ISSN 1398-599X MPS-RR 1999-20 www.maphysto.dk

Market

Forces and Dynamic Asset PricingG.

PESKIR

*

and J. SHORISH

**Abstract

W e study a dynamic model of asset pricing which is driven by two characteristic

market features: the law of investor demand (e.g. ’buy low, sell high’) and the law

of the market institution (which codi�es the trading rules under which the market

operates). W e demonstrate in a simple investor-specialist trading market that these

features are suf�cient to guarantee an equilibrium where investors’ trading strategies

and the specialist’s rule of price adjustments are best responses to each other. The

drift term appearing in the resulting equation of the asset price process may be

interpreted using Newtonian mechanics as the acceleration of a ’market force’. If

either of the market participants is risk-neutral, the result leads to risk-neutral asset

pricing (e.g. the Black and Scholes option pricing formula).

1.Introduction ......................................................................................... 1

2. Description of the model .................................................................... 4

3. Brownian motion and Newtonian mechanics ................................... 11

4. Market force and the specialist’s optimisation revisited ................. 16

5. Solution of the investor’s problem ................................................... 19

6. Solution of the specialist’s problem ................................................. 27

7. Concluding remarks and open questions ......................................... 39

Figures .............................................................................................. 41

References ......................................................................................... 46

Appendix: The specialist .................................................................. 48

*Centre for Mathematical Physics and Stochastics, supported by the Danish National Research Foundation.

* Centre for Analytical Finance, supported by Danish Social Science Foundation.

** Centre for Non-Linear Modelling in Economics, supported by the Danish Social Science Research Council, and the Research Foundation of

the University of Aarhus.MR

1991 Mathematics Subject Classi�cation. Primary 90A12, 90A09, 90A14, 93E20. Secondary 93E05, 60J30, 60J60, 60J65.

JEL Classi�cation Numbers C60, G12, G13.

Key words and phrases: Market microstructure, asset pricing, market force, inertial frame of reference, accelerated frame of reference,

(geometric) Brownian motion, Newtonian mechanics, Smoluchowski’s approximation, optimal stochastic control, the Hamilton-Jacobi-Bellman

equation, Markov property, Ornstein-Uhlenbeck process, L � evy process. 1

R EFERENCES

[1] A IT-SAHALIA, Y. (1998). Dynamic equilibrium and volatility in �nancial asset markets. J.

Econometrics 84 (93-127).

[2] BARNDORFF-NIELSEN, O. E. (1998). Processes of normal inverse Gaussian type. Finance

Stochast. 2 (41-68).

[3] BACHELIER, L. (1900). Theorie de la speculation. Annales de l’Ecole Normale Superieure

17 (21-86). English translation in “The Random Character of Stock Market Prices”, MIT

Press, Cambridge, MA, 1988 (ed. P. H. Cootner).

[4] BLACK, F. and SCHOLES, M. (1973). The pricing of options and corporate liabilities. J.

Political Econom. 81 (637-654).

[5] BREEDEN, D. (1979). An intertemporal asset pricing model with stochastic consumption

and investment opportunities. J. Financial Econom. 7 (265-296).

[6] DOOB, J. L. (1942). The Brownian movement and stochastic equations. Ann. of Math. 43

(351-369).

[7] DUFFIE, D. (1996). Dynamic Asset Pricing Theory. Princeton Univ. Press, New Jersey.

[8] DUFFIE, D. and ZAME, W. (1989). The consumption-based capital asset pricing model.

Econometrica 57 (1279-1297).

[9] EINSTEIN, A. (1905). On the motion of small particles suspended in liquids at rest required

by the molecular-kinetic theory of heat. Ann. Phys. 17 (549-560). English translation in the

book ’Einstein’s Miraculous Y ear’ by Princeton Univ. Press 1998 (85-98).

[10] LANGEVIN, P. (1908). Sur la theorie du mouvement brownien. C. R. Acad. Sci. Paris 146

(530-533).

[11] LUCAS, R. E. (1978). Asset prices in an exchange economy. Econometrica 46 (1429-1445).

[12] MADHA V AN, A. and SMIDT, S. (1993). An analysis of changes in specialist inventories and

quotations. J. Finance 48 (1595-1628).

[13] MERTON, R. C. (1969). Lifetime portfolio selection under uncertainity: The continuous

time case. Rev. Econom. Stud. 51 (247-257).

[14] MERTON, R. C. (1971). Optimum consumption and portfolio rules in a continuous-time

model. J. Econom. Theory 3 (373-413).

[15] NELSON, E. (1967). Dynamical Theories of Brownian Motion. Princeton Univ. Press.

[16] O’HARA, M. (1995). Market Microstructure Theory. Blackwell Publishers, Cambridge

Mass.

[17] SHIRY AEV, A. N. (1999). Essentials of Stochastic Finance (Facts, Models, Theory). W orld

Scienti�c.

[18] SMOLUCHOWSKI, M. R. von (1906). Zur kinetischen Theorie der Brownschen Molekular-

bewegung und der Suspensionen. Ann. Phys. 21 (756-780).

[19] UHLENBECK, G. E. and ORNSTEIN, L. S. (1930). On the theory of Brownian motion.

Physical Review 36 (823-841).

[20] WEIDNER, R. T. and SELLS, R. L. (1965). Elementary Classical Physics. V ol I (Mechanics,

Kinetic Theory, Thermodynamics). Allyn and Bacon, Inc. Boston.