generated torsion group is finite,
and this question has stimulated much research in group theory during the 20th
century.

Variants of Burnside’s question have been considered: the “Bounded Burnside
Problem” asks whether there exists an infinite finitely generated group G and a
bound m such that every element of G has torsion of exponent dividing m. For
m < 4 or m = 6 this is impossible; while already the case m =5 is open. On the other
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hand, Adyan [1] (improving on [24] showed that for m = 665 the group could be
infinite.

The “Restricted Burnside Problem” asks whether, for given k, m, there are finitely
many finite groups with k generators and exponent m; or, equivalently, whether
there is a largest such group. This question was answered positively by Zelmanov [32,
33].

Golod [13] constructed in 1964 examples of infinite p-groups, settling Burnside’s
original question. These examples are not easily manageable: Golod starts by an
enumeration aj, ay,... of all elements without constant term of the associative
algebra of =F,{x, y}; he then considers % = of/ (af " ), where the n; are sufficiently
fast growing that 28 is infinite-dimensional — this is where the “Golod-Shafarevich
condition” comes into play. The subgroup G of 8™ generated by {1+ x,1+ y}isan
infinite p-group.

Aléshin then produced [2] a more concrete family of torsion groups. The Grig-
orchuk group ¥ is, up to finite index inclusions, the first term in this family:

Theorem 2.1 (Grigorchuk [14]). The Grigorchuk group ¥ is an infinite, finitely gen-
erated torsion group.

Note that ¢ has unbounded exponent, by Zelmanov’s result, since it is residually
finite. Other, similar torsion groups were constructed by Gupta and Sidki [17], but in
this text we shall concentrate for simplicity on 4.

2.3. Growth of groups. Let G be a finitely generated group, with generating system
S. The growth function of G is the function

y(n)=#{geGlg=s1...spform=<nands; € S}.

The study of growth for finitely generated groups was introduced in the 1950’s in
the former USSR [29] and in the 1960’s in the West [21]; its first appearance seems to
be [20].

Note that, although y depends on the choice of S, its asymptotic behaviour does
not. A group has polynomial growth if y(n) is asymptotically polynomial; it has
exponential growth if y(n) is asymptotically exponential.

It is easy to see that abelian groups have polynomial growth; for example, the
growth of Z¢ is equivalent to n%. The same holds for nilpotent groups. Gromov
proved conversely:
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Theorem 2.2 (Gromov [16]). A finitely generated group has polynomial growth if
and only if it contains a nilpotent subgroup of finite index.

On the other hand, free groups, or more generally fundamental groups of nega-
tively curved compact manifolds, have exponential growth.

There are many classes of groups for which the following alternative holds: either
a group has polynomial growth, or it has exponential growth. This is the case for
example for linear [30] and word-hyperbolic [12] groups.

Milnor asked in 1968 whether there exist groups of intermediate growth [22]. This
was answered positively in the early 1980’s, again by Grigorchuk:

Theorem 2.3 ([15]). The Grigorchuk group 4 has intermediate growth; more pre-
cisely,

" Symse”,
with a = 0.515 and B = log(2)/log(2/n) = 0.767, for n = 0.811 the real root of the
polynomial £3 + t> + t - 2.

The upper bound appeared in [4], and the lower bound appeared in [5]. I conjec-
ture that the upper bound is sharp.

2.4. Dynamical systems. Apart from important examples such as the Grigorchuk
group ¥, there is a general construction giving a self-similar group, due to Nekra-
shevych [23].

Let ./ be a topological space, and let f : .4 — .4 be a branched covering of .#,
with critical locus C. As a simple but good example, consider .# =C and f = z% -1,
with C = {0,00}. Set

M=\ O,

nx=1
and choose a basepoint = € .#'. Then 71 (./', ) acts by monodromy on
T:=| ] f"().
n=0

To compute effectively this action, let = = {0y} be a collection of paths in .#' from
*t0 X € f’1 (x). For every g € m1 (', *) and every o € T, there exists a unique f-lift
& of g starting at x; this lift will end at some y € f~!(*). Define then

P(g,0:)=(0y,0,'g0)

with concatenation of paths written in the right-to-left order. This defines a self-
similarity structure on 71 (.#’, *), and transfers its action on T to an action on Z*.
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I am grateful to Professor Stuhler for having suggested the following, more al-
gebraic approach during my talk. One sets X = ' the universal cover, on which
G =m (', %) acts by deck transformations; and one lets X be the branches of f at *,
extended by analytic continuation to maps X — X. Then for every o € X and every
g € G there are unique ¢’ € T and g’ € G with o g = g’0”; this defines a self-similarity
structure on G. Note however that the arrows for this self-similarity structure are in
the opposite direction as in (2.1).

The iterated monodromy group of f is the quotient of 71 (', ) acting faithfully
on T. It serves both as a good source of examples (the group associated with f = z2—1
is an example of amenable group that does not belong to any of the previously known
classes [8]) and as a powerful invariant for the dynamical system defined by f up to
isotopy [7]; this was crucial in solving an open problem by Hubbard [11].

3. Self-similar associative algebras

To move from groups to algebras, we may simply linearize the definition of a
self-similar group: a self-similar associative algebra is an algebra </, a vector space
V, and a linear map

AV ->Ved,
called its self-similarity map. One may also write ¢ as an algebra homomorphism
¢:of — o ®End(V) = My(f),

if V is has dimension d. In a different language, such algebras were first considered
by Sidki [28].

Let € : & — k be a homomorphism (an augmentation). Then <f acts by linear
transformations on the tensor algebra T(V) = @,>¢ V®"; the action is defined as
follows. Consider a€ &« and v1 ®---® v, € T(V). Set ap = a; for i = 1,..., n compute
d(ai-1 ®v;) =Y w; ®a;; then

A-V1®-®Upi=) Y W8 ® Wye(ap).

Self-similar algebras may be constructed as follows: let G be a self-similar group,
withmap ¢: Gx X — Z x G. Letk be a field. Set «f =kG and V =kZ. Then the linear
extension of ¢ defines a self-similar associative algebra structure on <.

Note that, even if the map ¢ is injective (as for example for a self-similar group
defined by its self-similarity map), its linear extension may well fail to be injective.
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As a concrete example, consider the associative algebra kG associated with the
Grigorchuk group. Its self-similarity map may be defined by

0 1 a o a o 10

Note now that x := (d — 1)a(d — 1) # 0 € kG, but ¢p(x) = 0.

Following Sidki, we call the quotient </ (G) of kG acting faithfully on T(V) the
thinned algebra of G. 1t is the self-similar algebra defined by the linear extension of
G’s self-similarity map.

3.1. Goodearl’s conjecture. Let now «f = o/ (%) be the thinned algebra of the Grig-
orchuk group.

Theorem 3.1 ([3]). The algebra «f has quadratic growth, and therefore has Gelfand-
Kirillov dimension 2. It contains a copy of Laurent polynomialsk|[t,t™].

Assume thatk has characteristic 2. Then & is graded, and its homogeneous ele-
ments are nil.

Assume furthermore that k is an algebraic extension of F». Then the Jacobson
radical of </ coincides with its augmentation ideal

o) =ker(e)=¢a-1,b—-1,c—-1,d-1).

(A finitely generated algebra has quadratic growth if the dimension of the span of
(< n)-fold products of generators grows as a quadratic function of n; the Jacobson
radical is the intersection of all maximal right ideals, and can be defined as those
x € o for which 1+ axf is invertible for all @, § € o).

It turns out that these features contradict a conjecture attributed to Goodearl [9,
Conjecture 3.1]. This conjecture stated that if of is an algebra over a field and has
Gelfand-Kirillov dimension 2, then its Jacobson radical is nil.

4. Self-similar Lie algebras

We finally consider self-similarity for Lie algebras. Let £ be a Lie algebra, and let
% be a commutative algebra. A self-similar Lie algebra is given by a self-similarity
map
¢p:L£— £16:=L®€ xDeré.

In that case, £ acts by linear maps on T(%); the action is defined as follows. First,
£-1=0. Consider then [€ £ and c® d € T(¥), with c€ € and d € T(¥). Compute
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¢() =X [; ® ¢; + 0; then inductively set
[-(cod):=) cice(j-d)+0(c)®d.

Again one may construct a Lie algebra by giving a self-similarity map on a free
algebra, and by considering its quotient acting faithfully on T'(%).

Let £ be a self-similar Lie algebra. Then the associative envelope </ (£) of its
action on T(%) is a self-similar associative algebra. Concretely, define ¢ : o (£) —
& (£) ® Endg (€) by

PO => ¢i®M, +1®0,

where M, denotes the k-endomorphism of ¢ defined by multiplication by ¢, and
where ¢(I) = }_[; ® ¢; + 0 holds in the Lie algebra £.

4.1. Zelmanov’s conjecture. Letk be a field of characteristic 2, and set
¢ =k[x]/(x?). Consider the Lie algebra £ = (A, B, C, D), defined by its self-similarity
map

0
A'—>6—, B— A+C(+x), C—A+D(1+x), D~ B(1+x).
X

Theorem 4.1. The Lie algebra £ is graded, and has linear growth; more precisely, its
homogeneous components of degree = 2 have dimension € {1, 2}.

The associative envelope of Z (£) of £ is the associative algebra o« = </ (4) from
§3.1. The Lie algebra £ coincides with the Lie algebra associated with the dimension
series of the Grigorchuk group 4 from §2.1.

Recall that the dimension series of a p-group G is the sequence of subgroups
defined by G; = G and G;, = [G, G;,—11(Gn/p1)? for n = 2. Commutation in G gives
rise to a Lie algebra structure on £(G) := @1 k ®F, (Gn!Gps1). The structure of
£(%) was computed in [6], based on ideas in [26].

The isomorphism between </ (¥4) and <f (£) is as follows: a corresponds to A+ 1,
etc.; the basis {0, 1} of V corresponds to the basis {1,1 + x} of 6.

Lie algebras associated to groups have been extensively studied [19,31]; a group
has finite width if the ranks in the Lie algebra above are bounded. A conjecture
attributed to Zelmanov [34] asserted that groups of finite width had to fall in precise
classes: solvable groups, p-adic analytic groups, or (up to finite index) the positive
part of a loop group or the Nottingham group Aut! (FpllaD).

This conjecture is disproved by ¢ and £, and the structure of groups of finite
width is therefore considerably more complicated than one might have expected.



Laurent Bartholdi: Self-similarity in group theory and algebra 9

4.2. Petrogradsky-Shestakov-Zelmanov Lie algebras. It might have naively been
believed that, if G is a p-torsion self-similar group (such as the Grigorchuk group)
and k is a field of characteristic p, then @ (< (G)) is a nil ring. This is certainly not
true, as we saw in §3.1. However, Shestakov and Zelmanov (following ideas by
Petrogradsky [25]) construct non-nilpotent nil rings from Lie algebras, as follows.

Let k be a field of characteristic p, and set ¢ = k[x]/(xP). Define the self-similar
Lie algebra £ = (¢, u, v) by

t»—»a—, u— vxP '+, v— u.
x

Theorem 4.2 ([27]). The subalgebra (u, v) of £ is a finitely generated, nil Lie algebra,
but it is not nilpotent. It has Gelfand-Kirillov dimension € (1,2).

The associative envelope of £ may be described quite easily: its self-similarity
map is given by p x p-matrices

0 0 0 u
t— , uU— , U
: tr 0 u 0
0 0 u t 0 0
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over number fields due to the authors and give various arithmetic applications. This is based on a
talk of the first author.

1. L-functions

Suppose you are given an interesting sequence a(n), n € N, of complex numbers
that you would like to investigate. The method of analytic number theory is to
encode this sequence in a generating function. There are several choices, and if
some multiplicativity is involved, one might consider the Dirichlet series

X a(n)

ey L&)=Y

n=1
If we assume a(n) <, n for all € > 0, or even only an average bound }_,,< |a(n)| <,
x1¢, then (1) converges absolutely and uniformly on compacta in s > 1, and thus
defines a holomorphic function. We can hope that in this way we translate the
arithmetic of the sequence a(n) into analytic properties of the function L(s), and

ns -
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indeed there is very often a remarkable interplay between arithmetic and analysis.
Let us look at a few examples (see also [21, 27, 32]):

1) Let a(n) = 1 for all n. While it is debatable if this is an interesting sequence, it
gives no doubt an interesting object: the Riemann {-function

x 1 1\7!
((S)-—ngl;—];[(l—;) . Rs>1.

The Euler product shows that {(s) # 0 in Rs > 1, and it is a classical fact that the
non-vanishing of { on the line Rs = 1 is equivalent") to the prime number theorem
X
T(x):=#p=<x rime} ~ —, X — oo.

(x) :=#{p = x| p prime} logx
The {-function can be extended meromorphically to all of C, and one has more
precisely an equivalence®

{(s)#0inRs>1—-0 forsome0<d<1/2
*odt
— 7(x) = f — 4+ 0(x'%*%) forsome 0 <5 <1/2 and all £ > 0.

> logt
This shows a very precise translation of an arithmetic statement (distribution of
prime numbers) into an analytic statement (location of zeros).

2) Let K/Q be a number field and let a(n) := #{integral ideals a | #'a = n}. This
gives the Dedekind ¢-function

S aln) 1
Ck(8):= ng,l p _Za’(ﬂa)s'

which has a simple pole at s = 1. The analytic class number formula states
2" (2m)"2Rh
wyIDl '

where as usual r1, r» are the number of real resp. pairs of complex embeddings of K

resCg(s) =
s=1

into C, R is the regulator, h is the class number, w is the number of roots of unity in
K and D is the discriminant. In other words, we find all algebraic invariants of K in
the Laurent expansion of {x at s = 1.

@ of course, since both statements are true, they are in particular equivalent. But even without knowing
the truth of either of these statements one can deduce one from the other.
@ Here it is unknown if either of these statement holds for some & > 0.
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3) Let y be a primitive Dirichlet character to some large modulus g. This gives
rise to a Dirichlet L-function

L(s, )=} X’(l’:)

n=1

which again can be continued to an entire function. In practice, one often encoun-
ters character sums of the type }_,,<, ¥ (1), and one would expect that there is a lot of
cancellation in such a sum. For example, for x = g one even has }_, < q x(n) =0. Can-
cellation becomes a very delicate matter if the sum is short, i.e. if x is small compared
to g. The Lindelof hypothesis for L(s, y) states that L(1/2+ it, y) <. (1 +1t]) )¢ for
all € > 0. This is not known, but it would imply

Z 7((") <, x1/2+£

n=<x
for all € > 0 and for all x > 0. Again there is an intimate connection between an
arithmetic statement (equidistribution of character values to small arguments) and
an analytic statement (growth on vertical lines).

4) If E/Q is an elliptic curve, we know by Mordell’s theorem that the set of rational
points on E is a finitely generated Abelian group, E(Q) = Z" & E;(Q). The rank r
seems to be an elusive object; however, it is relatively simple to count points on (the
reduction of) E over finite fields, and we can define
p+1-#E(F,)

NG

for a prime p. This can be extended in a more or less natural way to all integers,
and yields an L-function Lg(s) =Y ag(n)n~%. Itis, in general, very hard to prove that
this can be extended to an entire function, and is part of the seminal work of Wiles
(and others) [9, 39, 43]. Given that Lg(1/2) exists, the Birch and Swinnerton-Dyer
conjecture states (among other things) that the rank can be recovered from the
Laurent expansion at 1/2, namely ords=1,2 LE(s) = 1.

ag(p) :=

We observe that all four examples depend on an appropriate analytic continua-
tion of the respective L-function and provide a connection between the arithmetic
input and some analytic properties outside the region of absolute convergence.

Every decent L-function has a functional equation of the form

(2) L(s)G(s)=nL(1-5G(1-s)
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where |n| =1 and

d
G(S) — NS/Z l_[ 7[78/21—‘
j=1

s+,uj)
2

for some integer N € N and some complex numbers yy, ..., z. The complexity of an
L-function is measured by its analytic conductor

d
3) C:=C):=N[]A+t+p;h, t=Ss.
j=1

Since we are assuming that L(s) converges absolutely in Rs > 1, we have L(s) < 1 in
Rs =1+ e. The functional equation (2) and Stirling’s formula translate this into®
L(s) < CY2+¢ gn Rs = —¢. If we assume in addition that L is of finite order (in the
sense of complex analysis), which is always satisfied in applications, then a standard
argument shows

4) L(1/2+it) < C(t)V/4*.

This is usually referred to as the convexity bound, and any exponent smaller than 1/4
is called a subconvexity bound. If the generalized Riemann hypothesis holds for the
L-function in question, then 1/4 can be replaced with 0.

2. Automorphic forms on GL,

Let G := PSLy(R). We have the Iwasawa decomposition G = NAK where

. 1 x . y1/2
N._{( 1)|x€R}, A._{ i |y>ot,

cosf sinf
K= { (—sin@ cosH) ‘ Oe [O,n)}.

The group K = PSO (R) is a maximal compact subgroup of G. Let

T:=To(N):= {(? Z) € PSL,(Z) | ¢ = 0 (mod N)}.

3 Throughout this note, £ > 0 denotes an arbitrarily small constant, not necessarily the same on each
occurrence.
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Then G acts on L?(I'\G) by the right regular representation, p(g)(¢) (x) := ¢(xg) for
¢ € L>(I'\G), and we have a G-equivariant decomposition

®) LZ(F\G)zﬁ-leB@VHEBZf Hq(t)dt
7 a JR

into the constant functions, cuspidal irreducible representations (i, V;) and Eisen-
stein series for the cusps a (that enter the picture because I'\ G is not compact). Each
Vx decomposes further according to the characters of K:

Vi= D Vagq

qe2z

(in the Hilbert space sense), and it is known that dimVy 4 < 1. The left and right
G-invariant Laplace operator

A= —y?(05 +05) + y00g

acts (by a generalized version of Schur’s lemma) on each V; as a scalar 1; e R. In
algebraic terms, this is the Casimir element (up to normalization) of the universal
enveloping algebra U(g). Sometimes we need a variant of the space I2(T'\G). For
a character y of modulus dividing N let L?>(I'\G) denote the L?-space of functions
G — C that transform under I' as f((4 s)g) =x(d) f(g) for (¢ Z) erl.

Why is the space L?(I'\G) interesting? One reason is that it is equipped with
additional structure. In general there is no left action of G an L?(T'\G): if f is I'-
invariant, then f(g-.) isonly g_IFg-invariant. However, ifI' = T'g (V) and g € PSL,(Q),
then g~'T'g contains some finite index subgroup of I'y(), and using a suitable
average, we can get back to I'g (V). This is a special feature of groups like 'y (V) (as
opposed to arbitrary discrete subgroups of G) and yields a family of naturally defined
operators {1}, | n € N} that forms a commutative algebra, which also commutes with
A, since A is left G-invariant. Mostly for technical reasons we consider only the
subspace L2, (I'\G) whose irreducible representations are generated by so-called
newforms, i.e. they do not come from subgroups with smaller index in PSL,(Z).
Then each operator T}, acts on each V, Lflew(F\G) as a scalar A, (n), and a function
¢ € V4 has a Fourier-Whittaker expansion

y2 xy7V2) [ cos®  sinf
0 y Y2 ||-sinf cosh
A (n)
0 n
ll] ;0 \/W sgn(n)q/z m(4ﬂ|n|y)e(nx)’

¢
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where as usual e(x) denotes the additive character ¢2"i*, Wy, g is the Whittaker func-
tion® [42, Chapter 16] and A(—n) = nA(n) with 5 € {~1,0,1}. This is relevant for us,
because the Hecke eigenvalues A, (n) carry often number theoretic information.

Examples. 1) Hecke [25] - Maal$ [31]: Let N be the discriminant of the field
K = Q(v/N) and y the character of the extension K/Q. Then there is a representation
(7, Vir) € L2, (T\G, y) with A = 1/4, such that A, (n) = #{ideals a € Ok | A a = n}.

2) Wiles et al. [9, 39, 43]: Let E/Q be an elliptic curve. Then there is a represen-
tation (77, Vy) € L2, (T\G) with A, = 0, such that A, (p) = (p+ 1 —#E(F »))/ /P for all
primes p.

Langlands’ philosophy suggests that “all interesting objects" arise in this way for
suitable I' and G. In any case, for each representation (i, V) < LIZIBW(F\G) we can

define an L-function N
L(m, )= )

n=1
and we hope to learn more about Hecke eigenvalues by studying L(=, s) from an
analytic point of view.

If we work over a number field K/Q with class number / > 1, the above setup is
not appropriate. One could work with % copies of G modulo certain conjugates of T,
but it is better to work adelically. For each place v of K let K, be the completion and
0, the ring of integers (if v | co, then €, = K,)). Then the adele ring is the restricted

product
A=]'k
v

with respect to the sets @, with K embedded diagonally. There is a natural surjec-
tion from A to the group of non-zero fractional ideals of K, and we often do not
distinguish between an idele and its image. Again GL»(A) acts by the right regular
representation on L2(A* GLy (K)\ GLy(A)) where A* is identified with the center of
GL,(A). This setting has no dependence on the level of the subgroup any more, since
it treats simultaneously all subgroups I'y(c), with ¢ an ideal in K. If we want to make
the level explicit, we define

H(©):= [] H(cp) =Glo(Agin)
p finite

s

@1n the special case g = 0, this reduces essentially to a Bessel K-function.
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for a nonzero ideal ¢, where

J,’(cp):z{ i

with 0 the different of K. The conductor of an irreducible representation (i, V)
contained in L2(A* GL,(K)\ GLy(A)) is the smallest ideal such that V, contains a
right K(c)-invariant vector (which is automatically a “newvector"). The Fourier
expansion in the adelic setting reads

A
4’((3’ x)): Z MWMU@W/(T}C),
reK*

1 vV W(ryﬁn)
where ¥ = Yoo X yfin € A%, x € A, ¢ a smooth vector in some cuspidal irreducible
representation 7, A4 the norm, Wy, a product of Whittaker functions, ¥ the standard
additive character on A, and A, (7 ysn) depends only on the fractional ideal repre-
sented by r ygn, and is non-zero only if this ideal is integral.

b
d)(—:GLg(Kp)‘ a,d €0y, bed,', ceye, ad—bce@g}

How can we get new automorphic forms out of given ones? A typical way is
twisting, and the simplest twist is by a character (that is, by an automorphic form
on GL;). Let y : K*\A* — S! be a Hecke character of conductor q (that is, q is the
largest ideal such that y is trivial on finite ideles = 1 mod q), and define the twist of a
representation i on GL, with y by

n®x(g) :=x(detg)m(g).

This is another representation on GLy, and if the integral ideal a is coprime to the
conductors of 7 and y, then Azey(a) = Az(a)x(a). If ¥ has conductor q and 7 has
conductor ¢ coprime to ¢, then 7 ® y has conductor cq?, so the conductor of the
character enters quadratically.

3. Subconvexity for automorphic L-functions

The following result is a combination of the results in [7, 6, 5]. We are interested
in bounding a twisted automorphic L-functions in terms of the conductor of the
twisting character, where the other parameters are essentially kept fixed.

Theorem 1. Let K be a totally real number field of degree d, m an irreducible cuspidal
representation on GLy(A), y a Hecke character of conductor q and C = C(t,n) the
analytic conductor of L(s, ) in the sense of (3). Then

L®y, 1/2+it) < CA(N )20+



18 Symmetries in Algebra and Number Theory, 2008

where N denotes the norm, A is some absolute constant, € > 0 is arbitrarily small,
andd = ﬁ in general, and 6 = % ifK=0Q.

More precisely, the constant § in the general case® is § (1 —260) > ; where 6 is
the a bound towards the Ramanujan conjecture (currently 8 < 1/9 is known [29] and
0 =0 is conjectured).

The convexity bound in this context is Lt ® y, 1/2+it) < ¢ (A q)1/2*¢. The first
subconvex bound in this direction was ¢ = 1/22 for K = Q by Duke, Friedlander and
Iwaniec [19] and an important contribution came from Bykovskii [12] that inspired
both [16] and [6]. Our bound § = 1/8 matches the quality of Burgess’ celebrated
bound [11], where the case 7 an Eisenstein series is treated.

Over a number field K other than Q a subconvexity bound was for a long time an
open problem. In an unpublished manuscript [13] (see also [14]), Cogdell, Piatetskii-
Shapiro and Sarnak obtained 6 = 1/18 for holomorphic Hilbert cusp forms using
deep bounds for triple products [35]. As an application of an ingenious and very
flexible geometric method, Venkatesh [40] (see also [34]) proved recently — among
other things — Theorem 1 with ¢ = 1/24. Our method is quite different from all of
these works and will yield in particular as a by-product a solution of a problem of
Selberg, see Theorem 2 below.

We will only sketch briefly the ideas that go into the proof; it rests on the following
ingredients®:
- the amplification method [19] and an approximate functional equation [23]
(this is essentially standard),
- the spectral decomposition of Dirichlet series associated with a shifted convo-
lution sum [7] (solving a problem of Selberg) which makes good use of
- the Kirillov model and Sobolev norms [2].

Let us look at the first point. To start with, we have to find a way to work con-
veniently with the values L(n ® y,1/2 + i) since a priori they exist only by analytic
continuation (or perhaps as a conditionally convergent series which is not useful
in practice either). However, often a suitably truncated part of a divergent or con-
ditionally convergent series gives a good approximation of the quantity that one

) At the time of writing, we need some technical assumptions that can most likely be removed with a
little extra work.
®)The proof for K = Q uses a somewhat different methods which avoid the dependence on Ramanujan
bounds, see [6].
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is interested in. For L-functions this can be made precise with an approximate
functional equation, and in fact the first about C'/? terms of an L-function with
analytic conductor C are a very good approximation on the critical line ®s =1/2. In
other words, for all practical purposes

Ax(a)x(a)
(6) L(1/2,r® ) M;/Vq VL
and similarly for other points on the critical line, where ~ has to be understood in a
very broad sense. Note by the way, that the trivial bound would recover the convexity
estimate. Now that we have an explicit description of L(s, 7 ® y) as a finite sum, let
us try to exhibit cancellation in such sums. Let us first look at a simple example”.
Suppose you want to prove that | sin x + cos x| < v/2. There are certainly many ways
of proving this. Here is one: Square the left hand side and add a “spectrally useful"
nonnegative quantity:

|sinx + cosxl2 +|sinx — cosxl2 =2.

Now drop the second term, and the proof is complete. In a similar way;, it is useful to
embed an L-function into a family. First let us cut the sum (6) into / pieces according
to the ideal class of the ideal a. For simplicity we will only work with the principal
class. We consider now the second moment

Y ILrew,1/2+iDf,

weQ
where Q is a family of characters containing y, for example the family of all characters
of (0/q)*. These characters are in general not Hecke characters, because they may
not be trivial on units, and so strictly speaking the expression L(n ® w,1/2 + it)
does not make sense as a value of an automorphic L-function. It is typical in this
context to consider such “fake-moments"; after all, we are free to add to our original
quantity L(n ® y,1/2 + it) whatever we want as long as it is non-negative. Here the
expression L(r ® w,1/2 + it) is just a notation for a suitable Dirichlet polynomial
whose coefficients behave roughly like 1, ((@))w (@) on principal ideals («). This
family is of size about .4'q; so even if we assume a sort of Generalized Lindel6f
hypothesis in the sense L(r ® w,1/2 + it) < 1, we can bound the above sum only
by A& q which after taking the square-root just recovers the convexity bound. The
problem here is that our family, although very convenient to work with, is quite

(Mwhich can be viewed as an instance of arts and science in mathematics: it is art to find the second term,
and it is science to prove the trigonometric identity
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large. One could try to evaluate a fourth moment instead of a second moment,
in which case one could take the fourth root at the end, but our current analytic
techniques are not strong enough to estimate a fourth moment appropriately. The
idea of Duke-Friedlander-Iwaniec [19] is to weight the sum in our favor so as to
highlight the one term we are interested in, but not the other ones that we drop at
the end anyway. Hence as a refinement, we consider
@ Y JAWPILr e w,1/2+iD),
weQ
where A(w) is an “amplifier” that is large for w = y, and rather small otherwise. In
practice, A(w) will be a short Dirichlet polynomial, e.g.
Aw)= ), y@o),
N (@)~L
where L is a parameter that we can optimize later. Now we open the square and sum
over w. This shows that we have to bound nontrivally sums roughly of the form
8) Y Ax (M) Az (n2),

nl,nzeﬁKﬂ%
aini=azny (mod q)

where a1, a, are of norm about L (they come from the amplifier), and 98 is a box in
Minkowski space of the form

n°,..., n% :(Wq)l/d

with 04, ...,04 the embeddings of K into R. We break this sum into pieces according
to the value of

9) q:=ain;—any €q.

The term g = 0 is the diagonal term, and pretty straightforward to handle. Let us now
assume ¢q # 0. Expressions of the type (8) with a summation condition of type (9) are
usually called shifted convolution sums. Selberg [37] considered in 1965 Dirichlet
series (over Q) of the type

Dy9= ¥ Ax (1) An (12)
ni—na=q (n1+n2)s
(which is not an automorphic L-function!) and proved in some cases an analytic
continuation to some right half plane Rs > 1 — § with § > 0, however, without good
control of the size in s and g (which is crucial for all known applications). Progress
in this respect has been made by Good [22], Jutila [28], Sarnak [35] and Motohashi
[33]. Our method, based on the Kirillov model and Sobolev norms gives not only the
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analytic continuation with good growth estimates, but also the pleasing structural
insight that the series D(s) can be decomposed according to the decomposition (5).
We present the result in the simplest case [7]. The general case is treated in [5].

Theorem 2. Let k > 60 and g > 0 be any integers, and A(n) Hecke eigenvalues of
any irreducible cuspidal representation on GL, of conductor 1. Then there exist
holomorphic functions Fy in the strip 1/2 <Rs < 3/2 (depending on k) such that

A A(m) (nm) k-D/2
mir=q (n+m)s+k‘1

= q”z_sfﬂtn(q)Fn(s) dm, Rs>1,

and ) 3
[IFn(s)ldn < |s1%, SHesRs=z,

where the integral is taken over the union of the discrete spectrum and the continuous
spectrum.

Armed with Theorem 2 (or rather a slight generalization thereof) it is relatively
straightforward to complete the proof of Theorem 1.

4. Applications

Although at first sight Theorem 1 may seem as some purely analytic trickery, it
has, in accordance with the general philosophy of L-functions, interesting arithmetic
applications. Perhaps the most appealing application of Theorem 1 is in combina-
tion with the formula of Waldspurger [41] and its extensions to number fields. More
precisely, let 7 be a cuspidal representation on the double cover SL;, generated by
a half-integral weight modular form satisfying some technical assumptions, and 7
the representation on GL; given by theta correspondence (“Shimura lift"). Then for
squarefree m, Waldspurger’s formula relates the square of the m-th Fourier coeffi-
cient of 77 to L(7 ® y,, 1/2) where y , is the quadratic character corresponding to the
extension K (v/m)/K. In this way, Theorem 1 yields the currently best known bounds
for Fourier coefficients of half-integral weight Hilbert modular forms.

One particular situation where such bounds are needed, are asymptotic formulae
for the number of representations of totally positive integers by ternary quadratic
forms, see [3] for an overview of this topic over Q. Hilbert’s eleventh problem asks
more generally which integers are (integrally) represented by a given n-ary quadratic
form Q over a number field K. If Q is a binary form, it corresponds to some element
in the class group of a quadratic extension of K (see [17] for a nice account over Q).
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If Q is indefinite at some archimedean place, Siegel [38] for n = 4 and Kneser [30]
and Hsia [26] for n = 3 proved a local-to-global principle, so Siegel’s mass formula
tells us exactly which integers are represented by Q. If Q is positive definite at every
archimedean place and n = 4, again Siegel’s mass formula and simple bounds for
Fourier coefficients of Hilbert modular forms give a complete answer (some care
has to be taken in the case n = 4). The only remaining case of Q positive definite and
n = 3 was solved by Duke and Schulze-Pillot [20] for K = Q. For arbitrary totally real
K, the result was announced in [13] with a sketch of the proof being given in [14] in
the class number one case. Combining the argument in [14] with Theorem 1 and
Waldspurger’s formula e.g. in the version of Baruch-Mao [1] one derives:

Theorem 3 (cf. [14,13]). Let K be a totally real number field and let Q be a positive
integral ternary quadratic form over K. Then there is an ineffective constant ¢ > 0
such that every totally positive squarefree integer m € Ox with & m = c is represented
integrally by Q if and only if it is integrally represented over every completion of K.

The representation of non-squarefree integers is quite subtle, but in principle can
again be characterized by more involved local considerations, cf. e.g. [36].

Theorem 3 can be refined in various ways and also made quantitative, which
yields for example applications of the following type: Gaull proved in his Disquisi-
tiones that a rational integer n can be written as a sum of three squares if and only
if it is not of the form 4X(8m + 7), and if it is in addition not divisible by a very high
power of 2, the number of such representations is about L(1, y )/ which by Siegel’s
theorem is n!/27°®)_ Hence one may ask if all integers satisfying some natural con-
gruence conditions can still be written as a sum of three squares of numbers with
certain restrictions, e.g. sums of three squares of primes, or sums of three squares of
squarefree numbers or sums of three squares of smooth numbers etc. Combining
the previous results with a carefully designed sieve (the vector sieve as developed by
Briidern and Fouvry [10]) one can for example prove [4, 3]:

Theorem 4. Let® n=3 (mod 24), 51 n, be sufficiently large, and lety = 1/567. Then
n is the sum of three squares of integers with all their prime factors greater than n? .
The number of such representations exceeds > n"'?~¢ In particular, every such n is
the sum of three squares having at most 284 prime factors.

®)1n [3, Proposition 3.1] the condition 7 = 3 (mod 8) has to be replaced by n =3 (mod 24).
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For similar results of this flavor see [3].

A different type of application of Theorem 1 can be found in [15] (cf. also [40, 44])
that generalizes work of Duke [18]: Under the assumption of a subconvex bound as
above it is proved that a certain family of Heegner points and certain d-dimensional
subvarieties are equidistributed on the Hilbert modular variety PSL, (Ox) \#%. For
example, if K = Q, and —D is the discriminant of an imaginary quadratic field, then
each ideal class a = (a, %(b -v=D)), say, in the class group of Q(@) gives a Heeg-
ner point z = (b - v-D)/(2a) in X := PSLy (Z)\A. If D — oo, these points become
denser and denser in X, and the above statement says that they become actually
equidistributed (with an explicit rate of decay) with respect to the standard measure
y~2dxdy on X. In order to prove this, one has to sum the values of a test function at
these Heegner points, and by a spectral decomposition one can assume that the test
function is an eigenform of the Laplacian. This leads to certain Weyl sums, which
can be expressed as central values of twisted L-functions. Using bounds for the
L-values as in Theorem 1, one derives an equidistribution statement.

Finally we note that the subconvex bound in Theorem 1 (in particular for K = Q)
is a crucial input for certain subconvex bounds of higher degree L-functions, which
in turn have other arithmetic applications. We refer the reader to [24, 8] for more
details.

References

[1] E. M. BARUCH & Z. MAO - “Central value of automorphic L-functions”, Geom. Funct.
Anal. 17 (2007), no. 2, p. 333-384.

[2] J. BERNSTEIN & A. REZNIKOV — “Sobolev norms of automorphic functionals”, Int. Math.
Res. Not. (2002), no. 40, p. 2155-2174.

[3] V. BLOMER - “Ternary, quadratic forms, and sums of three squares with restricted vari-

ables”, Anatomy of integers, CRM Proc. Lecture Notes, vol. 46, Amer. Math. Soc., Provi-

dence, RI, 2008, p. 1-17.

V. BLOMER & J. BRUDERN — “A three squares theorem with almost primes”, Bull. London

Math. Soc. 37 (2005), no. 4, p. 507-513.

[5] V. BLOMER & G. HARCOS - “Twisted L-functions over number fields, and Hilbert’s
eleventh problem”, preprint.

, “Hybrid bounds for twisted L-functions”, J. Reine Angew. Math. 621 (2008),

p. 53-79.

, “The spectral decomposition of shifted convolution sums”, Duke Math. J. 144

(2008), no. 2, p. 321-339.

(4

(6]

(7]




24

8]

(9]

(10]

[11]

(12]

[13]

(14]

[15]

[16]

[17]

(18]

(19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

Symmetries in Algebra and Number Theory, 2008

V. BLOMER, G. HARCOS & P. MICHEL — “Bounds for modular L-functions in the level
aspect”, Ann. Sci. Ecole Norm. Sup. (4) 40 (2007), no. 5, p. 697-740.

C. BREUIL, B. CONRAD, E DIAMOND & R. TAYLOR - “On the modularity of elliptic curves
over Q: wild 3-adic exercises”, J. Amer. Math. Soc. 14 (2001), no. 4, p. 843-939 (electronic).
J. BRUDERN & E. FOUVRY — “Lagrange’s four squares theorem with almost prime vari-
ables”, J. Reine Angew. Math. 454 (1994), p. 59-96.

D. A. BURGESS — “On character sums and L-series”, Proc. London Math. Soc. (3) 12 (1962),
p. 193-206.

V. A. BYKOVSKII - “A trace formula for the scalar product of Hecke series and its applica-
tions”, translated in J. Math. Sci. (New York) 89 (1998), p. 915-932.

J. COGDELL, I. PIATETSKII-SHAPIRO & P. SARNAK — “Estimates on the critical line for
Hilbert modular L-functions and applications”, unpublished.

J. W. COGDELL - “On sums of three squares”, J. Théor. Nombres Bordeaux 15 (2003), no. 1,
p- 33-44, Les XXIIemes Journées Arithmetiques (Lille, 2001).

P. B. COHEN - “Hyperbolic equidistribution problems on Siegel 3-folds and Hilbert
modular varieties”, Duke Math. J. 129 (2005), no. 1, p. 87-127.

J. B. CONREY & H. IWANIEC - “The cubic moment of central values of automorphic
L-functions”, Ann. of Math. (2) 151 (2000), no. 3, p. 1175-1216.

D. A. COX — Primes of the form x? + ny?, A Wiley-Interscience Publication, John Wiley &
Sons Inc., New York, 1989, Fermat, class field theory and complex multiplication.

W. DUKE - “Hyperbolic distribution problems and half-integral weight Maass forms”,
Invent. Math. 92 (1988), no. 1, p. 73-90.

W. DUKE, J. FRIEDLANDER & H. IWANIEC — “Bounds for automorphic L-functions”,
Invent. Math. 112 (1993), no. 1, p. 1-8.

W. DUKE & R. SCHULZE-PILLOT — “Representation of integers by positive ternary
quadratic forms and equidistribution of lattice points on ellipsoids”, Invent. Math.
99 (1990), no. 1, p. 49-57.

J. B. FRIEDLANDER - “Bounds for L-functions”, Proceedings of the International Congress
of Mathematicians, Vol. 1, 2 (Ziirich, 1994) (Basel), Birkh&duser, 1995, p. 363-373.

A. GOOD - “Beitrage zur Theorie der Dirichletreihen, die Spitzenformen zugeordnet
sind”, J. Number Theory 13 (1981), no. 1, p. 18-65.

G. HARCOS - “Uniform approximate functional equation for principal L-functions”, Int.
Math. Res. Not. (2002), no. 18, p. 923-932.

G. HARCOS & P. MICHEL - “The subconvexity problem for Rankin-Selberg L-functions
and equidistribution of Heegner points. I1”, Invent. Math. 163 (2006), no. 3, p. 581-655.
E. HECKE - “Zur Theorie der elliptischen Modulfunktionen”, Math. Ann. 97 (1927), no. 1,
p. 210-242.

J. S. Hsia - “Representations by spinor genera”, Pacific J. Math. 63 (1976), no. 1, p. 147—
152.

H. IWANIEC & P. SARNAK — “Perspectives on the analytic theory of L-functions”, Geom.
Funct. Anal. (2000), no. Special Volume, Part II, p. 705-741, GAFA 2000 (Tel Aviv, 1999).



[28]

[29]

(30]

(31]

(32]

(33]

[34]
(35]

[36]

[37]

(38]

[39]

[40]

(41]

[42]

[43]

[44]

Valentin Blomer & Gergely Harcos: L-functions, automorphic forms, and arithmetic 25

M. JuTiLA — “The additive divisor problem and its analogs for Fourier coefficients of
cusp forms. I”, Math. Z. 223 (1996), no. 3, p. 435-461.

H. H. KiM & F. SHAHIDI — “Cuspidality of symmetric powers with applications”, Duke
Math. J. 112 (2002), no. 1, p. 177-197.

M. KNESER - “Darstellungsmasse indefiniter quadratischer Formen”, Math. Z. 77 (1961),
p. 188-194.

H. Maass - “Uber eine neue Art von nichtanalytischen automorphen Funktionen und
die Bestimmung Dirichletscher Reihen durch Funktionalgleichungen”, Math. Ann. 121
(1949), p. 141-183.

P. MICHEL - “Analytic number theory and families of automorphic L-functions”, Au-
tomorphic forms and applications, IAS/Park City Math. Ser., vol. 12, Amer. Math. Soc.,
Providence, RI, 2007, p. 181-295.

Y. MOTOHASHI - “A note on the mean value of the zeta and L-functions. XIV”, Proc. Japan
Acad. Ser. A Math. Sci. 80 (2004), no. 4, p. 28-33.

A. V. P. MICHEL - “The subconvexity problem for GL,”, preprint.

P. SARNAK - “Integrals of products of eigenfunctions”, Internat. Math. Res. Notices (1994),
no. 6, p. 251 ff., approx. 10 pp. (electronic).

R. SCHULZE-PILLOT - “Darstellungsmalle von Spinorgeschlechtern ternérer quadratis-
cher Formen”, J. Reine Angew. Math. 352 (1984), p. 114-132.

A. SELBERG - “On the estimation of Fourier coefficients of modular forms”, Proc. Sympos.
Pure Math., Vol. VIII, Amer. Math. Soc., Providence, R.1., 1965, p. 1-15.

C. L. SIEGEL - “Indefinite quadratische Formen und Funktionentheorie. 11", Math. Ann.
124 (1952), p. 364-387.

R. TAYLOR & A. WILES — “Ring-theoretic properties of certain Hecke algebras”, Ann. of
Math. (2) 141 (1995), no. 3, p. 553-572.

A. VENKATESH — “Sparse equidistribution problems, period bounds, and subconvexity”,
to appear.

J.-L. WALDSPURGER — “Sur les coefficients de Fourier des formes modulaires de poids
demi-entier”, J. Math. Pures Appl. (9) 60 (1981), no. 4, p. 375-484.

E. T. WHITTAKER & G. N. WATSON — A course of modern analysis, Cambridge University
Press, Cambridge, 4th edition.

A. WILES — “Modular elliptic curves and Fermat'’s last theorem”, Ann. of Math. (2) 141
(1995), no. 3, p. 443-551.

S.-W. ZHANG - “Equidistribution of CM-points on quaternion Shimura varieties”, Int.
Math. Res. Not. (2005), no. 59, p. 3657-3689.






Symmetries in Algebra and Number Theory
(I. KERSTEN, R. MEYER eds.), p. 27-48
Georg-August Universitdt Gottingen, 2008
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Abstract. We consider the bounded cohomology of Drinfel'd’s p-adic upper half plane, with values
in alocal system M. We show that it has a canonical splitting into the space of bounded one-forms
with values in M. The paper is largely expository, and self-contained.

1. Introduction

Let K be a p-adic field, and C;, the completion of its algebraic closure. Let X be
the p-adic “upper half plane” over K introduced by Drinfel'd in [6]. The rigid analytic
de-Rham cohomology of X is the space of rigid analytic Cp-valued 1-forms on X,
modulo exact ones,

1.1 H}p(X)=Q/do.

In contrast to the complex upper half plane, this cohomology does not vanish.
In fact, it is a classical result that it is isomorphic to the space of harmonic (Cp-
valued) 1-cochains on the Bruhat-Tits tree 9~ of the group G = SL,(K). (See [3] for
background.) Recal that 9 is a g + 1 regular tree (where q is the cardinality of the
residue field of K), and a 1-cochain c on 9 is harmonic if (i) c(é) = —c(e) if & is the
edge e with reversed orientation, and (ii) the sum of c(e) for all the edges flowing
into any given vertex, is zero. We denote the space of harmonic 1-cochains by C}l ar
The isomorphism

(1.2) HijpX¥)=C) .
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is given by the residue homomorphism. If w € 2, we let
(1.3) Cy(e) =rese(w)

be the residue of w along the oriented edge e (see [7] p.94). Then ¢, is a harmonic
cochain, it vanishes if and only if w is exact, and every harmonic cochain is of this
type. Both Q and C}mr are inverse limits of Banach spaces (in the case of C}lmr these
are finite dimensional Banach spaces), and carry a natural p-adic Fréchet topology
in which they are reflexive (see [13]). The group G acts on the two spaces. The
residue homomorphism respects both the topology and the G-action.

If M is a finite dimensional representation of G over K, we may tensor the above
spaces with M to get the notions of M-valued rigid analytic functions or forms, coho-
mology with coefficients in M, and M-valued harmonic cochains. The isomorphism

1.4) Hyp(¥%;M) = C},,. (M)

(where the notation is self-explanatory) is obtained from the case of trivial coeffi-
cients by tensoring with M. One should only be aware that the G-action now involves
both the geometric action on X, and the action on the coefficients.

An integral structure M in M is the assignment, for every simplex o of 97, of an
Ox-lattice M(0) in M, such that M(yo) = yM(o) for every y € G, and M(v) < M(¢) if
the vertex v belongs to the edge ¢. Integral structures exist, and any two are com-
mensurable. An M-valued harmonic cochain c is bounded if there exists an integral
structure M such that c(e) € M(e) for every e. The space of bounded M-valued har-
monic cochains is preserved by the action of G. We denote it by C}l ar (M)P"4 Tt is not
a-priori clear that bounded harmonic cochains exist, namely that the two conditions
of harmonicity and boundedness can coexist. The simplest way to produce plenty of
bounded harmonic cochains is to consider a discrete cocompact subgroup I' in G,
and note that H(T,C} | (M)) = C} _(M)""?.The spaces H(T',C}, (M) have been
studied in [4], among other places.

The cotangent space to X at zg has a canonical integral structure Q|,, which is
the Oc,,-span of dz/(zo - {) for { € K (this integral structure does not depend on the
choice of the coordinate z and is G-equivariant). Let r : X — |9 | be the reduction
map from X to the real realization of the tree (see [7] or [4]). An M-valued 1-form
w € Q(M) is called bounded if there exists an integral structure M such that

(1.5) wl; €Q|;®M(0)



Ehud de Shalit: Bounded cohomology 29

whenever r(z) € |o|. The space of bounded M-valued forms is denoted by Q(Mmbrd,
It is G-stable. Once again, the simplest way to produce such forms is to produce
I'-invariant ones for some I'.

We shall describe below a filtration, due to Schneider and Stuhler, of the module
Q(M), by certain coherent submodules F I0O(M) of decreasing ranks, which are
direct summands (i.e. give rise to subvectorbundles), and which are G-stable. The
last step in the filtration, F"Q (M), still maps surjectively onto H; (5 M), so every
cohomology class is represented by an M-valued form from that last piece.

We shall check that bounded M-valued forms get mapped, by the residue homo-
morphism, to bounded M-valued harmonic cochains.

Theorem 1.1. The residue homomorphism induces an isomorphism

(1.6) F"QM)nQM)P™ = (vn)Pe.

In other words, every bounded M-valued harmonic cochain is of the form ¢,
for an w € F"Q(M) n Q(M)?"?  and if a bounded w which lies in the last step of the
filtration is exact, then it is zero.

The theorem is not new. For a survey see [3], Theorem 2.3.2, Corollary 2.3.4
and the references therein. However, our approach to Morita duality, to the notion
of bounded differential forms, and to the injectivity statement in the theorem, is
different than what may be found in the literature. Except for a certain technical
verification of convergence at the very end, our exposition is self contained.

The surjectivity statement in the theorem asserts that the map from forms to
cohomology splits G-equivariantly over the bounded cohomology. The existence
of such a splitting has been known for some time and follows from the theorem of
Amice-Velu-Vishik. Roughly speaking (we shall make everything precise below), to a
bounded M-valued harmonic cochain c one attaches a (scalar valued) distribution
Acon IP}< with “growth conditions” of order n. This distribution extends in a natural
way to a tempered distribution A, i.e. to a linear functional on the space of the
locally analytic functions on IP}< (this is where one needs the estimates of Amice-
Velu-Vishik). Teitelbaum’s Poisson integral

dAc(©)
1.7 =
1.7 f(2 f ¢
makes sense since the integrand, 1/(z — (), is locally analytic in { € IP}<. As a function
of ze X, f(z) is rigid analytic. The M-valued form

(1.8) w=f(2)(u-zv)"dz
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(where we have realized M as the space of homogeneous polynomials of degree n in
the two variables u and v) lies in the last step of the filtration, is bounded, and ¢, is
our original c.

It is tempting to think about generalizations of the questions discussed in this
paper to higher dimensions. Let us only mention that the notions of boundedness,
either for differential forms, or for cohomology with coefficients in a rational repre-
sentation M, can be defined in precisely the same way, and the higher dimensional
residue homomorphism from k-forms to harmonic k-cochains (see [5]) carries
bounded closed M-valued k-forms to bounded M-valued harmonic k-cochains.
The paper [12] discusses an analogue of the filtration F" studied here, but an ana-
logue of the theorem mentioned above is not known to hold. Such an analogue
would probably be non-void for forms of top degree only. For lower degree forms,
and non-trivial coefficients, the notion of boundedness has to be modified.

For trivial coefficients, we expect that the bounded k-forms are nothing else but
the Iovita-Spiess forms (see [9] and [1]). This will be the case if we can show that a
bounded exact form must vanish, and it would be enough to check this last assertion
for forms of top degree. For that see [8].

1.1. Notation. Let K be a p-adic field (a finite extension of @), V a two dimensional
vector space over K, and G = SL(V). Fix a basis, and identify V with column vectors,
and G with SL,(K) acting from the left. Let u, v be the dual basis, so that VV =
Ku+Kv. Forn=0,let M = M, = Symm™(VV). Then M is the unique irreducible
rational representation of G (viewed as an algebraic group over K) of dimension
n+ 1. In coordinates,

(1.9) M =Klu, V]hom.deg.:n
and the actionof ye Gon Pe M is
(1.10) yP=Poy ' = Plau+bv,cu+dv)
where

a b a -b
1.11 = Y= :
(.11 Y (c d ) Y -c a )

Let C, be the completion of a fixed algebraic closure of K. The p-adic upper
half plane is the rigid analytic space X < P(V") which is the complement of the
K-rational points:

(1.12) X=P(V\P(V).
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We do not distinguish between X (as a ringed space in a certain category) and the set
of its C,,-points. The latter is identified with the complement of K in C, by sending
the line through tu + sv to its coordinate z = —st~!. With this convention the action
of y on z is the usual action

(1.13) &) =———.

We denote by &« the set of K-rational lines in V with its p-adic topology. Thus
of =P (V). If a € of the “hyperplane” H, is the point b € IP(VI\<’) given by (a, b) =0,
and the complement of X is the union of the H, for a € «/. In coordinates, if
a=(x:y)" (column vector up to homothety) then H, is the line through —yu + xv,
so its coordinate is

1.14) 2(Hg) = xy ™

and we see that the standard (left) G action on a corresponds to the action on z,
namely z(Hyq) = y(z(Hy)). This allows us to identify «# and P(VY)\X as G-sets. Of
course, we could do it without introducing coordinates by observing that y(H,) =
Hy 4. This discussion may seem superfluous, but we shall soon need to extend locally
analytic functions on «/ to arigid analytic neighborhood of «/ in X, so it is necessary
to view o and X in the same ambient space, despite the fact that a-priori they live
in dual projective spaces. The correct generalization of this in higher dimensions
requires some care.

We let 9~ denote the Bruhat-Tits tree of G. Then «f is identified canonically with
the set of the ends of 97, and for an oriented edge e we let </, denote the subset of
ends in the direction of e. Each <, is a disk in P(Vx) and < is the disjoint union of
o, and of;. Let

(1.15) C=0%),Q=Q(%)

denote the Cj-algebra of rigid analytic functions on X, and the ¢-module of rigid
analytic differential forms. The underlined symbols represent the corresponding
sheaves in the rigid analytic topology. We let & (M) and Q(M) stand for the same
spaces tensored (over K) with M. These are the M-valued functions or forms. An
element y € G acts on f € (M) via the rule

(1.16) @) =0ey)(fiy " 2).

It acts on w € Q(M) via

(1.17) (Yo)lz = (1®Y)(Y_1)*(wly—1z).
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2. Differential forms and cohomology with coefficients in M

2.1. Filtration on & (M). We follow [11], pp.95-97. Let

2.1 G(M)=F°>F'>...oF"5 {0} = F™'!
where

2.2) Fk:Span@{(u—zv)ku”_k_lvl;Oslsn—k}.
Then:

(1) The filtration is G-stable. In fact, if y’l isas above, f = (u— zv)kyn—k=1yl
23) N@=y(fy ' 2) = (cz+d) Fwu-zv)*(au+bv)" *cu+dv) e F*.
(2) FF = 6-(u - zv)*v" ¥ ® F*¥*! (as @-modules, but not as G-modules).
(3) @ (M) is free over @ with basis (1 - zv)*v" % (0< k< n).
(4) For any m € Z let @ (m) be the ring & with the twisted G-action
(2.4) y-f=(cz+ad)" (foy™),

where (c, d) is the bottom row of y‘l. Then f— f(2)(u- zv)kv”‘k mod F¥*1is an
isomorphism

2.5) Or:0(n—-2k) = F*/FF1,
(5) Similarly F*Q =Q@®g F' is a G-stable filtration on Q(M) and
(2.6) f f@w-zv)*v" *dz modQ e FF!
is an isomorphism
2.7) 0,:0(n-2k-2)=QeF"/Qe FF*!.

(6) For 1 < k < n, the G-homomorphism d : G (M) — Q(M) maps Fkto Qe Fk!
(Griffiths transversality) and induces a commutative diagram
6n-200 E em-20
(2.8) 1O S/ i
Fhipktt L e R0 Fk
(7) There is a decomposition as a direct sum of abelian groups with G-action
2.9) QM) =d(FhYe (QeF™).

Indeed, (6) shows that
QM) =dFH+ QeFHY=d(F)Y+ (QeF?) =---=d(FY) + (Q® F™).
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Forevery 1 <k < n,if f € F*— FF*1 then df e Q® F¥~! — Q ® F. Since any non-
zero f € F! falls in some F¥ — F*¥*1 d f ¢ Q ® F¥, hence clearly d f ¢ Q ® F" and the
sum is direct.

Note that d(F!) is not an @-submodule of Q(M), so this decomposition is not a
splitting of the last step in the filtration of Q(M). For example, if n = 1 the decompo-
sition is
(2.10) {audzto{fvdz} ={-fvdz+ f (u-zv)dz} & {gu-vz)dz}
where (f,8) = (-f—-za,2a+ ' +za')and (o, B) = (g+ f,—f — zf — zg).

(8) Let n = 0. There is a commutative diagram of additive (but not &-linear)
G-homomorphisms

1(d n+l
(i)

O(n) — O(—n-2)
coniFt "2 qepn

where pr» is the projection on the second factor in the decomposition (7).
Indeed, forl<k<n

2.12) do®(f) = {f’(z)(u — 20 "R~k f(2) (- zv)*! v”_k“}dz mod dF**!
implies
(2.13) fl@w-z0) " *dz=kf(2)(u-zv)* 10" *'dzmod dF'

hence, iterating,

(2.14) f(z)v"dzz%f(”)(z)(u—zv)”dzmod dF'.
From this we get

(2.15) dgz)v™) = %g(”“)(z)(u—zv)"dz mod dF?,
or

(2.16) pr2odo®©q(g) =®’n(%g("+”).

Note that the fact that the top arrow is a G-homomorphism is not easy to establish
via a direct computation, since differentiation does not commute with the action of
G. Itis rather a consequence of the fact that the other three arrows commute with G.
The surjectivity of the horizontal arrows has the following consequence.
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Corollary 2.1. Forn =0, let P,,(n) be the space of polynomials of degree at most n,
with G-action induced from (4). Then there is an exact sequence of G-representations

d

1(d n+1
(2.17) 0— O (n)/ Py(n) ] O(-n—2) — Hyp(X; My) — 0.

Proof. De-Rham cohomology with values in M is given by

QM)/deM) = QeF"/(do(M)nQeF")

(2.18) Q& F"/pryod(0(M)/F')

so we conclude by the commutative diagram of step (8), and by the fact that the
kernal of n + 1-fold differentiation is P;,. O

2.2. Morita duality (trivial coefficients). Locally analytic and meromorphic func-
tions. Let €“" be the space of locally-analytic, C,-valued functions on <. Since
& is compact, each ¢ € " admits a decomposition of < into a finite union of
closed disks, such that ¢ is rigid analytic on each of them. Let € = €™ be the
space of locally meromorphic Cp-valued functions on </, and % the subspace of
Cp-valued rational functions with poles in <f. Note that £ is a subring, but not a
field. Of course, Z N €“" = Cp, the constants, and Z + €“" = € (the theorem on
principal parts).

Topologies. The space & (hence Q2 = 0dz) is a locally convex topological vec-
tor space (for nonarchimedean functional analysis consult [13]). The topology is
given by the family of norms |.|x, where X, is an increasing sequence of affinoids
exhausting X. In other words,

(2.19) Q=1imQ(X,).
The space %" on the other hand is topologized as an inductive limit (union)

(2.20) €*" =lim [[ 6,
= Uew

where the limit is over all the finite coverings %/ of «f by disjoint unions of closed
disks, and for a closed disk U, @ (U) is given the usual Banach (sup norm) topology.

Pairing. We give ¢ /2 the natural topology arising from the identification

(2.21) CIR=C€Y"ICp.
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If 7' is a finite subtree of 3~ we denote by Ends(J"') the collection of oriented
edges (u,v) suchthatue ' butve¢ . If p € € and w € Q we define a pairing

(2.22) (pwy=lim )  res.(pw).

T’ ecEnds(T ")

The limit means that we take ' large enough. The sum then makes sense and is
independent of 7.

Theorem 2.2. (Morita duality) The above pairing induces a perfect pairing of topo-
logical vector spaces

(2.23) CIRxQ—Cp.

In other words, this pairing identifies each of the two spaces (algebraically) as the
space of all continuous linear functionals on the other.

In fact, more is true. Since < is a compact set, 64", hence 6 /%, is a topological
vector space of compact type (an inductive limit of Banach spaces under inclusion
maps which are compact). It is complete and reflexive, and its strong dual

!
(2.24) (€™, :lim( I1 @(U))
~ \Uew

is a Fréchet space. The above pairing identifies Q with (€/ 92);J and € /% with Q’b.

Theorem 2.3. The annihilator of the exact forms dC under the above pairing is the
closed space € |Cy, of locally contstant functions on «f modulo constants, so one
obtains a duality

(2.25) €®ICp x Hjp(X) — Cp.
In fact, if @ is locally constant we have

(p)y = lim Y  glygres()

g! e€Ends(9)
(2.26) = f odiy.
of
Here p, is the distribution defined by

(2.27) o (e) = cy(e) = res.(w).
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2.3. Morita duality with values in M, and the filtrations. Now let M = M,, as be-
fore. We introduce the filtration ®F = ®*% on € (M) = € ®x M, as follows:

(2.28) EM=0">d!>...50" 5 {0} = !
where
(2.29) cpk=Span<g{(u—(v)ku"‘k"u’;05lsn—k}.
Then:
(1) The filtration is G-stable. In fact, if
2.30) yl= ( a b )
c d

and ¢ = (u —(U)ku”‘k‘lvl then
2.31) ) =yy ') =l +d) Fu-v)*au+bv)" *cu+dv) e dF.

Notice that we could not make this definition if we let € stand for €“*" because,
contrary to the situation with G (X), c¢{ + d may vanish on «f.
2) ok = €-(u— (v)kv"’k @ Pkl (as ¥ -modules, but not as G-modules).

(3) € (M) is free over € with basis (1 — (v)k phk O0<sk=<n).
(4) For any m € Z let 6 (m) be the ring € with the twisted G-action
2.32) Y o=(c{+d)" (poy™!),

where (c, d) is the bottom row of Y. Then ¢ — @) (1 - {v)*v"*"* mod ®**! is an
isomorphism

(2.33) Wi € (n—2k) =~ oF/prT,
In a completely analogous way we introduce the filtration ®*2%
(2.34) o*R =R no*E
and deduce that
(2.35) o* (€ 1R) = oF¢ 10" R
is a filtration on €/%.

Morita duality with values in M.
Consider the perfect pairing

(2.36) (,):MpxM,—K
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given by Symm” (det). Explicitly, fix an identification det of A? V'V with K. For x;, y; €
V"V the pairing

1 n
(2.37) (x1®®xp, )18 ®Yy) = - Y [1detxow Ayi)

ro0€Syi=1
factors through the symmetric power. In particular if det(uz A v) = 1 then
il(n—1)!

n!

(2.38) (uiv”_i, u”_ivi) =
and (ui vyl v""") =0if i’ # n—i. Note that this pairing is symmetric for even n
and alternating for odd n.

If ¢ € € (M) and w € Q(M) we let (¢, w) be the Cp,-valued function obtained from
the above pairing of M with itself (defined in the complement of some large enough
affinoid in X), and
(2.39) (po)=lim Y  rese((¢,)).

T’ ecEnds(T")

The usual Morita duality implies that this is a perfect pairing between € (M) / Z (M)

and Q(M) with values in C,. Of course,

(2.40) €M)/ R(M) =€ (M)/Cp ok M.
We now study the filtrations in this pairing.

Lemma 2.4. ®* and Q® F"*'~* are orthogonal to each other under the pairing of
€ 1R (M) and Q(M).

Proof. This is a computation that reduces to the fact thatfor0<d < k-1

k md .
(2.41) mzzom(-n =0.

To prove this well-known identity, differentiate d times the function (1 - e* and
evaluate at x = 0. O

Corollary 2.5. The isomorphisms @’n _ and ¥y induce a duality
(2.42) (€1/%)(n-2k) xQ(Zk—n)—»Cp

identifying each side with the strong dual of the other side. This is nothing else than
the pairing

(2.43) o* (¢ /R) 10" (€ 19%) x F* QI FF 1l — ¢,

induced from the lemma (where we have written F"~*Q) for Q ® F"~5).
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Corollary 2.6. @ (€ 1R) and F"*1-%Q are exact annihilators of each other.

Another interpretation. Itis often desirable to have an interpretation for € /2 (m)
as we had when m=0:

(2.44) CIR = <6“”/&2,7.
Note that (m = 0)
(2.45) E1R=C" moo)l Py,

where %" [moo] denotes the functions that are locally analytic, except near co where

(2.46) ordecp+m=0,
and
(2.47) Py =€ moo]l NZA.

This means that at co the functions are allowed to have a polynomial part of degree
atmost m, and P, is of course the polynomials of degree at most m. If m <0, then
P, =0, and €“"[moo] are functions vanishing to order |m| at infinity. The point is
that these spaces are invariant under the mth twisted action of G : if ¢ is of this sort,
al+b
c(+d
is also there: you only have to check zeroes and poles at { =oco and { = —d/c.
In particular we get, when k=0and n=0

(2.48) (cC+d) (

(2.49) Q(-n), = (€ [nool/P,) (n)

(the twist reminding us of the action of G). This is [3], Theorem 2.2.1 (their k is our
n+ 2, and their @ (k) is our O (-k)).

The subspace d@ (M) is closed in Q(M). We have seen that its annihilator is the
space € (M)/C, ®x M, which is therefore dual to H}, ,(¥; M), or to C; __(M). Under
projection of ¢/% ® M modulo ®! onto €/%(n) = (€*"[nool/Py,) (n), the space
€°°(M)/Cj, ®x M gets mapped isomorphically onto

(2.50) G (M)/Cp ok M = (€7 (o] I Py ) (),

Here 67°b" is the space of locally-polynomial-of-degree-n functions on < and the
[noo] is there only to remind us that they are locally analytic everywhere except at co
where they have a pole of order n. The notation (n) refers to the G action. The map
can be computed. It sends yu! v"~¢ for a locally constant function y to y¢’.
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The (strong) dual of the exact sequence
(2.51) 0—»@’(n)/Pn(n)—»F”Q—»H}iR(%;M)—m

in which the first arrow takes f to # f (n+1)(2)(u — zv)"d z, is the exact sequence

(2.52)
0 — € "[(~n=2)o0] (~n—2) — (€ " [nool 1P,) (n) — (€7 [nool P, ) () — 0

n!
principal (polynomial) part at co and increases the order of the zero at infinity to

n+2.

n n+l1
where the first (backward) arrow is &3 (d%) . Note that this operator kills the

Summary. On X we have

(2.53)
%(%)nﬂ
0 — Om/Pyn - 0(n-2)=F"Q — H,,(&M,) — 0
N N Il

0 — dOMy) - Q(My) - CipMy) = 0
The strong dual of this diagram is

(2.54)

€M [(-n—-2)o0l(~n—2) « (€Y [nccl/Py)(n) <« (€P°"noollPy)(n)
i 1 mod @' || mod ®!

€ (M) €™ (My) “—  CIRMp) — E™°(M,)ICpex M,

The maps I and J ( = the Poisson kernel) in [3] are the duality isomorphisms

) I : O(-n-2)),=(€"[nocll/Py)(n)
1
(2.55) A = I =A=—)
z—¢
and
(Ik = Ji) J:(€""nool/Py) ()}, =O(-n—-2)
1
2.56 — —du().
(2.56) Il fplmz_( te]

3. Bounded forms and bounded cohomology

3.1. Bounded differential forms. Let M be an integral structure on M (as defined
in the introduction).
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Definition 3.1. f € G(M) is M-integral if for any 0 € 9 (vertex or an open edge),
f(2) eM(0) &gy Oc, forallze X = r~Yol), wherer : X — |97| is the reduction map.

Definition 3.2. (i) The canonical integral structure Q on 3 is the Oc , -subsheaf of
all the sections w such that the image of w in the fiber at any zy € X, denoted w|,,
belongs to the Oc,, -span of dlog(z —{)|zo, for all{ € K. (Note that this submodule is
independent of the coordinate z.)

(ii) Call w € Q(M) M-integral if for any o and any zp € X

(3.1) wlz, € Qg ®c, M(0).
(iii) As before, bounded means integral w.r.t. some integral structure.

Proposition 3.1. The residue map w — c,, maps a bounded M -valued differential
form to a bounded M -valued harmonic cochain.

(3.2) amnbr — ¢ b,
Proof. Let M be an integral structure such that o is M-integral. Fix a vertex v and let
X(v) be the preimage, under the reduction map r, of the vertex v and the g + 1 edges

ey, ..., ey starting at v. We label them so that eg is the unbounded edge (i.e. 0o € &,,).
Let

(3.3) p=dist(z,Py)

be the distance from any z € X, = r~1(v) to the boundary of X. Let {; € &, and
(o € oz,. Then the Mittag-Leffler decomposition of w in X(v) is

q
(3.4) w=) fo,(2)dz
i=0
whereforl<i<gqg
(3.5) fer=) aivz—()7"
v=1
and
(3.6) feo =) aonv(z—{0)".
v=0

ForzeXy,and1=<j<gq,|z-{;j|=pso (z—(j)‘ldz is a basis of the fiber Q|, over
Oc,.
Let I be any linear functional M(v) — Ok. For any z € X, l(w) € Q| and therefore

3.7 <pL

q
Y U(fe;(2))
i=0
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By the Mittag-Leffler theorem each |I(f, ()| < p~! thoughout X, and by the equal-
ity of the Gauss norm and the sup norm, foreveryl<i<gqg,v=1

1(ai) < p*!

and in particular |I(a; )| <1 for every [, so a; € @Cp ®px M(v). But these are the
residues of w along e;, and the residue along ey is, up to a sign, the sum of them.
It follows that c,(e;) € M(v) € M(e;) for every i. Since v was arbitrary, c, is M-
integral. O

Theorem 3.2. The residue homomorphism induces an isomorphism
(3.8) QM) N F'Q=C}, (Mp)"".

We begin by checking the injectivity. Let
(3.9) w=f)(u-zv)"dz

be a form in F"*Q. To proceed we need to introduce some notation. For every vertex
v let p, be the diameter of the set X,, which is also the distance from it to the
boundary of X. Let &(v) be the set of the g + 1 oriented edges starting at v. If e is an
edge and X, = r~1(le]) is the corresponding annulus, then its complement consists
of two closed disks, and we denote by p, the diameter of the disk which is bounded,
and (, a K-rational point in it, chosen at random. If e € £(v) then p, = |7|p, if e is
bounded, and p, = p, if e is unbounded.

Lemma 3.3. There exist functions f,, one for each oriented edge e, with the following
properties:

(i) If e is bounded, f, is defined in the complement of {z|1z— .| < pe} by a conver-
gent Laurent series without constant term

(0]
(3.10) fe = Z ae,v(z_(e)iv-
v=1
If e is unbounded, f, is defined in{z||z— (.| < Inl‘lpe} by a convergent Taylor series
[e.e]
(3.11) fe: Zae,v(z_(e)v-
v=0

(ii) If T is a finite connected subtree of I and &(J') is the set of edges not in I’
but adjacent to it, oriented away from ', then if (") = r=1(|F"|) is the affinoid
reducing to ', we have the Mittag-Leffler decomposition

(3.12) flxgn= ) fe

ee&(T "
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(iii) For every bounded edge e

(3.13) res,w = res, fo(z)(u—zv)"dz.

Proof. For a given finite subtree 3, the existence of a collection of functions as in
(i), indexed by e € £(J'), satisfying (ii), is guaranteed by the Mittag-Leffler decom-
position for the affinoid subdomain X(J). Let us employ temporarily the notation
feg (ec&T ") for this collection, to emphasize the dependence on . We claim
that the f, do not depend on 9. It is enough to consider the case where 3" is
obtained from 9’ by adding a vertex u and an edge ey = (v, u) for somed v € I, Let
e1,...,eq be the edges starting at u different from ép. Define

q
(3.14) feo 7 =) feram
i=1

and f, g = f, g forevery e £(T')NE(T"). If ¢y is bounded, then so are all the
e; (1 =i = q), and it is readily checked that f, 5 is holomorphic in the comple-
ment of the bounded disk defined by ey, and vanishes at infinity, so is given by a
Laurent series without constant term. If ey is unbounded, then precisely one of the
e; is unbounded, and again it follows that fg, 5 is holomorphic in the bounded
disk defined by ey and given by a convergent Taylor series there. Finally the fact
that flxgn = Yeegg fe,g follows from the analogous decomposition for 7" by
restricting the domain.

To prove (iii), look at the Mittag-Leffler decomposition in X(v) where v is the
origin of e, and note that all the other f,r appearing in that decomposition extend
holomorphically accross {zl |z—{(e| < pe} so do not contribute to the residue. O

Lemma 3.4. Let||f,|| denote the sup normof f, in {zllz —lol = |t Ipe} ife is bounded,
and in{zllz—{.| < pe} if e is unbounded. Note that

(3.15) Wfell = 11 fell,

if v is the origin of e. Assume that o is bounded and that all its residues vanish. Then

n+2

(3.16) I fellpe®

are bounded as e runs over the oriented edges of the tree.

Proof. The vanishing of the residues of w is equivalent to the vanishing of the
residues along every e of z' f(z)dz for 0 < i < n. If e is bounded this simply means
that the Laurent series giving f, starts in degree —n — 2, and has no terms in higher
degrees, or equivalently that it vanishes at infinity to order which is at least n + 2.
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Let vy be the standard vertex of 9 and pick an arbitrary vertex v = y(vy). Since w
is bounded there exists an Ok-lattice My in M independent of v or y such that for
wex,

(3.17) w|w € Qly ®a, ¥ (Mp).
Write w = y(z) for z € X,, and note that Q|,, = (y’l)*QIZ. It follows that

ol = Aoy Hy*wlw
(3.18) € Q|Z®@KM0.

Let us invoke the Mittag-Leffler decomposition of w at v :

(3.19) wlx,= Y, fe@u-zv)dz.
ee&(v)
Then
(3.20) Ylolg, = Y freyacz+d) " *(u-zv)"dz
0 eEé‘)(Vo)

where (c, d) is the bottom row of y. The key to the lemma is the observation that since
all the residues of z' f(2)dz for 0 < i < n vanish, this last sum is the Mittag Leffler
decomposition of y"!w at vy. Indeed, let us distinguish three types of e € & (vp). If ye
and e are both bounded, then

(3.21) 8e(2) = fre(yz)(cz+d)™ "2

is holomorphic everywhere in {zllz — (e > pe}, including the questionable point
—d/c, since fy. vanishes at infinity to order = n + 2. It also clearly vanishes at infinity
(in fact, to order = n +2). If ye is bounded but e is unbounded, the same analysis
applies, noting that y carries the bounded disk {zl |z— (e < pe} onto the unbounded
disk {wl [Ww—Cyel = |71 Ipye} .If yeis unbounded then —d/c does not belong to the
domain of definition of g, (whether bounded or not) so again g, is holomorphic
there. It follows that g, satisfy the conditions characterizing the Mittag-Leffler
decomposition of y~'w at vy, so by the uniqueness of the decomposition,
(3.22) ylo= Y g@wu-zv)dz
ecé (vg)

is the Mittag-Leffler decomposition of y ' w at vy.

Now we have seen above that the boundedness of w is translated to the uniform
boundedness of all the y‘lw (in the usual sense) on X, This means that [|g.|| =
||ge||3guo are uniformly bounded (for every y). However, if { is a point in one of
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the bounded disks in the complement of X, for which y({) also lies in one of the
bounded disks in the complement of X, (v =y(vp)), then

_ -C
(3.23) Y@ -y) = —(CZ+ Dcl+d)
and
(3.24) e +d|=|cll{ - (=d/c)| =Icllz— (=d/c)| = |cz +d]

(note that { and —d/c do not lie in the same disk, as the latter is mapped to co by y
and the first to a bounded disk). This computation shows that

(3.25) |cz+d|2:pv0/py.

It follows that

(3.26) lgell = 1 fyell 00/ Do) %

and the lemma follows because p, and py, at most differ by a factor of |r|. O

Proposition 3.5. A bounded form in F"Q, all of whose residues vanish, is identically
0. In other words, the map

(3.27) QM) AF" Q- C (M)
is injective.

Proof. (compare [4], (3.9.5) where the same proof was applied to I'-invariant forms
for a discrete cocompact subgroup I'). Let w be as in the proposition. From the last
lemma we know that there exists a constant R such that

n+2
(3.28) Il (Im  pe) 2 <R

for every e. Fix an affinoid .# = X(J') for a finite connected subtree ' and let 0 <
& < 1 be small enough so that if e € £(J') is bounded, § < p, and if e is unbounded,
pe <071 Fix a second affinoid #” = X(J") containing .# so that its ends satisfy
the same estimates on p, with & replaced by |7|6*. Let z € # and consider the
Mittag-Leffler decomposition which corresponds to %
(3.29) w= ) [fldu-zv)dz.

ee&(T")

If eis bounded, |z —{,| > 0 since z€ %, so

A

8.30)  |ae (z=07Y| = 87N pe) <6 VR p)Y T E
R53v—2(n+2) SR5"+2.

IA
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In the last step we used the fact that only v = n + 2 count. On the other hand, if e is
the unbounded end, and v = 0,

(3.31) |ae,v(z—(e)v|

IA

_nt2
lIfll<R(In  pe) ™ 2
< R|n|n+262(n+2)_

In any case, letting 6 — 0, we see that f vanishes on £. Since £ was arbitrary,
w=0. O
3.2. The theorem of Amice-Velu-Vishik. Next we deal with surjectivity.

Proposition 3.6. Every c € C}mr(Mn)b”d is obtained as c,, for an w € Q(M,)"" n
F'Q.

We follow the sketch of [3], 2.3.2, fill in some details, but omit verifications of
convergence which may be found at [10]and [2].
Letce C}mr(Mn)b"d and let

3.32) Ac € (CPot ool Py ) ()
be the corresponding linear functional defined by
(3.33) Ae@ xuie) = (e, u'v")

for 0 < i < n, € an oriented edge of 9 and U (¢) the subset of P! (K) = Ends(J) to
which ¢ “is pointing” (denoted </, before). Here yy is the characteristic function of
U. Let

a™m —g Mg
(3.34) g=

A ) € G=SLy(K)
so that g: D(a,|7>™|) = D(0,1). Then in the G action on (CP°""[nool/ P,,) (1)

(3.35) g! ((jXD(o,l)) Z”mng(()jXD(a,mzml)

SO
Ae (€ = @ xpiapmem)
= Ae(x® Mg Ty )
= gRimmgn ) ((jXD(o,u)
(3.36) = n(zj_”)m<C(g_160),g_1(ujv”—f)>
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where g is the edge corrresponding to the standard annulus such that U(eg) =
D(0,1) n K. Now by boundedness, and by the G-equivariance of the pairing on M,
the expression in the brackets belongs to some lattice which is independent of g. We
conclude that as long as 2 j > n the whole thing tends to 0 as m — oo.

A similar computation holds in the unbounded disk: take

0 -
(3.37) g—( om0 )
so that g : D(oo,|77%™|) = D(0,1) and
(3.38) g (CjXD(o,n) = (=) g TR e
and

AC ((n_jXD(oan—Zml))
(3.39) = (DI (o(g ), g7 V"))

and the same conclusion holds. Note that this time it is {”~/ for 2j > n whose
integrals over smaller and smaller neighborhoods of co tend to 0.

As a corollary of the computations above we can make the following definition.
Let ¢ € (C**[noo]/ Py) (n) and c as above. Extend A, to ¢ by taking a large subtree
g, finding for any € € Ends(J"') a Taylor (resp. MacLaurin) expansion of ¢ in U ()
centered at some ¢, € U(g) (resp. at oo if U(¢g) is an unbounded disk), letting Tfng ()
be the truncation of this expansion at degrees < n (resp. degrees = 0) and setting

(3.40) Aeto)=tim ¥ (e(e), 7, )
where you identify P, (n) with M, via {! — u! v,

Theorem 3.7. The limit exists and is independent of the choices involved. Further-
more if we put

(3.41) wcz(f M)(u—zv)”dz
Pl K) 2—C

then the Poisson integral (which is defined for every z pointwise since the integrand is
locally analytic in {) is a holomorphic function of z so w. € F"Q and it represents the
functional A. under Morita duality. Moreover, w. is bounded.

For the verification, based on the growth estimates on A, derived above, see
[10], Section 11 (where the same estimates are used in the construction of p-adic L
functions), or [2], Theorem 2.5 (where it is shown that A, extends to a distribution
“of order n", and not just to locally analytic functions).
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Abstract. Here ‘arithmetic curve’ means the set of all places X of a number field K. Under the
classical analogy between number fields and function fields, Arakelov vector bundles over X
correspond to algebraic vector bundles over a smooth projective curve C. The text discusses
analogues over X of three results on such bundles over C: Riemann-Roch, the Narasimhan-Seshadri
theorem, and Faltings’ criterion for semistability.

Introduction

This text consists of the author’s talk at the conference on Symmetries in Algebra
and Number Theory in Géttingen, October 2008. It deals with the following question:
What corresponds, under the classical analogy between function fields and number
fields, to the theory of vector bundles on algebraic curves?

After recalling the analogue ‘arithmetic curve’ of an algebraic curve in section 1,
and the analogue ‘Arakelov vector bundle’ of a vector bundle on it in section 2, each
of the remaining three sections considers one important result about vector bundles
on algebraic curves and discusses arithmetic analogues.

Section 3 is about Riemann-Roch; its arithmetic analogue turns out to be much
harder, and in particular to contain the problem of lattice sphere packings.

October 2008.
2000 Mathematics Subject Classification. 14G40.
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Section 4 deals with the Narasimhan-Seshadri theorem [9] about unitary struc-
tures on stable holomorphic vector bundles, or rather its corollary that tensor prod-
ucts preserve semistability (in characteristic zero). Its arithmetic analogue is an
interesting open problem posed by J.-B. Bost.

Finally, section 5 recalls Faltings’ criterion [5, 6] for semistability in terms of tensor
products, and reports on the (weaker) arithmetic analogue [8] of it.

1. Arithmetic curves

Let K be a number field. Its ring of integers Gx < K is a Dedekind domain, so its
spectrum
Spec(Ok) := {p c Ok prime ideal}
behaves like an affine algebraic curve. The elements of Spec(Ck), except for the
generic point 1 = (0), are called the finite places of K. The infinite places of K are the
embeddings of K into C, up to complex conjugation. Their set

Xoo :={1: K — C embedding}/, ;
is finite. The arithmetic curve associated to K is the disjoint union of sets
X :=Spec(0k) U Xo.

In other words, X consists of the generic point 7 and of all places of K. The set X \ {n}
of all places of K is also in canonical bijection to the set

{v: K — Rs valuation}/ _

of all valuations of the field K, up to equivalence of valuations. Here finite places
correspond to non-archimedean (p-adic) valuations; infinite places correspond to
archimedean valuations obtained from the absolute value on C.

One justification for calling X = Spec(0x) U X, a ‘curve’ comes from the classical
analogy between number fields and function fields, which can be traced back at least
to [4]. To state it, suppose that X is now a compact Riemann surface (or a smooth
projective algebraic curve), and let C(X) denote the field of meromorphic functions
on X. Then X is in canonical bijection to the set

{v:C(X) — R valuation}/ _

of all valuations of the field C(X), up to equivalence of valuations. Here a point
p € X corresponds to the valuation v}, : C(X) — Rxo defined by v, (f) := ¢4
for some constant ¢ > 1, where ord, (f) € Z denotes the order of p as a zero of the
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meromorphic function f; in particular, v, (f) <1 means that f is holomorphic at p.
Thus the underlying set of the Riemann surface X can be reconstructed from the
function field C(X); applying the same construction to the number field K instead
yields the arithmetic curve X = Spec(0Ok) U Xo.

One can think of X as a ‘compactification’ of the ‘affine curve’ Spec(0x) by adding
the finite set of points X, ‘at infinity’. For a Riemann surface X, compactness is
equivalent to the relation
ey Y ord,(f)=0 forall  feC(X)\{0}.

peX
An analogue of (1) for X = Spec(Ok) U X, an arithmetic curve is the well-known
product formula
() [l v@w=1 forall aecKk\{0}
v:K—Rxq
where the product is taken over all suitably normalized valuations v. This formula
justifies to think of X = Spec(0k) U X as some sort of ‘compact curve’.

2. Arakelov vector bundles on arithmetic curves

Definition 1. An Arakelov vector bundle E over the above arithmetic curve X =
Spec(Ck) U X, consists of:
- alocally free O -module Eg,, of finite rank, and
— for each infinite place v € X, a scalar product {_, _)g,, on the K, -vector space
Ex, := Eg, ® Ky, where K;, =R or C denotes the completion of K.

Definition 2. Let E be an Arakelov vector bundle over the arithmetic curve X =
Spec(Cx) U X. The elements of the finite pointed set

I'(X,E):={s€Ep,:(s,8)y =1 forallve X}
are called global sections of E.

Standard constructions from linear algebra make sense for Arakelov vector bun-
dles as well. For example, one has a direct sum E ® E’ and a tensor product E® E’
of Arakelov vector bundles E and E’ over X, as well as exterior powers A" E and in
particular the determinant line bundle det(E) := A" g,

A morphism of Arakelov vector bundles ¢ : E — E’ is an Ok-linear map ¢g, :
Eop — E’@K such that for each infinite place v € X, the induced map ¢k, : Ex, —
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E}G satisfies (P, (), Pk, () g, v = (s, 8)E,y for all s € Eg,. The resulting category of
Arakelov vector bundles on X is not additive.

Definition 3. Given an Arakelov line bundle L over X = Spec(Ck) U Xoo, choose 0 #
S€ Lg,. Thedegree of L is
deg(L) :=log (#Lo, 10k -s)— Y. eylog((s,s))?) eR
veEXo
wheree, :=1 for K, =R ande, :=2 for K, = C. Note that this degree does not depend
on the choice of s according to the product formula (2).

Given an Arakelov vector bundle E over X = Spec(Cx) U X, the degree of E is
deg(E) := deg(detE) e R.
If the rank of E is nonzero, then the slope of E is

W(E) :=deg(E)/rank(E).

3. Riemann-Roch

Roughly speaking, the Riemann-Roch problem asks for information on I'(X, E) in
terms of the numerical invariants rank(E) and deg(E). The purpose of this section is
to discuss the following slightly more specific question:

Assume I'(X, E) = (0). How large can the slope u(E) then be?
We can consider this question in different situations:

— X is an algebraic curve of genus g.

Here u(E) < g—1 by Riemann-Roch, and an easy moduli count shows
that for any given rank, there are in fact vector bundles E of slope g — 1 with
I'(X, E) = (0). Thus the largest possible value for y(E) is precisely g — 1.

— X =Spec(Z) U {oc}, the ‘easiest’ arithmetic curve (coming from K = Q).

Here an Arakelov vector bundle E over X is the same thing as a euclidean

vector space Eg together with a lattice Ez  Eg, and its degree is

deg(E) = —logvol(Er/E7).

The assumption I'(X, E) = (0) means that the unit ball in Eg contains no
nonzero lattice point, or equivalently that 2E7 < Ep is a lattice sphere packing
(in the sense that the closed unit balls centered at points in 2E7 are disjoint).
Hence finding the largest possible value for p(E) is equivalent to finding the
largest possible density of lattice sphere packings — still an open problem today.
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A good reference for such sphere packings is [3]. Here we just mention results
of Minkowski which imply the following:

The largest possible value of u(E) is % logrank(E) + O(1).

More precisely, the famous Minkowski-Hlawka existence theorem for lattice
sphere packings provides a constant C; such that for any given rank, there are
Arakelov vector bundles E of slope y(E) = %logrank(E) + C; with I'(X, E) = (0).
On the other hand, Minkowski’s theorem on lattice points in convex sets
provides a constant C, such that I'(X, E) # (0) for any Arakelov vector bundle
E of slope u(E) = %logrank(E) + Co.

(For rank(E) — oo, according to [3] nobody has managed to improve the
constant C; coming from the Minkowski-Hlawka theorem, whereas several
people have improved the other constant Cs.)

— X =Spec(0k) U X, an arbitrary arithmetic curve.

Here adelic versions of Minkowski’s arguments show the following:

The largest possible value of u(E) is %logrank(E) + % logAk/q+0(d),
where d = [K : Q] denotes the degree and Ag,q denotes the discriminant of
K over Q (cf. [7, Section 3.4] for details). The existence of Arakelov vector
bundles with such a slope and no nonzero global sections is also a special case
of Theorem 8 to be explained below.

4. The Narasimhan-Seshadri theorem

Let X be an algebraic or arithmetic curve.

Definition 4. A(n Arakelov) vector bundle E over X is stable (resp. semistable) if
U(E") < u(E) (resp. <) holds for all nontrivial subbundles0 # E' C E.

Theorem 5 (Narasimhan-Seshadri 1965). Let E be a holomorphic vector bundle
over a compact Riemann surface X. IfE is stable of degree zero, then E comes from a
(unique) irreducible unitary representation p : 11 (X) — U(n).

In particular, every stable holomorphic vector bundle of degree zero has a canon-
ical (flat) metric. This formulation admits a generalization to nonzero degree, and
also to higher-dimensional X (Kobayashi-Hitchin correspondence).

Conversely, every holomorphic vector bundle E over the compact Riemann sur-
face X coming from a unitary representation p : 71 (X) — U(n) is semistable of degree
zero. If p is moreover irreducible, then E is stable.
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Corollary 6. IfE and F are semistable holomorphic vector bundles over a compact
Riemann surface X, then E ® F is again semistable.

The corresponding statement for an algebraic curve X over a field of characteristic
p > 0 is known to be false. In 1997, J.-B. Bost asked whether the corresponding
statement holds for an arithmetic curve X. Today (in October 2008), this question is
still open, but there are recent partial results:

— Over X = Spec(Z) U {oo}, de Shalit and Parzanchevski [10] proved that E® F is
semistable if E and F are semistable with rank(E) + rank(F) < 5.

- In the general case X = Spec(0k) U X, Bost and Kiinnemann [1] proved an
upper bound for the slope of subbundles of E ® F, for semistable E and F. This
bound has subsequently been improved by Chen [2].

5. Faltings’ criterion for semistability

Let E and F be vector bundles over an algebraic curve of genus g. If E® F satisfies
I'(X, E® F) = (0) and has the largest possible slope y(E ® F) = g — 1, then it is easy to
see that E and F are automatically semistable. Indeed, for every nontrivial subbundle
0# E' C Ewe have I'(X,E' ® F) = (0) and hence u(E' ® F) < g — 1, which implies
U(E") < u(E). Here is a converse:

Theorem 7 (Faltings 1993). Let E be a semistable vector bundles over an algebraic
curve X of genus g. Then there exists another vector bundle F over X withT'(X,E®F) =
0)andu(E® F)=g—1.

As long as we don’t even know the maximal slope of Arakelov vector bundles
without global sections, we cannot expect an equally precise analogue of this for
arithmetic curves X. However, there is some weaker statement in that direction:

Theorem 8. Let E be a semistable Arakelov vector bundle over the arithmetic curve
X = Spec(0k) U X. Then there exists another Arakelov vector bundle F over X with
I'X,E®F)=(0) and

1+log2n

~rlosen o

d 1
UWE®F) = Elogrank(F)+§10gAK/@— 5

This theorem is proved in [7] and in [8]. In the special case where E is trivial
of rank one, it states the existence of Arakelov vector bundles with a certain slope
and no nonzero global sections, as mentioned above. In particular, it contains as a
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special case some form of the Minkowski-Hlawka theorem. The strategy of the proof
is the same as in this special case; we give an outline below.

Sketch of the proof. Fix n > 0 and an Arakelov line bundle L over X with

1+log2nm
2rlosem
2
We consider all Arakelov vector bundles F over X of rank n and determinant L. These

d 1
3) W(E) +deg(L) = 5 log(n) + > logAgg—

can be parameterized by the coset space SL,(A)/SL,(K), where A denotes the ring
of adeles. The idea is to show that the ‘average’ number of sections

4) f #I'(X,E® F)dt (F)
SL (A)/SLy (K)

is less than two. Here 7 is the Tamagawa measure on SL,(A)/SL, (K), which is the
unique SL,, (A)-invariant probability measure on this homogeneous space.

The main tool for computing the integral (4) is an adelic version of Siegel’s mean
value formula. It states, for every I < n and every nonnegative measurable function
f on the space Mat,,;(A) of n x I adele matrices, that

@) f Y flg-Mydr(g) = f fdr
MeMat,, , 1 (K)
SLn(A)/SLu(K)  rankdhei Mat,;; (A)

where 7 again denotes Tamagawa measures. The formula (5) follows form the theory
of these measures, as presented in Weil’s book [11].
Let B[fg’ RN be the unit ball for the standard scalar product. Its volume is

”NIZ

(N/2)!

®6) V(N) :=vol(BY cRM) =

Similarly, let BY < CN be the unit ball for the standard (hermitian) scalar product.
For finite places v € X, put BY :=0,’ < K. Let the adelic unit ball By’ < A" be the
product, over all places v € X, of these local unit balls Bllgv < KX, Due to the standard
normalizations, its Tamagawa measure is

@ T(BR) = ANGE VI - 2V V2N)”

where r; and r, are the number of real and complex places in X.

For every global section s € I'(X, E ® F), there is a unique minimal subbundle
E' c Ewith seT(X,E' ® F). Then [ := rank(E’) < rank(F) = n, and if we choose bases
of the K-vector spaces E;, and F, then s, € E; ® F; is given by an n x [ matrix of
full rank /. For fixed [ and E', the average number of such sections s can thus be
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computed using the formula (5), taking the function f to be 1 on Bgl cA™ and 0
elsewhere. The result is

exp (Ideg(L) + ndeg(E")) - (B2

where the factor exp (l deg(L) + ndeg(E’)) comes from the fact that we work with
Arakelov vector bundles E’ ® F whose determinant is fixed, but not trivial; deg(L) +
ndeg(E") is just the common degree of all these bundles E' ® F.

Summing over all [ and all E’, we get that the integral (4) equals

rank(E)
(8) 1+ Y Y exp(ldeg(L)+ndeg(E") 7(BL)
=1

E'cE
rank(E")=1

where the summand 1 comes from [ = 0, i. e. from the trivial section s = 0.

For fixed [ and n > 0, the inner sum is dominated by the summands with deg(E")
maximal; we can estimate them using u(E’) < u(E), since we have assumed that E is
semistable. More precisely, one can show that there is a constant Cg such that for all
n>>0and all /, we have

Y exp(ldeg(L) + ndeg(E") < Cg - exp (nl(u(E) + deg(L))).

E'<E
rank(E")=1

Using this estimate, the assumption (3) on the common slope p(E) + deg(L) of the
bundles E ® F, the formula (7) for the Tamagawa measure T(Bgl), and Stirling’s
formula for the factorials in (6), the average number (8) of global sections of I'(X, E®
F) turns out to be less than 1 + 1 for n > 0. Hence there is an Arakelov vector bundle
F of rank n and determinant L with I'(X, E ® F) = (0). O
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Abstract. The Fourier transform of the characteristic function of a convex polytope is given by a
localization formula due to Brion [2]. On the other hand, an argument by McMullen-Schneider
expresses the mixed volume of d polytopes in a d-dimensional space in terms of volumes of
parallelotopes formed by d-tuples of edges, one from each polytope [4]. When we specialize these
formulas we get two seemingly different expressions for the volume of a polytope. We propose a
non-commutative conjectural generalization of this identity. In the case of a root zonotope, such
an identity is known and used in the study of the spectral side of Arthur’s trace formula [3].

1. Preliminaries

Let V be areal vector space of dimension d and V* its dual space. By a conein V*
we will always mean a closed polyhedral cone o with apex 0 such that 0 n—o = {0}.
Let X bea fanin V*, i.e., a collection of cones such that

1. if o € X then any face of o belongs to Z,
2. ifo1,0, € Z then o1 noy is aface in both.
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We will assume that X is complete, thatis UX = V*. The elements of X are called faces.
We denote by 2 (i) the set of i-dimensional faces of X. In particular, X(d), Z(d — 1)
and X(1) are the sets of chambers, walls and rays of X respectively. Two chambers are
adjacent if they intersect in a wall. Any wall is contained in exactly two chambers
(which are adjacent). We will write o L §ifo and & are adjacent with common wall
T =0nd. If we want to distinguish o we will write o L gand speak of a directed wall
w emerging from . We denote by @ the opposite directed wall & = 0. Henceforth,
we will assume that X is simplicial, that is, each cone in X is simplicial. Equivalently,
any chamber o has precisely d directed walls emerging from it.

For any cone o we denote by ¥ (o) its linear span and by o its annihilator in V.
A d-tuple (t1,...,74) of walls is called transversal if Z?Zl T'l.L =V,ie.if nf:17/(ri) =0.

A basic example of a simplicial fan is the normal fan Xp of a simple convex
polytope P in V, whose affine hull is V. It is given by Xp = {7(F) : F € &% (P)} where
& (P) denotes the lattice of faces of P and

7(F)={A € V* : A|p attains its maximum on F}.

Note that 7 : % (P) — Zp is an inclusion reversing bijection and dim F + dim 7 (F) = d.
(We recall that not every fan is the normal fan of a polytope.)

Given o € X we say that v € V is positive with respect to o if (1, v) > 0 for any
A e relinto. Given a directed wall w : 0 = G, a directed normal for w, or an w-directed
normal, is an element of 71 which is positive with respect to o. Such a vector is
uniquely determined up to multiplication by a positive scalar. If v is a directed
normal for w then —v is a directed normal for the opposite wall ®

2. Piecewise polynomial functions

Let S = Sym(V) be the ring of polynomial functions on V*. For any face o € X we
denote by J,; the ideal of S generated by the subspace o+ of V.

A piecewise polynomial with respect to X is a function on V* whose restriction
to any chamber (hence, to any face) is a polynomial. We denote by « = /5 the
graded algebra of piecewise polynomials with respect to X. It is known that «f is a
free S-module, and is generated as an algebra by its degree 1 elements (the piecewise
linear functionals). Moreover, the dimension of <7 is the number of rays in X.

We can view an element of «f as a collection X, of elements of S, one for each
chamber o, such that X;, — X, € J5,ng, for any two chambers o1,07». (Itis enough
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to check this condition for 0,0, adjacent.) For any directed wall w : o = G we write
Xo = X — X5 € Iy

More generally if M is an S-module we define My := M ®g /> to be the «/s-
module of X-piecewise elements of M. If M is flat over S then an element of My can
be described as a collection m, € M, o € X(d) such that my, — Mg, € J5,ng, M for
any chambers 01,07.

Suppose that P is a polytope in V whose normal fan is . Then the vertices of P
are indexed by the chambers of X and give rise to a piecewise linear form Lp on V*
with respect to X. We say that Lp is the piecewise linear form defined by P. These
piecewise linear forms are characterized by the property that X,, is positive with
respect to o for any directed wall w : L5.

Fix 0 # B = Bs € (AT V)*.

Let o be achamber andletw; : 0 — ¢, i = 1,...,d be the directed walls emerging

from o. Set
V1...0g

TSN
where v; is a directed normal of w;. As the notation suggests, 0, depends only on o
and not on the choice of the v;’s or the order of the w;’s.
It is well-known (e.g. [2]) that we have an S-linear map J5 : «/s — S defined by

X,
Xodoes@y— 2 9—0
oex(d) Yo

Extending scalars, we get for any S-module M an S-linear map

6262;M2Mz—>M.

3. The setup

Let C[[V]] denote the algebra of formal power series in V, i.e. the completion of S
at the origin, which is also the dual space of the vector space C[V] of polynomials
on V. We denote by [+,-] : C[V] x C[[V]] — C the pairing and by A — A(0) = [1, A] the
evaluation map C[[V]] — C.

For any vector space U we set U[[V]] = C[[V]]® U. We write [-,-] : C[V] x U[[V]] —
U for the bilinear pairing. Given a bilinear map o : U; x Uy — Us we will continue
to denote by o the C[[V]]-bilinear map o : U [[V]] x U>[[V] — Us[[V]] obtained by
extending the scalars.

Henceforth, whenever V' is a subspace of V we will identify C[[V']] with a subal-
gebra of C[[V]].
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Definition 3.1. An intertwining family with respect to X consists of the following
data
1. For each chamber o, a finite-dimensional vector space W,
2. For any pair of chambers 07,03 € Z(d), an element
Agyloy € Hom(Wg , Wg,)[[(01 N UZ)J_]],
with the following properties

1. Ag|s =idw, ®1 for all chambers o,
2. For any triple of chambers 01,07, 03 we have

Agsloy = Agslo © Ayl

(an equality in Hom(W;, , W;;,)[[V]]) where o denotes composition.

Note that the data is determined by Ay, s, where 01,0, are adjacent. Given a
directed wall 0 : 0 = & we write Ay = Agio € End(Wy, Wyiides) [rt.

We fix a chamber o and consider for any chamber o the element
Mg := Agylo (0)Aglo, of M = End(Wy,)[[V]]. It is easy to see that this defines a >-
piecewise element of M. Let @45, A := 65.p(Mg)ges(a)) € M. Observe that 95, A =
Agyloy (0) 0Dy, Ao Agy5, for any other chamber & in X.

Letw: o - & be a directed wall. For any f € C[rt] we set

" (A) = Agg10(0) 0 Ay(0) "' o [f, Awl © Agiy (0) € End(Wy,).
Note that if v* € (r1)* € C[r*] then
(W20 (A) = (v")e  (A).
Also,
T9(A) = Agylay (0) 0 £ (A) 0 Agy i (0)

for any chamber &y.

Let 74,...,T4 be walls. For each i =1,...,d choose a directed wall w; : ¢; o, G
and a directed normal v; for w;. Let v} € (r;)* < Clr7] be such that (v}, v;) = 1. We
set

a?f,_._,,dA =i A AVl (1] )G (A)o---0 (VZI)ZZ(A).
Note that this expression depends only on (74, ...,74) and not on the choice of the
w;’s or the v;’s. Also note that

aglo,...,TdA = A(.70|0'0 (0) ° ag{),...,rd A o A0'0|6'0 (O)

for any chamber 4.
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4. The conjectural formula

Let A be an intertwining family with respect to Z.

Conjecture 4.1. For any choice 0f71 = (A1,...,Aq) € (V¥4 in general position with
respect to X we have

(-n4

[27° A](0) =

where &7 is the set of d-tuples (11,...,7 ) of transversal walls such that the translates
Ai+71i,i=1,...,d intersect (necessarily in a point).

The conjecture is trivially true for d = 1. It can be also proved for d = 2 by direct
computation. A special case of the conjecture for Coxeter fans (corresponding to
root hyperplane arrangements) was established in [3]. It played a role in the analysis
of the spectral side of Arthur’s trace formula.

5. Remarks

Suppose that P is a polytope in V and X is its normal fan in V*. Let Ly, 0 € Z(d)
denote the vertices of P. We can form the intertwining family with W, = C for
all chambers and Ag,|s, = efe27Lo1. Then 97 A is the Fourier transform of the
translate of P by g ([2]). Thus, conjecture 4.1 reduces in this case to an argument
by McMullen-Schneider ([5], p. 200-1) expressing vol(P) as 1/d! times the sum of
the volume of the parallelotope formed by the vectors éj, ..., €y as (ey, ..., e;z) range
over the d-tuples of edges of P for which there exists y € V* such that max(u+ A;)|p
is attained on ej, i = 1,...,d. (Here, €; € V denotes the vector corresponding to e;.)
In fact, the argument in [loc. cit.] applies more generally for mixed volumes.

Next, we comment about the dependence on 1. Givenafan X in U and a a
linear surjective map p : U — U’ the quotient fan on U’ is defined as the common
refinement of p(o), o € X (cf. [4], [1]). In the case where U = V* and X is the normal
fan of a polytope P in V, the quotient fan is the normal fan of the fiber polytope of P,
in the sense of Billera-Sturmfels, with respect to the projection V — V/(Ker p)* =
(Ker p)* ([4, Proposition 2.3]).

In particular, consider V* embedded diagonally in (V*)4 and let p: (vHd -
(V*)4/V* be the canonical projection. Let >4 =3 x---x X (afanin (V*)%), and let

——
d times
3 be the quotient fan in (V*)4/V*. The precise condition on A to be in general
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position with respect to X is that it lies outside the walls of Z, i.e. it lies in the interior
of a chamber of =. Moreover, the set &5 depends only on the chamber to which A
belongs.
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Abstract. In tropical geometry, algebraic varieties are replaced by certain degenerations called
tropical varieties. Tropical varieties are piece-wise linear objects that can be studied using com-
binatorics and linear algebra methods. We can use tropical geometry to prove theorems about
algebraic geometry by means of these new methods. To reach this aim, we have to understand the
connection between algebraic geometry and tropical geometry. In this talk, we want to understand
the tropical analogue of the j-invariant of a smooth elliptic curve.

1. The algebraic setting
A smooth elliptic curve can be embedded into P? as a cubic:
f =apt+tar1x+axy+ a3x2 +asxy+ d5y2 + aﬁxs + a7x2y+ agxy2 + a9y3.

Define the Newtonpolygon of a polynomial to be the convex hull of exponent vectors.
For our polynomial f above this is:

October 2008.
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The j-invariant is an invariant of the complex structure of the elliptic curve. Two el-
liptic curves are isomorphic if and only if their j-invariants coincide. The j-invariant
can be computed as a rational function in the coefficients of the polynomial f:

Ala;)
Ala))’

](f): A,AE@[do,...,ag].
Note that the two polynomials A and A are very big, they have between a thousand
and two thousand terms.

2. The tropical setting

First we want to show in what sense tropical curves arise as degenerations of
algebraic curves. Let K be the field of Puiseux-series K = {a(f) = at" + apt% +
...} where a; € C and q; < g2 < ... € Q share a common denominator. There is a
valuation: val: K* — R: a(t) — ¢;. For V c (K*)? define

Val(V) :={(-valx,—valy),(x,y) e V} c [R%z,

the Tropicalization of V. Next we shall see why tropical curves are piece-wise linear.
For f =Y a;jx'y/ € K[x,y] and w € R? define in,, (f) to be the terms a;;x'y/ of f
for which —val(a;;) + iwy + jw, is maximal. Define

Trop(f) : = {w € R?,in,, (f) is not a monomial}
= {w € R*, max{-val(a; ;) + iw + jws}

is attained at least twice}.
Theorem 1 (Kapranov). Val(V(f)) = Trop(f).

Tropical curves are combinatorial objects, because they are dual to a subdivision
of the Newton polygon, in the sense that vertices of the tropical curve correspond
to polygons in the subdivision and edges correspond to orthogonal edges. The
following picture shows some tropical curves and their dual Newton subdivision.
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\ iﬂv
An elliptic tropical curve has a cycle if and only if the interior lattice point of the
Newton polygon is a vertex in the dual Newton subdivision.

3. The result

We proved the following theorem ([2]):

Theorem 2. Given an elliptic cubic curve C = V (f) over K satisfying some genericity
condition and such that Trop(f) has a cycle, then

—val(j(C)) = cycle length of Trop(f).

It is an immediate corollary that if val(j(C)) > 0 the tropical curve cannot have
a cycle. This is similar to bad reduction of semistable elliptic curves over discrete
valuation rings. There is work in progress to study the connection between tropical
curves and semistable elliptic curves over discrete valuation rings.

There are some older results that gave evidence already that the cycle length is
an analogue of the j-invariant. In [4], it is shown that the isomorphism class of a
tropical elliptic curve is determined by its cycle length. In [3], numbers of elliptic
curves with fixed j-invariant and satisfying incidence conditions are proved to be
equal to numbers of tropical curves with fixed cycle length and satisfying incidence
conditions.

Here are some ideas of the proof of Theorem 2. Let us consider —val(j) first. Since
J can be expressed as the rational function g, we have —val(j) = val(A) —val(A). As-
sume A=Y, byay’...a,°,byeQand apg=cot™ +..., ..., ag=cot™ +.... Assume
further in_,, (A) is a monomial, say in_,, (A) = bya,’ ... ay°. Then val(A(ay, ..., ag)) =
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Wovo +...+ Wyly, since

A(ao,...,ag):bU(C()[wO+...)UO'...'(Cglw9+...)ug+...

14 V9 .woVp+...+ W9 U
=bycy’...cy’ t"0" 9vo 4 .,
where the dots represent higher order terms in ¢. Recall that
in_,, (A) = terms where —val(b,) — woug — ... — wyllg is maximal
= terms where wyug +... + wolg is minimal.

Thus knowing the initial form in_,,(A) (and also in_,, (A)) helps us to determine
—val(A), —val(A) and hence —val(j). In particular, we can see that —val(j) is a piece-
wise linear function in the w;, under the genericity assumption that the initial forms
are monomials. To go on, we can compute the Newton polygon of A and A using
POLYMAKE ([1]). The dual fan of this polytope is the Grobner fan, which groups all
w to one cone for which in_,, (A) coincides. The cones satisfy inequalities in the w;,
and those inequalities give us information about the dual Newton subdivision of
the tropical curve Trop(f(ay, ..., ag)), which is the tropical curve corresponding to
max{wp, w1 X, ..., Wy +3y}. We can observe that there is only one cone of the Grébner
fan of A such that the corresponding tropical curves have a cycle. So if we assume
that the tropical curves have a cycle, then we know already that w has to be in this
cone, and we thus know in_,,(A) and hence val(A(a)). The Grobner fan of A on
the other hand has 79 cones that correspond to tropical curves which have a cycle.
Again, in each cone, the inequalities imposed on the w; are enough to determine
important parts of the dual Newton subdivision, which suffice to express the cycle
length of those tropical curves as a linear function in the w;. To show the desired
equality, it is hence enough to compare the two linear functions —val(j) and cycle
length for each of those 79 cones. That can be done with a computer, but also, we
can use symmetries in the dual Newton subdivisions and thus show it only for a
smaller number of cases by hand.
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1. Introduction

Let K/Q be a finite galois extension and p be a rational prime. It was conjected
by Leopoldt in [4] that the p - adic regulator of K does not vanish. Some equivalent
statements are explained below. The conjecture was proved for abelian extensions
in 1967 by Brumer [2], using a local version of Baker’s linear forms in logarithms: the
result is known as the Baker-Brumer theorem. A theorem proved by Ax in [1] allows
to relate the Leopoldt conjecture for abelian extensions to transcendency theory.
In his paper, Ax mentions that he could expect his method to work also for non -
abelian extensions. This was attempted by Emsalem and Kissilewski, who obtained
in [3] results for some particular, non abelian extensions.

The main result of this paper is

Theorem 1. LetL/K be a finite solvable extension of number fields and p a rational
prime. If Leopoldt’s conjecture holds for K then it holds forL.

This implies in particular the Leopoldt conjecture for absolute solvable extensions.
We state from [2] the central theorem on p - adic forms in logarithms, which we shall
use here:

Theorem 2 ( Baker and Brumer ). Let@p be an algebraic closure of @, andU c @p
be the units. Let a1, az, ..., a, be elements of U which are algebraic over Q and whose
p - adic logarithms exist and are independent over Q. These logarithms are then
independent over @, the algebraic closure of Q in @p.

2. Baker theory and Leopoldt’s conjecture

Let K/Q be an arbitrary galois field with group G, let p be a rational prime and
P={pcOK) : (p) cp} be the set of conjugate prime ideals above p in K.

We shall prove in this section two important consequences of the Theorem 2, one
for absolute and one for relative galois extensions.

The algebra K, = K ®¢ @, is the product of all completions of K at the places in
the set P:

Kp =[] Ke.
peP

The global field K is dense in K, in the product topology and G acts on this com-
pletion faithfully, so for any x € K, x = lim, x5, x, € K and for all g € G we have
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g(x) = lim, g(x,). The units U < [K,, are products of the units in U, < Ky, and E
embeds diagonally to E c U. The conjecture of Leopoldt says that

Zp, - rank(E) = Z — rank(E).

Let & € E be a Minkowski unit with § = 1 mod p?. Then the p - adic logarithms of
08 exist in all completions K, and for all g € G. If A c K, is a multiplicative group,
we write the action of G exponentially, so a8 = g(a). If G is not commutative and
g,h e Gwehave

(1) as" = (a8®)" = hog(a),

and the definition of a contravariant multiplication Gx G — Gwith g-h=hog
makes A into a right Z,[G] - module, and likewise for Z[G] - modules. In particular,
UEareZ p[G] - modules and Minkowski units generate submodules of maximal Z,,
- rank: since K is dense in K, it follows that Z, — rank(E) = Z p— rank(62»16), With
this structure we also define

87T ={xe€ZIG) : 6" =1}, b, ={x€Z,[G]: 6" =1,
the Z - and Z,, - annihilators of . Then Leopoldt’s conjecture is also equivalent to
T_sT
(2) 6}7 =0 ®z Zp.

In the context of this conjecture we are interested in ranks and not in torsion of
modules over rings. It is thus a useful simplification to tensor these modules with
fields, so we introduce the following

Definition 1. Let G be a finite group and A, B a Z, respectively a Z,, - module, which
are torsion free. Let a€ A,b € B. We denote

b

= A®zQ, a=aol,
B = Bez,Qp, b=aw®l,
Note that Z —rank(A) = Q—rank(A) and Z p—Tank(B) = Qp —rank(B). We shall simply

writerank(X) for the rank of a module when the ring of definition is clear (being one
ofZ,Z, orQ,Qp.)

For instance, E = E ®z, Qp. The definition of E is not important for absolute
extensions, but relevant in relative extensions L/, when Ny jk (E(L)) € E(K).

We start with the case of an absolute extension K/Q, as introduced above. Let
r=r1+r—1=2-rank(E) and H = {g1,82,...,8} € G\ {1} be a maximal set of
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automorphisms, such that 68 are Z - independent. In particular, there is a Z - linear
map e: Z[G] — Z[H] such that

3) 87 =5°

for each o € G. The map is the identity on H and extends to G due to the Minkowski
property, which implies that 5211 = §Z(C1,
We have the following consequence of Theorem 2

Lemma 1. Let the notations be like above and 7' = Q' N Z,, be the integers in the
algebraic closure Q' c Q,, of Q. Then

6,nZ'1G1=5".
In particular, if 6 ; =aZylGl witha € Z'(Gl, then Leopoldt’s conjecture holds for K.

Proof. Let g € P be fixed and §; = 1,(6"); then §,; € Z'. Since {§" : 7 € H} are Z -
independent, {6, : T € H} are a fortiori Z - independent. Indeed, if t € Z[H] was a
linear dependence for 6, such that Lg,(ﬁt) =1, then d = 6 € E verifies lp(d) =1. But
in the diagonal embedding of E, a projection is 1 if and only if the unit itself is 1, thus
d = 1: a contradiction of the independence of 6,7 € H.

Let 0 € 6, N Z'[G]; in view of (3), 6 = e(fy) € 5, N Z'[H] is also an annihilator. Let
0=Y ey CeT, ¢; € Z'. We show that Theorem 2 implies 8 = 0, so 8 € e~ (0) € Z[G]
forall 6y € 6; N Z'[G], which is the claim.

We have L@(ée) =[leyds =1¢ Ky, and taking the p - adic logarithm we find the
vanishing linear form in logarithms

Z Cr logp(é}) =0.

TeH
Since ¢;,6; € Z' and {6, : T € H} are Z - independent, the Theorem of Baker and
Brumer implies that 8 = 0.

If 6; =0Zy[Gland 0 € 7'[G], then the proof above shows that 6 € Z[G], which
implies (2) and confirms Leopoldt’s conjecture. O

We now treat the case of relative galois extensions:

Lemma 2. LetlL/K be a relative galois extension of number fields with abelian group
G, let N=Y ,cc0 and let b € E(L) be a unit such that

8/ i = (x€Z[G] : 6% € K} = NZ[GI.

Then
&) =X € Zp[G): 6% €K} = NZ,[Gl.
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Proof. Since G is a abelian, the extension L/K arises from a succession of cyclic
extensions of prime degree, so it suffices to assume this case. Let G = (o) with
|G| = [L:K] = g, for a prime g which is not necessarily different from p. The group
Qp[Gl decomposes as Q, (Gl = e1Qp[G] & (1 - e1)Qp[G], where ey is the idempotent
%. Suppose thus that 5;,[L/u<. = (aey + bey)Qp[Gl, where e, is a (non trivial) sum of
central idempotents for the augmentation part Q, [l k] and a, b € {0, 1}. We shall
show that a=1and b =0.

From the definition of § ;[L K We have
grertbe = N(§)-67% e E(K).

Since N () € E(K) we also have d := §%¢2 € E(K). The group G is cyclic and e, is in
the augmentation, so ex N = 0. Taking the norm in the definition of d and using the
fact that d° = d and thus N(d) = d9, we find that

FhesN = g = gherd =1,

But e2q € Z,[G] and thus § be2d = 1 and we may apply the Theorem 2 like in the
previous proof, concluding that e, = 0, since by hypothesis there is no rational
dependence for § in the augmentation. O

This lemma suggests a relative version of Leopoldt’s conjecture, which may hold
in the abelian case.

Conjecture 1 (Leopoldt for relative extensions ). LetL/K be a galois extension. If
Leopoldt’s conjecture holds for K then it holds for L.

We prove the following special case:

Theorem 3. LetL/K/Q be a tower of real number fields, such thatL/Q and K/Q are
galois with groups G,G' and L/ K is abelian with group H. If Leopoldt’s conjecture
holds for K then it holds for L.

Proof. Let M/L be the maximal product of Z,, - extensions that intersects Lo, inl,,
n=0and A = Gal(M/L) be the galois group, a Z,[G] - module. We shall relate anni-
hilators of some generators v € A in order to derive annihilators of global Minkowski
units. For this we use class field theory and some of the results of [5]. In order to
apply Baker theory, we need to start with a global Minkowski unit §, which is thus
algebraic over Q. There is a local Minkowski unit ¢ such that £% = §, where a is an
idempotent that generates { ' = {x € Z,[G] : {* € E}.



74 Symmetries in Algebra and Number Theory, 2008

Let v = (&) € A, a generator of the group. By Proposition 2 of [5], ¥ is also gener-
ated by a. We use tensoring with Q,, to circumvent finite indices. The hypothesis
that Leopoldt’s conjecture holds for K implies that AN = {1}, where N = Yoeno.In
particular ¥*V = 1 for all 7 € G. Since H is abelian, there is a central idempotent
e; € Qp[H] which generates vT. Likewise, for a € Z[G] we define e, € QplH] to be
the central idempotent generating (v%) . There is a finite number of irreducible
idempotents in @, [H] - this comes from the fact that H is abelian. We construct a
p € vIZIHD™ which has the annihilating idempotent e, = ¥, e;. Let

Xe = {WeQplGl: ey-er=ey}
X = U;egXy, andingeneral
Xqa = {weQplGl: ey-eq=eyl, VaeQIGl}

be lists of all irreducible idempotents which occur in e; respectively in at least one
of the e;. Since e; is itself an idempotent, e; = ZV/EXT ey. Let yo =v; if X3 # X,
let 7 € G such that X; ¢ X;. We construct a y; = v!*¢" with ¢ € Z and such that
Xy, = X1 U X;. We need to ascertain that the multiplication does not cancel some
idempotents e € X, N X;. Letc; # cp € Z; ife-(¥!1€") T =0 for k = 1,2, then e is not in
the annihilator of y1 2D -0+a1) = y(@=c)T Byt to this automorhism corresponds
X; and we chose e € X; N X;. Therefore, at the exception of at most finitely many
values of ¢, Xj4.; = X1 U X;. By iterating the process, we see that for all but finitely
many a € Z[G] we have X; = U;¢cX7. In particular, we may choose a € (Z[G])* with
the given property, so u = v? also generates A. But then e, annihilates v’ forallt € G
and thus it annihilates A. It need however not generate the annihilator i’ c Q p[Gl.
Suppose that e, is central in Q,[G] - such as for instance the norm Ny ;k; then
we renormalize finding that e, = e,/|G'| is a central idempotent of @ plGl. Since it
annihilates A, we have ¢/, € AT, which has also a central generator. But then the
minimality of e, shows that (e/,) = AT. Taking the inverse Artin map, let

f, — (P_I(H) — (p—l(va) — ga'
Since (e,) is the annihilator ideal of fi, applying the inverse of the Arting map ¢! :
A — U, we see that it also is the annihilator of % in E, so é%¢ = §' is a global
Minkowski unit. But ae, = e, a since e, is central; a € Z[G]* being a unit we find that
& e E is also a Minkowski unit and we may assume that @ = e,;. Let b=|H|—e, €
Z'[Gl; if e, # | H|, then b # 0 and 6% = 1. We have an annihilator of § in Z'[G] and the

Lemma 1 shows that it must be the absolute norm Ny /g, thus e; =1 and M = L. This
shows that Leopoldt’s conjecture holds for L.
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We still have to show that e, must be central. Let ey, € Q,[H] be an irreducible
idempotent. The group H c G is a normal divisor, so for 7 € G/ H a set of coset
representatives — or lifts of G’ to G - there is a unique irreducible idempotent ()
such that Tey = ey () - 7. Let Ey = Y.;cc ey(r) be the orbit of ¢ under C. Obviously
Ey is central in Q,[G]. We claim that if ¢ € X then /(1) € X for all 7 € C. Indeed,
assuming without restriction of generality that ¥ € Xj, then one verifies that
(1) € X;-1 and since X = Urec Xy, the claim follows. This shows that e; =3 e x ey
is central in Q,[G] and completes the proof. O

3. The solvable case and beyond
The above result can be applied to solvable extensions:

Proposition 1. LetK/k be a solvable extension. Then there is anL 2 K such that:
1. There is a chain of extensionskcKgc Ky c...c Ky, =L withL & Kp;—1.
2. Let M =1cm(exp(K;+1/K;)). Then the M—th root of unity { s € Ko.
3. The extensions K;/k are galois with groups G; and K;/K;_y is abelian with
group H;, which is a Z|G;_1] - module, for alli > 0.

Proof. LetKK/kbe solvable. Let n = [K : k] and K¢ = k[{ ;] contain the n—th roots of
unity. Then Ky/k is abelian with group Gy. Let now x; € Iy be such that xll/” € K\Kp
—note that x; can in general be a power in K, such that the radical has fixed order n.
We declare

Ki= ] Kolx{'™.

1€Gy
Then K, /k is galois with group G; and K; /Ky is abelian with group H;. Also, H;
is by construction a cyclic Z[Gy] - module of fixed exponent. Furthermore, since
xi/ " ¢ Ko we have the inductive decrease of degrees

[ K] < [K: Kol

The procedure can be repeated inductively, taking at each step an x; € K; such that
x}/ " € K\K; and building ;1. Since the extension K/k is constructed by radicals,
the procedure eventually stops with K c K. This completes the proof. O

Asa consequence we have:

Theorem 4. Let K/k be a finite solvable extension of number fields. If Leopoldt’s
conjecture holds fork, then it holds for K. In particular, the conjecture holds uncondi-
tionally for real solvable extensions of fields in which p is totally split.
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Proof. Since K/k is solvable, it can be embedded in a galois extension L/k which
arises as described in Proposition 1. Since we assumed that Leopoldt’s conjecture
holds for k, the Theorem 3 implies successively, that it holds for K; fori =0,1,..., m.
Thus it holds for L which is a galois extension of K and the reduction theorem from
[5] shows that it also holds for K. We have shown that the conjecture holds for totally
real fields in which p is totally split. If k is such an extension and K/k is real and
solvable, then it follows that the conjecture holds for IK. The result is unconditional.
In particular, the conjecture holds for solvable extensions of Q. O

The next result reduces the Leopoldt conjecture to the simple case (which is not
simple at all).

Theorem 5. Suppose that p is a prime and Leopoldt’s conjecture for p holds for all
simple extensions of Q. Then it holds for p.

Proof. We use induction. Let K/Q be a galois extension with group G which is not
simple. If there is only one prime above p, then K is solvable and we have seen
that the conjecture holds unconditionally for K. We assume by induction that it
holds for all galois extensions in which p splits in at most g — 1 distinct primes, so
let D(9) < G be the decomposition group of some prime above p: this is a solvable
group. We let C = D()\G be a set of coset representatives, assume that |C| = g
and use induction on the size F := ef = |D(9)|. If F =1, then p is totally split,
and the result follows from the Theorem 2 in [5]. Suppose thus that the claim
holds for all k < F. Since G is not simple, there is a subfield K’ < K which is galois
over Q. Thus [K': Q] = e(K') - f(IK") - g(K') < [K : Q], with the obvious meaning for
e(K), f(K"), g(K"), so either g(K') < g or e(K’)- F(K') < F. The claim follows by
induction. O
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1. Introduction

Let K/Q be a finite galois extension with group G. Dirichlet’s unit theorem states
that, up to torsion made up by the roots of unity W(K) c K*, the units E = 0 (K)*
are a free Z - module of Z - rank rq + r, — 1. As usual, r; and r, are the numbers of
real, resp. pairs of complex conjugate embeddings K — C. Let p be a rational prime.
We consider the set P = {p c O (K) : (p) < p} of distinct prime ideals above p and let

Kp=[] Kp=KagQp,
peP
be the product of all completions of K at primes above p. Let ¢ : K — K, be the
diagonal embedding. We write 1y, (x) for the projection of i(x) in the completion at
@ e P.If yeK,, then 1, (y) is simply the component of y in K.

IfUc K;‘, are the units, thus the product of local units at the same completions,
then E embeds diagonally via i : E — U. Furthermore one can use ¢ for inducing a
galois structure on K, (see §2.1).

Let E = ((E) < U be the closure of ((E); this is a Z, - module with Z,, - rank(E) <
Z —rank(E) = r; + rp — 1. The difference

2(K) = (Z —rank(E)) — (Zp - rank(E))

is called the Leopoldt defect. The defect is positive if relations between the units arise
in the local closure, which are not present in the global case. Equivalently, if the p -
adic regulator of K vanishes.

It was conjected by Leopoldt that 2 = 0 for all number fields. The conjecture
of Leopoldt was proved in 1967 for abelian extensions by Brumer [3], using a local
version of Baker’s linear forms in logarithms. It is still open for arbitrary non abelian
extensions.

It is easy to show that if K'/Q is an extension such that Leopoldt’s conjecture
holds for some galois extension K/Q which contains K’, then it holds for iX'. See
for instance [5], the final remark on p. 108. We may thus concentrate on galois
extensions of Q.

1.1. Connection to Iwasawa theory. We shall take here an approach using class
field and Iwasawa theory. Let B/Q be the Z,, - cyclotomic extension of Q; we assume
that KNB = Q and let K, = B-K, the Z,, - cyclotomic extension of K. The intermedi-
ate fields will be denoted by B,,, K, respectively. As usual, we let 7 be a topological
generator of I' = Gal(Ko/K) and T =7 -1, A = Z,[[T]].
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For all n = 0 we let '}, = Gal(K ,,,/K), A, the p - Sylow subgroups of K, and A the
projective limit, a A - module. Then A%, = {a€ A: a’ =1}, a A - submodule. If K is
totally real, an important conjecture of Greenberg states that A is finite. In particular,
A’ must be finite. Our first result is

Theorem 1. LetK be a totally real extension of Q. Then A", is finite.

The proof uses galois and Kummer theory together with class field theory. We
relate this result to Leopoldt’s conjecture by considering M/I, the product of all Z, -
extensions of K, with A = Gal(M/K). If p is totally split in [, then it was observed by
Greenberg that M/K, is an unramified product of Z, - extension. This leads to a
contradiction with Theorem 1 and the first result of the paper, which is:

Theorem 2. LetK/Q be a totally real galois extension in which the rational prime p
is completely split. Then Leopoldt’s conjecture is true for K.

The main result proves the conjecture for arbitrary fields, using reflection and the
Artin symbol. It is based on a direct investigation of phantom fields which arise as a
consequence of 2(K) > 0 and have, like inexisting objects tend to, very intriguing
properties. The general case of the conjecture can be proved by showing that the L -
phantom 7, - extensions, related to the Leopoldt defect, cannot exist. The paper
covers a variety of correlated ideas; while one alone leads to a final proof, we found
it important to keep the overview of the various approaches attempted.

1.2. Some notations and conventions. Throughout the paper, p is arational prime,
K = Q[a] is a finite galois extension of degree n and r = r; + r, — 1 is the Z - rank
of the global units E = E(K) =0 (K) and P = {p c O(K) : (p) c p} are the primes of
K above p. The galois group is G = Gal(K/Q). The field K may be more special in
certain sections, and this is stated in the respective part of the text. We let K/Q, be a
finite extension which is isomorphic to the completions of K at places above p.

The cyclotomic Z,, - extension of K is a tower (K ) yen = (K- Bj,) neny with injective
limit K. We let H,,, M, be the maximal p - abelian unramified, respectively p -
ramified extensions of K, and X, = Gal(H,,/K,), Y;; = Gal(M,,/H,,). From class field
theory, one has ([6], Chapter 5, Theorem 5.1):

1 Y, = p - partof U(K,)/ E(Ky,).

It is known that there is a Minkowski unit § € E ([8], lemma 5.27), i.e. a unit such
that
Z- rank(6Z[G]) =r.
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In the context of Leopoldt’s conjecture we are interested in ranks and not in
torsion of modules over rings. It it thus a useful simplification to tensor these
modules with fields, so we introduce the following:

Definition 1. Let G be a finite group and A, B a Z, respectively a Z, - module, which
are torsion free. Let a€ A,b € B. We denote

b Y

= A®zQ, a=aol,
B = Bez,Q), b=aw®l,

We note that Z — rank(A) = Q — rank(A) and Zp—rank(B) = Qp — rank(B). We shall
simply write rank(X) for the rank of a module when the ring of definition is clear
(beingoneof Z,Z, or Q,Qp.)

2. Local theory

In this section we review the galois structure of the ideles that are trivial at all
primes, except the ones above p and the ramified Z, - extensions of a finite extension
of Qp.

2.1. Galois structure of some idéle-groups.

Theorem 3. Let K = Qlal, p, P and K, be like above, suppose that [ € Z|X] is a
minimal polynomial of a and 1 : Q — Q, is the natural embedding. Then

Kp = Qp[X1/((f))

is a galois algebra with group G = Gal(K/Q) and the embedding | extends to an
embedding K — K, which commutes with the galois action. The image 1(K) c K, is
dense in the product topology.

Proof. Lete, f, g denote as usual, the ramification index, the degree of the residual
fields and the splitting index of the primes above p. The polynomial ((f (X)) is
separable over Q, and splits in g polynomials of degree ef. Thus K, = Q,[X1/((f))
is the product of g isomorphic local, unramified extensions of degree ef. Each
completion Ky, = Kis a ramified extension of degree e of the unramified extension
Ko/Qp of degree f.

It follows from the Chinese Remainder Theorem that :: Q@ — @, extends to an em-
bedding t: K — Qp,[X]/(:(f)) and that the image of K is dense in K. By continuity,
the galois action of G extends to K, and commutes with the embedding.
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Indeed for any 7 € K, there is a h € Q,[X] such that ¢ = h(«(a)). Let h;, € Q[X]
approximate h, so lim,_..t(h,) = h; setting t, = h,(a) € K we also have ((t;) =
t(hy(a)) — h(t(a)) = t. For any o € H we define o(¢) = h(i(o(a))). This action is well
defined and commutes with the embedding, since for ¢ € K we have

o) =uh(o(a))) = hilo(a))) =o((L)).

O

The group under consideration is thus the multiplicative subgroup of ideles
which are trivial at all places above rational primes different from p. By the Chinese
Remainder Theorem we identify u € U with (15 (1)) pep.

2.2. Algebra in the group ring, units and their presentation. We shall use multi-
plicative notation so all actions are from the right. If A = Q,[G] is some module, then
there is an idempotent a € Q,[G] such that A = (a) = aQ,[G]. This follows from the
proof of Maschke’s Theorem [1], p. 116. The annihilator ideal of Ais (1-a)Q,[G] and
conversely, A is the annihilator of (1 - a): thus (&) (1-a) = (1 - a)a: this is a rephras-
ing of Maschke’s theorem which makes explicite use of idempotents: (1 - a)Q,[G] is
a complement of A.

If X isaring and R < Q,(G] is an ideal such that X is an R - module, for x € X we
shall write x” = {a€ R : x% = 1} for its annihilator module. We shall work when pos-
sible with @, [G] - modules, which are endowed with a vector space structure. Note
that elements a € Q,[G] act both from the left and from the right, thus generating
left and right ideals; these ideals always have at least one generating idempotent.
Elements a € R = Q,[Gl, can be regarded as linear maps of the Q,, - vector space R
and as such we have

) rank(a) = dim(aR) = dim R — rank(1 — a).

We show now that there are local Minkowski units and describe their relation
with global ones. Serre proves in [7], §1.4, Proposition 3, in the case when K/Qpis
alocal field, that the group U (K) contains a cyclic Z,,[G] module of finite index,
which is thus isomorphic to Z,[G]. Using this result one easily constructs units of
finite index in U. Let g € P be fixed and v € K, be alocal Minkowski unit, according
to Serre. Then we define ¢ = ¢(v) € U by:

v fort=1,

r():
Lg)f {1 forte G, T#1.
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Let Dy, be the decomposition group of  and C = Dy \G coset representatives.
Then C acts on ¢ and for ¢ € C, the unit 9 verifies:

v fort=o0,
lrp (&) =

1 forteG,1#0.
We denote units u € U such that [U: uZP[G]] < oo by local Minkowski units. The
previous construction shows that such units exist and they generate a module which
is isomorphic to Z,[G]. We define:

3 U’:{u(—: U(I)ZNKP/@p(u):l}

with UV /U’ = UW(Z,) = Z,,. Therefore U' = (1 - N/|G))Q,[G], a subalgebra of

Q,[G]. For any K we have E(K) c U’, so UV (Z ) is mapped invectively in A by the
P y p y y

Artin map. By choosing ¢ € E a global Minkowski unit, one may find a local one
¢ € U’ such that

@) =5, with a2=aeQ,[Gl.

We shall say the triple (¢,8,a) € U' x E x Q,[G] is a presentation of E.IfK/Qis areal
extension, we have

6) @ =ET qQp,

a canonic construction for a submodule which is isomorphic to E iff Leopoldt’s
conjecture is true for K*.

3. Auxiliary fields

We assume in this section that K/Q is galois and contains the p—th roots of unity,
so ppn < K. The nextlemma gives a canonic construction of a maximal extension
K < My € M which intersects K, in a finite extension of [K:

Lemma 1. LetK/Q be galois with group G and M/K the product of all Z,, extensions
of K, containing K, the cyclotomic extension. There is a canonic subfield My c M
withMnKeo =K; for somei = 0 and Gal(M/My) is a G - invariant group, isomorphic
t0Zp.

Proof. LetI" = (U (z,)) < A, with UV (Z,,) = (1 + p)?». Since UV (Z,) nE = {1},
the group I' is isomorphic to Z,, and G - invariant as a Z,[G] - module. Therefore
it acts by restriction on K /K as Z,, - subgroup of I', which implies the claim. It is
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an interesting question to establish the cases when i > 0, but we do not need the
answer here. O

Definition 2. Let the Z), - torsion A° ¢ A. We define, for x the Iwasawa involution
(see 4.1):

F
F*

@(A°- TA) c Gal(Hoo /Koo),
@(A°-T* A) c Gal(Hoo / Koo),

with ¢ the Artin symbol and Ho, the maximal unramified p - abelian extension of
Koo. With this we let

1.
Hp+ = HE

(oo

Hr = HE
and let A+, Ar < A be some subsets with
@(Ar+) =Gal(H7+ /Hso), (A7) = Gal(H7/Hoo).

The field Ht+ is the L - phantom field and will also be denoted by ®.
2. The unit extension of Ko is

1/p"

[o¢]
s = U K B,
n=1

where E are the units of K,. In Lang’s notation (6], Chapter 6) we can also
writeMg = Koo [EYP™].
3. For X € {Ap, Ar+}, the extensions

MELWWm

> 1/p"
= UMelx,, " 1,
n=1

with X =lim, X, c A,,. The finite extensions ME[X;””"], depend in fact on the
classes in X,, and can be built as follows: let Q,, € x,, € X,; be an ideal of order
p™ and p" = max(p™, p"), qn = QP" . Then the extension ME,n[qi,/pn] depends
by construction only on the class x;,.

By definition, the sets Ar, A7+ are representatives of some factor groups which
are free Z,, - modules. Therefore, no information about torsion can be expected
from the properties of the fields H7-,Hr. Since we are only interested in Z,, - ranks,
the particular choice of these sets, will have no impact on the results.

We shall use the following fundamental fact from Kummer theory:
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Fact1. Letl = U2 L, withl,/K, Kummer extensions of exponent dividing p" and
Kpt+1 2 Ky IfL/K is p - ramified, then there are Kummer radicals By, € K}, such

that

1. L =Kn[BYP"].

2. Foreach by € B, thereis an ideal B c O (K,) and an ideal p which is divisible
only by primes above p such that (b) =p- BP" . In particular, b, may be a unit.
3. IfLcM, then bl" € (KX)P".

Proof. Point 1 is a consequence of L,, being Kummer extensions. Since L, is p -
ramified, we deduce point 2. Finally, if L ¢ M, it is by definition abelian over K.
Therefore, if & € Gal(L,,,/K ,,,) is a generator, then a” = 1 and Kummer pairing yields

(@,a"y=(a"",a)y=1,
which confirms point 3, the Kummer pairing being non - degenerate. O

Most of the rest of this paper concerns the fields ME[AIT/’”OO] and ME[AlT/f’OO]. In
the CM case, the first extension is connected to the proof of Theorem 1. For the
second extension, we show that it is non trivial exactly when 2 (K) > 0.

3.1. An observation of Greenberg and proof of Theorem 2. In his seminal paper
[4], at the end of §2, Greenberg remarks the following phenomenon (we adapt the
notation to the one used above): If K is an arbitrary number field in which p splits
completely, then ... we observe that by local class field theory, every Z ), - extension of Q)
is contained in the composite of two of them, the cyclotomic one and the unramified
one. It follows easily that M/ K, is an unramified extension of K.

The remark implies that M < Ho, and Gal(M/K,) is fixed by T. If follows that
M = Hr in the notation of Definition 2. The Theorem 1 implies that Hr = K, if K is
real and this proves Theorem 2.

4. Proof of Theorem 1

Let K be a galois extension and K, /K be the cyclotomic Z,, - extension, A the
projective limit of the p - parts A;, of the class groups of K, and 7 be a topological
generator of I' = Gal(K,/K). Let H,,M,, be the maximal p - abelian extensions of
K, which are unramified, resp. p - ramified, thus M, = M(K},) in the notation of the
introduction. If K is CM, then complex conjugation acts naturally on galois groups
and induces plus and minus parts of A,,H,,M;,.
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The first result we prove is independent of the action of complex conjugation
on K: it indicates that if Leopoldt’s conjecture is true for K, then M c Mg. More
precisely, we show:

Theorem 4.

(6) Zp-rank (Gal(MNMg)/Hy)) = 1o.

When K is a CM field, by class field theory ([6], Chapter 5, Theorem 5.1) and since
E~ is finite, being equal to the group of roots of unity, it follows that

(7) pro-p part(Gal(M™/H™)) = pro-p part (U ™).
Thus (6) specializes to

®) M~ =M.

In both cases, Leopoldt’s conjecture is equivalent to

9) M < Mg.

4.1. Proof of Theorem 4. Let { € C be a primitive p—th root of unity. We show
that it suffices to prove (6) in the case when ( € K. Indeed, if K/Q is any galois
field with group G, then K[(] is a finite galois extension. Since M and Mg are both
galois over Q, so is their intersection. For a field k, let (k) = M (k) "M g (k) and D(k) =
Gal(I(k)/k). The extension I(K[{])/K is galois and we let Dy = {x € Gal(K[{]/K): cx €
(IK[¢] : )] = N ¢y ) - Gal(K[{1/K), ¢ € Z ,} be a radical analog to the one defined in
Lemma 1 and J(K) = I(K[¢{])?°. Then J(K) c I(K) by construction and comparing
Z,, - ranks, one finds that if (6) holds for I(K[{]) it holds for J(K).

We assume thus from now on that K is galois with group G and it contains the
g—th but not the gp—th roots of unity, for ¢ = p”,n = 1. In particular, r; = 0,1, =
[K : Q]/2. We need some care with the numeration of the intermediate extensions of
Koo and shall simply write Ko =K1 =... =K, #K;+1, 50 K41 = K[C;/p]. We denote
like usual by 7 a topological generator of Koo /K and T =7 —1,A = Z,[[T]], , which
is a local ring with maximal ideal .# = (p, T). Note that 7 fixes K, so it is the n—th
power of a topological generator for the extension K, /IK_;, with [K_; the subfield of
K fixed by Gal(Q[{41/QILp]).

Let the cyclotomic character act on A by k() = (g + 1)t so that the Iwasawa
involution becomes:
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The map * : A — A is an automorphism ([6], p. 150). For m = n+ 1,1 = 0, we let
I = Gal(K, /K); the polynomial w,, = (T + l)pl —1e.#P" annihilates K}, and

Z,[T,1 = A (wm).

We denote this ring by A, = Z,[I'),,] and identify T with its image in T',,. Let Ny, =
wn,!T; then pl € (wWm,w},) and it follows that

(10) N;,-T* =0 mod p'.
We prove the existence of systems of units which generate Mg n M.

Lemma2. Letm=1+n>0and&,, = EIW\?”. Then
Fro =K [617"]

is an abelian extension of K and Gal(F ,,/K ) has p - rank r» and exponent e,,, = p'/2.
The inclusionF, c F ;41 holds for allm > n and

F=UsoFnt1
is an abelian extension of K, with galois group of Z,, - rank r».

Proof. Let G, = Gal(K,,/Q) and k = |G|. An element a € Z[G,,] acting on E,, has
the following development in the group ring:

k-1

a=) Ai(T")-71; 7;€GalKo/Q),

i=0
where A; € Z[X] have degree deg(A;) < p™ and ag = Zf;ol A;(0)T;. We show that
p - rank(&,) = ro. If §g € E is a Minkowski unit of the ground field, H< G\ {1} is a
maximal subset such that 6OZ[H] is a free Z - module of rank 7, — 1. Let Dy = {69,: 0 €
H u {1}}, which is a system of relative units for E,,/E; the identity automorphism
accounts for N[K,l,,/n« (1) € E,,. The system has Z - rank r» and we write D = {dNm : d €
(Dy)z} for the Z - module spanned by the dNm,d e Dg. Thus rank(&;,) = 2. On the
other hand, (Dy)z(g] =6 %n[G] has by construction finite index in &, so rank(&;;,) < 12,
which confirms the claim. Explicitly, F,, will be generated by the radical of D in E,.

We now show that the exponents of [, are diverging. For this we use the following

observation of B. Anglés [2], Lemma 2.1, (2): let I’ = [1/2], then

I pl’+1
(11) wm(T)zTNmE(p T )
We may thus choose a, b € A, with a € A}, such that

N}, =ap" +bN; .



Preda Mihailescu: On Leopoldt’s Conjecture 89

If e € E;y\ED, such as for instance 67, 7 € Gal(K/Q), we see that < ,,, [eNm/P" 1 /F . 41
is an extension of degree at least /', so the exponents of F, diverge. The units §7%,,0 €
H have [, independent images in E;,,/E P, thus they span a vector space of rank r,.
It follows from (11), that the system {6“ Now,o e HY c & generates a module of full p
- rank 7, in the quotient E,,/ E i;l“, since a, b only depend of the norm, but not on
the units. This leads to the conclusion that not only the exponents of Gal(F,,;, /K ;)
diverge, but the extension is the product of r, linearly disjoint extensions of degree at
least I'. The extension F , /K is abelian since N},- T* =0 mod p' and since NNy
while E;;, € Ej,41, it follows that F,,,  F,,4+1. The injective limit exists and is a product
of r; independent abelian Z,, - extensions of K. O

The lemma implies Theorem 4:

Corollary 1.
Z -rank (Mg, "M) =rp,  forallm>0.

In particular (6) holds for arbitrary galois extensions K/Q, relation (8) for CM exten-
sions, and Theorem 4 is true.

Proof. We have shown that p —rank(Gal(F,,/K,)) = r» and F,, = Mg, is the maxi-
mal subfield which is abelian over K. The claim follows. O

4.2. Onto Theorem 1. In this section K is a CM field containing the p—th root of
unity, but not the p2—th and Hr, A7 are like in Definition 2, with respect to K*; in
particular the classes in A7 are real. Note that A7 is defined modulo torsion and is
not canonic, the methods of this proof have no impact on the torsion part.

Let a = (a,) € Ar; then Aa = Z,a and Nakayama's lemma implies ord(a,,) = p"
for n = ny and some k € Z which depends on a but not on n. The fields T, (a) =

+k

ME . [ail/p n] and T = Uy, Ty, (a) are defined like in the previous section. We shall
distinguish the cases when T is unramified and when it contains a totally ramified
Z,, - subextension. In both cases we show that T = Mg, thus reaching a contradiction
with the fact that ord(a) = co. Let

(12) T=Mg[A"" 1= [] T(@).

acAr

Our proof will relay on the following

Lemma 3. Notations being like above, At is infinite if and only if T/ME is infinite.
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Proof. Suppose that At is infinite and let p™ = max(exp(A°), Gal(T/Mg)°), where
X° is the Z - torsion of the module X. Let a€ Ay, n > m and Q,, € a,,q, be like
above. Thenl, := [K,,[q”’”n] isa p - abelian p - ramified extension of degree p". If
T /Mg is finite, ,, € Mg and there is a unit e € E,, such that L, = [Kn[e”pn] and by
Kummer theory, q = e¢- xP" with (c, p) =1 and x € K,,. But then Q”n+k =(q) = xP"

and (D” k/ (x))p = (1). It follows that a, has bounded order, in contradiction with
the assumption. Thus T/Mp is infinite.

If T/ME is infinite, by definition of T it follows that Ar cannot be finite. This
completes the proof. O

The Proposition 1 readily implies:

Lemma 4. Notations being like above and with A = Gal(M* /K},), there is an isomor-
phismx of Z,(G] - modules

(13) K:A— AL
and @(Ar) C A.

Proof. The relation (13) was proved in Proposition 1 and the inclusion @(Ar) € A
follows from the fact that ¢(Ar) = Gal(H7./KZ,) and we have shown that H7. < M*.
Here ¢ is the Artin symbol A — Gal(Ho/Koo)- O

The next result is
Lemma 5. LetT = ME[AIT/’”OO]. Then 91 = Gal(T NHeo/Koo) IS finite.

Proof. By reflection, there is a subgroup A’ € A~ such that (A7) £ 97. If 37 is
infinite, then A’ ¢ A« is infinite; but we have shown in the proof of the Proposition
1 that Hy+ < Mg, so TNHy < Mg, thus 97 is finite by the same argument used in the
proof of Lemma 3. O

Finally we show
Lemma 6. Notations being like in Lemma 5, Gal(T/ME) is finite.

Proof. By Lemma 5, if T/Mg is infinite, then it is ramified, so T < M™. Here we apply
Theorem 4: since M~ < Mg it follows a fortiori that T < Mg. O

The Theorem 1 now follows:

Proof. By Lemma 3, if At is infinite, then T/M is infinite. However we have shown
in the last three lemmata that T/Mp is finite, and thus so must be Ar. O
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Remarlk 1. The proofs above show in fact that At = {1}. This comes from the def-
inition of At which is not a subgroup of A but a system of representants for Al A°.
Therefore our proof has no information about the torsion part of Al (AT).

In presence of capitulation, thus for b € B of finite order, it is known that
[Koo[b;,/pn] c Mg for all n> 0 (e.g. [6], proof of Theorem 2.3, Chapter 6). The proof
above shows that this cannot be the case if the order of b is not finite.

Greenberg mentions in [4] that Leopoldt’s conjecture implies Theorem 1. We
have shown here that they are in fact equivalent for totally real extensions in which
p is totally split. The question whether the equivalence holds for arbitrary fields
could not be solved in this paper. Therefore we give below a different approach for
the general case. This involves a direct investigation of the L - phantom fields and
yields a proof of Leopoldt’s conjecture.

5. The Phantom Field

Let K/Q be a galois extension containing the p—th roots of unity and assume that
2(K) > 0. We let ({y,0, a) be a fixed presentation of E.

The following propositions explain the relation between the L - phantom field ®
and the Leopoldt defect and lay the ground for the proof of the conjecture.

Proposition 1. There is a canonic field @, = KOO[AIT/,P oo] with

M =Mg - D,
and such that
Aj = Gal(@, /Ky,) = Gal(ME[AlT/f ]/ME)
and Ay, is a free Z, - module of Z, - rank 2(K). Also, Ay, is cyclicas a Z,|G] - module
and Ay, — A. In particular Ay, is trivial if and only if Leopoldt’s conjecture is true.

Proof. This follows by Kummer duality. Let M be defined by Lemma 1 and B, c K},
be the Kummer radicals which generate the maximal subfields L, € K, -My with
galois groups of exponent p™ over K ,,, for m sufficiently large. A Kummer radical for
L,, is a subgroup (K;n)pm c B cK;, withl, = Km[B,In/pm]. Two radicals Byy, B}, are
equivalent if (B, /K )P "= (B, /K)P " The Fact 1 together with reflection imply
that (B;,/ K,’;)”m is built up of either units or powers of ideals in Ar+. Therefore
Ly cMEg m [AlT/f' m], and taking injective limits we find

1/p>

McMEA; ] ).
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Let Mg = Mg [AIT/fJ oo], so M c Mg and Theorem 4 implies by comparing ranks, that
Zp, —rank(Ap) = 2(K). If the field K is CM, we have the simple result

Koo (A7) P71 = MK ™).

Indeed, in this case Theorem 4 implies that M~ = (Mg "M)~ and thus, by complex
conjugation, M* = M(K*) cM E[AlT/fJ 00]; since the defect is situated in the plus part,
Ar+ c A” and
Mg = @, = KoolALP 1.
We treat now the general case, when K is not CM. The group Ay = Gal(F/K)
is a Z,[G] - module by construction of F. We have seen that M ME and Ay, =
Gal(ME/ ME) has Z,, - rank 2(K). Since ME/ Koo is the injective limit of Kummer
extensions of K, it is an abelian extension with group Ag. Let Ap c Ag be the
subgroup fixing M; then
M3 =MgnM=F,

by construction of F and Gal(M/F) = Gal(Mg/Mg) = Aj,. Kummer duality implies
that M = [F[AIT/f oo], so the field on the right hand side is well defined. We now use
the fact that Afp-isa cyclic Z,[G] - module of Z, - rank r2. Let vo = ¢(&o) € A and
Vi=vg IAf €Ayr, with g the global Artin symbol: then v generates the Z,[G] - module
Ay and we let a € Q,[G] be an idempotent generating v cQ plG]J; in particular, the
group A’f =¢ (v(()l_a)Z”[G]) cAisalift of Ay to A. The field @, = M*7 has the desired

properties. Indeed, by definition @, -F =M and [®. NF : K] < oo; the group
Gal(@, /Koo) = Gal(M/F) = Gal(Mg/Mg) = A,

is by construction the complement of A} = (1-0a)A, so Ay =aAis a cyclic Z,[G] -

module. This completes that proof. O
The field @, is dual to ® by Kummer pairing, which motivates the following

Definition 3. The field ®. is the dual L - phantom field. Ifa € Q,[Gl] is the idempo-
tent defined in the proof above, we let

(14) RK) = aQulGl, R (K)=(-a)Q,[G)),

thus Q,[G] = R" & R and A, = Gal(®@. /Ko) = AF.

The second proposition investigates the Kummer radicals of ® and relates the
galois groups of the two phantom fields to the annihilator 8 of §.
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Proposition 2. There is an isomorphism Ay = Gal(®/K) = A} and an increasing
chain of Kummer radicals Dy, c E(K) such that the intermediate fields of ® are

_ l/pmﬂ . -
D, =KDy 1. In particular OR = Ay,.

Proof. We have shown that ® = Hy+ < Mg and A4 = Gal(®/K) is a free Z), - module
of rank 2 (K) which is cyclic as a Z,[G] - module. Since Gal(®/K) = Ar+ via the
Artin symbol, while Gal(H./Ko)® = Ar+ by Kummer duality, the claim Ag = A}
follows. Let @, o K, be the maximal subfields of ® = Hy+ with galois group of
exponent p”**1
units related to the annihilation of § € E.

Let §,qa,0, R be defined like above. Thus rank(6R) = 2 (K); let k = pi —1besuch
that 6% = 1 mod p@ (K). Then 0Q,[G] is a Q,[G] module of rank 2(K) and we may
choose H c G asetsuch that{0o : 0 € H} is a base for this vector space. Let8,, € Z[G]
be approximations of 8 to the pm“—th order and d,,, = 6%m € E(K) \ E(K)?, while
dm) € Ur™' . Let D, = Span({d}, : 0 € H}, where the span is taken over Z; the p -
rank is p — rank(D) = rank(D/DP") = rank (Span(ga)) =92(K) -here § is the image of

1/p™*

1
6 in E/EP. Tt follows that K, [D,, ] is an unramified extension of K, contained

m+1
in @, and all the maximal cyclic subextensions K, c L, cK,, [D%p ] have the

1 l/pmﬂ 1/pm+2
degree p"**. Note also that K ,,[D,, lcKme1lD,, 5y 1
1/pm+1

Since Gal(®,,/K ;) and Gal(Ky,[D;, 1/K;, have the same p - rank and are
m+1
both products of 2(K) copies of C,m+1, while Km[Din/p ] € @y, it follows that the

over K,,. We show that the Kummer radicals of these extensions are

m+1
two fields are equal and D,,,/ D5, is the Kummer radical of ®,,, which completes
the proof. O

We note for future reference the following fact which follows from the construction
of D,:

n+1

n n+ n+l1
(15) dim(Dﬁ EP""EP l):@(K):p—rank(Dn/Dz ).

Equivalently, Gal(®,/K,) = (Z/( p’“rl - 7). Furthermore, there is a submodule
A’ c A such that the elements of a have infinite order and for each n > ng, we have
the isomorphism ¢(A},) = Gal(®},/K,) via the Artin symbol. Furthermore A), is a
product of 2(K) disjoint cyclic groups of order p"*!, being isomorphic to the group
D,,, which has this property by construction.

We also assume from now on that k = 1. It is proved in the second paper of these
Proceedings, that if Leopoldt’s conjecture holds for a field KK, then it holds also for
solvable — and in particular abelian — extensions thereof. Conversely, if it does not
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hold for K, then it does not hold for KK either, so the assumption k = 1 is not a
restriction of generality.

5.1. Capitulation in the Phantom field. Since D,, c K¢ for all m >0 and D4+, €
Dy, - EP m+1, we may construct arbitrarily large sequences of iterated class fields over
K, which are albeit not abelian over K. Indeed:

Lemma 7. Notations being like above, for each m > 0, each cyclic subextensionL,,
®@;, and arbitrarily large M > m there are telescoping sequences of extensions K, c
F1cFyc...cFypy, such that
1. The degrees [F; : Fi_1] = p,M = i = 1, where Fy = K, and L, is one of the
extension[;.
2. Foreachi< M — (m+ k), the extensionF . i/F; is cyclic abelian.
3. Ifac€ A;, is aclass such that ¢(a) generates Gal(L/IK,,), then the primes € a
are inert inFy; /K, and do not capitulate_. _
4. Foreachr = p' < p™*!, the primes in afnl are totally splitinF; /K. Ifq € a,';;
and Q c F; is a prime above it, then Q ~ 9O (F;). Furthermore, 1 is inert and
does not capitulate inF y;/F;.

l/pm+1
m

Proof. Let dy, = 69m € Dy, c € Z), be such that L = K,,[d ] and let dp; =

5€n and Fy; be an embedding of [Km[dlupM]. Then we define F; < Fy as the
subfields of degree p’ over K,,. This implies the properties 1. and 2. Indeed,
L = F41, the relative degree are p and since dy; € U”M, the extension Fy/IK,, is
unramified, while every successive extension of degree at most p™*! is also Kummer
abelian.

Recall that if Ko L o k is an extension tower, such that K/k is cyclic and g < & (k)
is a prime which does not ramify in K, then if g is inert in L/k then it is inert in
K/k. Therefore, if a, is a class like in the hypothesis of the Lemma and % € a,,
then  is inert in L/K,,. For j < m, we define p; = pO(F;)g the lift of p to [,
Fonej IFj L/F; .

o ) |, = (7) and the previous
observation implies that g ; must be inert in [, j/F ; and thus @ is inertin Fy,;,1 j/Lp,.
In particular, ¢ does not capitulate. Repeating the argument inductively, we obtain
the claim of 3. )

The field F; is the fixed field of the Artin symbol of the primes in af,: so these
primes are totally split in F; and inert in L/[F;. By using the same argument as for g
above, we conclude that a prime Q < @(F;) as defined in 4. will be inert in Fy;/F;
and does not capitulate. In particular, it must have maximal order p™*! (recall

which is thus a prime ideal. Its Artin symbol (
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that this order is bounded solely by the order of the p - power roots of unity in
K ). Since ¢(9Q) and ¢(g;) generate Gal(F,+;/F;), these symbols differ by a power
¢, (¢, p) = 1. Using the fact that Q NG (K) = q and q”i ~ @, we conclude that ¢ =1,
which completes the proof. O

The properties of these telescoping extensions are directly connected to the
particular situation in which the Kummer radicals of all the extensions @7}, are subsets
of Kg. They imply the remarkable fact, that ideals of A7+ will only capitulate in
subextensions of the Hilbert class field in which they are totally split.

We now combine this observation with the construction of Thaine. Let a,, €
A\ Al and q € a,, a prime with the following properties:

1. The prime g € Z below g splits completely in Ky /@Q for some N > n and is

unramified in K.

2. Let {4 be a primitive g—th root of unity and [, = K, [n] < K,[{4] be the field
of degree [F, : K,] = pN. Then q is totally ramified in F,/K: if Q c Fj, is the
prime above g, then q = 9P" and we let a,, = [QQ] be the p - part of the class of
Q.

We shall assume that
(16) ord(a,) > ord(ay,),

Observe that a}, € A(F,;)\ AP (F,), as a consequence of the fact that ay, is p - indivisible.
If K is CM and galois, then a,, € A~ and q will not capitulate in the extension [, /K,
which is also CM, thus (16) holds. Based on this relation, we use the construction of
Thaine sketched in point 2. and prove:

Lemma 8. If2(K) > 0, there is no extension [, verifying the premises above and such
that ord(a),) > ord(ay).

Proof. We assume that ord(a},) = rord(ay,) for some r = pj,j > 1 and 7 sufficiently
large. We shall prove that a), " Z1. This implies the claim. Indeed, if L cH, (F) isa
cyclic extension with group generated by ¢(a,), thenL-K;,; c @} i [n] is a Kummer
extension of maximal degree p™*1*/. But we have seen that these extensions are not
abelian over K, and thus L/F, cannot be abelian: a contradiction of the assumption
ord(aﬁl) > ord(ay,) (or equivalently, to j > 0.

Since g is unramified in K, K and Q[n] are linearly disjoint and we let [, =
Km[n] for all m = 0. Thus Gal(F,,/Q) = Gal(K,/Q) x Gal(Q[n]/Q) and U, [F,, is the
cyclotomic Z,, - extension of K[n]. The group A}, is Z,[G] - cyclic and we assume
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that ay, is a generator. Let A, (F) = N[;: ik, (A7) be the inverse image of norm for Aj,.
Since 9 is totally ramified, @'}, = 1 for v a generator of Gal(F, /K ,); the group A,
being Z,[G] cyclic, it follows that A}, (F) has the same p - rank 2(K) as A}, and aj,
is a generator of this Z, [G] - module. We let ®}, = @}, -F,, < H,(F), the Hilbert class
field of F,.

Let a’ = (a),) € A(F) be a norm coherent sequence containing a,,. Then a’' ¢ A(F)”.
Consider now g € a), a prime ideal with " ~ £ and letL/F,,L < H, (F) an unramified
cyclic extension with [L : F,] = ord(a),) in which g is inert. Then M; = KL N ®} is
an extension of degree p"*! with galois group generated by ¢(a),) and thus ¢(a;,)
fixes some subfield M c L with [M: ;] = r, and for p”Jrl > r we have M c M;. Now
L-Fpejc (D:‘Hj [n] and thus Gal (L - [F,Hj/[FnJrj)T* = {1}; let p € a), be a prime splitting
inF,,;/Fy, and ¢’ O (F,, ) a prime above it, so

([L.urn+j/[Fn+j) ~ (I]_/[Fn)

©’ 1%
by restriction (cf. [6], Chapter X, p. 198, A2). But the Artin symbol on the left is
canceled by T*, and thus a’ Z =1, as claimed. O

As a direct consequence, since ord(a},) > ord(a,) holds for CM fields, we have:
Corollary 2. Leopoldt’s conjecture holds for CM galois extensions K/Q.
If K/Q is galois but not CM, we need the following

Assumption 1. Leta € Z,[G] be any idempotentand a™ € Z,[G] be its image through
the Leopoldt involution. Then we assume that the units E c K are such that for each
idempotent and each n >0

a(ZIG)/(p"ZIG))- (E/p"E)
a* (Z[G)/(p"ZIG))- (E/p"E)

{1} or
{1}

Then one can show that assumption (16) and thus Leopoldt’s conjecture follows
for K.
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Abstract. Let G be a reductive group over a non-Archimedean local field. For two tempered
smooth representations, it makes no difference for the Ext-groups whether we work in the category
of tempered smooth representations of G or of all smooth representations of G. Similar results
hold for certain discrete groups. We explain the basic ideas from functional analysis and geometric
group theory that are needed to state this result correctly and prove it.

1. Introduction

These notes are based on my lecture at the conference “Symmetries in Algebra
and Number Theory” in Goéttingen in October 2008, where I discussed results of
[5,7,9]. Since details are available in these articles, our presentation will sometimes
be informal and limited to the most basic ideas.

First I briefly introduce some categories of representations studied in represen-
tation theory, before focussing on the categories of smooth and tempered smooth
representations of reductive p-adic groups.

It was observed for such groups that it makes no difference for homological
algebra in which of these two categories we work: both Extg(V, W) and Torf( V,W)
agree in both worlds if V and W are tempered smooth representations. Even more is
true: the derived category of tempered smooth representations is a full subcategory
of the derived category of smooth representations. All this can be deduced from
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the exactness of a single chain complex, namely, the chain complex that computes
Tor® @ (#(G), #(G)) for the Schwartz algebra & (G) of G, where C2°(G) denotes
the Hecke algebra of G.

The result as stated above is false, however: to get a correct statement we must
incorporate some functional analysis into our homological algebra in order to re-
place tensor products by complete tensor products. I explain this for the Schwartz
algebra .#(2) for the group of integers, where the same problem appears. After the
necessary excursion into bornological vector spaces and homological algebra for
them, we can correctly state our main result.

Let A be a dense subalgebra of a bornological algebra B. By density, a map
between two B-modules is B-linear once it is A-linear. Hence the category of
B-modules is always a full subcategory of the category of A-modules. This be-
comes false when we pass to derived categories. But there are many cases where the
canonical functor from the derived category of B-modules to the derived category
of A-modules is fully faithful. I first met this phenomenon along the way in [8] and
studied it more systematically in [6]. The same phenomenon has been studied under
different names in slightly different contexts by other authors, as kindly pointed
out to me by Alexei Yu. Pirkovskii and Henning Krause. The first instance I know
is the notion of absolute localisation in Joseph L. Taylor’s work on the functional
calculus for several commuting operators on a Banach space ([14]); this notion is
formulated for continuous homomorphisms of topological algebras. Another in-
stance is the notion of a homological epimorphism introduced by Werner Geigle
and Helmut Lenzing in [2]; this notion is formulated for homomorphisms of rings
and has been applied to the representation theory of finite-dimensional algebras.
Amnon Neeman and Andrew Ranicki call such homomorphisms stably flat and use
them in connection with algebraic K-theory ([10], see also [4]). The same name is
used by Alexei Yu. Pirkovskii in [11]. I call such maps isocohomological because they
preserve cohomology.

The proof that the embedding C¥(G) — #(G) of the Hecke algebra into the
Schwartz algebra of a reductive p-adic group is isocohomological is based on an idea
from geometric group theory. To make this point, I also discuss a similar result for
discrete groups from [5], which deals with the group ring C[G] of a finitely generated
discrete group G and a Schwartz algebra .#(G) defined by weighted ¢; -estimates.
It turns out that the chain complex whose contractibility is crucial for an isocoho-
mological embedding C[G] — .#(G) for a discrete group G is a coarse invariant of G.
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This leads to a recipe for contracting it, based on the notion of a combing from
geometric group theory.

Reductive p-adic groups have such a combing because they act cocompactly
on a CAT(0)-space — their affine Bruhat-Tits building. This led me to prove the
result for reductive p-adic groups. After I established results on isocohomological
embeddings for Abelian groups in [8], I wanted to extend them to reductive p-adic
groups such as S1,,(Q,) but found this difficult. Therefore, I first worked out a similar
problem for discrete groups in [5], in a way that ought to generalise to reductive
p-adic groups; then I carried out this generalisation in [7].

In these notes I only sketch some rough ideas of the proof of the result for discrete
groups. After this sketch of a proof, I turn to some applications. The first is a van-
ishing result for certain Ext and Tor-groups for square-integrable representations.
Together with results of Peter Schneider and Ulrich Stuhler from [12], this provides a
combinatorial formula for the formal dimension of a square-integrable represen-
tation, which implies that these dimensions are quantised. As a consequence, the
number of square-integrable irreducible representations that contain a U-invariant
vector for a compact open subgroup U of G grows at most linearly in vol(U) .

2. Categories of representations

Here we discuss some classes of representations that have been studied in repre-
sentation theory. Later on, we will focus on smooth representations and tempered
smooth representations.

The first class of representations to be studied were the finite-dimensional ones.
Infinite-dimensional representations came into focus because of quantum mechan-
ics, which required understanding unitary representations of certain Lie groups on
Hilbert spaces.

For any locally compact group G, we know one basic example of a unitary
representation: the regular representation on the Hilbert space L,(G), given by
g-f(x):= f(g lx) for all g,x € G, f € L,(G). If G is a compact group, then any
irreducible representation of G is contained in the regular representation. For non-
compact groups, we must restrict to unitary representations — unitarity is automatic
for compact groups — and weaken our notion of containment: already for the Abelian
group R, irreducible representations are only weakly contained in the regular repre-
sentation. (A unitary representation 7 of G on a Hilbert space . is weakly contained
in another unitary representation p of G if its matrix coefficients g — (¢ 7, i) for
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U, € /€ can be approximated locally uniformly by linear combinations of matrix
coefficients of p.)

All non-compact semi-simple Lie groups have unitary representations that are not
weakly contained in the regular representations - the simplest example is the trivial
representation of SI(2,R). Unitary representations that are weakly contained in the
regular representation are called tempered unitary representations. The systematic
study of the representation theory of Lie groups showed that tempered unitary
representations are much easier to classify than general unitary representations —
we still lack a complete description of the latter for general semi-simple Lie groups,
while the tempered unitary representations are, in principle, classified.

Lie algebra methods are one of the major tools for studying finite-dimensional
representations of Lie groups. These do not directly apply to unitary representations
on Hilbert space because the Lie algebra is only represented by unbounded operators.
But they do apply nicely once we pass to a suitable subset of smooth vectors. Many
results in representation theory are established first in this category of smooth
representations and then translated to unitary Hilbert space representations.

This lecture mainly deals with reductive p-adic groups instead of Lie groups. A
reductive p-adic group is a reductive linear algebraic group over a non-Archimedean
local field. Their representation theory is remarkably similar to the representation
theory of Lie groups. For the following, it suffices to think of basic examples of
reductive p-adic groups such as the special linear groups S1,,(Q) or S1,(F4 IFR7)
over the fields @, of p-adic integers or over a local function field F [ t~1, 1]. All groups
we consider are locally compact and totally disconnected, that is, their topology has
a basis consisting of subsets that are both compact and open. Moreover, the unit
element has a neighbourhood basis of compact open subgroups.

Definition 2.1. A representation of a locally compact, totally disconnected group
(on a C-vector space) is called smooth if each vector is fixed by some open subgroup.
Let Rep(G) denote the category of smooth representations of G.

Example 2.2. Let G = SI>(Qp) and let V be the space of locally constant functions
on the projective line P1Q,, equipped with the induced action of G. This is a smooth
representation of G. The constant function is G-invariant, so that V contains a
subrepresentation isomorphic to the trivial representation. The quotient V/C-1 is
a tempered, irreducible smooth representation called the Steinberg representation
of G. The representation V itself is not tempered because the trivial representation
of G is not tempered.



Ralf Meyer: Homological algebra for Schwartz algebras 103

The definition of tempered smooth representations is more subtle. It may seem
natural to require the existence of an invariant inner product such that the Hilbert
space completion carries a tempered unitary representation. But it is better not to
require tempered smooth representations to be unitary at all.

One reason for this is the following desideratum: the category of tempered smooth
representations should be closed under extensions. In particular, a smooth repre-
sentation of finite length (that is, one with a finite Jordan-Holder series) should be
tempered if all its irreducible subquotients are tempered. But the property of being
unitary is not closed under extensions.

Example 2.3. Represent the group Z on C2 by unipotent matrices: n— (§ ). This
representation is a non-trivial extension of the trivial representation by itself and
should therefore be tempered because the trivial representation of Z is a tempered
unitary representation. But a unipotent matrix is not unitary for any inner product.

The correct definition of tempered smooth representations uses Schwartz al-
gebras. Smooth representations of a group G may be viewed as non-degenerate
modules over the convolution algebra C2°(G) of smooth, compactly supported func-
tions on G. For totally disconnected groups, “smooth” means “locally constant,” and
C2°(G) is also called the Hecke algebra of G. For Lie groups, the above statement is
only literally correct if we incorporate some functional analysis into our definitions
—we should study smooth representations and C2°(G)-modules in the category of
bornological vector spaces (see [9]).

Tempered representations are defined as modules over a certain completion of
C2°(G), generically called Schwartz algebra. The cases G = Z and G = R are most
familiar: here the Schwartz algebra .#(G) is the convolution algebra of rapidly
decreasing functions of Laurent Schwartz. Recall that the Fourier transform provides
algebra isomorphisms between . (Z) and the algebra C*®(2) of smooth functions
on the Pontrjagin dual Z = T of Z with pointwise multiplication, and between .# (R)
with convolution and . (R) with pointwise product. We will soon use % (Z) to
motivate our results for reductive p-adic groups.

The definition of the Schwartz algebra .# (G) for a reductive p-adic group G is due
to Harish-Chandra and involves two ingredients: uniform smoothness and rapid
decay. A function on G is uniformly smooth if it is U-invariant on the left and on
the right for some compact-open subgroup U in G, so that it descends to a function
on the double coset space G // U. A uniformly smooth function f on G has rapid
decay if and only if f- (¢ +1)* € L,(G) for all k € N, where / is an appropriate length



104 Symmetries in Algebra and Number Theory, 2008

function on G; for G = S1,(Qp), we may take

0(g) :=log, max{liglleo, llg™" lloo}

where | glloo denotes the maximum of the p-adic norms of the matrix entries of g. It
is non-trivial that convolutions of uniformly smooth functions of rapid decay are
well-defined and have rapid decay.

The above description of & (G) by L, -estimtes is due to Marie-France Vignéras [15].
Harish—Chandra defines .#(G) using a weighted supremum norm instead. For
uniformly smooth functions, an L,-estimate is equivalent to suitable weighted
L,-estimates for p € [0,00] because the set G// U of double cosets — unlike G itself or
G/ U -has polynomial growth with respect to the length function ¢.

Roughly speaking, a tempered smooth representation of G is a module over the
Schwartz algebra .#(G). But we must modify this definition because as stated above,
the derived category of .#(G) does not embed into the derived category of C2°(G).

Before we discuss this problem, we briefly define Schwartz algebras for finitely
generated discrete groups. If ¢ is a word-length function on such a group G, we let
feL@Gif f-(0+1)ket,(G) forall keN, that s,

Y If @1 +D* <oo.

geG
We use this definition although modules over .#(G) have little to do with tem-
pered unitary representations in general; they are more closely related to uniformly
bounded Banach space representations. For groups of rapid decay, the Jolissaint
algebra [3] is an interesting alternative to . (G) that is closely related to tempered
unitary representations. But our main results are false for the Jolissaint algebra, that
is, its derived category does not embed into the derived category of the group ring.

3. Why do we need bornological modules?

Our main result asserts that the derived category of tempered smooth repre-
sentations of a reductive p-adic group is a full subcategory of the category of all
its smooth representations. In particular, if V and W are both tempered smooth
representations, then it makes no difference for ExtE(V, W) and Tor’é (V, W) in which
of the two categories of smooth representations we work.

In this section, we explain why this theorem is false and how to rectify it. The
issue is that we cannot work in a purely algebraic setting; we must complete tensor
products, forcing us to incorporate some functional analysis into our setup.
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The problem is the same for reductive p-adic groups and Abelian groups and
already appears for the group G = Z. Hence we study this very simple case here. Let
A:=C[Z] and B := #(Z). The basic input for all homological computations with
A-modules is a free A-bimodule resolution of A: once we know such a resolution, we
can get free resolutions for all left or right A-modules and compute derived functors.

The algebra A is isomorphic to the algebra C[z, t '] of Laurent polynomials. There
is a very small free A-bimodule resolution of A,

0—AsAL A A™ A—0,

whered(f®g):=tfeg—fetgand m(f®g) = f-gfor f,g € C[t,t7']. Itis routine
to check that the above chain complex is exact.

The basic question is whether it remains exact when we replace A by the comple-
tion B. The resulting chain complex

3.1) 0—BsBLBeB™B—0

computes Torj‘(B, B) and should be exact if Torjj‘(B,B) = Torg (B, B). Conversely, if
this single chain complex is exact, then Ext’; (V, W) = Exty (V, W) for all B-modules
V and W, similarly for Tor, and the canonical functor from the derived category of B
to the derived category of A is fully faithful (see [6]).

Unfortunately, the chain complex in (3.1) is not exact. Clearly, d is injective and m
is surjective, but ker m is bigger than the range of d. To remedy this, we have to
complete our tensor products and replace B& B = . (Z) ®.%#(Z) by B& B := #(Z x 7).
This is isomorphic by the Fourier transform to C*°(T2), and the completed chain
complex

0—C®(12) L c®(T2) 2 ¢®(T) — 0
is exact. Here d f (x,y) := (x — ) f(x,y) and mf(x) = f(x, x).

Thus we need to modify our setup and consider a category of modules where the
algebraic tensor product is replaced by a completed tensor product with B& B =
F(Zx 7).

The most familiar choice is the category of complete locally convex topological
vector spaces with the complete projective topological tensor product. While this
may still work well enough for the example Z, we get serious problems for the
Schwartz algebra .#(G) of areductive p-adic group G because the product in .#(G) is
not jointly continuous. To accomodate this, we may follow [1] and use the complete
inductive topological tensor product, which is designed to be universal for separately
continuous bilinear maps. But this tensor product behaves rather badly for general
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locally convex topological vector spaces — even associativity is unclear. Everything
works fine if we also restrict attention, say, to the category of nuclear LF-spaces. This
is enough to cover . (G) and the modules we need.

There is, however, a better way to combine functional analysis with homological
algebra, where the problems with completed tensor products mentioned above dis-
appear. In other words, these problems are mere artefacts produced by unsuitable
definitions. Instead of complete locally convex topological vector spaces, we should
use complete convex bornological vector spaces. A bornology on a vector space
is a collection of bounded subsets with certain properties — thus bounded subsets
replace open subsets in bornological analysis. Correspondingly, boundedness re-
places continuity for linear and bilinear maps. Any complete convex bornological
vector space is an inductive limit of Banach spaces in a natural way.

The category of complete bornological vector spaces has very good algebraic
properties. For instance, the complete projective tensor product in this category and
the internal Hom functor are related by the familiar adjointness isomorphism

Hom(X,Hom(Y,Z)) =Hom(X & Y, Z).

Any vector space carries a canonical bornology, called the fine bornology. Its
bounded subsets are the bounded subsets of finite-dimensional subspaces. This
defines a fully faithful, fully exact embedding of the category of vector spaces into
the category of complete bornological vector spaces. Furthermore, the embedding is
symmetric monoidal, that is, compatible with (complete) tensor products. Roughly
speaking, nothing happens when we equip a vector space with the fine bornology.

Topological vector spaces also carry canonical bornologies. The most useful
choice is the precompact bornology, consisting of all precompact subsets. This
defines a fully faithful, fully exact, symmetric monoidal embedding of the category
of Fréchet spaces into the category of complete bornological vector spaces. The
precompact bornology also defines such an embedding on the category of nuclear
LE-spaces. On this category, the complete projective bornological tensor product
agrees with the complete inductive topological tensor product — exactly what we
need. Thus ¥ (G) & #(G) = ¥ (G x G) for any reductive p-adic group G.

We now modify our definitions to allow smooth representations on (complete,
convex) bornological vector spaces; from now on, all bornological vector spaces
are requird complete and convex. A group representation of a locally compact,
totally disconnected group G on a bornological vector space V is called smooth if,
for each bounded subset S, there is a compact-open subgroup U of G with u- v =7
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forall ue U, v € S. The category of smooth representations of G on bornological
vector spaces is isomorphic to the category of essential bornological C2°(G)-modules
(a bornological A-module is essential if the multiplication map A® M — M is a
bornological quotient map).

The tempered smooth representations of G are the essential .#(G)-modules, where
we equip .#(G) with the obvious bornology: a subset of .#(G) is bounded if its
elements are uniformly smooth and of uniformly rapid decay.

When doing homological algebra in this setting, it is better to replace exactness
by a stronger condition, namely, the existence of a bounded contracting homotopy.
Otherwise, we would get a complicated derived category even for the trivial algebra C
because there are non-trivial extensions of bornological vector spaces. To get rid of
these complications, we do relative homological algebra with respect to the category
of bornological vector spaces. Formally, this means that we turn categories of
bornological vector spaces and modules into exact categories in the sense of Quillen.
These exact categories have enough injective and enough projective objects, so that
homological algebra works as usual. In particular, we can form derived categories.
The main point to remember is that resolutions are required to have a bounded
contracting homotopy.

We can now state our main theorem:

Theorem 3.2. The embedding CT(G) — & (G) induces a fully faithful functor be-
tween the derived categories of non-degenerate bornological modules over CZ°(G) and
F(G). In particular, if both V and W are essential & (G)-modules, then

~ C®(G ~
Extoo ) (V, W) Z Extly ) (VW) and  Tor, ¥ (v, W) = Tory, @ (v, ).
Various equivalent conditions for such an embedding of derived categories are
given in [6]. The one that is practical to check is the following:

Theorem 3.3. Let A and B be bornological algebras and let f: A — B be an essential
bounded algebra homomorphism; that is, B is essential as an A-bimodule. Let P, — A
be a projective A-bimodule resolution of A. The functor between the derived categories
of essential bornological modules over A and B induced by f is fully faithful if and
only if B& 4 P. & 4 B— B has a bounded contracting homotopy.

We also call f isocohomological if this is the case. The argument above shows that
the embedding C[Z] — #(Z) is isocohomological. Our main theorem states that the
embedding C°(G) — & (G) for a reductive p-adic group is isocohomological.
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The proof of Theorem 3.3 is not hard. Only the sufficiency of the condition is
relevant here. The main point is that if B& 4 P. ® 4 B — B has a bounded contracting
homotopy, then it is a projective B-bimodule resolution of B. Hence all derived
functors for B can be computed using this bimodule resolutions. When we compare
them with similar computations for A, we get the same answer because the two
resolutions are so closely related.

4. Some ideas from the proof of the main theorem

We have now stated our main theorem correctly and established an analogous
result for the discrete group Z. To find a proof for reductive p-adic groups, we
identify a geometric property for discrete groups related to non-negative curvature
that ensures that the embedding C[G] — .#(G) is isocohomological.

What does “geometric” mean here? Any finitely generated group G becomes a
metric space with respect to a word-length function. This metric is not unique, but
it is unique up to quasi-isometry. Moreover, it frequently happens that a group G is
quasi-isometric to a nice geometric object like a smooth manifold. In general, if G
acts cocompactly, properly, and by isometries on a metric space X, then G and X
are quasi-isometric. For instance, the fundamental group of a Riemannian manifold
is quasi-isometric to the universal covering of this manifold.

Any reductive p-adic group G acts cocompactly and properly on a nice geometric
space — its affine Bruhat-Tits building. It is known that such buildings have non-
positive curvature — formally, they have the CAT(0)-property that triangles in them
are thinner than comparison triangles in flat Euclidean space. Hence a geometric
non-positive curvature condition covers reductive p-adic groups as well.

It is shown in [5] that the question whether or not the embedding C[G] — & (G)
is isocohomological for a discrete group G depends only on the quasi-isometry
type of G. This can be formalised as follows: to any metric space we may associate
a certain chain complex that is a quasi-isometry invariant, and for the underly-
ing metric space of a finitely generated discrete group G, this chain complex has
a bounded contracting homotopy if and only if the embedding C[G] — #(G) is
isocohomological.

The chain complex in question is a certain completion of the reduced bar com-
plex on X. More precisely, we take the reduced chain complex C. (X) of the simplicial
set with X"*! as its set of n-simplices, and face and degeneracy maps deleting or
adding one of the entries. The completion involves chains with controlled support
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- there is R > 0 such that f(xo,..., x,) vanishes if d(x;, x;) > R for some i, j — and
with rapid decay in the sense that the function (¢(xo) + 1)* f (xo, ..., x,,) on X! is
absolutely summable for each k € N. For a discrete group G, this chain complex
has a bounded contracting homotopy if and only if the embedding C[G] — ¥ (G)
is isocohomological. Thus our task is to find a contracting homotopy for the un-
completed chain complex C.(X) that is bounded with respect to the appropriate
bornology and therefore extends to the completion.

The reduced bar complex above is huge and may therefore appear impractical for
cohomology computations. Nevertheless, it is ideal for our current purpose because
of its good functoriality properties. By design, the bar construction makes sense for
any discrete set X, and any map f: X — Y induces a chain map. If f,g: X — Y are
two maps, then the induced chain maps are chain homotopic — simply because the
bar complex is contractible. But there is, in fact, an explicit and simple formula for a
chain homotopy between the chain maps induced by f and g.

In particular, this chain homotopy for the identity map and a constant map
provides a contracting homotopy for C. (X). This is just the standard contracting
homotopy of the reduced bar complex C. (X), and it is unbounded for the relevant
bornology. To get a bounded contracting homotopy, we must contract our group
more gently: we need a sequence of maps f,,;: X — X that, roughly speaking, move
each x € X to the base point 0 in small steps; typically, we just let f;,(x) be points on
a quasi-geodesic in X from x to 0; “moving in small steps” means that there is S > 0
with d(f (%), fu+1(x)) <RforallneN, x € X.

Given such a sequence of maps (f;,), we sum up the canonical chain homotopies
between the chain maps induced by the f;, and hope that the sum remains bounded.
This requires further geometric conditions. Since our homotopy must preserve
controlled supports, we need that f,,(x) and f,(y) remain close for all n € N if x
and y are close; more precisely, for each R > 0 there is S > 0 such that if d(x, y) <R,
then d(f,,(x), f()) < Sforall n € N. A sequence of maps (f;,) with the two properties
described above is called a (synchronous) combing on G. In addition, to preserve the
rapid decay condition, we need that the number of n € N with f;,(x) # f;,+1(x) grows
at most polynomially in ¢(x) = d(x,0); if the points f;,(x) follow a quasi-geodesic,
then this number automatically grows linearly (polynomial growth rules out some
groups that only admit more complicated combings where each element follows a
huge detour). We can now formulate the main result of [5]:
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Theorem 4.1. Let G be a finitely generated discrete group that has a combing of
polynomial growth. Then the embedding C[G] — & (G) is isocohomological.

In a Riemannian metric, geodesics remain close to each other if the curvature
is non-positive. For instance, this happens in flat R”. Since the group Z" with
word-length metric is quasi-isometric to R”, the group Z” has a combing as well.
This explains why the embedding C[Z"] — #(Z") is isocohomological. Another
class of groups that admit combings are hyperbolic groups, fundamental groups of
non-positively curved manifolds, and cocompact lattices in Lie groups — the latter
act cocompactly and properly on non-positively curved Riemannian manifolds.

For discrete groups, categories of representations are usually not well-behaved,
so that Ext- and Tor-groups for them are usually hard to compute. The most inter-
esting case of Theorem 4.1 seems to concern the trivial representation. The groups
ExtaG] (C,C) are group cohomology, while Ext;(G) (C,C) are group cohomology with
polynomial growth; that is, we take the standard bar complex computing group
cohomology and take the cohomology of the subcomplex of cochains of polynomial
growth. Theorem 4.1 implies that both chain complexes are homotopy equivalent
if G has a combing of polynomial growth. In particular, every class in the group
cohomology is represented by a cocycle of polynomial growth.

Any reductive p-adic group acts cocompactly on its affine Bruhat-Tits building,
which is another example of a non-positively curved space — formally, a CAT(0)-space.
Hence reductive p-adic groups have combings of linear growth. This suggested to me
that Theorem 4.1 should remain true for reductive p-adic groups. In fact, I checked
this for Sl»(Qp) by hand and added a remark to this extent in the introduction of [5].
This intrigued Peter Schneider who had tried to prove such a statement but hit the
problem described in §3 and concluded that the statement was false.

As expected, the proof of Theorem 4.1 carries over to reductive p-adic groups.
But two new problems appear that still requires a significant amount of additional
work.

One issue is that the trivial representation of a reductive p-adic group is not tem-
pered. In the discrete case, the trivial representation is always a module over . (G)
because the latter is defined using ¢, -estimates. This allows some simplification in
the chain complexes to be considered. The chain complex described involves chains
on X" that are compactly supported in all but one direction. To treat reductive
p-adic groups, we must allow functions that are compactly supported in all but fwo
directions, and that satisfy a certain growth condition in the other two directions.
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A second issue is the uniform smoothness in the definition of the Schwartz
algebra. The contracting homotopy must be constructed more carefully in order to
preserve this property, and the argument requires results of Bruhat and Tits about
stabilisers of points in the building.

5. Some applications

In this section, we let G be a semi-simple p-adic group such as S, (Qp) or such as
Sl (Fq [[t71, £]). An extension to reductive groups such as Gl,(Qp) or Gl,(F4 IR3)
is possible but requires more notation, which I do not want to introduce here.

What can we learn from our main result that the embedding C2°(G) — #(G)
is isocohomological? First of all, this implies that the subcategory of tempered
smooth representations is closed under extensions in the category of all smooth
representations because Ext1 is the same in both categories. We already observed
this important property of the category of tempered smooth representations in §2.
Example 2.3 shows that the categories of unitary representations or of uniformly
bounded Banach space representations are not closed under extensions. Hence the
embedding C[Z] — ¢,(2Z) is not isocohomological.

Another important general consequence is that .#(G) has a projective bimodule
resolution of finite length — the same length as for C°(G). This means that derived
functors for .#(G) vanish above some dimension.

In principle, this projective bimodule resolution can be used to compute the
Hochschild and cyclic homology of .#(G). While such a computation for C2°(G)
is feasible, the case of .#(G) is considerably more complicated because it requires
careful estimates about the growth of the length function on conjugacy classes. It is
known that CZ°(G) and #(G) have isomorphic periodic cyclic homology ([13]), but
it seems very hard to prove this using the isocohomological embedding. There is no
general theorem to this effect.

Square-integrable representations are special tempered representations that are
isolated among tempered representations. That is, they are both projective and
injective in the category of tempered smooth representations. Hence Ext;(G) (v,w)
vanishes for n # 0 if V or W is square-integrable and the other one tempered. Our
main theorem yields the same for Extggo © (V,W). For instance, this applies if V'
is the Steinberg representation of Sl (Q,) (see Example 2.2). This vanishing result
is remarkable because, by its very definition, the Steinberg representation V has a
non-trivial extension by the trivial representation C, so that Ext1¢ce ) (V,C) #0.
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Vanishing results for square-integrable representations are particularly important
because these are the atoms of the Plancherel measure on the set of irreducible
representations of G. Moreover, since Extgcc,o oVW) vanishes unless V and W have
the same central character, the support of the function V — dim Ethgo © (V, W) is
always a finite set. Hence this function vanishes almost everywhere if W is tempered
and n # 0. In contrast, the function V — dimExt1ce(s), g, (V,©) does not vanish
almost everywhere because it is non-zero at the Steinberg representation, which is
an atom of the Plancherel measure.

Another interesting application is the quantisation of formal dimensions of
square-integrable representations:

Theorem 5.1. There is a > 0 such that the formal dimension of any irreducible
square-integrable representation of G belongs to a -Ny.

This implies a bound on the number of irreducible square-integrable representa-
tions that contain U-fixed vectors for some compact-open subgroup U: any such
representation is contained in L, (G/U), which has formal dimension vol(U)!. Since
formal dimensions are additive and positive, we conclude that there are at most
1/(avolU) square-integrable representations that contain U-fixed vectors.

How is our main result related to formal dimensions? The following conceptual
explanation is taken from [7]. The ring C2°(G) is a regular Noetherian ring, that is,
any finitely generated C2°(G)-module has a resolution of finite length by finitely
generated projective modules. Hence any finitely generated C°(G)-module de-
termines a class in the algebraic K-theory of C2°(G): take the Euler characteristic
o= 1)"*[P,] of a finite type projective resolution P.. Since the formal dimension
of representations defines a linear map Ko (CG) — R, this yields a notion of formal
dimension for all finitely generated CZ°(G)-modules.

There seems to be no general formula for such a resolution for a general finitely
generated module. But if we restrict to representations of finite length, then Peter
Schneider and Ulrich Stuhler construct an explicit projective resolution in [12]. This
can be used to compute the formal dimension mentioned above and shows that it is
quantised. But it is not clear whether this new notion of formal dimension agrees
with the usual one that is based on traces on group von Neumann algebras.

This is exactly where our main theorem is needed. It implies that a projective
C2°(G)-module resolution of an .#(G)-module remains a resolution when we base
change to .#(G). If we start with a square-integrable representation V, then Vis a
projective #(G)-module. Hence the resolution # (G) &cx(g) P. of V must split, so
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that [V] = 272 ((=1)"[#(G) &cx(G) Pul in Ko(#G). This implies that the combina-
torial formal dimension computed using the class of V in Ko (C°G) agrees with the
usual formal dimension.

6. Conclusion

We have seen that the derived category of tempered smooth representations of a
reductive p-adic group G is a full subcategory of the derived category of all smooth
representations G. To achieve this, we had to incorporate some functional analysis
into our categories of modules. The proof of this result is inspired by the proof of a
similar result for discrete groups that uses ideas from geometric group theory.

This comparison result is useful in two ways: it shows that the modules over
the Schwartz algebra have reasonably simple projective resolutions because this
happens over the Hecke algebra. And it shows that Ext and Tor vanish for tempered
representations if one of them is square-integrable. We have also seen one conse-
quence - the quantisation of formal dimensions of square-integrable representations
—whose statement does not involve any homological algebra.
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Abstract. In this mostly expository article we give a survey of some of the generalizations of
Serre’s conjecture and results towards them that have been obtained in recent years. We also
discuss recent progress towards a mod p local Langlands correspondence for p-adic fields and its
connections with Serre’s conjecture. A theorem describing the structure of some mod p Hecke
algebras for GLy, is proved.

1. Introduction

1.1. The classical Serre conjecture. Algebraic number theory is, in some sense,
the study of the group Gal(Q/@Q). In particular, we are interested in the continuous
representations of this group and its finite index subgroups. One source of such
representations is the cohomology of algebraic varieties. For instance, if X is a
variety defined over a number field F and % is an étale sheaf on X, then the étale
cohomology H, (X ® Q, %) carries an action of Gal(Q/F). Serre’s conjectures and its
generalizations tell us which representations arise in this way.

In this section, we will briefly review the original conjecture of Serre. The reader
is directed to the excellent expository article [26] for details. For each prime [, fixa
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decomposition subgroup G; c Gal(Q/Q) at I, let I; c G; be the corresponding inertia
subgroup, and let P; c I; be the pro-/-Sylow wild inertia subgroup. Let N = 1 and
recall that 'y (V) c SL(2Z) is the subgroup

FI(N):{( Z Z )ESLZ(Z):a—IECEd—IEO modN}.
A modular form of weight k and level N is a holomorphic function f : # — C,

where /€ is the complex upper half plane, satisfying the following automorphy
condition, as well as some growth conditions at infinity:

f(az+b)=(cz+d)kf(z) vZle,v( ‘Cl

b eIl';(N)
cz+d P

d

Note that ( (1) 1 ) eT'1(N), whence f(z+1) = f(z) for all ze A, so that f has

a Fourier expansion. If f is, moreover, cuspidal and an eigenform for the Hecke
operators, then the expansion has only positive terms: f(z) =} ;-1 anq", where
q = €™*. The classical construction of Eichler and Shimura associates to such
an f a two-dimensional Galois representation py : Gal(Q/Q) — GL; (Fp) which is
unramified at all primes /{ Np. In other words, I;  kerp ¢; note that I; is defined
up to conjugation, but this condition is well-defined. It follows that if Frob; is an
arithmetic Frobenius element for /, the characteristic polynomial of p r(Froby) is
well-defined for 1 Np. It is x> — a;x + I¥~1, and by the Chebotarev density theo-
rem the facts stated here determine p r up to isomorphism. The Eichler-Shimura
construction essentially comes down to finding p s inside the cohomology of a suit-
able modular curve. We say that a Galois representation p : Gal(@/ Q) — GL, (Fp) is
modular if p = p r for some modular form f.

Suppose we are given p : Gal(Q/Q) — GL; (Fp), andlet ¢ € Gal(Q/Q) be the element
induced by complex conjugation. Since ¢ is the identity, we must have det p(c) = +1.
We say that p is odd if det p(c) = —1 and even otherwise. In the early 1970, J.-P. Serre
conjectured that

Conjecture 1.1. Suppose that p : Gal(@/ Q) — GL, (Fp) is continuous, irreducible,
and odd. Then p is modular.

Moreover, Serre gave a combinatorial recipe for the weights of the modular forms
giving rise to such p. The quantitative statement that a continuous, irreducible,
odd two-dimensional Galois representation is modular of the specified weights is
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called the strong Serre conjecture. Conjecture 1.1 was recently proved by Khare
and Wintenberger [18], [19], [20], relying on work of Kisin [22], [21]. However, the
implication that the strong Serre conjecture follows from Conjecture 1.1 (i.e. that if
p is modular, then it is modular of precisely the predicted weights) was known much
earlier, except for a few cases with p = 2. It was established by work of Mazur, Ribet,
Deligne, Fontaine, Carayol, Gross, Coleman, Voloch, and Edixhoven, among many
others. An example of a statement towards this result is the following theorem of
Fontaine. It was proved in a letter to Serre in 1979, and a somewhat different proof
eventually appeared in print in [8]. Recall that I), = Gal(@pl @Z’), where @zr is the
maximal unramified extension of Q. A character y : I, — F; is said to be of level
two if it factors through the quotient Gal(K>/Q}") = lF;;2 of I, where Q)" < Kz < @p

is the unique subextension with [K; : @;’,’ 1= ;/)2 -1.

Theorem 1.2 (Fontaine). Letp: Gal(@/ Q) — GL, (Fp) be modular of weight k and
level N, with2 < k < p + 1. Suppose that pg,, is irreducible. Lety, y' I, — F; be the
characters of level two induced by the two field embeddingsF > — Fp. Then,

wk’—l 0
p|lp ~ 0 (wl)k—l :

1.2. Generalizations of Serre’s conjecture. How can this picture be generalized?
For any number field F and any n = 1, we need to have a notion of a Galois repre-
sentation p : Gal(Q/F) — GLj, (Fp) being modular; roughly this should mean that p
arises “geometrically.” In most cases it is not known how to associate Galois represen-
tations to automorphic objects, making it difficult to motivate a natural definition of
modularity. But given a notion of modularity, one can seek to formulate analogues
of the Serre and strong Serre conjectures.

If F is a totally real number field, then it is known how to construct compatible
families of Galois representations associated to Hilbert modular forms over F (see
[4], [32]). The first generalizations of Serre’s conjecture dealt with this case. When p
is unramified in F, a conjecture was formulated by Buzzard, Diamond, and Jarvis [7].
It was extended by the author to totally real fields F where p ramifies arbitrarily, but
only when p is tamely ramified at all places above p. This conjecture is discussed in
the next section.

Serre’s conjecture has also been generalized in another direction, to Galois rep-
resentations p : Gal(Q/Q) — GL,,(FP) for arbitrary n. Ash, Doud, D. Pollack, and
Sinnott [2], [1] conjectured a combinatorial recipe for some modular weights in this
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case, but never claimed to have found all the modular weights. When p is tamely
ramifed at p, their work was improved by Herzig [15] who conjectured a complete
list of regular modular weights that is defined more conceptually. A more general
conjecture (without the assumption of tame ramification) was made by Gee [10], but
it specifies the modular weights in terms of the existence of certain crystalline lifts
and does not usually allow them to be written down explicitly. In fact, the conjecture
of Buzzard, Diamond, and Jarvis was already phrased in terms of crystalline lifts,
and hence non-explicit, when p had wild ramification at p.

The framework exists for stating Serre’s conjecture in an even more general con-
text. This work was begun by Gross in [12] and [13]. Let G/Q be a reductive group
such that all the arithmetic subgroups of G(Q) are finite, and suppose that G is an
inner form of a split group over Q. Let G be the split dual group over Z. To each
weight and level (a weight in this general context is an irreducible Fp-representation
of G(F)) Gross associated a space of modular forms with a Hecke-algebra action and
conjectured ([12], Conj. 1.1) that to any Hecke eigenform one can associate a Galois
representation p : Gal(Q/Q) — G(Fp) satisfying certain properties. This provides a
notion of modularity. One can now ask when a representation p : Gal(Q/Q) — G(Fp)
is modular and what the weights are of the modular forms giving rise to it.

2. Serre’s conjecture for Hilbert modular forms

2.1. Weights and modularity. Let F be a number field and n = 1. For any place
v of F, let 0, denote the ring of integers of the completion F,, and let k, be the
residue field. A Serre weight is an irreducible Fp—representation of the finite group
GL,,(OF/p). Any Serre weight factors through the quotient map

GL,(@F!p) — A= [[GLy(ky),
vlp
since the kernel is a p-group. Therefore Serre weights have the form o = ®,, 04,
where o, is an irreducible Fp—representation of GL,,(k,). We call such o, local Serre
weights at v.

Suppose for the rest of this section that n = 2 and F is totally real. We now
introduce a notion of modularity of a mod p Galois representation p : Gal(Q/F) —
GL, (Fp). Let D/F be a quaternion algebra that splits at exactly one infinite place
and at all places dividing p. Consider the reductive group G = Resg;q(D*) and let
U < G(A™) be an open compact subgroup. Let Xy /F be the associated Shimura
curve; its complex points are Xy (C) = G(@Q)\G(A®) x (C—-R)/U. Recall that the
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relative Picard scheme of Xy parametrizes line bundles locally of degree zero, and
let Pic®(Xy)/F be its component containing the identity. This is an abelian variety.
Let U,’, =ker((D® Z); = HU‘pGLz (0y) — GL2(OF/p)), and let
U;,’ = ker([1,, GL2(Gy) — I1y)p GLa(ky)). Clearly U;, c U;,’. We say that an open
compact U  G(A%) is of type () if U = U}, x UP, where UP < G(A*P). Let V =
[Ty GL2(@)) x UP. If UP is sufficiently small in the sense of section 3.1 of [29], then
Xy — Xy is a Galois cover with group V/U = GL,(Cr/ p). Hence we have an action
of V/U on Pic®(Xy).

Definition 2.1. Let o be a Serre weight. An irreducible Galois representation p :
Gal(@/ F) — GL, (Fp) is modular of weight o if there exists a quaternion algebra
D/F as above and an open compact U c (D ® 2)* < G(A®) of type (%), such that
Pic® (Xy)[p] ®, 0)CL2@F/p) = (Pic® Xy« ye) [P] ®f, 0)® has p as a Jordan-Holder
constituent.

If [F: Q] = d, then each of the d embeddings of F into R c C induces a “complex
conjugation” in Gal(Q/F). Denote these complex conjugations ¢y, ..., c;. We say that
p is totally odd if detp(c;) = —1 for all 1 < i < d. The qualitative Serre conjecture
generalizes to our situation as follows.

Conjecture 2.2. Suppose that p : Gal(Q/F) — GL; (Fp) is continuous, irreducible,
and totally odd. Then p is modular.

To formulate an analogue of the strong Serre conjecture we must, given a p,
specify its modular weights. The Langlands philosophy suggests that the modular
weights should be determined by local information, as was indeed the case for F = Q.
We fix a decomposition subgroup G, < Gal(Q/F) for each place v|p and will define a
set W, (p) oflocal Serre weights at v that depends only on the restriction pg,. Then
we will conjecture that

Conjecture 2.3. Let p : Gal(Q/F) — GL; (Fp) be a Galois representation. Its set of
modular weights is

W(p) = {U:®UU:VV|}9,UU € Wv(p)}.
vip

Fix a place p of F dividing p, let the cardinality of k, be g = pf, and let e be the
ramification index of Fy over Q,. When n =2, it is easy to give explicit models for
the local Serre weights at p. Let I be the set of field embeddings 7 : kp — Fp. Let
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I ={79,71,...,Tf-1} be a labeling of the elements of I such that 7;-; = Tf for all
i €Z/fZ. The irreducible F,-representations have the form
oy =@ (det"r Sym* 2 kﬁ) ®k,,1Fp»
Tel
where2 < k; < p+1and 0 < w; < p—1, and not all the w; are p—1. An explicit model
is given by the space of polynomials P € F,,[XO, Yo,.., Xp1, Ypql in 2 f variables
that are homogeneous of degree k;; — 2 in each pair of variables X, ¥;. The GL; (ky)-

action is given as follows. Fory = ( ccz b ) € GLa(kp), let I(y) € Gsz(Fp) be the

d
matrix
T0(a@) To(b)
To(c)  To(d)
T1(a) T1(D)
I(y) = T1(c) T1(d)

Tr (@) 1p-1(D)
Tro1(0) Tpo1(d)

Then we have

YP)(Xo,..., Yp_1) = [[ t(ad — b) " P((Xo, Yo, .., Xp—1, Yp-DI(})).

Tel

When n = 3 there are no longer such nice models of Serre weights and it is often
impossible to do explicit computations; this is one of the many difficulties of n = 3
relative to n = 2.

Let I < Gy be the inertia subgroup, and let Py, < I be the wild inertia; Py, is the
pro-p-Sylow subgroup of I,. The quotient I,/ Py is called the tame inertia and is
isomorphic to liLnﬂE;m. A character ¢ : I — I/ Py — [_F;:J is said to be of niveau m if
it factors through the quotient [F;m. Such a character is called fundamental if the
resulting map [F;m - F; is the restriction of an embedding F,m — Fp of fields.

Let kl’O be the quadratic extension of k. Given an embedding of fields 7 : ky — [_F,[J
(resp. T: k’g — Fp), let w; (resp. ¥z) be the corresponding fundamental character of
niveau f (resp. 2f).

The semisimplification pffp of py;, factors through the tame inertia, which is
abelian. Hence plsf is a sum of characters ¢ & ¢'. Moreover, the quotient Gp/ I,
which is topologically generated by a Frobenius element Froby, acts on the tame
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inertia by conjugation. It follows that {7, (¢")9} = {¢, ¢}, so that two possible cases
arise:

1. The characters ¢, ¢’ have niveau 2f, so that ¢’ = ¢7 and (¢)9 = ¢. This
implies the irreducibility of p|g, .
2. The characters ¢ and ¢’ are of niveau f, and piG, is reducible.

We are now ready to provide a recipe for W (p) when p is tamely ramified at p.

Definition2.4. letp: Gal(@/ F)— GL, (Fp) be a Galois representation.
1. Suppose that pg, is irreducible. Then the local Serre weight
o) op=Q(det" Sym* *k3) &,  Fp
Tel

is contained in Wy (p) if and only if for each 7 € I there exists a labeling {7, 7'}
of the two lifts of 7 to k”g and an integer 0 < §; < e — 1 such that

( HT w?r*1+5rw;71*5r 0 )

e-1-0; , k;—1+6
0 [Ty oyl 1o

2. Suppose that p|g, is reducible and that p is tamely ramified at p (i.e. P, c kerp).

Then Wy (p) consists precisely of the Serre weights as in (1) for which there
exists a subset J < I and an integer 0 < 6; < e— 1 for each 7 € I such that

kr—146 e—1-6
HTEJUJTT ’ HTQ]WT ! 0
-1-0. kr—1+6
0 HTE]W? ! HT€]WTT '

In particular, if e = p—1, then all Serre weights of suitable central character should
be modular.

oi, ~ [Twr”

el

pi, ~ [Tv7”

1€l

2.2. Evidence. There are some results available towards this conjecture. Dembélé’s
computations of modular weights of Hilbert modular forms over Q(v/5) for p =5
agree with Conjecture 2.3 (see section 4 of [28]). The following theoretical results
have also been established.

Theorem 2.5 ([28], Theorem 3.4). Suppose thate < p—1 and let p : Gal(@/ F) —
GL, (Fp) be such that p\g, is irreducible and p is modular of weight o = ®,,0, where
oy, written as in (1), satisfiesk; —2+e<p—1 forallt € I. Then gy € Wy(p).

If p is unramified in F, then a stronger result has been proved by Gee. We say that
a local Serre weight at p, written as in (1), is strongly regularif 3 < k; < p—1 for all
7€l and regularif2 < k; < pforall 7 € I. Gee uses a variant definition of modularity,
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working with definite quaternion algebras, but his results should be translatable to
our setting.

Theorem 2.6 ([11], Thms. 5.1.2 and 5.1.3). Suppose that p is unramified in F, that
p:Gal(Q/F) — GLy (Fp) is modular of weight o, and that o is strongly regular. Then
ogeWl(p).

Ifo € W(p) is strongly regular and non-ordinary, then it is a modular weight of p.

We refer the reader to Gee’s paper for the definition of “non-ordinary,” which is a
technical condition; “generically” weights are non-ordinary. We will briefly explain
why the hypothesis of k; —2+ e < p—1 in Theorem 2.5 and that of strong regularity
in Gee’s theorem ultimately stem from the same source.

A representation p : Gal(Q/Q) — GL; (Fp) that arises from a modular form of
weight 2 < k < p+ 1 and nebentype w is modular of weight det” ®Symk‘2ﬁ. Itis
now clear that Theorem 2.5 is a generalization of Fontaine’s Theorem 1.2 above, and
its proof follows the same method, although it works with Shimura curves rather than
modular curves and deals with complications introduced by the extra ramification.

Let B (kp) = GL3 (kp) be the upper triangular Borel subgroup, and choose a character
GLZ (kp )

0 : By (ky) — f; such that oy, is a subquotient of Inde(kp)

0. Then we find p inside a
suitable piece of Jac(Xyypat () o)1 p°], where

Ulbal(p)z{( ccl Z )EGLZ(@p):a—l,c,d—lep}

and U" is the part of U away from p. This suitable piece is a vector space scheme
to which we can apply Raynaud’s theory [25] to obtain combinatorial restrictions
on p. Effectively we have lifted a mod p Hilbert modular form giving rise to p to
trivial weight, but at the price of raising its level to Ulb al(p) x UP. In the process we
have lost information about o and retained only 6. In fact, at this step of the proof

([28], Prop. 3.3) p is restricted to being precisely one of the Galois representations for
GLZ(kp)
Bz(kp)

which is the best possible result. Then we consider all characters 6 such that o),
GLy (kp)
B (kp)

k;—2+e=< p—1forall 7 € I does not hold, then this intersection is too large and

contains p’s for which o is not conjectured to be modular.

which one of the subquotients of Ind 0 is conjectured to be a modular weight,

appears in Ind 0 and intersect the sets of permitted p’s. If the hypothesis that
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Gee’s proof follows a completely different method and hinges on a variant of
one of Kisin’s modularity lifting results. Kisin’s functor from crystalline Galois rep-
resentations to a certain category of G-modules is only essentially surjective if the
Hodge-Tate numbers on both sides are restricted to {0, 1}, and the needed modularity
lifting theorem is only available in this case. This forces Gee also to lift to weight 2,
work in weight 2, and deal with the same combinatorics at the end. The point is that
Theorems 2.5 and 2.6 are the best results obtainable by their methods of proof with
the available technology, except for ad hoc tricks such as the result of [27], which
allows one to prove a bit more when the residue field ky is small. In order to move
forward, it appears that one will need more general modularity lifting theorems.

2.3. A more conceptual formulation of the sets of modular weights. In this sec-
tion we will briefly discuss the structure of Herzig’s conjecture and how his ideas can
be used to restate Conjecture 2.3 more conceptually.

Letp: Gal(@/ Q) —GL, (Fp) be a Galois representation that is tamely ramified at
p. Then p;, factors through the abelian group I,/ Pp, so it is a sum of characters.
The action of G, on I,/ P, by conjugation implies that if a character v : [F;m - F;
appears in pj,, then so do all of its Galois conjugates. Hence there is a partition
ny +---+ n, = nsuch that

Ay
Ay
pir, ~ . »

Ar

where each A; is an n; x n; diagonal matrix whose diagonal entries are a Galois
conjugacy class [¥;] of characters [F;,,i — F;. This conjugacy class defines a cuspidal
characteristic zero representation O([y;]) of GLy, (Fp). Now let P  GL,(Fp) be the
standard parabolic subgroup whose Levi subgroup is GLy, (Fp) x -+ x GLy, (Fp). We
define a characteristic zero representation V(py;,) of GL,(Fp) by

Vipir,) =Indy """ @(1y1)) ® - © [y, 1)

Let JH(V (p1,)) be the set of Jordan-Hélder constituents of the reduction modulo
pof V(p Ip). Its elements are irreducible Fp-representations of GL;(Fp) —in other
words, weights. Herzig defines a class of regular weights analogous to that for GL;.
Roughly, a weight is regular if it does not lie on some boundaries of alcoves; for n =2
the notion of regularity coincides with the one defined above. Then he defines an
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operator Z sending the set of Serre weights into that of regular Serre weights and
conjectures ([15], Conj. 6.9) that the set of regular modular Serre weights of p is
ZUHWV (p1,)))-

Herzig also reformulates the conjecture of Buzzard, Diamond, and Jarvis in this
language. Given a tamely ramified p : Gal(Q/F) — GL, (Fp), for F a totally real field
in which p does not ramify, he defines a representation V(pjz,) of GL2(kp) such that

Wp(p) = ZUJH(V(py1,))) for an operator £ acting on the appropriate set of local
Serre weights. Herzig’s restatement of the conjecture accounts for the non-regular
weights as well, at the price of # being multi-valued.

If Fy, has ramification index e over Q,, then given a tamely ramified Galois repre-
sentation p : Gal(Q/F) — GL; (Fp) it is shown in [30] that one can define a collection
V(p) of characteristic zero representations of GL» (ky) such that

Wp(p)= U ZUHW)).
Vev(p)

The collection V (p) has at most e/ elements, where f = [ky: F 1.

3. Representations of GL, (M), for M a p-adic field

3.1. Notation. Let M/Q), be a finite extension, and denote by @ its ring of integers,
by 7 a uniformizer, and by k the residue field. Set G = GL, (M), and let K denote the
maximal compact subgroup GL,,(0). Let Z = M* be the center of G. Write I' c K for
subgroup of matrices congruent to the identity modulo 7. Let N be the collection of
non-decreasing n-tuples of integers v = (v1,...,v,), where 0 = vy < v, < --- < v,,. For
v e N, let a, € G be the matrix

ay =

For 0 < i < n, let P; c GL,, be the parabolic subgroup

e

In particular, ﬁo = ﬁn =GL,.

A 0
C D

:AEGL,-,DEGL,H-}.
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Recall the Cartan decomposition of G into a disjoint union of double cosets of
KZ:

@) G=]] Kza,'K.
veN

Let B c G be the upper triangular Borel subgroup, and let T < B and U c B be
the diagonal torus and the unipotent radical, respectively. Let S={f;:1<i<n—-1}
be the standard set of simple roots of GLy; here f§; = e; — e;+1, where X;; is the dual
basis of M,,(M)* and e; = X;;|r.

Let W = S, be the Weyl group of GL,,. We consider W as a subgroup of K via the
usual realization by permutation matrices. Let b € W be the element of greatest
length. Let w : K — GL,, (k) be the natural surjection. The Iwahori subgroup I c K is
the preimage of B(k) under w, and we denote by I(1) c I the pro- p-Sylow subgroup.

If H c G is an open subgroup and (7, V;) is a smooth representation of H, then
we recall that the compact induction indgr is a smooth representation of G. A
model for it is the space S(G, T) of compactly supported locally constant functions
f:G— V;suchthat f(hg) =7(h)f(g) forall ge G and h € H. The G-action is given
by (g'f)(g) = f(gg"). For each v € V; we can define an element f,s € ind% by

7@V :geH

3) f(g) =
Iug {0 18§ H.

We observe that the set { f,,/ : V' € V;} generates indgr as a G-module.

3.2. Hecke algebras. In this section we recall some basic facts about Hecke algebras.
Let H c G be an open subgroup, and let (7, V;) be a smooth representation of H.
Then we define

#¢(H,7) = Endg(ind$(1)).
Recall from section 2.2 of [3] that #(H, 1) can be interpreted as a convolution
algebra as follows. Let A (1) be the space of functions ¢ : G — Endfp (V7) such that

1. For each v € V;, the function ¢, : G — V; given by ¢,(g) = ¢(g)v is locally
constant on G and supported on a set of the form HC, where C c G is compact.
2. Forall ge Gandall hy, hy € H, we have ¢(h1ghy) = t(h))p(g)T(hy).

Given @1, @2 € A (1), we define their convolution ¢ * ¢; to be

@2+ )W) = Y. 21y )W)
yeG/H
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for all g € G and v € V;. We recall the following result, which states that #°(H, 1)
and A (1) are isomorphic and that composition in the former corresponds to
convolution in the latter.

Proposition 3.1 ((3], Proposition 5). Given ¢ € #y(7), define T, € #€(H, 1) by

@) T,(NE@= Y oegxhf= Y oWnfy's

Hx€H\G yHeG/H

forallg e G and f € S(G, ). Then the map

%H(T) i %(H,T)
o — Ty

is an isomorphism opr—modules. Moreover, if @1,¢2 € #x(7), then Ty, o Ty, =

Ty xepy -

Let o be an irreducible Fp-representation of GL,,(k). We can view ¢ as a rep-
resentation of KZ after inflating via w and letting 7 act trivially. Let V,; be the
representation space, and choose a highest weight vector v. Then v/ = - v is a
lowest weight vector.

3.3. The structure of /(K Z,0). Our immediate aim is to prove Proposition 3.5,
which states that the Hecke algebra .#°(K Z, o) is isomorphic to a polynomial algebra
Fp[Tl, ..., Tp—1] in n—1 canonical generators. This was proved independently by
Herzig, who recently extended his result for GL,, to a Satake isomorphism deter-
mining the structure of Hecke algebras /(K Z,0), where G is any connected split
reductive group, K c G is a maximal compact subgroup, and ¢ is an irreducible
mod p representation of KZ (see [16]). Nevertheless, we believe it is useful to write
down an explicit proof for GL,; in particular, readers who are unfamiliar with the
representation theory of reductive groups may benefit from comparing the two
arguments.

Given v € N, we will define a linear transformation U, of the vector space V.
Let w : K — GL, (k) be the natural projection, and set ﬁv =w(Kn a;lKa’V). This is
a parabolic subgroup of GL,, (k). Let N, be its unipotent radical, let L, € N, be the
Levi subgroup, and let P, = L, N, be the opposite parabolic. Let J c S be the set of
simple roots corresponding to L.
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Let A: T(k) — F, be the highest weight of o = F(1). For a weight i, let (V) < Vg
be the corresponding weight subspace. Then [17], I1.2.11a states that

Ny _
Vo' = P (Vo)a-a.
aeZ]

It is easy to derive the analogous result for the negative standard parabolic sub-
groups. Recall that i € W is the longest element of the Weyl group, and define J' < §
by J' ={B; : Bn-i € J}. If Py = GL, (k) is the corresponding parabolic subgroup, then
P, =P i w~L. Therefore, if A = WA is the lowest weight of V;;, we have

(5) v = w( () (VU)A_a,) =P V)i,

a'ez] aeZ]

We define an endomorphism U,, of V; as follows. Let 98 be a basis of V;; consisting
of weight vectors. Then for v € 28 we set

v ZUEVéVV
Uy(v) = N
0 :vgVyv.

By (5) this definition is independent of the choice of 2. For each ve N, let ¢, €
F€x 7(0) be the function supported on the double coset KZa;,' K that is determined
by py(a5!) = Uy € Endg (Vo).

Lemma 3.2. The set{@, :v € N} is a basis of the Fp -vector space #x z(0).

Proof. The ¢, are linearly independent, so we only need to show that they span
JCx z(0). Clearly it suffices to show that any non-zero element ¢ € #% 7 (o) whose
support consists of a sole double coset KZa;, ' K is a scalar multiple of ¢,

As above, let L, be the Levi subgroup of P, c GL, (k). It is easy to see that Vév vis
preserved by L,. Itis an irreducible L,-module by the result of [31].

The definition of #% (o) implies that for all ki, k; € K such that ky ;! = a; 'k,
we have

(6) ak)ela,h) = pa,Ho(ks).

In particular, for every k € N, we may choose k; € w™! (k) and k; € T such that
kia;!' = a;'k,. Hence the image of ¢(a;!) lies in V(;VV - Similarly, we can take ki
and k to lie in ™! (I) for any [ € L,. Thus (p(a;l)lvﬁv : VM = v is an L,-module

homomorphism, so by Schur’s lemma it is a scalar c € F p-
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Now suppose that v € V; is a weight vector that is not contained in V;V v,andlet u
be the weight of v. Any ¢ € T(0) < K commutes with a;l, and hence we find that

a(Wea, () = pla, o (t)v) = uBOea,) ).

Hence ¢(a;")(v) € (Vy)u. But (Vp)u N V¥ = 0, whence v € kerg(a;!). We have
shown that ¢(a;, ') = cU, and hence that ¢ = c¢,. Moreover, it is easy to check that
¢y is indeed an element of k(o). O

Lemma 3.3. The Hecke algebra /€(K Z,0) is commutative.

Proof. We will show that #k z(0) is commutative using a Gelfand-type argument
suggested by Florian Herzig. Denote the transpose of a matrix g by g”. Recall that
V, is the representation space of . Following [17] 11.2.12, we define V,! as follows:
as a vector space it is the dual space Hom(Vg,Fp), but the GL, (k)-action is defined
by (g f)(v) = f(gTv) forall ge GL,(k) and f € VUT. It is easy to see that VUT is an
irreducible GL,,(k)-module. Since V, and VUT have the same highest weight, they
are isomorphic. Let a : V; — VUT be an isomorphism and let (,) : V; x V; — [_F,[J
be the corresponding non-degenerate bilinear form; for every v, v’ € V,;, we have
(a() (@) ={v, V). Itis easy to see that for all g € GL, (k) we must have

@ (v, vy =(gv,(g™H V).

As usual, we view V. as a KZ-module. If A € Endg (Vy), let ATV, -V, be
given by AT(w) = a (a(v)o A). Equivalently, AT is characterized by the relation
(ATv,v"y = (v, Av') for all v, V' € V. From this it is easy to check that (AB)T = BT AT
for A,B € End@n(Vg). Moreover, if p : KZ — Aut(Vj) is the action of KZ on V;
and A = p(h) for h € KZ, then (ATv,v") = (v,hv'y = (hTv,v') by (7), and hence
AT = p(n").

If v and v’ are weight vectors with weights A : T(k) — F; and ' : T(k) — F;,
respectively, with A # A/, then by (7) for all ¢ € T'(k) we have (v,v') = (tv,t7'v') =
A )L (1)(v, V"), and hence (v, v’y = 0. Therefore, if B is a basis for V,, consisting
of weight vectors and v, v’ € B, then for any v € N we have

v v v eV

<UV U; Ul) = (U) UVUI> = { .
: otherwise.

It follows that UVT = U,. We now define an involution ¢ — @ of #k 7 (o). For all
@ € #xz(0)and g€ Gwe put p(g) = (p(g") 7. If hy, hy € KZ and g € G, then we see
that @(h1ghy) = (@(h g"hINT = o(h))Tp(g")To(h))T = o(h)P(g)o (hy), so that
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indeed ¢ € #x z(0). Moreover, the map ¢ — @ is an anti-automorphism of #k 7 (0).
Indeed, as y runs over a set of coset representatives of G/K Z, so does z= g(y7)~!
and hence we have:

8

’

T
@ire@©@=| X <p1(y)<p2(y‘1gT)) = Y o lghipm’
yeGIKZ yeGIKZ

= Y e eE'@) ™ = Y @@z = (@ xd1(g).
zeGIKZ zeGIKZ
We claim that $ = ¢ for all ¢ € Ak z(0). Indeed, for any v, u € N we have (a;l) T—
a,! and hence

u, v=
Gu@y) = (puayyT =]+ VH
0 :v#pu.
Therefore ¢, = ¢,,. Now (8) implies the commutativity of #x 7 (o). O

If1<i<n-1, define v(i) € N to be the vector (0,...,0,1,...,1) consisting of i
zeroes followed by n — i ones. We will write a; and ¢; for a, ;) and ¢, (;), respectively.
Let T, € #£(KZ,0) be the operator corresponding to ¢, under the isomorphism
of Proposition 3.1, and write T; for T, ;). Note that w(K N al.‘lK a;) is the parabolic
subgroup P; < GL, (k) that was defined in the introduction.

Let W; c W be the subgroup of permutations that preserve the subsets {1,..., i}
and {i +1,...,n}, and let #; be a set of coset representatives of W/W;. Then by the
Bruhat decomposition in GL,, (k) we see that

GL,(k)= [] UwP;,
wew;

where U is the unipotent radical of the lower triangular Borel subgroup. Lifting
to K, we can obtain a set of coset representatives for K/(K N ai’lKai) of the form
Uwew; tuw : u € Ay}, where Ay is a subset of the lower triangular pro- p-Iwahori
subgroup I(1) c K.

Consider the reverse lexicographical ordering on N defined as follows. If v =
(V1,...,vp) and V' = (v},...,v})), then v < v if and only if there is some 1 < r < n such
that v}, <v; and v; = v} for i > r. This gives a complete linear ordering of N. Observe
that for every v € N there exist only finitely many v’ € N such that v/ < v. Note that
this ordering is not the opposite of the usual lexicographical ordering; perhaps it
would be clearer to call it the Hebrew lexicographical ordering.
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Lemma 3.4. Letv =v(i) for somel <i<n-1, and suppose that 1, A € N are such
that (@; * ¢u) (a;l) #0. Then A < u+v(i), with respect to the ordering defined above.
Moreover, for each A < +v(i) there exists c) € F,, such that

Pi*Pu=Puivi) + Z CAPA-
A<p+v(i)

Proof. By definition of the convolution, we have that

@ i)=Y oMoy a= Y eimeuytah.
ye€GIKZ yeKai’lK/K

A set of coset representatives of K al.‘lK /K is given by {zal.‘l}, where z runs over
coset representatives of K/(Kn ocl.‘lKa,-) =~ GL, (k)/P;. We saw above that such a
set is given by Uyew; Aww, where Ay, is a set of matrices that may be taken to be
lower triangular with ones on the diagonal. Let x € A, and let u = x~'. Then
wa;H )t = ajw uayt = wwa;w Huah) = wC, where C = (¢;)) is a
lower triangular matrix whose elements are given by

ual

v .
cij=ujjm " o,

Since A < --- < A,, we see that by adding integer multiples of the rightmost
column to the other columns, we can clear out the non-diagonal terms in the bottom
row. Proceeding in this way, we find that C = diag(c11, ¢22,..., cnn)C’, where C' € K is
some lower triangular matrix. Now let s € W be a permutation such that

Vs ~ As) Z Vyis@) — As@) = Z V(s — Astn)

and let Kj = /wal(s(l)) - AS(I) - (Vw’l(s(j)) - AS(])) Then K= (Kl,...,Kn) € N, and we
have

(10) wa; ) et =wsa'sTIC e Ka 'K Z.

Observe that ¥ = x(A, w) depends on A and w, although we did not indicate
this in the notation to avoid encumbering it further. It follows from the above
that if (¢; * (py)(ail) # 0, then u = (A, w) for some w € #;. It is easy to see that
V1) — Asq) € {0,1} and that we may assume that A(s(j)) = A; forall1< j < n.
Therefore x j = pj = A; — 1. This proves the first part of the lemma.

Moreover, we find that x (1, w) = A — v(i) if and only if w € #; belongs to the class
of the identity permutation. Then we may take A, = {I,;} to consist of the identity
matrix. Therefore, if A = y+ v(i), then the only non-zero term of the sum in (9) is
the one corresponding to y = al.‘l, and this term is clearly equal to U; Uy, = U,. The
second part of our claim follows. O
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Proposition 3.5. Asan Fp -algebra, /€(K Z,0) is isomorphic to the ring
Fp[Tl, ..., Tn-1] of polynomials in n— 1 variables.

Proof. We will prove the equivalent statement that #x 7 (0) = Fp [Q1,...,0n-1]. We
saw in Lemma 3.3 that /7 (o) is commutative. By Lemma 3.2 the set {¢, : v € N}
spans Sk z(0), so it suffices to prove that each ¢, is contained in the subalgebra
generated by {¢1,...,¢0-1}.

We will argue by induction on v with respect to the reverse lexicographical order-
ing. The claim is trivial for v = (0, ..., 0). Otherwise, let i < n—1 be the largest integer
such that v; =0. Then y =v—v(i) € N. By Lemma 3.4, we know that

Pv=Qi*Pu— Y capa

A<v

for some ¢y € Fp. Since p < v, our claim follows by induction. O

Remark 3.6. We remark that using the decomposition of Vév ¥ into weight spaces
from [17], I1.2.11, it is possible to obtain an explicit recursive formula expressing
T, in terms of Ty, ..., T,—1. Such a formula would be useful for any work involving
computations on the Hecke algebra /(K Z, 0).

3.4. Realization of irreducible admissible representations of G. As before, if o is
an irreducible [, -representation of GL, (k), we inflate it to K via the map w. Letting
the uniformizer 7 act trivially, we obtain a representation of KZ that we continue to
denote o.

Lemma 3.7. Let (p,V,) be a smooth irreducible representation of KZ. Then there
exist a unique unramified character y : M* — F; and irreducible representation o of
GL, (k) such thatp = (yodet) ® 0.

Proof. This is the same proof as in [3], Proposition 4. Since the uniformizer r lies in
the center of KZ, the operator p(n) is a KZ-module automorphism of V,,. Hence,
by Schur’s Lemma, 7 acts as a scalar A € Fp. So plk is still irreducible. Since the
congruence subgroup I' c K is a pro-p group, the space of invariants Vpr is non-
trivial. Since it is a normal subgroup, VpF is preserved by K, so by irreducibility it
must be all of V,,. Thus p| factors through K/I" = GL, (k), so it is the inflation of a
unique irreducible representation o of GL, (k). Let y : F* — F; be the unramified
character defined by setting y (i) = A. Clearly, p = (yodet)® 0. O
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Now let (p, V,,) be an irreducible F,,-representation of G = GL, (M) with central
character. Since I(1) is a pro-p-group, V), has non-zero I(1)-invariants. Clearly I
preserves VPI U and its action factors through the abelian quotient I/1(1), so there is
an eigenvector v’ € VPI @) on which I acts via a character ¢ : [ — F;. The map V; —
V, |1 given by 1 — v/ corresponds by Frobenius reciprocity to a non-zero element
of Homg (indf €, Vplx). Let o be an irreducible subrepresentation of indf €. Since p
has a central character, there is a KZ-module homomorphism (yodet)® 0 — V, |k~
for a suitable unramified character y. Applying Frobenius reciprocity again, we get a
non-zero, hence surjective, G-module homomorphism @ : (y cdet) ® indlcé 70— V).

The functor V,, — V,, ® (y o det) is an equivalence of categories from the category
of G-modules to itself. Hence Endg((y o det) ® indIG(ZU) ~ #(KZ,0). Recall from
Proposition 3.5 that #(K Z, o) is isomorphic to a polynomial ring Fp [T1,..., Th-1l.

Theorem 3.8. Let (p,V)) be an irreducible and admissible F,, -representation of G =
GL,, (M) such that there exists a surjective G-module map @ : indIG< ,0 — V,, whereo is
an irreducible Fp -representation of GL,, (k). Then there exist scalars Ay,...,Ay-1 € Fp
for which there is a G-module surjection

ind$,0/(Ty = A1,..., Tyei = Ap-))ind$ 0 — V.

Proof. We need to show that the space HomG(indIG< 0, Vp), which is non-trivial by
assumption, contains an eigenvector for the action of #(KZ,0). Since this Hecke
algebra is commutative by Lemma 3.3, it suffices to show that Homg (indIG< ,0,Vp) is
finite-dimensional.

Recall that I" c K acts trivially on o. By Frobenius reciprocity we have

Homg(indK Z%a, V,) = Homk 7 (0, V| z) = Homg z(0, V}).

The subspace VPr c V of invariants is finite-dimensional by admissibility of p,
and the theorem follows. O

Remark 3.9. Inview of the remark before the statement of Theorem 3.8, the theorem
remains tr_Lie if we replace indg ,0 by (yodet) ® indg 0 for an unramified character
xX:M*—F,

Remark 3.10. When n = 2, the previous result was proved by Barthel and Livné [3]
without assuming admissibility. All irreducible complex representations of GL, (M)
are admissible, but is not known whether this is true for Fp-representations.
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4. Towards the mod p local Langlands correspondence

In this section, all representations are over Ep. Let M/Q,, be a finite extension,
and maintain all the notation from the previous section. The Langlands philosophy
predicts roughly that there is a natural bijection as follows:

n-dimensional reps.| 7 [ certain smooth admissible
of Gal(M/M) irreducible reps. of GL, (M) |

For complex representations, such a bijection was established by Harris and Tay-
lor [14]; on the left hand side in that case one considers Weil-Deligne representations
rather than Galois representations. A mod [ correspondence for p-adic fields, when
I # p, has been given by work of Vignéras [33] and Emerton [9]. The [ = p case is
considerably more involved. The bijection is then understood only when n = 2 and
M = Q. We briefly describe the mod p local Langlands correspondence in this case.

We just showed in Theorem 3.8 above that any irreducible admissible repre-
sentation V of GL, (M) is a quotient of indIG(ZU/(Tl Ay o1 — /ln_l)indIG(ZU
for some scalars Aq,...,A,-1 € Ep. We say that V is supersingular if this is true for
A =---=1,-1=0.All Fp-representations of GL; (M) are also considered supersin-
gular.

The non-supersingular representations of GL, (M) were classified by Barthel and
Livné for arbitrary M. When M = Q, Breuil [5] proved that the indIG< ZU/(Tl)indIG< 40
are all irreducible, and that the only isomorphisms between them are precisely those
that are required to make the following definition well-defined.

Definition 4.1. Given an irreducible representation p, : Gal(@p/ Qp) — GL2 (Fp), set
n(op) = inngU/(Tl)indIG(ZU, where ¢ is a modular weight of p .

Recall that we may speak, somewhat abusively, of the modular weights of a local
Galois representation, since the modular weights of p : Gal(@/ Q) — GL, (Fp) are
determined by the restriction of p to G, = Gal(@p 1Qp).

Thus we have obtained a natural bijection between irreducible two-dimensional
representations p, : Gal(@pl Qp) — GLy (Fp) and supersingular representations of
GL2(Qp). In all other cases, rather little is known. In particular, there appear to
be far more supersingular representations of GL, (M) than there are irreducible
n-dimensional representations of Gal(M/M). The supersingular representations
are far from being classified; the indgzol(Tl,..., Tn,l)indgza are in general of
infinite length, even when 7 = 2, and their constituents are not understood. The
first construction of supersingular representations of GL, (M) was by Paskunas [24].
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Together with Breuil [6], they construct some representations, for p unramified in
M, of the form that one would expect to find on the right-hand side of the local
Langlands correspondence, but the picture is still very murky. In particular, it is not
known how to characterize the representations of GL,,(M) that appear in the image
of the mod p local Langlands correspondence.

The strong connection between the mod p local Langlands correspondence
and Serre’s conjecture that is evident in Definition 4.1 should hold in general. An
argument of Emerton strongly suggests that for any irreducible p : Gal(M/M) —
GL, (Fp), anon-zero surjection

ind$,0/(T,..., Ty-1)ind§ ,0 — 7(p)

exists if and only if o is a modular weight of p.

We conclude with some questions for future work on the representation theory of
GL, (M). Recall that S = {§; : 1 =i < n— 1} is the standard set of simple roots of GLj;
here 8; = e; — e; 1, where X;; is the dual basis of M, (M)* and e; = Xj;lr.

Given an irreducible representation V of GL,(M) and a surjective G-module
homomorphism @ : indgza/(Tl A, T — An_l)indIG(Za -V, letlypo=1{i€
[1,n—1]:A; = 0}. This induces a subset Jy ¢ < S consisting of the roots ; such that
i € Iy,p. Let Py,¢ < GL, be the standard parabolic subgroup associated to the set of
roots Jy,o. We conjecture that V arises from induction to GL,, (M) of a representation
of Pv,q;. (M) .

More precisely, suppose that Py ¢ < GL,, is the parabolic subgroup consisting of
elements of the form

A % *
0 A

R
0 0 Ap

where n = Zle n, is a partition and A, € GL,, . Foreach 1 < r < R, welet G, c G be
the image of GL,, (M) under the embedding

GL,, (M) — Py <cGLy(M)

1 0

Ar
A —
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Let Z, < G, be the center, and let K, = GL,, (0) < G, be a maximal compact
subgroup. For convenience, we define N, = Y.7_, ns. If V; is a representation of
GL;, (M) for each 1 < r < R, then we write V; ® --- ® V, for the inflation to Py, of the
obvious representation of its Levi subgroup GL;, (M) x --- x GL,, (M).

For each 1 < r < R, we let o, be the following Fp—representation of GLy, (k), in the
standard Weyl-module notation:

or=F(an,—(n,-1), AN,—(n,-2)s---» AN, ).

In other words, o, is generated as a G,(k)-module by the highest weight vector
v e V,. Note thatif n, =1, theno,: M* — F; is just the character inflated from the

map k* — F; defined by x — x%Vr.

Conjecture 4.2. Maintain the notations defined above. For each 1 < r < R, there
exists a supersingular irreducible F,-representation V; of GL,, (M) such that V is a
subquotient of the parabolic induction

= G
ind Pro

V1®---® Vg).

: : e r r yindGr
Moreover, each V; is a quotient of de,Z,Ur/(T yeens Tn,—l)de,Z,Ur’ where

T/,..., T;:,—l are the canonical generators of #(K; Z,0).

Some progress towards results of this type has been made recently by Florian
Herzig. He is able to express the quotient indIG(ZUI (Ty =M, Tie1 — An_l)indgza,
for many representations o of GL,,(k), as a parabolic induction from the predicted
parabolic subgroup of G.

The conjecture above expects the modular representation theory of GL,, (M) to
have the same general structure as the complex representation theory. The basic
objects are the supersingular representations, and everything else can be built from
them by parabolic induction. At the present time, we have no understanding of
either the supersingular representations of GL,, (F) or the structure of the parabolic
inductions (except for the criterion of Rachel Ollivier [23] specifying exactly when
the induction of a character from a Borel subgroup is irreducible), but these are
beautiful and fruitful questions for research in the near future.
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Abstract. In this note I will describe our joint work with David Kazhdan on the global Langlands
correspondence over function fields for arbitrary split reductive groups.

Our main result asserts that for every pair (w, w), where 7 is a cuspidal representation of G one
of whose local components is a cuspidal Deligne-Lusztig representation, and w is a representation
of the dual group, there exists a virtual Galois representation py ., whose L-function equals the
L-function of the pair (7, w).

1. Langlands correspondence

1.1. Notation.

* X is a smooth projective geometrically connected curve over a finite field F; of
characteristic p;

* K=F4(X) is afield of rational functions of X;

e I'x = Gal(K/K) is the absolute Galois group of K, Wi c I'x is the Weil group of K,
that is, Wk is a dense subgroup of I'x defined by Wg :={o e 'k | UIE € Frobz}.

* A = Ay is the ring of adeles of K, that is, A is the restricted product A = H;ex Ky,
where K, is the completion of K at u;

* [is a prime number prime, different from p;

* Gis asplit reductive group over F;
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e G ="'G"is the connected Langlands dual group over Q, that is, G is a reductive
group over Q; such that the root datum of G is dual to the root datum of G. For
example, G\Lr = GL,,S/I; = PGLI,@ = SLr,S/p;l = SO,+1 (for a more detailed
discussion see, for example, [1]).

1.2. Langlands conjecture. For every automorphic representation i of G(A) over
Q, there exists a continuous homomorphism p, : Wx — G(Q;), which is unramified
almost everywhere, such that [p, (Fr,)]** = ¢, () for almost all places u of K.

1.3. Explanations.

(i) An automorphic representation is roughly speaking an irreducible subquotient
of the space of smooth functions G(K)\G(A) — @Q; (for a precise definition, see [2]);

(ii) An irreducible admissible 7 € Rep(G(A)) decomposes as a restricted tensor
product ® _, 7, where
¢ each m, is a smooth irreducible representation of G(Ky);

* 1, is unramified for almost all u, that is, 7, is a representation G(K;,) — Aut(V)
such that V6@ £ 0 (see [8]).

(iii) The Satake isomorphism associates to each smooth irreducible unramified
representation i, of G(K,) a semi-simple conjugacy class c, () = c(r,) in (A}(@l).
Namely, the representation x, defines a homomorphism #(G(K},), G(0},)) — @,,
where #°(G(K,,), G(G},)) is the spherical Hecke algebra, hence by the Satake isomor-
phism (see for example [15, pp.18-24]) 7, defines an element of

Hom(Q,[T/W1,Q)) = T(Q,)/W = G**(Q,)/conjugacy.

(iv) A homomorphism p, : Wx — G(Q)) is called to be unramified at u € X, if
I, < Ker p;, where I, is the inertia group. (Notice that the inertia group is defined
up to a conjugacy). In this case, the conjugacy class [p (Fr,)] € G(@l) /conjugacy is
well-defined.

1.4. Known cases. G = GL; (Class Field Theory), G = GL, (Drinfeld [6], [7], [5]),
G = GL, (Lafforgue [14]).

1.5. Remarks. (a) The original conjecture of Langlands [15] goes into the opposite
direction. Namely, Langlands conjectured the existence of an automorphic repre-
sentation 7 (actually an L-packet of representations) associated to each continuous
homomorphism p, : Wx — G(Q,), which is unramified almost everywhere.

(b) One expects that each [p (Fr,)] is semi-simple. However, it is not known for
groups other than GL;.
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1.6. A weaker form of the Langlands conjecture. For every automorphic represen-
tation 7 of G(A) and every algebraic representation w of G, there exists a continuous
representation py,,, := w o p; of Wx over @l (unramified almost everywhere) such
that

() Tr(omwFry)) =Tr(wo ¢, (m)™) for almost all u and all m = 0.

1.7. The goal of this lecture is to describe a weaker form of Conjecture 1.6, which is
proven in [9].

2. Formulation of the result

2.1. First Main Theorem. Let 7 be a cuspidal automorphic representation of G(A)
such that 7, is a cuspidal Deligne-Lusztig representation of G(K,) for some v € X.

Then for every element w € Rep(@) there exists a virtual representation py,, €
Z[Rep@l (Wk)] satisfying (*). Moreover, p; , belongs to Z[Rep@l (T' k)], if the central
character of 7 is of finite order.

2.2. Remark. More generally, our result applies when x, belongs to a cuspidal L-
packetof G(K,), thatis, 7, belongs to a finite set I1 = (71,...,T,) of smooth irreducible
representations of G(K;) such that

(i) each 7; is cuspidal;

(ii) each 7; is induced from a compact mod center subgroup;

(iii) the sum of the characters Z;zl x (1) is stable on G™**(K}) (the set of regular
semi-simple elements).

Notice that it is conjectured in general and is known in most cases that assump-
tion (i) implies assumption (ii) (see [11]).

2.3. Cuspidal Deligne-Lusztig representations. For a point x of the Bruhat-Tits
building of G(K,), we denote by G, < G(K,) the corresponding parahoric subgroup
(see, for example, [16]). (In the case when G is semi-simple and simply connected,
Gy is just the stabilizer Stabgk,) (x)). Let G+ < G be the pro-unipotent radical (that
is, the maximal normal pro-p-subgroup of G,), and let G, be the reductive group
over F 4 such that G, (F ) = Gy/Gy+.

By a cuspidal Deligne-Lusztig representation of G(K,) we mean the induced
representation Indgig”()c;) ( KU)(TO), where the restriction TO|GX is an inflation of an
irreducible cuspidal Deligne-Lusztig representation of Ex([Fq) (see [4]). (Notice that
for such a 7°, the induced representation is irreducible and cuspidal).
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2.4. Remark. Every cuspidal Deligne-Lusztig representation 7 of G(K,) belongs to
some cuspidal L-packet (at least if p is good for G, for example, if p > 5). Namely,
there exists a finite set I1 = (73, ..., 7,) of cuspidal Deligne-Lusztig representations
G(K,) containing 7 such that the sum Zlf:l)((‘r,-) is stable on G™%%(K,) (see [10]).
Here G"*° c G denotes the set of regular semi-simple elements of G.

2.5. Our strategy will be to construct a scheme %, over K, equipped with an ac-
tion of the group G(A), and to “realize” p,, as the “subquotient” of the virtual
intersection cohomology with compact support H; (%, IC(Q))).

3. Moduli spaces of F-bundles

We fix an n-tuple w = (wy,...,w,) € Irr(@)" such that (®iwl~)|Z(@) = 1. Following
[17], we are going to associate to this tuple a certain Deligne-Mumford stack FBun,, 3,
which is locally of finite type over X".

3.1. Informal definition. FBun,, 5 classifies a G-bundle ¢ on X, equipped with a
“rational Frobenius-linear endomorphism” ¢ such that the “pole of ¢” is “bounded
by w”.

3.2. Formal definition. FBun,, ; classifies triples (¢,x, ¢), where
¢ 4 is a G-bundle on X;
e X is an n-tuple (x,...,x,) € X";

$g9, where ¢ is the arithmetic Frobenius automorphism, and

“the relative position rely, (9(*9),%) of p("%9) and ¥ at x; is < w;”.

3.3. Explanation. Explicitly, the last condition means the following: for every Weyl
representation V), of G of the highest weight u, we denote by &, to be the corre-
sponding vector bundle G\[¢ x V] on X. Then ¢ gives rise to the isomorphism

..........

means that

n
ou(E) cEL()_(wi, pyx;) for all p.
i=1

Here we identify w; € Irr(G) with the corresponding dominant weight of G (the
highest weight), hence with the corresponding dominant coweight of G.
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3.4. Examples. (a) Assume that w; is trivial for all i. Then FBun,, ; is essentially a
product {discrete stack G(K)\G(A)/G(0)} x X".

(b) Assume that G = GL;. In this case Irr(@) =Z, hence w is an n-tuple
(ky,...,kn) € 7" satisfying that }_; k; = 0. Then we have a Cartesian square

FBun,, PicX
| 1]
@7
X" ¢ . Pic’X,

where L is the Lang isogeny £ — "% ® %71 while Oy is the map (x,...,x,) —
O kixi).

(c) Assume that G = GL;, n =2, w is the standard representation of G =GL,, and
wy is the dual representation. In this case, FBun,, ; is the moduli space of F-sheaves
(defined in [6]), considered by Drinfeld and Lafforgue.

3.5. Level structures. For each finite subscheme D < X we denote by FBun, 5 p

the moduli space of quadruples (¥, x, ¢, ¥), where

* (¥4,X, ) belongs to FBun,, ; x x» (X~ D)", and

* and v is a trivialization v : ¢|p = G x D commuting with ¢ (that is, o ¢|p = Ty).
Then FBun,, 5 p is a finite Galois covering of FBun,, 3 x x» (X ~ D)" with a Galois

group G(Op).

3.6. Basic virtual representation. Denote by & the inverse limit of the
FBun, 3 p’s. In other words, &7 classifies (¢, x, ¢) € FBun,, ;; together with “all level
structures”. Then &7 is a scheme over the generic point SpeclF;(X") of X" equipped
with an action of G(A).

Moreover, % is the inductive limit (with respect to open embeddings) of the
projective limit (with respect to finite etale morphisms) of quasi-projective schemes.
Therefore we can consider its virtual intersection cohomology with compact support

Vo =o;(-1) VL= 0;(-1)' HA(X,5 1C@)),
which is a smooth virtual representation of G(A) x I'r g(X™)-

3.7. Example. In the example 3.4 (a) above, Zj; is essentially the discrete scheme
G(K)\G(A), hence V5 is essentially the space of automorphic functions
Func(G(K)\G(A),@l). Thus V4 can be considered as a vast generalization of the
space of automorphic functions.
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4. The explicit form of the First Main theorem

4.1. Set-up. For simplicity, we will assume from now on that G is semi-simple
and simply connected, hence G is adjoint. Then for every w € Irr(G) we associate a
scheme %, over K, hence a smooth virtual representation V,, of G(A) x I'x (see 3.6).
We fix a cuspidal automorphic 7 € Rep(G(A)) of the form 7 = 7, ® ¥, where 7"
is an irreducible admissible representation of G(A") and r, belongs to a cuspidal
L-packet IT = (14, ..., 7;) of Deligne-Lusztig representations of G(K,) (see 2.4).

4.2. Notation. (a) Set Mcysp (T® V) 1= 37 et Meusp (T; ® ), where
Meusp (T; ® ") := dimHomga) (7; ® 17, Cusp(G(K)\G(A)))

is the multiplicity of 7; ® 7 in the cuspidal spectrum. By the assumption, mcysp (7, ®
n¥) # 0, hence meysp([T® ") # 0.

(b) Similarly, we define a virtual representation (Vy,)niexv := ®7;en(Vw)r;env 0f 'k,
where (V,)¢;e7v 1= Homg) (7; ® 7%, V%) is the (7; ® n¥)-isotypical component of
V.

(©) Set prw 1= sr—irrzzmy (Va)nen € QIRepg, (T ))-

Our First Main Theorem has the following explicit form:

4.3. Second Main Theorem. The (J-virtual representation p, , belongs to
Z[Rep@l (T'k)] and satisfies (x).

4.4. Remark. Our Second Main Theorem asserts that

@ (Vo)r,env = @ Meusp (T @) prw-

T;€ll T;€ll
However, in general, (Vy)r;e7v is not isomorphic to meysp (7; ® 7¥) P, For example,
even in the case of SL, it might happens that (V,,)7,ezv # 0, while mcysp (7; ® 7%) = 0,
and vice versa.

4.5. Conjecture. (a) (Vu’;) nexv = 0 for each odd i, hence p , is a genuine represen-
tation and not just the virtual one.

(b) (Va’;)nmv =0 for all i # 0, thus 7 satisfies the Ramanujan conjecture.

(c) There exists a homomorphism p, : T'x — G(Q,) such that Prw=wopy forall
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5. Strategy of the proof of the Second Main Theorem

5.1. Reformulation. To show (%), we need to calculate the trace T7(pz,, (Fr}))).
For this it suffices to calculate Tr(h x Fr]', V) for all h € Hecke(G(A)) of the form
h=h"® 1G(@v) with h* € Hecke(G(AY)).

Problem. FBun,,, is not of finite type, hence V,, is not an admissible representa-
tion of G(A). Therefore the trace Tr(h x Fr}}}, V;,) is not defined in general.

Solution. We set (V)i = @1,en1(Vy)r;, Where (Vy)y, 1= &,en Homgk,) (74, V) is
the 7;-isotypical component of V,,.

Now we are ready to reformulate our Second Main Theorem.

5.2. Third Main Theorem.

(a) (V) is an admissible representation of G(A?);

(b) For each u € X, each h¥" € Hecke(G(A*")) and each m, we have an equality
of traces

Tr(h"" ® 1, x Frit, (Vy)n) = Tr(h"" ® hy(m, w) ® hy, Cusp(G(K)\G(A))),
where h, is an explicit linear combination of matrix coefficients of the 7;’s, while

hy,(m,w) € #A(G(Ky),G(0},)) is the image under the Satake isomorphism of the
function [g — Tr(w(g™))] € @l (T/W].

5.3. Itis standard that our Third Main Theorem implies that the Q-virtual repre-
sentation py ,, satisfies (). It remains to show that p , € Z[Rep@l (T'k)]. For this we
consider for each n € N an n-tuple w = (w, ...,w). Then it follows from the analog of
the Third Main Theorem for w that

Meusp ") (07,0 8. K pr0) = (Vidmienv € Z[Repg, (Tx)™)]
for all n € N, which implies that py , € Z[Rep@l Tl

5.4. Sketch of the proof of the Third Main Theorem.

Step 1. Recall that 7; = Ind}GLIEK”) (T?) for some finite dimensional representation
(T?, W;) of an open compact subgroup H; < G(K,). Hence we can form an irre-
ducible perverse sheaf #£; on H;\%,, defined as the quotient under the diagonal
action of H;\[IC,, ®3, W;]. By the adjointness of induction and restriction, the vir-
tual representations (V,,);; and &;(—1)' H.(H;\%,, 5, £;) of G(A") x T'g are naturally
isomorphic.

Step 2. Since 7; is cuspidal, Z; is supported on a quasi-compact open subscheme
of H\%,,. (The proof of this assertion is very similar to the proof of the fact that
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every cuspidal function is compactly supported). It follows that each (V,,);; and
hence also (V,,)1; is admissible, completing the proof of (a).

Step 3. It is enough to proof the equality of traces for each m sufficiently large.
Using Step 2 and a version of the Lefschetz Trace formula (which was proven in [18])
we get that Tr(h”" ® 1, x Frl”*, (V,,)r1) can be expressed in terms of “fixed points”.

Step 4. Since (V,,)1 is admissible, it will suffice to show the Third Main Theorem
under the additional assumption that /4, is supported on G"**(K,,) for some v’ #
v, U.

Then using explicit calculations, similar to those of Kottwitz [12], the explicit
description of IC,, obtained in [17], and the fact that h, is cuspidal, we see that the
expression of Step 3 equals to

Y Oyuu(h"")- TOs, (fu(l,w))- WOy, (hy),

where TO stands for twisted orbital integrals, and WO for weighted orbital integrals.

Step 5. Since Y_; x(71)lg( KIS9) is stable, we get that h, is stable and cuspidal, hence
the expression from Step 4 equals

Y 80yuu(h"™)-STOs, (fu(l,w)) - SWOy, (hy),

where SO, STO, and SWO means stable orbital integrals, stable twisted orbital inte-
grals and stable weighted orbital integrals, respectively. Hence the latter expression
is equal to

)" 80yuu(h”") - SOy, (fu(m,w)) - SWOy, (hy)
(by the fundamental lemma for stable base change [3],[13]), hence to
Z Oyvu(h"") - Oy, (fu(m,w)) - WOy, (hy)
(using again the fact that h, is cuspidal and stable), hence finally to
Tr(h"" ® BC,,(ICy) ® hy, Cusp(G(K)\G(A))),

(using some simple form of the Arthur-Selberg trace formula).
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MAXIMAL SOBOLEV REGULARITY AT RADIAL POINTS
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Abstract. We establish precise regularity results for solutions to pseudodifferential equations with
real principal symbols near radial points, microlocally in the scale of H® Sobolev spaces. There
is the new phenomenon of maximal Sobolev regularity. We clarify this point by discussing how
the two distinguished parametrices that one has near a radial point, where the pseudodifferential
operator under study is of real principal type, extend into that radial point, and we provide
an analytic formula for maximal Sobolev regularity in terms of the principal and subprincipal
symbols.

1. Introduction

1.1. Statement of the main result. Let P € ¥ (X) be a classical pseudodifferential
operator in a C* manifold X. We shall assume that its principal symbol p,, = ¢ (P)
is real-valued and that P has simple characteristics, i.e., one has dp,, # 0 everywhere
on T*X\0. Such operators are well studied under the stronger assumption that
P is of real principal type, in particular, one has dp,, f @, where a = {dx is the
canonical one-form on T* X\ 0. For instance, this class contains both elliptic and
strictly hyperbolic differential operators. On the contrary, much less is known if the
condition dp,, [f « is violated. This is despite the fact that such situations arise in
applications as well, e.g., for differential operator of mixed elliptic-hyperbolic type.
Characteristic points in 7% X \ 0 at which dp,, | a holds are said to be radial for P.
As turns out, near radial points the behavior of solutions u to the equation Pu = f

October 2008.
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differs significantly from the behavior known for solutions to pseudodifferential
equations of real principal type.

Radial points were previously studied by GUILLEMIN-SCHAEFFER [3] with regard
to the propagation of C* singularities, and by STERNIN [11], see also [9].

To state our result, note first that our arguments will be strictly microlocal, i.e., we
shall work in the sheaf of microfunctions, neglecting C* contributions, and Fourier
integral operators, etc. will be defined only in open conic subsets of the cotangent
bundle. We fix a radial point {° for P and make the assumption that no other ray near
R, {° consists of radial points. A further genericity assumption will be added below.
Then the operator P is microlocally of real principal type near ¢°, with the direction
R..(° removed. Moreover, the characteristic set p;} (0) is connected near ¢°, and
this remains true when the direction R, ¢° is removed. According to DUISTERMAAT-
HORMANDER [1], there are two distinguished parametrices E* to P near {° without
the direction R, {°, having the property that AU A* are their respective wave front
relations. Here, A denotes the diagonal in (T* X\ 0)2 near (¢%,¢%), and A® is the
flow-out from An (p,, j)‘l (0) under H,,,, in the positive (for A*) and negative (for
A7) directions, respectively, with 7;: (T* X\ 0)2 - T*X\0 for j = 1,2 being the
projection onto the jth factor.

Remark. The parametrix construction of [1], see also [6], has been turned into a ge-
ometric (or symbolic) one by MELROSE-UHLMANN [8]. In fact, they characterized the
kernels of these parametrices as so-called one-sided paired Lagrangian distributions.
This construction was later improved by several people, see [4], [7].

We further set

i ~m—1 P 0 _
a1 0o 00 = Wmm,l( )(49)! . m2 1’
where a;ﬁgl (P)(¢%) is the subprincipal symbol of P evaluated at {°, A # 0 is the factor
appearing in the relation H, = AR at { 0 and m is the order of P.
Our main result states (upon an appropriate choice of orientation of the Hamilton

flow of P):

Theorem 1.1. Assume that no eigenvalue |1 ofﬂg‘l (°) satisfies Ry = A/2 (see Sec-
tion 3.1 for the notation). Then the parametrices E* extend into the direction R, {° to
provide parametrices E* to P such that
(1.2) WF/(EY) = (0 xR+ (") UWF'(EY), WF'(E7) = (R+{° x 0) UWF'(E").
Furthermore,
E+Z HS_WH—I((O)—’HS((O), VS>SO,

(1.3)

E7: H"N() = B, Vs<s,
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and these mapping properties are optimal.

Remark. In general, the parametrices E* are not uniquely determined up to reg-
ularizing by condition (1.2). In fact, as shown in [3], there might be distributions
we HY 0%\ H((°) such that Pu e C*((®), and even

dim{ue H (% | Pue C®(")}/C®() =00
is possible. (If u € H* ({°) and Pu € C®°((°), then already u € C®((°).)

The gain of m — 1 derivatives in (1.3) is standard for parametrices to pseudodif-
ferential operators of real principal type. However, near a radial point this remains
valid only in a certain range of the Sobolev regularity s. Note that the relations s > s°
and s < s" in (1.3) are opposite to each other. In particular, while E~ f is defined
for all right-hand sides f, but E~ f even for f € C*({°) only belongs to HSO‘O((O)
and is in general not better, E* f is defined only when f € H'*°(¢?), i.e., when f is
sufficiently regular. This is further discussed in Section 2.2.

1.2. Interpretation of the result. The number s° € R from (1.1) has to be inter-
preted as maximal Sobolev regularity for P at {°, for the following reasons:

- Given f € H"1((°) for some s > s°, there is one solution u = E* f € H*((?)
to Pu—f e C*®((%), and this solution u is essentially unique (i.e., unique
modulo C*® (%)),

— Any other solution u to Pu— f € C®((°) belongs to H*'~°((®), but does not
belong to HY 9.

1.3. Examples. Here we briefly discuss two examples.

1.3.1. The Euler operator. For the Euler operator
L=xDy—-a, x€R,

where a € C, one has two radial points %% = (0,+1) € T*R = R2. Solutions u to
Lu = 0 are precisely the distributions that are homogeneous of degree ia. There is
one solution (x ¥ i0)!* € C® (4 0%y ‘while, for any solution u that is not a multiple of
(xFi0) ia’ one has u € HSR(ia)Jrl/ZfO((O,i)’ but u¢ H%(ia)+l/2((0,i).

For instance, for the Heaviside function H(x), one has i@ = 0 and one has H(x) €
H'?=0(R), while H(x) ¢ H/2(0). Similarly, for the Dirac distribution &(x), one has

loc

ia=-1and 6(x) € H-Y2-OR), while 6 (x) ¢ H~Y/2(0).

Remark. The two solutions (x ¥ i0)'® coincide when i@ € Ny, then yielding the C*®
(polynomial) solution u = x** to Lu = 0.
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In this example, maximal Sobolev regularity equals s® = R (ia)+1/2 for both radial
points.

1.3.2. Mixed elliptic-hyperbolic equations. One motivation to study radial points
comes from the theory of differential equations of mixed elliptic-hyperbolic type.
For instance, let us consider a second-order differential operator

L= 6§ +k(x,y) 6?, +c(x,y)0y

in a domain Q < R?, where k € C®(Q;R), ¢ € C*®(Q;C). Note that this operator
L is elliptic when k > 0 and strictly hyperbolic when k < 0. Its principal symbol
o%(L)(x,1,&,m) = p(x,y,E,m) = —E2 — k(x, y)n? is real-valued. Assuming that L has
only simple characteristics, i.e., one has dk # 0 whenever k = 0, then {k =0} c Qisa
C® hypersurface, and the Hamiltonian vector field

0 0 0
a + kxnz 6_5 + kyT]z %
associated with p is radial at points where k = k, = 0, { = 0. Maximal Sobolev
regularity at such points is s = —Rc(x, y)/ ky(x,y) +3/2. In particular, if one wants
a solution u to Lu = f to belong to H'(Q) (which is natural if one thinks of f as a
function in L?(Q)), one needs (in general at least) that Rc(x, y)/ky(x, y) < 1/2 holds
at all points (x, y) € Q, where k = k, =0, irrespective of how regular the right-hand
side f and possible boundary data are. This is in strict contrast to the situation
known to be valid for elliptic and strictly hyperbolic equations.

ol
H,=-2{ — -2k
p fax n

Acknowledgment. This is a preliminary report on join work with MICHAEL RUZHAN-
SKY of Imperial College London, U.K.

2. Facts from microlocal analysis

We recall some facts from microlocal analysis. For details, the reader is referred
to (2], [6], [12].

2.1. Propagation of singularities. Let X, Y be C* manifolds and P: CZ°(Y) —
2'(X) be a sequentially continuous linear operator. By the Schwartz kernel theorem,
such an operator possesses a distributional kernel Kp € 2'(X x Y, 1x X Q;), with 1x
being the trivial line bundle over X and Q%, being the density bundle over Y, such
that

(Pu,v)=(Kp,veou), Vve C?"(X,Q%(), ueCr(y).

One formally writes
Pu(x) =fYKp(x,y)u(y).
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Noting that WF(Kp) < T* (X x Y)\0 and identifying T* (X xY) = T*X x T*Y, then
one introduces

WF'(P) = {((,(') eT"XxT"Y | «,-¢" EWF(KP)}
as well as

WFx(P)={{ € T*X\0| ({,0,) € WE(Kp) for some y € Y},

WF (P)={{' e T*Y\0 | (0, (') € WF(Kp) for some x € X}.
Proposition 2.1. Let u € 2'(Y) satisfy WF(u) "\WF), (P) = ¢ and let the canonical
projection supp Kp N (X x supp u) — X be proper. Then Pu € 2'(X) can uniquely
be defined in such a manner that whenever {u™} c C°(Y) is a sequence satisfying

supp u'™ € Z for all m, where the projection supp Kp N (X x Z) — X is proper, and
u™ —uasm—ooin?2'(Y), then Pu™ — Pu as m — oo in 9'(X). Moreover,

WEF(Pu) € WF'(P) o WF(u) UWFx (P).

Remark. If WEx(P) = ¢ and WF’Y (P) = ¢, then P extends to a continuous map
P: &' (Y) — 2'(X) satisfying P: C2°(Y) — C®(X), and

WE(Pu) € WF' (P) o WF (1).

The latter is just a statement on the propagation of singularities.

In particular, this remark applies to operators of real principal type.

2.2. The wave front relation near a radial point. Let P € ¥™(X) be as above and
¢% € T* X\ 0 be characteristic for P.

Definition 2.2. {° € T*X\0is called a radial point for P if dp and the canonical
1-form a = édx are collinear at {9, i.e.,

dp+Aédx=0 at(°
for some 1 € R, A # 0. An equivalent condition states that H, and the radial vector
field R = £0/0¢ are collinear at {°, i.e., Hp, = A¢ ‘% holds at ¢°.
Remark. We shall write A ?f’l % = 1. With ¢° beingradial, all points in the direction
of {9 are radial, and then

AR WO =y AR (), v>o.

In conjunction with Proposition 2.1, an explanation for the apparently strange
behavior of parametrices near a radial point ¢ is provided by the next result:
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Lemma 2.3. Upon an appropriate choice of orientation of the Hamilton flow of P, the
closure of WF'(E*) in T*(X x X)\ 0 contains the directions 0,0 x R, (% andR, (0 x 0,0,
respectively, where x° is the image of {° under the canonical projection T* X\ 0 — X.

Proof. For the sake of brevity, assume that m =1, 1 = }L(;, (% > 0. Then, in local
coordinates (x,¢) near {° = (x,&0), the Hamilton flow is given by

. _0p1  ;  0p

2.1 A R S 2N
2.1 I=- z ¢ ox
In particular, the solution to (2.1) with (x(0),£(0)) = (x%,&9) is (x(8),E(8)) = (x°, e*¢9),
and (x(1),&() — (x°,0) as t — —oco. Hence, the result follows from the continuous
dependence of the solutions to (2.1) on the initial conditions. O

Therefore, in the notation of Section 2.1, one necessarily has WF’Y(EJr) DR.(°
(where now Y = X) and WFx(E™) 2 R, {° for any extensions of E* as described in
Theorem 1.1. As turns out, one actually has equality in both instances, more precisely,
one has WF/, (E*) = R4 {°, WEx (E*) = @ and WF, (E7) = @, WEx(E™) = R.(°. This
observation already indicates that it will not be possible to define E* f for all f € &',
whereas, in general, E™ f ¢ C* even for f € Cg°. This heuristics is made precise in
Theorem 1.1.

3. Analytic properties of radial points

In this section, we prepare for the later reduction to normal forms and show
that the number s° = s3,((°) as introduced in (1.1) behaves under multiplication
of P by elliptic pseudodifferential operators as well as under conjugation of P by
elliptic Fourier integral operators in a way that is consistent with its interpretation
as maximal Sobolev regularity. One of the difficulties in dealing with radial points
is that simple normal forms are only available in generic cases. This is related to
the well-known fact that C* vector fields cannot always be linearized near their
stationary points.

3.1. Classification of radial points. We now study the question to what extent the
operator P can be simplified near a radial point {° by conjugating it with an elliptic
Fourier integral operator (e.g., think of a change of coordinates in X). As the covector
a corresponds to the vector R under the identification of vectors and covectors by
means of the symplectic form o = da = d A dx, it is clear that the factor A is an
invariant of such a transformation. Another one is the subprincipal symbol of P at
¢,

n 2
Ly Thm 0 0,
21

m-1 0y _ 0 0y _
Oip P =pm-1(x,E7) & 506
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Here ppy,(x,8) + pm-1(x,¢) +... is the asymptotic expansion of the full symbol of P
when written out in coordinates (x,¢) in T* X \ 0 associated with local coordinates x
in X.

Lemma 3.1. Let ] be an elliptic Fourier integral operator with underlying canonic
transformation y: T — y(I'), whereT is an open conic neighborhood of {° in T* X \ 0.
Then

oM UPT (") = o P,

where as usual ]~ denotes a parametrix to J.

Proof. This result which is well-known in case {° is a double characteristic point
(i.e., when A = 0) follows along the lines of the double characteristic case. See, e.g.,
[12, Chapter XV, §2]. O

There is, however, a third invariant. To define it, we first look at the situation of a

double characteristic point {! for P, i.e., a point {* € T* X\ 0 at which p,, =0, dp,, =
prm 52172m

0. At such a point the fundamental matrix ( X%

“pm _ 0°pm

T2 dEox
version of the Hessian of p,;,) is invariantly defined as the linearization

) (which is a symplectic

8Hp,,: TA(T*X\0) — T (T* X\ 0)

of Hp,, at( 1. This approach does not work in the case of a radial point %, but we
have the following substitute: We consider the vector field

Hp,, +q4(OR

instead, where g: T* X \ 0 — R is homogeneous of degree m — 1 and ¢({°) = -7 (and
arbitrary otherwise).

Proposition 3.2. The linearization
8(Hp,, + qR): Tyo(T*X\0) — Ty (T" X\ 0)
leaves the kernel a* of the canonical 1-form a as well as the direction R, R of the
radial vector invariant. The induced map in E{o = a' /R R is independent of q, and
it is of the form
A2+ A0
whereA (%) e Sp(Ego)-

Proof. A straightforward computation. O
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Here, sp(E 50) is the Lie algebra of infinitesimal linear symplectic transformation.
(Hence, —A/2+ A1) € csp(l:?@), with conformal factor —1/2.) To justify the
last statement of Proposition 3.2, we need to note that the quotient at / R.R is
canonically identified with the contact hyperplane E A< T(A0 (8* X) for the canonical
contact structure of the cosphere bundle S* X, with (AO being the image of ¢° under
the canonical projection T* X\ 0 — S* X. In particular, E{O is a symplectic vector
space.

Remark. In case m = 1, the Hamiltonian vector Hp,, is homogeneous of degree 0,
so it induces a contact vector field ), on $* X which has a stationary point at {°.
In this case, —1/2 +2%¢°) is induced by the linearization of H,,, at (°.

Note that the eigenvalues of ng"l % e sp(E (A(,) come in groups of either two,
namely y, —p if p € RU iR, or four, namely u, —, i, —fi if p ¢ RU iR. We now make a
genericity assumption which is of non-resonance type ruling out certain integral
combinations of eigenvalues of 91;,"‘1 @:

Definition/Condition 3.3. A radial point ¢° is called generic if the eigenvalues of
Q(g"l (%) are simple. Writing them as py, -y, ..., tn-1, —n-1, it is further required
that the equation

m
T = mﬁR,ul R o mn_ﬁRyn_l
admits no solution (m, my, ..., m,_1) € Z" with m # 0. For an explanation, see [3].

Proposition 3.4. Let P, P' € ¥"(X) and let {* and {'° be radial points for P and
P!, respectively. If P near {° and P’ near {'° are (microlocally) equivalent under
conjugation by a zeroth-order elliptic Fourier integral operator, then

@ AP =A71C),

(i) o2 1P =0l M (PHE),

(iii) Thereis a linear symplectic map V : E(Ao - Eﬁ) such that

A =vAFTCO VL
If(° and {'° are generic, then these conditions are also sufficient.

Proof. That (i), (iii) are necessary was shown in [3]. That (ii) is likewise necessary as
well as sufficiency of all three conditions together in the generic case was added in
[10]. O

As a corollary, we further have from [3]:
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Proposition 3.5. (a) By order reduction and conjugation by a zeroth-order elliptic
Fourier integral operator, P can generically be put into a normal form near {°, where
m=2,{"=(0;e,), and

(3.1) P =(Ady,0) +2(Bx',0,)0x, + (Cx',x) 05 +Ax,0% +a0y,.
Herex = (x',x,), A, B, C e M(n—1;R) are constant (n—1) x (n— 1) matrices, A= AT,
C=CT,AeR,andacC.

(b) If, in addition, ng"l (%) has no purely imaginary eigenvalues, then a first-
order normal form is available. See (4.1) below.

Remark. (a) Assigning weight 1 to x’ and weight 2 to x,, the operator P in (3.1)
becomes homogeneous of degree 2, including the first-order term. This observation
simplifies the analysis of this operator P considerably.

(b) Not all of the normal forms listed in (3.1) are inequivalent.

3.2. Invariance properties of s°. We now check that formula (1.1) for s%(°) is in-
variant under multiplication by elliptic pseudodifferential operators from both sides
(with order shift when multiplying from the right). Invariance under conjugation by
elliptic Fourier integral operators already follows from Proposition 3.4. As Fourier
integral operators act continuously in the scale H® of (L2-based) Sobolev spaces,
this is consistent with the interpretation of s° as maximal Sobolev regularity.

Lemma3.6. LetQj € Y™ for j = 0,1 be elliptic pseudodifferential operators with
real principal symbols. Then

SOleQO ((0) = Sg ((0) + my.
Proof. Let qo be the principal symbol of Qy. Then taking p,,({°) = 0 into account, a
straightforward computation shows that

m+mp—1

_ 1
Ton (PQ) =00 (PYo+ o= {pm o} atd’,
where {, } denotes the Poisson bracket. But

apm 0670 5Pm 0670 6670 0
gt = 2Pm 240 OPm 940 _ 990 _ 5o at

by assumption and Euler’s relation, where A = Ag”l (9, so that
. _m+mp—1
O §R(lo.sub ’ (PQO)) + m+mgy—1
PQo ™ Aqo 2

B R (io™1(P)qo) + Amoqo/2 L+ mo -1
- /lqO 2

= sg+mo at °.

The proof of the relation 3(6)21 P =% is similar. O
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Putting everything together, we obtain:

Corollary 3.7. The number sg (% transforms in a way that is consistent with its
interpretation as maximal Sobolev regularity.

4. Sketch of proof of the main theorem

4.1. Reduction to normal form. Here we sketch the proof of Theorem 1.1 only in
a particular case, namely that Ry # 0 holds for all eigenvalues u of 91;’3‘1 %), and
that the radial point {° is generic. In this case, a first-order normal form for the
operator P near {* is available. General generic radial points with second-order
normal forms are treated by a different parametrix construction, which, in fact, is
inspired by calculations in [3, §7], while non-generic radial points are eventually
dealt with by a limiting procedure.

Remark. An exceptional case occurs when Ru = A/2 for some eigenvalue p of
Q(;’,"‘l (%). Then, for instance in case m = 1, the topological properties of the flow of
flp] near the stationary point {° are unstable under small perturbations of P. See
the remark following Proposition 3.2.

By order reduction and conjugating by an elliptic zeroth-order Fourier integral
operator, we can now assume that {° = (0,e,), m =1, A = -1, and Ql;”‘l((‘)) =

(g _gT) for some B € M(n — 1;R), where in addition B + BT > 0. This means that

P =(Bx',Dy) + x, Dy, + a, where a € C. We then write
4.1) P=(Ax,Dy)+a,

with A= (B9) e M(n;R) satisfying A+ AT > 0. For constructing the parametrix E*,
we further assume that s° < 0, i.e., R(ia) — trA/2 > 0. This is achieved with the help
of Lemma 3.6. In particular, R(i@) > 0. We are then going to show that E*: H® — H*®
for all s=0.

Remark. In order to complete the proof, one still needs to show that E*: H*({ 0y
H* (% holds also for s < s < 0. But having fixed such an s, one considers the
operator P’ = Q1 PQq, where Qo € ¥, Q; € ¥* are elliptic, and gets a parametrix
Q;'E™ Q! for P that is H*({°)-continuous, with E'* being a parametrix for P’ as
constructed before. These two parametrices for P differ by an operator K with
WF'(K) € 0y x R(® and WF' (PK) = WF' (K P) = @. This provides enough information
to conclude that the kernel of K is an isotropic distribution for the isotropic sub-
manifold 0g x (—R{®) = T* (X x X) and, moreover, it belongs to C®((%)& H~"~0(-¢0).
Thus, the difference E* —Q; ' E'* Q;! maps H*0(¢0) to C®(¢°). Hence, E* is HS((°)-
continuous along with Q; 'E'* Q.
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4.2. Construction of E*. Let
L, dt
E"f(x)= if 1% f(t1x) — fe C®(R").
0
For RA >0, one has thatlim;_..¢ f (t4x) = f(0), and the integral on the right-hand
side is well-defined.
Lemma4.1. E* is a two-sided inverse to P as an operator in C® (R").
Proof. Indeed, one has
1. dt
PE* f(x) =f 1 (At x, 0 ) (£ %)) + i f (17 5)) —
0
g ..
_ 2| sia A —
_fo = (¢ fn)dr = f .
The proof that E* P = idgeogn) is similar. O
Lemma 4.2. The operator E* is H*(R")-continuous for all s = 0.
Proof. A straightforward calculation shows that
[fE2n]|, = Cst ™21 flls, te(0,1],

for any s = 0 with some constant C; > 0. One then gets

1 .
IE* flls < Cs fo (RUO=CAR=Y gy £ = CLI flls
because of R(ia) —trA/2 > 0. O

Lemma 4.3. The operator E* coincides with E* away from radial directions. (Here
coincidence is meant in the microlocal sense, i.e., up to regularizing.)

Proof. For E* is a parametrix to P, its wave front relation WF'(E") is contained
in ArsxyoU{(x, &, tx, AT | (Ax,&) = 0, t > 0} away from radial directions. By
uniqueness of E* up to regularizing, the statement of the lemma is equivalent to
saying that in the latter relation one actually has ¢ € (0, 1], and for that it is enough
to show that (x,¢, t4x, t_ATf) ¢ WF'(E™) for some (t,x,&) € R x T*R™\ 0 satisfying
(Ax,&)=0and > 1.

The kernel of E* equals

L. dt
4.2) if t"’a(y—tAx)T,
0

i.e., it is the push-forward of itfr“‘lH(l -D®4(y- t4x) under the projection R x
R" x R" — R" x R", (t,x,y) — (x,y). Now §(y — t2x) for fixed t > 0 has wave front
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relation {(x,¢, tx, A1) | (x,&) € R" x (R"\ 0)}, and as integration in (4.2) is over
t € (0,1], the result follows. O

4.3. Construction of E~. There are two possibilities for obtaining E~. One is by
defining E~ as the adjoint to E**, where E*™ is constructed for the formally adjoint
P* = (Ax,Dy) + @ — i trA to the operator P by using of the following obvious fact:

Lemma 4.4. One has
e (%) = =52,

Then, by duality, statements E**: H*({ 0y — H5(Y) for s > —sg (¢9) are translated
to statements E~: H¥((%) — H*((%) for s < sg (¢9), and vice versa.

The other possibility is by writing down the parametrix E~ explicitly. Now assum-
ing s9>0,i.e., R(ia) —trA/2 <0, this parametrix is of the form

E‘f(x)z—if tiaf(tAx)?, fECPRM.
1

The relevant estimate becomes || f(£4x) |, < Cs t7"4/2| f|; for all £ = 1, where s < 0.
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ELLIPTIC GAMMA FUNCTION PROVIDES THE CECH COCYCLE OF A
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Abstract. G. Felder and A. Varchenko discovered certain modular formulas for elliptic gamma
functions. These identities are generalized to an infinite set of identities for elliptic gamma
functions associated to pairs of planes in 3-dimensional space in [2]. There we also use the
language of stacks and gerbes to give a natural framework for a systematic description of these
identities and their domain of validity. In this note I summarize the work in [2] with an emphasize
on the Cech open covers.

1. Introduction

The elliptic gamma function [6] is a function of three complex variables obeying
I'(z+0,7,0)=0o(2, ) (2,7,0),
0o(z,7) = lo—O[ (1- e2ni((j+1)rfz))(1 _ eZni(errz))_
j=0
In [3] three-term relations for I' involving ISL3(Z) = SL,(Z) X 73 were discovered,
generalizing the modular properties of theta functions under ISL, (Z) = SL,(Z) x Z2.
In [2], we show that these identities are a special case of a set of three-term

relations for a family of gamma functions I, ;,, which are interpreted geometrically
as giving a meromorphic section of a hermitian gerbe on the universal triptic curve.
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The result generalizes the fact that the theta function 6y is a section of a hermitian
line bundle on the universal elliptic curve. We call this gerbe gamma gerbe.

2. Enlarged gamma function family

We describe gamma gerbe by the enlarged gamma function family. For a,b
linearly independent in the set Ay, of primitive vectors (namely not multiples of
other vectors) in the lattice A = Z3, there is a unique primitive y € AZrim in the dual
lattice such that det(a, b,-) = sy for some s >0. For weC,xe A®C = C3 for which
the products converge we define

[sec /Zy(l _ efzni(é(x)fw)/y(x))
e

a- e2ni(5(x)—w)/y(x)) ’

Typ(w, x):=

¢ H&eC,Jr/Zy

where C,_ =C,_(a,b) ={6 € AV|6(a) > 0,6(b) < 0} and Zy acts on it by translation.

We set similarly C_,(a,b) = C,_(b,a). We define I'; +, = 1. The function Iy, is
meromorphic on C x (U} N U; ), where U} ’s are calfully chosen as

U} = {xe C|Im(a(x)B(x)) > 0}

for any oriented basis @, § of the plane §(a) = 0. It is easy to check that U} is
independent of the choice of a and S.

For linearly independent a, b € Apyim, I'4 p is a finite product of ordinary elliptic
gamma functions:

w+6(x) ax) Bx)
1 r y = y y »
W = M50 7w v

for any a, § € AV satisfying a(b) = f(a) =0 and a(a) >0 f(b) >0, F={6 € AV|0 <
6(a) <a(a),0=<6(b) < B(b)}.

3. The geometry of the universal triptic curve

Let X be the total space of the line bundle O(1) — (CP? — RP?). Geometrically
we think of O(1) as the dual bundle to the tautological line bundle and of CP? as
the projectivization of Ac = A ®7 C, where A = Z3 is a free abelian group of rank 3
equipped with a volume form det : A3A — Z. The group Aut(A) = SL3(Z) of linear
transformations of A¢ mapping A to itself and preserving the volume form, acts
naturally on X. The dual lattice AY = Hom(A, Z) = 73 c VC* acts on O(1) fiberwise
by translation and we get an action of Aut(A) x AY = ISL3(Z). More explicitly, this
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group acts linearly on C x V¢ via (g, u) (w, x) = (w — a(x), gx), and this action induces
an action on X = (C x (Vg —C- VR))/C*. We will later learn that & = [X/ISL3(Z)] is
the universal triptic curve. In this section we first study the geometry of this stack.

The complex manifold X has a natural ISL3(Z)-equivariant open covering 7 =
(Va)aeA,, labeled by the set of primitive vectors A, in A: forae Ay, V, = {(w, x)|x €
U}}/C*. Our extended elliptic gamma functions I, ;, will give some Cech cocycle
with respect to this ISL3(Z)-equivariant open covering ¥ = (Vg) gen ,- We first prove
some properties of V,;’s.

Proposition 3.1. Forany ay,...,ap € Ap, Ng V;k is either empty or contractible.

Proof. LetU} = U} /C*. The V, are trivial line bundles over U} so it is sufficient to
prove the claim for U}
We divide the proof into two cases:

Case 1: Suppose there are three linearly independent elements in {ay}. Since a SL3(Q)
transformation of R® > A, will not change the topology of U, , and any three
linearly independent rational vectors can be transformed to the basis vectors under
SL3(Q), we might as well assume that they are ey, e3, e3. Then n; U;i ={[(x1, X2, x3)] :
Im(x;¥2) > 0,Im(x2X3) > 0,Im(x3%;) > 0}. We may assume that x3 =1, x; =1 e i
and x, = rpe'¥ with rq, r> > 0. Then the above set is exactly the set where

2) O<¢p<m, O<y<nm 0<2m-¢p-y<m,

and ry, 1, € R*. This gives us the constraint on (¢, ) that it is inside a triangle A
bounded by three lines defined by the above linear equations in the R? and no
constraint on r; and r».

Any other vector aj can be written as ay = siej + tiez + uxes with sg, t, ux € Q.
Assume at first that u # 0. Then a basis in H(a;) can be chosen as a = uy€e — si€s
and B = ure; — tres. Then 0;k gives us the constraint that

Im((ugx1 — Sk x3) (U X2 — L X3)) > or <0,
depending on the orientation of @ and f. This inequality is equivalent to
3) sin(y) sk p1 +sin(Q) trp2 —sin(y + Pp) ux > or <0,

where p; =r; 1. Notice the symmetry of this inequality. In fact, we will arrive at the
same inequality if we assume s # 0 or # # 0. Therefore for a fixed value of (¢g, ),
the restriction of p;’s is given by a series of linear equations on R?. Hence p;’s have
to be in a certain polygon P in R?.
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. .. sin¢sin(¢po+1yo) siny sin(¢o+yo)
With the condition (2), we observe that ( sindosin(@+y) Pl Snyosingry) P2

(3) at point (¢p, ) as long as (p;, p2) satisfies (3) at the point (¢, wo).
Then it is easy to see that the following map N U :{k — A x P is ahomeomorphism:

) satisfies

sin¢gsin(¢o + o)  sinysin(¢g + o)
. . 1!
sin g sin(¢p + )

((p7te ™, p5 e, 1)] — (v, 02)

sinyosin(@+y)

Case 2: Suppose that all a;’s lie in the same plane. Since U, is homeomorphic to
f];’l which is C x H; where H, is the upper half plane, the claim is trivial in the case
that all a; lie on the same line. By [2, Lemma 3.9] the intersection is empty if all of
ax’s do not lie on the same side of some plane. So after a SL3(Q) transformation,
we can assume a; = e; and ay = e» and everything else lies in between, namely
ai = siey + tyex with s, 1 € Q. U n U consists of points such that Im (x; £3) < 0
and Im(x,%3) > 0. After normalizing x3 to 1, U;, n U, is simply H, x H_. On the
other hand, an oriented basis of the plane H(ay) := {@(a) = 0} ¢ AV can be chosen
as sgea — fx€1 and e3. So Im(sgxp — 1x.X1) X3 > 0 always holds, namely U,, < U; n U, .
Therefore, in this case, N\U,, = Ue+1 n 0:2 = H, x H_ is contractible. O

Proposition 3.2. Forany ay,...,ap € Ap, Ng V;k is either empty or Stein.

Proof. Submanifolds of C" given by |fj(2)| < 1, for fi,..., fy holomorphic are do-
mains of holomorphy [5, Theorem 2.5.13]. Domains of holomorphy are Stein mani-
folds. The open sets V, are isomorphic as complex manifolds to H x C x C, where H
is the upper half plane. Hence V, is a domain of holomorphiy with k = 1, fi(z) = e?#'.
By [5, Cor. 2.5.7] finite intersections of domains of homolorphy are domains of
holomorphy again. O

Analytic coherent sheaves (such as ©) on Stein manifolds have vanishing co-
homology in positive degree [5, Theorem 7.4.3]. If we have a contractible Stein
manifold we reach the same conclusion for @ with the long exact sequence. Hence
our covering 7 is a good covering in the sense that H>°(n k Vg, @) = 0. This implies
that the Cech cohomology with respect to 7

Hy (Z,0°)=H"(%,07),

calculate the sheaf cohomology of Z'.
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4. Main theorems
The functions I, j, satisfy cocycle conditions generalizing the three-term relations

of [3]:

) Lop(w, x)Tpq(w,x)=1, xeU;NnU;,
_ mi + + +
Lo p(w, X)Ly c(w, )T ¢ q(w, X) = exp —?Pa,b'c(w, x)|, xeU;nU;nU;,

where P, p . (w, x) € Q(x)[w] can be explicitly described in terms of the Bernoulli
polynomial Bs 3, see [2]. Moreover the gamma functions obey cocycle identities
related to the action of the group ISL3(Z) = SL3(Z) X Z3. Fix a framing of Apyim,
namely for each a € Ay, a choice of oriented basis (a1, az, a3) of AV ® R such that
ai(a) =1, az(a) = az(a) =0. Let

pigla-1 w+j
Jai(x) az(x)
A ) ; ) = 6 ’ )
(g W); w, x) ]1:[O N\ aw  mw

where (g, 1) € ISL3(Z) = SL3(Z) X 73. Then we have

Tap(w+ [J(g_lx), X) = oTiPap((wiw) Aq((g, 1); w, X)

6) ,
Iy p(w,x) Ap((g, w); w, x)

©) Aa(@h; w, x) = 2T Pa& WX N (821, x) Ao (i w — p(x), ),

where g = (g, 1), i = (h,v) and P, j,, P, are again in Q(x)[w].
By equations (4) (5) (6) we have:

Theorem 4.1. There is an ISL3(Z) -equivariant Cech 2-cocycle

_ani _2ni . _omi .
(DaberPap Pa)= (3 Pa,b,c(w,x)’ e~ 7 Pu,b((g,u),w,x), e ZHtPa((g,u),(h,V),w,x))’
in CfSLS(Z) (V,0%). The image of ¢ in the equivariant Cech complex with values in the
sheaf 4™ of invertible meromorphic sections is the coboundary of the equivariant

cochain (Uq,p, Aa) € Cigy oy V) M ).

The gamma gerbe ¥ is the holomorphic equivariant gerbe on X corresponding
to ¢. Equivalently, it is a holomorphic gerbe on the stack & = [X/ISL3(2)].

More geometrically, if we view gerbes over stacks as central extensions of group-
oids, then ¥ is presented by a groupoid R = Uj fitting in the central extension of
groupoids over Uy:

1-C*xUy—R—U;—1,
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where Uy = UV, Uy = Uy xx x(ISL3(Z) x X) xx Uy, R = ULq, ® Ly(g) ™! with Ly,
Lp(g) the C*-bundles with transition functions ¢, h,c(p;,lb’ a2 on(VanVp)nVenVy)
and ¢y 1 (g, —)(pz’lh,, (8, ) (on VNV N Vyyr) respectively. Notice that Uy = UWg ; o-14,
where Wg‘ayg—lb ={(g,Mlye Va,g_ly € nglb}. Then Fu,bAzl provides a meromor-
phic groupoid homomorphism U; — R, hence I''s and A’s can be viewed as a mero-
morphic section of 4. A hermitian structure of a gerbe in this language is simply a
hermitian structure of the complex line bundle associated to the central extension.
There is a unique compatible connective on a hermitian gerbe and its curvature

represents the Dixmier-Douady class of the gerbe.

Theorem 4.2. Using the notation in (1), there is a hermitian structure hg, bhgl on¥%
with

ha,b(w) x) = l_[

n (w+6(x) a(x) ﬁ(x))
SeFIZy

y(x) "y yx)

and

pgla-1
Jai(x) az(X))
h » ; ) = h ) ’
ol(8 ;10 1) ]1:[0 2( as(x) as(x)

where h,, are defined by Bernoulli polynomials:
hn(Z) Tlyeees Tl’l—l) = exp (_ (47T/n')Bn—l,n((v tlr LERS] t’l—l)) ’

with{ =Imz, tj =Imt;.

Moreover, as with line bundles, we can construct the gamma gerbe ¢ via (pseudo)-
divisors. A triptic curve & is a holomorphic stack of the form [C/ 1(Z®H) withe: 723 > C
a map of rank 2 over R. An orientation of a triptic curve & is given by a choice
of a generator of H3(&,Z) = Z. Then the stack 1 := [(CP? — RP?)/SL3(Z)] is the
moduli space of oriented triptic curves. The stack & = [X/ISL3(Z)] is the total space
of the universal family of triptic curves over 9 r. Given an étale map U — &, let
Zy =0xg U. Zy is naturally a discrete subset of a principal oriented R-bundle on
U. Then a pseudodivisor on U is a function D : Zyy — Z such that if lim y,, = 400
(resp. —oo) for a sequence y;, in Zy with compact supportin U then lim D(y,) =1
(resp. —1). The notion of positive/negative infinity is derived from the orientation
of the fibres of the R-bundle. We can globalize this to &', namely for an étale map
U — %, a pseudodivisor on U is a function D : 91 xg U — Z such that for every
point g — 9 r with corresponding fibre & = g x g &, the restriction g xg U is a
pseudodivisor on U x g &. Then for two such D;’s, the pushforward p. (D1 — D) is a
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divisor on U, hence can be used to twist a line bundle L to L(p«(D; — D)), where
p:9 71 xg U— U. Using the categorical description of gerbes in [1], we then have

Theorem 4.3. The gamma gerbe ¥ is a gerbe over & made up by the following data:
for U with an étale open map U — X,

Obj(%y) =1{(L,D)| L is a line bundle on U and D a pseudodivisor},
Mor(%4y)((L1,D1) — (L2, D2)) =T (U, (L} ® Ly)(p« (D2 — D1)),

the invertible holomorphic sections.

We also have the following theorems calculating various cohomology groups and
Diximer-Douady classes of the gamma gerbes or its restriction.

Theorem 4.4. Let &, = C/u(Z"), where x; = (e;), the images of the standard basis
vectors, are assumed to be Q-linearly independent and to span C over R. Then

H'="2(&,,6%) = A'(C"/(x1,... ,)O) A (Z"), HY(&,,60°) =&, x Z,

and HZ"(&,,0*) = 0. In particular, for generic triptic curves &, the groups classifying
holomorphic and topological gerbes on & are

H*&,6°)=6x7 and H(&,7)=2Z,

respectively.

Theorem 4.5. The Dixmier-Douady class c(¢4|g) of the restriction of the gamma gerbe
to & is a generator of H3(8,7) = Z.

Theorem 4.6. H3(%X,7) fits in a short exact sequence
0—Z— HX(%,2)/torsion— H>(Z%,2) = Z — 0.

The image of the Dixmier-Douady class c(9) € H*(Z,Z) of the gamma gerbe is a
generator ofH3 (Z3,2).

There should exist non-abelian versions of this story in the context of q-deformed
conformal field theory [4].
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THE AFFINE MACDONALD’S FORMULA

David Kazhdan
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Abstract. In a paper with A. Braverman we defined the affine spherical Hecke algebra. It is natural
then to ask about the spherical eigenfunctionals. In the finite-dimensional case they are described
by MacDonald. In this note we will talk about their affine analogue.

1. The affine Macdonald’s formula

Topic: Spherical functions on Hecke algebras.

Let Gbeagroup, H asubgroup, p : G — Aut(V) anirreducible representation of
G such thatdim V¥ = dim((VY)¥) = 1. Fixve VH, vV € (V")#, (v¥, v) = 1. Consider
the matrix coefficient ¢, : G — C, ¢,(g) = (v", gv). Then ¢ is H x H-invariant on
G.

Examplel. G=HxH, H 2, HxH. Any irreducible representation p of G has
the form p = 7; ® m» where 74, 7, are irreducible representations of H; dim vH =1,
dim((VV)H) = 1iff m, = ). Here prenv (h1, h2) := Tz (h1 by 1).

Example 2. Let G be a semisimple reductive group, H c G the maximal compact
subgroup. Then for any irreducible representation p : G —— Aut(V) we have
dim V¥ < 1. The representation p is of class Iiff dim V' = 1. The f = @ is called the
spherical function of p. If G is a complex group then ¢, is given as a regular function
on G given by an implicit formula similar to Weyl’s character formula.

October 2008.
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If G is an arbitrary split reductive group then the formula is more complicated.
Consider the case where G is a group over a p-adic field.

Why should we have dim V¥ < 12 Back to the general case. Assume H = K
be compact, G local compact. We define # = #(G, K) to be the space of finite
measures, K x K invariant on G with compact support. Then m: GxG — G
induces an algebra structure on /2, pjpz := m.(u10uy) (O - direct product of
measures). If p is a representation then for any u € # we define p(u) € Aut(V) by

o) :=fp(g)d;u(g)|w<.

Lemma 3.

a) If p is irreducible, then the representation u — p(u) of /€ on VpK is irre-
ducible.

b) The algebra # is commutative iff for any irreducible p : G — Aut(V) we
have dim(VK) < 1.

How do we see that .# is commutative?

G = GL,(R), K = SO,(R). Consider the map 7 : £/ —— # induced by the
anti-involution g — ’g; 7 is an anti-involution of #. On the other hand since
g e KgK it follows that as 7 = id.

Assume now G is a split Qp-group, e.g. GL,(Qp), Sp,,(Qp), Eg(Qp), K = G(Zp) = G.
The same argument as before shows that # is commutative.

Theorem 4 (Satake). We have a canonical map
#G,K)=ct6)C.

We give a construction for the case G = GL,(Q,). The Chevalley theorem says
that the restriction

C(GLy(Q)) — C(Ig), T=
0 *

induces an isomorphism invariant under conjugacy

C(GL, (€)% © = (1)
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So to construct # we have to construct a homomorphism «; : ## — C for each
te Tsothatkx, =x;w forall we X,,. Let

b *
B= cG.
0 bun
To t€ T consider A;: B — C*, A,(b) = tlv(b“) < t2nn) and since G = KB we have
dim VX = 1. We obtain a homomorphism x : ## — End(VX). One can check that
K=k forweX,andx: A — (D(LG)LG.
The space C(LG)LG has a canonical basis consisting of characters

X HEX("G) = X.(G)
consisting of characters of irreducible representations of the group “G. On the other
hand the space #(G, K) has a basis of characters of functions

0r, AeK\G/K=(T(F)ITO)w =X+(G).

So we have a decomposition k! (xw) =22 cﬁé,l. What do the cﬁ look like?

° cﬁ
. cﬁ(l) = multiplicity of the weight A € X*(T) in the representation on V}, of La.
1 1
0 1

= cﬁ(p) are polynomials in p.

Let 7 : SL, — LG be the principal SL,. Then the restriction of T = 7

1 1
01
szzaBﬁpU)
i20

TV preserves the filtration and cﬁ”( p) =Y iso p' - (multiplicity of A in I_/ﬂ( i)).
We are interested in the extension to Kac-Moody algebras. If G is a reductive

group over a field F we can determine an affine Kac-Moody algebra G such that

is regular unipotent). On the graded

defines a representation on V,, (7

space

0— F*—G—G —0

G =F*xG[t,t7].
If F = Qp Braverman and Kazhdan define the corresponding Hecke algebra
H(G(Q)), G(Z))) and construct the Satake isomorphism

#¢ — {Integral representations of G" (C)}.
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HERMANN WEYL AND THE EARLY HISTORY OF GAUGE THEORIES

Norbert Straumann

Institute for Theoretical Physics, University of Ziirich
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Abstract. One of the major developments of twentieth century physics has been the gradual
recognition that a common feature of the known fundamental interactions is their gauge structure.
In this talk the early history of gauge theory is reviewed, emphasizing especially Weyl’s seminal
contributions of 1918 and 1929.

1. Introduction

The history of gauge theories begins with General Relativity, which can be re-
garded as a non-Abelian gauge theory of a special type. To a large extent the other
gauge theories emerged in a slow and complicated process gradually from Gen-
eral Relativity. Their common geometrical structure — best expressed in terms of
connections on fiber bundles — is now widely recognized.

It all began with H. Weyl [1], who made in 1918 the first attempt to extend General
Relativity in order to describe gravitation and electromagnetism within a unifying
geometrical framework. This brilliant proposal contains the germs of all mathe-
matical aspects of non-Abelian gauge theory. The word “gauge” (german: “Eich-")
transformation appeared for the first time in this paper, but in the everyday meaning
of change of length or change of calibration.

Einstein admired Weyl’s theory as “a coup of genius of the first rate,” but immedi-
ately realized that it was physically untenable. After a long discussion Weyl finally
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admitted that his attempt was a failure as a physical theory. (For a discussion of the
intense Einstein—-Weyl correspondence, see [2].) It paved, however, the way for the
correct understanding of gauge invariance. Weyl himself reinterpreted in 1929 his
original theory after the advent of quantum theory in a grand paper [3]. Weyl’s rein-
terpretation of his earlier speculative proposal had actually been suggested before
by London [12]. Fock [16], Klein [35], and others arrived at the principle of gauge
invariance in the framework of wave mechanics along completely different lines. It
was, however, Weyl who emphasized the role of gauge invariance as a constructive
principle from which electromagnetism can be derived. This point of view became
very fruitful for our present understanding of fundamental interactions. (For a more
extensive discussion, see [4].)

2. Weyl’s Attempt to Unify Gravitation
and Electromagnetism

On the 1st of March 1918 Weyl writes in a letter to Einstein ([5], Vol. 8B, Doc. 472):
“These days I succeeded, as I believe, to derive electricity and gravitation from a
common source ...” Einstein’s prompt reaction by postcard indicates already a
physical objection which he explained in detail shortly afterwards. Before we come
to this we have to describe Weyl'’s theory of 1918.

2.1. Weyl’s Generalization of Riemannian Geometry. Weyl’s starting point was
purely mathematical. He felt a certain uneasiness about Riemannian geometry, as is
clearly expressed by the following sentences early in his paper:

But in Riemannian geometry described above there is contained
a last element of geometry “at a distance” (ferngeometrisches
Element) — with no good reason, as far as | can see; it is due
only to the accidental development of Riemannian geometry from
Euclidean geometry. The metric allows the two magnitudes of two
vectors to be compared, not only at the same point, but at any
arbitrarily separated points. A true infinitesimal geometry should,
however, recognize only a principle for transferring the magnitude
of a vector to an infinitesimally close point and then, on transfer
to an arbitrary distant point, the integrability of the magnitude
of a vector is no more to be expected than the integrability of its
direction.



Norbert Straumann: Hermann Weyl and the Early History of Gauge Theories 175

After these remarks Weyl turns to physical speculation and continues as follows:

On the removal of this inconsistency there appears a geometry
that, surprisingly, when applied to the world, explains not only
the gravitational phenomena but also the electrical. According
to the resultant theory both spring from the same source, indeed
in general one cannot separate gravitation and electromagnetism
in a unique manner. In this theory all physical quantities have a
world geometrical meaning; the action appears from the beginning
as a pure number. It leads to an essentially unique universal law;
it even allows us to understand in a certain sense why the world
is four-dimensional.

In brief, Weyl’s geometry can be described as follows. First, the spacetime mani-
fold M is equipped with a conformal structure, that is, with a class [g] of conformally
equivalent Lorentz metrics g (and not a definite metric as in General Relativity). This
corresponds to the requirement that it should only be possible to compare lengths
at one and the same world point. Second, it is assumed, as in Riemannian geometry,
that there is an affine (linear) torsion-free connection which defines a covariant
derivative V, and respects the conformal structure. Differentially this means that for
any g € [g] the covariant derivative Vg should be proportional to g:

o)) Vg=-2A0g  (Vagw=-2A18w),

where A= A,dx* is a differential 1-form.

Alternatively, the second condition can be formulated in bundle theoretical lan-
guage as follows. For a conformal manifold (M, [g]) we can introduce the bundle of
conformal frames, which are linear frames consisting of pairwise orthogonal vectors
of equal length (relative to g € [g]). The set W (M) of conformal frames on M can be
regarded in an obvious manner as the total space of a principle fibre bundle, whose
structure group G is the group consisting of all positive multiples of homogeneous
Lorentz transformations, that is, G =2 O(1, 3) x R,.. This conformal (Weyl) bundleis a
reduction of the bundle of linear frames L(M). A Weyl connection is a torsion-free
connection on W(M). (As such it has a unique extension to L(M).) Itis easy to see
that the corresponding covariant derivative satisfies (1). (For details, see [9].)

Consider now a curve y: [0,1] — M and a parallel-transported vector field X
along y. If [ is the length of X, measured with a representative g € [g], we obtain
from (1) the following relation between I(p) for the initial point p = y(0) and I(g) for
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the end point g = y(1):
) l(g) =eXp(—fA) I(p).
Y

Thus, the ratio of lengths in g and p (measured with g € [g]) depends in general
on the connecting path y (see Figure 1). The length is only independent of y if the

Xighl{q!
X'{q) 1)

Xip}
3]

FIGURE 1. Path dependence of parallel transport of length

exterior differential of A,
3) F=dA (Fuy =0 Ay —0vAp),
vanishes.

The compatibility requirement (1) leads to the following expression for the Chri-
stoffel symbols in Weyl’s geometry:

1
) rsit = Eglw (8o + 8ovia — 8vao) + 8" (8o Av + 8ov AL — gvaAg)-

The second A-dependent term is a characteristic new piece in Weyl’s geometry
which has to be added to the Christoffel symbols of Riemannian geometry.

Until now we have chosen a fixed, but arbitrary metric in the conformal class [g].
This corresponds to a choice of calibration (or gauge). Passing to another calibration
with metric g, related to g by

®) g=e*g
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the potential A in (1) will also change to A, say. Since the covariant derivative has
an absolute meaning, A can easily be worked out: On the one hand we have by

definition

(6) Vg=-2A®g,

and on the other hand we find for the left side with (1)

@ Vg=V(e*g) =2dieg+e*Vg=2dleg-24A® 3.
Thus

®) A=A-dA  (Ay=Au—-040).

J

This shows that a change of calibration of the metric induces a “gauge transformation’
for A:

9 g— e“g, A— A-dA.

Only gauge classes have an absolute meaning. (The Weyl connection is, however,
gauge invariant. This is conceptually clear, but can also be verified by direct calcula-
tion from (4).) Note that the integral in 3 is gauge invariant.

2.2. Electromagnetism and Gravitation. Turning to physics, Weyl assumes that
his “purely infinitesimal geometry” describes the structure of spacetime and conse-
quently he requires that physical laws should satisfy a double-invariance: 1. They
must be invariant with respect to arbitrary smooth coordinate transformations.
2. They must be gauge invariant, that is, invariant with respect to substitutions (7)
for an arbitrary smooth function A.

Nothing is more natural to Weyl than identifying A, with the vector potential and
F,,y in (3) with the field strength of electromagnetism. In the absence of electromag-
netic fields (F;, = 0) the scale factor exp(— fy A) in (2) for length transport becomes
path independent (integrable) and one can find a gauge such that A, vanishes for
simply connected spacetime regions. In this special case one is in the same situation
as in General Relativity.

Weyl proceeds to find an action which is generally invariant as well as gauge
invariant and which would give the coupled field equations for g and A. We do not
want to enter into this, except for the following remark. In his first paper [1] Weyl
proposes what we call nowadays the Yang-Mills action

(10) S(g, A) = -}l f THQ A Q).
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Here Q denotes the curvature form and *( its Hodge dual.’’ Note that the latter is
gauge invariant, that is, independent of the choice of g € [g]. In Weyl’s geometry the
curvature form splits as Q = Q) + F, where () is the metric piece [9]. Correspondingly,
the action also splits,

(11) Tr(Q A #Q) = Tr(Q A «Q) + Tr(F A +F).

The second term is just the Maxwell action. Weyl’s theory thus contains formally all
aspects of a non-Abelian gauge theory.

Weyl emphasizes, of course, that the Einstein—-Hilbert action is not gauge invariant.
Later work by Pauli [10] and by Weyl himself [7, 1] led soon to the conclusion that
the action (10) could not be the correct one, and other possibilities were investigated
(see the later editions of Weyl’s classic treatise [7]).

Independent of the precise form of the action Weyl shows that in his theory gauge
invariance implies the conservation of electric charge in much the same way as gen-
eral coordinate invariance leads to the conservation of energy and momentum.?
This beautiful connection pleased him particularly: ... [it] seems to me to be the
strongest general argument in favour of the present theory — insofar as it is per-
missible to talk of justification in the context of pure speculation.” The invariance
principles imply five “Bianchi type” identities. Correspondingly, the five conserva-
tion laws follow in two independent ways from the coupled field equations and may
be “termed the eliminants” of the latter. These structural connections hold also in
modern gauge theories.

2.3. Einstein’s Objection and Reactions of Other Physicists. After this sketch of
Weyl’s theory we come to Einstein’s striking counterargument which he first com-
municated to Weyl by postcard. The problem is that if the idea of a nonintegrable
length connection (scale factor) is correct, then the behavior of clocks would depend
on their history. Consider two identical atomic clocks in adjacent world points and
bring them along different world trajectories which meet again in adjacent world
points. According to (2) their frequencies would then generally differ. This is in clear
contradiction with empirical evidence, in particular with the existence of stable
atomic spectra. Einstein therefore concludes (see [5], Vol. 8B, Doc. 507):

M1n local coordinates, the integrand in (10) is R, ﬁy(gR“ﬁyé ﬁdxo A---Adx3, where R, pys is the
curvature tensor of the Weyl connection; this is the expression used by Weyl.

2)We adopt here the somewhat naive interpretation of energy-momentum conservation for generally
invariant theories of the older literature.
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... (if) one drops the connection of the ds to the measurement
of distance and time, then relativity looses all its empirical basis.

Nernst shared Einstein’s objection and demanded on behalf of the Berlin Academy
that it should be printed in a short amendment to Weyl’s article. Weyl had to accept
this. One of us has described the intense and instructive subsequent correspondence
between Weyl and Einstein elsewhere [2] (see also Vol. 8B of [5]). As an example, let
us quote from one of the last letters of Weyl to Einstein ([5], Vol. 8B, Doc. 669):

This [insistence] irritates me of course, because experience has
proven that one can rely on your intuition; so unconvincing as
your counterarguments seem to me, as | have to admit ...

By the way, you should not believe that | was driven to introduce
the linear differential form in addition to the quadratic one by
physical reasons. | wanted, just to the contrary, to get rid of this
“methodological inconsistency (Inkonsequenz)' which has been a
bone of contention to me already much earlier. And then, to my
surprise, | realized that it looked as if it might explain electricity.
You clap your hands above your head and shout: But physics is
not made this way! (Weyl to Einstein 10.12.1918).

Weyl’s reply to Einstein’s criticism was, generally speaking, this: The real behavior
of measuring rods and clocks (atoms and atomic systems) in arbitrary electromag-
netic and gravitational fields can be deduced only from a dynamical theory of matter.

Not all leading physicists reacted negatively. Einstein transmitted a very positive
first reaction by Planck, and Sommerfeld wrote enthusiastically to Weyl that there
was “...hardly doubt that you are on the correct path and not on the wrong one.”

In his encyclopedia article on relativity [11] Pauli gave a lucid and precise presen-
tation of Weyl’s theory, but commented on Weyl’s point of view very critically. At the
end he states:

... In summary one may say that Weyl's theory has not yet con-
tributed to getting closer to the solution of the problem of matter.

Also Eddington’s reaction was at first very positive but he soon changed his mind
and denied the physical relevance of Weyl’s geometry.

The situation was later appropriately summarized by E London in his 1927 paper
[12] as follows:
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In the face of such elementary experimental evidence, it must
have been an unusually strong metaphysical conviction that pre-
vented Weyl from abandoning the idea that Nature would have to
make use of the beautiful geometrical possibility that was offered.
He stuck to his conviction and evaded discussion of the above-
mentioned contradictions through a rather unclear re-interpretation
of the concept of “real state,” which, however, robbed his theory
of its immediate physical meaning and attraction.

In this remarkable paper, London suggested a reinterpretation of Weyl'’s principle
of gauge invariance within the new quantum mechanics: The role of the metric is
taken over by the wave function, and the rescaling of the metric has to be replaced
by a phase change of the wave function.

In this context an astonishing early paper by Schrodinger [13] has to be men-
tioned, which also used Weyl’s “World Geometry” and is related to Schrodinger’s
later invention of wave mechanics. This relation was discovered by V. Raman and
P. Forman [14]. (See also the discussion by C. N. Yang in [15].)

Even earlier than London, V. Fock [16] arrived along a completely different line at
the principle of gauge invariance in the framework of wave mechanics. His approach
was similar to the one by O. Klein [35].

The contributions by Schrédinger [13], London [12] and Fock [16] are commented
in [8], where also English translations of the original papers can be found. Here, we
concentrate on Weyl’s seminal paper “Electron and Gravitation.”

3. Weyl’s 1929 Classic: “Electron and Gravitation”

Shortly before his death late in 1955, Weyl wrote for his Selecta [17] a postscript
to his early attempt in 1918 to construct a “unified field theory.” There he expressed
his deep attachment to the gauge idea and adds (p. 192):

Later the quantum-theory introduced the Schrédinger—Dirac po-
tential g of the electron—positron field; it carried with it an exper-
imentally based principle of gauge invariance which guaranteed
the conservation of charge, and connected the v with the elec-
tromagnetic potentials A, in the same way that my speculative
theory had connected the gravitational potentials g, with the
Ay, and measured the A, in known atomic, rather than unknown
cosmological units. | have no doubt but that the correct context
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for the principle of gauge invariance is here and not, as | believed
in 1918, in the intertwining of electromagnetism and gravity.

This re-interpretation was developed by Weyl in one of the great papers of this
century [3]. Weyl’s classic does not only give a very clear formulation of the gauge
principle, but contains, in addition, several other important concepts and results —
in particular his two-component spinor theory.

The modern version of the gauge principle is already spelled out in the introduc-
tion:

The Dirac field-equations for 1 together with the Maxwell equa-
tions for the four potentials f}, of the electromagnetic field have
an invariance property which is formally similar to the one which
| called gauge invariance in my 1918 theory of gravitation and
electromagnetism; the equations remain invariant when one makes
the simultaneous substitutions

, A1
by e d b -
Y by e’y an fp by fp oxP

where A is understood to be an arbitrary function of position in
four-space. Here the factor 7, where —e is the charge of the
electron, c is the speed of light, and % is the quantum of action,
has been absorbed in f,. The connection of this “gauge invariance”
to the conservation of electric charge remains untouched. But a
fundamental difference, which is important to obtain agreement
with observation, is that the exponent of the factor multiplying
¥ is not real but pure imaginary. ¥ now plays the role that
Einstein's ds played before. It seems to me that this new principle
of gauge invariance, which follows not from speculation but from
experiment, tells us that the electromagnetic field is a necessary
accompanying phenomenon, not of gravitation, but of the material
wave field represented by . Since gauge invariance involves an
arbitrary function A it has the character of “general” relativity and
can naturally only be understood in that context.

We shall soon enter into Weyl’s justification which is, not surprisingly, strongly
associated with General Relativity. Before this we have to describe his incorporation
of the Dirac theory into General Relativity which he achieved with the help of the
tetrad formalism.
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One of the reasons for adapting the Dirac theory of the spinning electron to
gravitation had to do with Einstein’s recent unified theory which invoked a distant
parallelism with torsion. E. Wigner [18] and others had noticed a connection be-
tween this theory and the spin theory of the electron. Weyl did not like this and
wanted to dispense with teleparallelism. In the introduction he says:

| prefer not to believe in distant parallelism for a number of
reasons. First my mathematical intuition objects to accepting
such an artificial geometry; | find it difficult to understand the
force that would keep the local tetrads at different points and
in rotated positions in a rigid relationship. There are, | believe,
two important physical reasons as well. The loosening of the rigid
relationship between the tetrads at different points converts the
gauge factor e*, which remains arbitrary with respect to v, from
a constant to an arbitrary function of space-time. In other words,
only through loosening the rigidity does the established gauge
invariance become understandable.

This thought is carried out in detail after Weyl has set up his two-component
theory in special relativity, including a discussion of P and T invariance. He empha-
sizes thereby that the two-component theory excludes a linear implementation of
parity and remarks: “It is only the fact that the left-right symmetry actually appears
in Nature that forces us to introduce a second pair of y-components.” To Weyl
the mass problem is thus not relevant for this.®) Indeed he says: “Mass, however,
is a gravitational effect; thus there is hope of finding a substitute in the theory of
gravitation that would produce the required corrections.”

3.1. Tetrad Formalism. In order to incorporate his two-component spinors into
General Relativity, Weyl was forced to make use of local tetrads (Vierbeine). In
Section 2 of his paper he develops the tetrad formalism in a systematic manner. This
was presumably independent work, since he does not give any reference to other
authors. It was, however, mainly E. Cartan who demonstrated with his work [20] the
usefulness of locally defined orthonormal bases - also called moving frames — for
the study of Riemannian geometry.

) At the time it was thought by Weyl, and indeed by all physicists, that the two-component theory requires
a zero mass. In 1957, after the discovery of parity nonconservation, it was found that the two-component
theory could be consistent with a finite mass. See K. M. Case [19].
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In the tetrad formalism the metric is described by an arbitrary basis of orthonor-
mal vector fields {e, (x); & = 0,1,2,3}. If {%(x)} denotes the dual basis of 1-forms, the
metric is given by

(12) gx)=nuefx)®e’(x),  (uw)=diag(l,-1,-1,-1).

Weyl emphasizes, of course, that only a class of such local tetrads is determined by
the metric: the metric is not changed if the tetrad fields are subject to spacetime-
dependent Lorentz transformations:

(13) e®(x) = A% P x).

With respect to a tetrad, the connection forms w = (w“ﬁ) have values in the Lie algebra
of the homogeneous Lorentz group:

(14) Wop+wpg =0.

(Indices are raised and lowered with n*# and nap, respectively.) They are determined
(in terms of the tetrad) by the first structure equation of Cartan:

(15) de® +a)“ﬁ/\eﬁ =0.

(For a textbook derivation see, for example, [21], especially Sections 2.6 and 8.5.)
Under local Lorentz transformations (13) the connection forms transform in the
same way as the gauge potential of a non-Abelian gauge theory:

(16) wx) = ADwA (1) —dACA (X).

The curvature forms Q = () are obtained from w in exactly the same way as the
Yang-Mills field strength from the gauge potential:

a7 Q=do+owrw

(second structure equation).
For a vector field V, with components V¢ relative to {e,}, the covariant derivative
DV is given by

(18) DV*=dV®+w%VP.
Weyl generalizes this in a unique manner to spinor fields y:

1
(19) Dy =dy + Zwaﬁa“ﬁu/.
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Here, the 0% describe infinitesimal Lorentz transformations (in the representation
of y). For a Dirac field these are the familiar matrices

1
(20) 0P = 5 [y%,yP1.

(For two-component Weyl fields one has similar expressions in terms of the Pauli
matrices.)

With these tools the action principle for the coupled Einstein-Dirac system can
be set up. In the massless case the Lagrangian is

1
21 = ——R-iyy*Dyy,
21) Zz lenc WY Du¥

where the first term is just the Einstein-Hilbert Lagrangian (which is linear in Q).
Weyl discusses, of course, immediately the consequences of the following two sym-
metries:

(1) local Lorentz invariance,

(ii) general coordinate invariance.

3.2. The New Form of the Gauge Principle. All this is a kind of a preparation for
the final section of Weyl’s paper, which has the title “electric field.” Weyl says:

We come now to the critical part of the theory. In my opinion the
origin and necessity for the electromagnetic field is in the following.
The components 1 W, are, in fact, not uniquely determined by
the tetrad but only to the extent that they can still be multiplied
by an arbitrary “gauge factor” e'*. The transformation of the i
induced by a rotation of the tetrad is determined only up to such
a factor. In special relativity one must regard this gauge factor as
a constant because here we have only a single point-independent
tetrad. Not so in General Relativity; every point has its own tetrad
and hence its own arbitrary gauge factor; because by the removal
of the rigid connection between tetrads at different points the
gauge factor necessarily becomes an arbitrary function of position.

In this manner Weyl arrives at the gauge principle in its modern form and em-
phasizes: “From the arbitrariness of the gauge factor in 1y appears the necessity of
introducing the electromagnetic potential.” The first term dy in (19) has now to be
replaced by the covariant gauge derivative (d —iA)y and the nonintegrable scale
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factor (1) of the old theory is now replaced by a phase factor:

exp(_fyA) —»exp(—ij;/A),

which corresponds to the replacement of the original gauge group R by the compact
group U(1). Accordingly, the original Gedankenexperiment of Einstein translates
now to the Aharonov-Bohm effect, as was first pointed out by C. N. Yang in [22]. The
close connection between gauge invariance and conservation of charge is again un-
covered. Current conservation follows, as in the original theory, in two independent
ways: it is a consequence both of the field equations for matter plus gauge invariance
and of the field equations for the electromagnetic field plus gauge invariance. This
corresponds to an identity in the coupled system of field equations which has to
exist as a result of gauge invariance. All this is nowadays familiar to students of
physics and does not need to be explained in more detail.

Much of Weyl’s paper penetrated also into his classic book “The Theory of Groups
and Quantum Mechanics” [23]. There he mentions also the transformation of his
early gauge theoretic ideas: “This principle of gauge invariance is quite analogous
to that previously set up by the author, on speculative grounds, in order to arrive
at a unified theory of gravitation and electricity. But I now believe that this gauge
invariance does not tie together electricity and gravitation, but rather electricity and
matter.”

When Pauli saw the full version of Weyl’s paper he became more friendly and
wrote [24]:

In contrast to the nasty things | said, the essential part of my
last letter has since been overtaken, particularly by your paper
in Z. f. Physik. For this reason | have afterward even regretted
that | wrote to you. After studying your paper | believe that |
have really understood what you wanted to do (this was not the
case in respect of the little note in the Proc. Nat. Acad.). First
let me emphasize that side of the matter concerning which | am
in full agreement with you: your incorporation of spinor theory
into gravitational theory. | am as dissatisfied as you are with
distant parallelism and your proposal to let the tetrads rotate
independently at different space points is a true solution.

In brackets Pauli adds:
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Here | must admit your ability in Physics. Your earlier theory with
g, = Agix was pure mathematics and unphysical. Einstein was
justified in criticizing and scolding. Now the hour of your revenge
has arrived.

Then he remarks in connection with the mass problem:

Your method is valid even for the massive [Dirac] case. | thereby
come to the other side of the matter, namely the unsolved diffi-
culties of the Dirac theory (two signs of my) and the question of
the two-component theory. In my opinion these problems will not
be solved by gravitation . ..the gravitational effects will always be
much too small.

Many years later, Weyl summarized this early tortuous history of gauge theory in
an instructive letter [25] to the Swiss writer and Einstein biographer C. Seelig, which
we reproduce in English translation.

The first attempt to develop a unified field theory of gravitation
and electromagnetism dates to my first attempt in 1918, in which
| added the principle of gauge invariance to that of coordinate
invariance. | myself have long since abandoned this theory in
favour of its correct interpretation: gauge invariance as a principle
that connects electromagnetism not with gravitation but with the
wave field of the electron. — Einstein was against it [the original
theory] from the beginning, and this led to many discussions. |
thought that | could answer his concrete objections. In the end
he said “Well, Weyl, let us leave it at that! In such a speculative
manner, without any guiding physical principle, one cannot make
Physics.” Today one could say that in this respect we have ex-
changed our points of view. Einstein believes that in this field
[Gravitation and Electromagnetism] the gap between ideas and
experience is so wide that only the path of mathematical spec-
ulation, whose consequences must, of course, be developed and
confronted with experiment, has a chance of success. Meanwhile
my own confidence in pure speculation has diminished, and | see a
need for a closer connection with experiments in quantum physics,
since in my opinion it is not sufficient to unify Electromagnetism
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and Gravity. The wave fields of the electron and whatever other
irreducible elementary particles may appear must also be included.

Independently of Weyl, V. Fock [26] also incorporated the Dirac equation into
General Relativity by using the same method. On the other hand, H. Tetrode [27],
E. Schrodinger [28] and V. Bargmann [29] reached this goal by starting with space-
time dependent y-matrices, satisfying {y*, y'} =2 g"*. A somewhat later work by
L. Infeld and B. L. van der Waerden [30] is based on spinor analysis.

4. Concluding Remarks

Gauge invariance became a serious problem when Heisenberg and Pauli began
to work on a relativistically invariant Quantum Electrodynamics that eventually
resulted in two important papers “On the Quantum Dynamics of Wave Fields” [32],
[33]. Straightforward application of the canonical formalism led, already for the
free electromagnetic field, to nonsensical results. Jordan and Pauli on the other
hand, proceeded to show how to quantize the theory of the firee field case by dealing
only with the field strengths F),, (x). For these they found commutation relations
at different space-time points in terms of the now famous invariant Jordan-Pauli
distribution that are manifestly Lorentz invariant.

The difficulties concerned with applying the canonical formalism to the electro-
magnetic field continued to plague Heisenberg and Pauli for quite some time. By
mid-1928 both were very pessimistic, and Heisenberg began to work on ferromag-
netism.® In the fall of 1928 Heisenberg discovered a way to bypass the difficulties.
He added the term —%e(éfﬂA”)2 to the Lagrangian, in which case the component 7

of the canonical momenta
oL

" B4,

does no more vanish identically (¢ = —géuA”). The standard canonical quantiza-
tion scheme can then be applied. At the end of all calculations one could then take
the limit € — 0.

T

@ Pauli turned to literature. In a letter of 18 February 1929 he wrote from Ziirich to Oskar Klein: “For my
proper amusement I then made a short sketch of a utopian novel which was supposed to have the title
‘Gulivers journey to Urania’ and was intended as a political satire in the style of Swift against present-day
democracy. [...] Caught in such dreams, suddenly in January, news from Heisenberg reached me that he
is able, with the aid of a trick ... to get rid of the formal difficulties that stood against the execution of our
quantum electrodynamics.” (6]
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In their second paper, Heisenberg and Pauli stressed that the Lorentz condition
cannot be imposed as an operator identity but only as a supplementary condition
selecting admissible states. This discussion was strongly influenced by a paper of
Fermi from May 1929.

For this and the further main developments during the early period of quantum
field theory, we refer to Chapter 1 of [34].

As in Weyl’s work General Relativity also played a crucial role in Pauli’s discovery
of non-Abelian gauge theories. (See Pauli’s letters to Pais and Yang in Vol. 4 of [6].)
He arrived at all basic equations through dimensional reduction of a generalization
of Kaluza—Klein theory, in which the internal space becomes a two-sphere. (For a
description in modern language, see [4].)

In contrast, in the work of Yang and Mills General Relativity played no role. In an
interview Yang said on this in 1991:

“It happened that one semester [around 1970] | was teaching
General Relativity, and | noticed that the formula in gauge theory
for the field strength and the formula in Riemannian geometry for
the Riemann tensor are not just similar — they are, in fact, the
same if one makes the right identification of symbols! It is hard
to describe the thrill | felt at understanding this point.”

The developments after 1958 consisted in the gradual recognition that — contrary
to phenomenological appearances — Yang—Mills gauge theory could describe weak
and strong interactions. This important step was again very difficult, with many
hurdles to overcome.
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