Maximum

Process Problems in

Optimal Control TheoryG

ORAN

PESKIR �

Abstract

Given a standard Brownian motion(

B

t

) t�

0 and the equation of motion:d

X t=

v t dt

+

p 2 dB t we setS t =m a

x 0�

s�t X s and consider the optimal control problem:s

u

p

v

E

�

S�

�

c

�

� where c>

0 and the supremum is taken over all admissible controls v satisfying

v t2

[

� 0; �1

] for all t up to � =i

n f

f t > 0j X t= 2 (‘ 0 ; ‘ 1 )g with � 0< 0 < � 1 and

‘ 0 < 0 < ‘ 1 given and �xed. The following control v�

is proved optimal: ’Pull as

hard as possible’ that is v �

t = � 0 if X t <g � (S t ) , and ’push as hard as possible’

that is v �

t = � 1 if X t > g � (S t ) , wheres

7

! g � (s) is a switching curve that is

determined explicitly (as a unique solution to a nonlinear equation). The solution

found demonstrates that the problem formulations based on a maximum functional

can be successfully included into optimal control theory (calculus of variations) in

addition to the classic problem formulations due to Lagrange, Mayer and Bolza. �

C

entre for Mathematical Physics and Stochastics (funded by the Danish National Research Foundation).

Mathematics Subject Classi�cation 2000. Primary 49J55, 93E20, 60J65. Secondary 60J60, 34A34, 35G15.

Key words and phrases: Optimal control theory, maximum process, the Hamilton-Jacobi-Bellman equation, bang-bang control, switching

curve, diffusion, Brownian motion, nonlinear differential equation.

R EFERENCES

[1] B LISS, G. A. (1946). Lectures on the Calculus of V ariations. Univ. Chicago Press.

[2] BOLZA, O. (1913). � Uber den ”Anormalen Fall“ beim Lagrangeschen und Mayerschen Prob-

lem mit gemischten Bedingungen und variablen Endpunkten. Math. Ann. 74 (430-446).

[3] DUBINS, L. E. SHEPP, L. A. and SHIRY AEV, A. N. (1993). Optimal stopping rules and

maximal inequalities for Bessel processes. Theory Probab. Appl. 38 (226-261).

[4] FLEMING, W. H. and RISHEL, R. W. (1975). Deterministic and Stochastic Optimal Control.

Springer-V erlag.

[5] GRA VERSEN, S. E. PESKIR, G. and SHIRY AEV, A. N. (1999). Stopping Brownian motion

without anticipation as close as possible to its ultimate maximum. Research Report No. 405,

1999, Dept. Theoret. Statist. Aarhus (11 pp). Theory Probab. Appl. 45, 2000 (125-136).

[6] JACKA, S. D. (1991). Optimal stopping and best constants for Doob-like inequalities I: The

case p = 1 . Ann. Probab. 19 (1798-1821).

[7] NELSON, E. (1967). Dynamical Theories of Brownian Motion. Princeton Univ. Press.

[8] PESKIR, G. (1997). Optimal stopping of the maximum process: The maximality principle.

Research Report No. 377, 1997, Dept. Theoret. Statist. Aarhus (30 pp). Ann. Probab. 26,

1998 (1614-1640).

[9] ROGERS, L. C. G. and WILLIAMS, D. (1987). Diffusions, Markov Processes, and Martin-

gales. V olume 2: It ^o Calculus. John Wiley and Sons.

[10] SHEPP, L. A. and SHIRY AEV, A. N. (1993). The Russian option: Reduced regret. Ann.

Appl. Probab. 3 (631-640).