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Abstract

This paper studies the equilibrium dynamics of an overlapping generations
model with capital, money and cash-in-advance constraints. At each date the
economy can experience two different regimes. In the first one the cash-in-
advance constraint is binding and money is a dominated asset. In the second
one, the constraint is strictly satisfied and money has the same return as
capital. When the second regime holds on some finite interval, we say that
the economy experiences a temporary bubble. We prove that temporary
bubbles can exist in an economy which would experience under accumulation
without money. We also show, in an example, that cyclical bubbles and
sunspot equilibria may occur. Finally, we prove that money creation has the
power to eliminate bubbles. JEL numbers : D9, E4 and G1. Key words :
overlapping generations model, bubbles, cash-in-advance constraint.



1 Introduction

From Samuelson’s article in 1958, the overlapping generations model is be-
come a reference framework for monetary analysis. The first works on this
subject pointed out the store-of-value role of money, which allows for ex-
changes between agents of different generations. It gives some foundations
to the idea of confidence in money : money is hold only if agents expects that
it will have a positive value in the future. A general presentation of these
works can be found in Sargent [1987], Blanchard and Fisher [1989], Azariadis
[1993] or Champ and Freeman [1994].

However, this first approach focused on a very specific aspect of money
holding. In the presence of another asset, money is valued only if its rate of
return was equal to the rate of return on capital. Money is in fact equivalent
in such a framework to a rational bubble. Tirole [1985] analyzes the global
dynamics of an overlapping generations economy with capital and money.
He shows that real money balances hold by the agents can only be valued
in an economy which is inefficient without money. In this case, there ex-
ists an infinity of equilibria: one of these equilibria leads to a constant and
positive value in the long run for the bubble held by each agent, and the
economy converges toward the golden rule; the other trajectories converge
on the stationary state of Diamond’s model without bubbles.

In order to rule out this multiplicity, Tirole [1985] proposes to introduce
a liquidity constraint which forces agents to hold some fixed share of their
total savings in money. He shows that this type of constraint can eliminate
all trajectories converging toward a bubbleless equilibrium, because such an
equilibrium cannot satisfy the liquidity constraint. Then, the bubbly equilib-
rium is the only existing one of the economy with a liquidity constraint. The
unicity of the equilibrium is now assured for an economy which is inefficient
without bubble.

Recent studies in the overlapping generations framework focused on the
introduction of cash-in-advance or liquidity constraints. These works allow to
take into account the medium-of-exchange role of money. For example, Hahn
and Solow [1995] assume that agents have to hold money between their two
periods of life, the amount of money being proportional to the amount of con-
sumption in their second period of life. Money is held, even if it brings a rate
of return smaller than the rate of return on capital, because it is necessary for
consumption. Champ and Freeman [1990] assume that a constant amount
of real monetary balances is required. A general study of various types of
liquidity constraints is maide by Crettez, Michel and Wigniolle [1999]. This
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work shows notably that the Hahn and Solow constraint is the more tractable
one for studying the dynamical properties of the economy.

But, Hahn and Solow [1995] assume that the liquidity constraint is bind-
ing at each period, which is verified only if the rate of return for money is
smaller that the one for capital. We wish to study the intertemporal equi-
librium of the overlapping generations economy with a liquidity constraint
in the general case. So, we do not exclude a prior: the existence of a bubble
on money, which may appear when money and capital have the same return.
At each period, two regimes may occur: the Hahn and Solow’s regime, where
money is a dominated asset and where the liquidity constraint is binding; the
Tirole’s regime where money and capital have the same return and where the
liquidity constraint is verified with inequality. The economy may jump from
one regime to the other, and then temporary bubbles appear.

We define the intertemporal equilibrium of the economy with liquidity
constraint, and we first make a dynamical study. In assuming that a sta-
tionary equilibrium with under-accumulation exists in the economy without
money (the Diamond [1965] economy), we prove that there exists in the
neighborhood of this equilibrium a monetary equilibrium in the Hahn and
Solow’s regime for a sufficiently low liquidity constraint. The study of the
local dynamics in a neighborhood of this equilibrium shows that the dynam-
ics of the monetary economy can be as close as one wish to the equilibrium
of the non-monetary economy, when the liquidity constraint tends to zero.

But, this monetary equilibrium is not unique. Indeed, we prove that it is
possible to jump in the Tirole’s regime, and that the economy can experience
sometimes periods with bubbles on money. So there is a multiplicity of
equilibria, with the existence of temporary bubbles.

In the case where the utility and production functions are Cobb-Douglas,
we are able to explicitly study the global dynamics of the economy. In this
framework, a unique stationary equilibrium exists in the Hahn and Solow’s
regime. Two cases may occur, as this stationary state is in over or under
accumulation. In the first case, we prove that the Tirole’s regime with a
permanent bubble is the only possible equilibrium and that the economy
converges toward the golden rule. We find again Tirole [1985]’s result: all
bubbleless trajectories in the long run are ruled out by the existence of the
liquidity constraint. But, in the second case (if the equilibrium with money in
the Hahn and Solow’s regime is in under-accumulation), different situations
may appear. If the liquidity constraint is sufficiently hard, the Hahn and
Solow’s regime is the only possible one, and the intertemporal equilibrium is
unique. But, if the liquidity constraint is relatively low, it is possible that the
economy oscillates between the two regimes. Money can periodically support



bubbles, but these bubbles are temporary. There is multiplicity of dynamical
equilibria, the number of intertemporal equilibria decreasing with the weight
of the liquidity constraint.

The multiplicity of equilibria leads to the question of the coordination
of anticipations. This coordination could be achieved if all agents believed
in the same theory on the appearance of the two regimes. We assume that
this theory consists in setting that the state of the economy is related to
the occurrence of an exogenous phenomenon called sunspots. We show the
existence of such sunspot equilibria, where the dynamics of the economy
become stochastic.

The appearance of a temporary bubble reduces capital accumulation,
because it absorbs some part of savings. As the economy is in under-
accumulation, bubbles tend to push the economy far from the golden rule. So
we consider that an objective for monetary policy could be to fight bubbles.
Indeed, monetary creation diminishes the return on money and can forbid
the jump to the Tirole’s regime where money and capital have the same
return. We show that a sufficiently high rate of monetary creation can elim-
inate temporary bubbles. But this policy also has another negative impact
on agents welfare: it increases the distortion related to money detention.

The model is presented in the second section. The study of the intertem-
poral equilibrium is achieved in section three. The fourth section character-
izes the global dynamics of a Cobb-Douglas economy and studies the influence
on bubbles of monetary creation.

2 The model

We consider an overlapping generations model with capital accumulation a la
Allais [1947]-Diamond [1965]. Agents live two periods. They supply one unit
of labor in the first period (when young) and they are retired and consume
the return of their savings in the second period (when old). The number of
young agents at a date t, Ny, grows at the constant rate n : Ny = (1+n)N,_;.

2.1 The liquidity constraint

In the model with a infinite-lived representative consumer, the cash-in-advance
constraint assumes that the agent has to save at each period the quantity
of money necessary to finance his consumption at the following period. In
the overlapping generations model with two periods of life, if all the second
period consumption value P id;,; was financed by the amount of money



saved in the first period M;, all savings would be in money, and it would be
impossible to accumulate capital.

So we have to modify the cash-in-advance constraint. Following Hahn et
Solow [1995], we assume the following constraint:

M, > pPiydiy (1)

A share u, 0 < p < 1 of consumption expenses in the second period must be
financed by the amount of money saved in the first period.

2.2 Savings choice
2.2.1 The utility function

Agents born in t are endowed with an intertemporal utility function:

U= U(Ct, diy1) (2)

¢; is the first period consumption, and d;; is the second period consumption.
Assumption 1 : U is strictly quasi-concave, twice continuesly differentiable,
and such that:

Ve and d positive, U.(0,d) = Uj(c,0) = 400

From this assumption, one deduces the existence of a C! function o(w, R)
defined on R?, by :

o(w, R) =argmax U(w — o, Ro)

g

2.2.2 Budgetary constraints

Agents can save under two different forms: they can invest in firms capital,
as in the Diamond model, but they also have to hold money, which has a
nominal rate of return equal to zero.

In real terms, the two budget constraints of a generation ¢ agent are:

M,
Ct+3t+Ftt = Wt (3)
M,
dipr = Repise+ P—t (4)
t+1

where w; is the real wage in period ¢ and s, is the amount of savings invested
in capital. Ry, is the real return factor expected for period ¢t 4+ 1. M, is the
money amount hold in period ¢t and P, is the price of the good in money.
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Eliminating s, between the two constraints (3) and (4), we obtain the
intertemporal budget constraint:

M, Py
d Ry — = 5)
Riq t1 Ri 1 Py ( s ) o ©)

Ct+

In equation (5) P;/P;41 is the real return on money. The third term is the
expected loss resulting from savings hold in money. This loss is the difference
between returns on capital and on money. In order to make an optimal choice,
agents have to compare the returns on these two assets. Two cases must be
distinguished:

e Either the liquidity constraint is binding (we call this case the Hahn
and Solow’s case),

= iy (6)

and then the expected return on money is no larger than the return on

financial savings
P/ P < Ria

e Or the expected liquidity constraint si not binding (we call this case
the Tirole’s case),

> pdigr (7)

and then the expected return on money must be equal to the return
on financial savings,

Pi/Piy1 = R (8)

2.3 Agents behavior
2.3.1 Young consumers decisions in period ¢

Each young agent maximizes his utility given by (2) under the budgetary
constraints (3) and (4) and the liquidity constraint (1). Two cases may
appear:

The Hahn and Solow’s case (H.S.) : the liquidity constraint is binding.
Then, using (6) and (5) to eliminate M;, we obtain the constraint:

d
Ct + il — Wy
Pt+1
with: ) . P
= 9)
Pt+1 Ry I



i+ 1s the real expected return of total savings, when the liquidity constraint
is binding. 1/p,,; is the mean of the inverse return of money weighted by
i and the inverse return of capital weighted by 1 — . The assumption on
expected returns P,/ P11 < Ryyq can be written equivalently as:

Pri1 < Riepr

The resolution of the consumer program leads to the expression of total
savings:

or = 0w, pyy1) =S¢+ My (10)
where m, is the real money holding:
M,
my = B
Using (4) and (6), we obtain:
(1 —pymy = MPEIRtHSt (11)

Equations (10) and (11) give s; et m,. Finally, using (11), one can replace
the condition (9) by :
. Ryt1sy
P T = )+ s0)
The three conditions (10), (11) and (12) characterize the behavior of a gen-
eration t agent expecting a binding liquidity constraint.

(12)

The Tirole’s case (T.) : the liquidity constraint is not binding:
M/ Piy1 > pdipa

In this case, total savings of the consumer is the same as in the Diamond’s
model:
O = 0<wt,Rt+1) = S +my (13)

Savings of the consumer can be shared by any proportion of money or capital.
The only constraint is the cash-in-advance constraint (7) which is equivalent
to:

(1 — p)ymy > usy (14)
The sharing of savings between m; and s; is indeterminate, but there is a
unique solution for consumptions:
G = wt_a(wtaRt-l—l)
diy1 = Ripo(wg, Riya)

The condition P;/P;11 = Ry being equivalent to p, ., = Ry11, we see
that relations (13) and (10) are identical, for p,,; = Ry1.
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2.3.2 Old agents in period t =0

In the initial period, old agents in 0 hold a quantity of money M_;, and they
inherit from the last period capital savings s_; which are remunerated by
the interest factor Ry. Their consumption is :

M-,
P

But, they could only reach this consumption level if their cash in hand is
sufficient:

d():

+ RQS,1 (15)

M_, > pPydy
We deduce that they should to hold a quantity of money M _; such that:

(1 - /L)M_I/Pg Z ,uR()S_l (16)
Then, dp is given by (15).!

2.3.3 Firms

We assume that at each period t exists one competitive firm using a neo-
classical technology with constant returns to scale F/(Ky, L;). F' is increasing
in its two arguments, concave, twice continuesly differentiable. The capital
stock K is determined by savings of generation t — 1

K; = Ny_1511

L, is the quantity of labor used in production, paid by the real wage w;. The
profit maximization of the firm gives labor demand:

Wy = FL(Kt,Lt) (17)

The return on capital investments made by agents at the precedent period
is:
F(Ky, L) — w L
R, = T8 K) = Fre (K, L)
t

using the homogeneity of degree 1 of the function F.

n the case where (1—p)M_1 /Py < pRos_1, dg would be given by the cash-in-advance
constraint: dy = M_1/(uP). In this case, the first old agents would be rationed. This
desequilibrium case is excluded in the sequel.



3 Intertemporal equilibrium

3.1 Equilibrium characterization

The equilibrium on the labor market leads to: L; = N,. We define the
variable k; as the level of capital by worker:

Ky
ki = —
LS,
We deduce from that the equilibrium wage:
wy = Fi,(ki, 1) (18)
The factor of return for productive investments is:

R, = F, (ki 1) (19)

The total money stock M is constant. In the beginning of period ¢, it is
held with equal shares by old agents: M; ; = M /N,_;. Equilibrium on the
money market gives:

M - NtMt
or . P
M
Ft = Ntmt (20)

Finally, we express that capital in period ¢ + 1 results from savings of
generation ¢t agents:

K1 = Nisy & (1 +n)kiy = s (21)

Using (20), money gross return is given by:

M/Pt-i-l _ (1 —|—n) My (22)

PP = ==
i/ Pria M/P, my

This return cannot be larger than the return of physical capital, or, with
kt+1 > 0:

Ry
< 23
M1 = 1 +nmt ( )

with :
Riv1 = Fg(kiy1, 1)

The two preceding cases will be studied separately.
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The (H. S.) case : the liquidity constraint is binding between ¢ and ¢ + 1,
and P;/Piy1 < Ryyq. Using the expression of the cash-in-advance constraint
(11), and equations (22) and (21), one obtains :

(1 = p)ymer = pRegike (24)

The dynamics of capital is given in replacing savings s; in (21) by its expres-
sion (13), and in using p,,, which is given by (12):

(L4+n)kir = o(we, pryg) —me (25)
(1+n)Rip1kip
(= ) me + (L + mkerr)

with p,

Finally, the condition which ensures that money is a dominated asset corre-
sponds to equation (23). With (24), one can write:

p(1+n)kepr < (1= p)my (26)

The (T.) case: Money is not dominated between t and t + 1: P,/ Py =
Ry y1. In this case, (23) is verified with an equality and we have:

Ry

my (27)

miy1 =

The dynamics of capital is always given by (25), but with p, ., = Ry :
(L4 n)kir1 = o(we, Retr) — my (28)

Finally, one has to write that the cash-in-advance constraint of generation ¢
agents is not binding, or (14). Using (21), we find:

p(1+n)kepr < (1 — p)my (29)

One recognizes the same relation as (26) written with a strict inequality.
Using (27), we can express this last inequality as:

(1 = p)musr > pReprkei (30)

This last form is the same as in the (H.S.) case (24), but with a strict in-
equality. For an intertemporal equilibrium, V¢ > 0, (24) or (30) is verified.

Finally, we express that the first old agents satisfy their cash-in-advance
constraint. We saw that this property could be written by (16):

(1 —=p)M_y/Py > pRos—y
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Aggregating this relation, one obtains:
(1= p)M/Py > pRoKy

or:

It is possible to give the following definition:

Definition 1 : All sequence (ki,m4)i>0 with ke > 0 and my > 0 which
verifies equation (31) and for all t > 0,

e cither equilibrium conditions (H. S.): (24), (25) and (26)
o or equilibrium conditions (T.) : (27), (28) and (29)

defines an intertemporal equilibrium with perfect foresight.

3.2 Steady states

We are studying constant trajectories (k*, m*) with £* > 0 and m* > 0. We
begin by characterizing existence of stationary states in the (T.) case. After
that, we shall analyze the existence of a stationary state in the (H.S.) regime.
The T. case : From (27), k* must be such that R* = 1+n. k* is the golden
rule capital stock. The real stock of money at the stationary state m™* is
given by (28) :

m* =o(w*,1+n)— (1+n)k”* (32)

Such a stationary equilibrium exists if and only if m* given by (32) strictly
satisfies the cash-in-advance constraint (29), or:

(14+n)k* < (1—p)o(w*,1+n) (33)
A necessary condition for such an equilibrium to exist is:
(1+n)k* <o(w*,14n)

For the values of wage and interest rate in the golden rule, savings is higher
than the level needed for financing the investment corresponding to the
golden rule. Consequently, there exists a stationary equilibrium in the Di-
amond’s economy (without money) associated with over-accumulation. In-
deed, the function



is positive in k* and goes to —oo when & — +00.2 So, there exists kP > k*
such that ¢(k”) = 0.

k* is the stationary state of the Diamond’s economy with asymptotic bub-

bles studied by Tirole [1985]. This last contribution establishes the existence
of a unique trajectory associated with an asymptotic bubble. If from a date
to, all the points of this trajectory, following the dynamical equations (27)
and (28), also verify the liquidity constraint (29), then this trajectory is an
equilibrium of the economy with a liquidity constraint.
The (H.S.) case : From (24) and (26), (k*,m*) are such that money
is a dominated asset if: R* > 1 + n. Then, k* is associated with under-
accumulation. Eliminating m* with (24) in (25), one obtains the following
equation defining £* :

(1+n)k* + ﬁR*k* = o(w*, p")

with

*

) (1+n)R*E* B (1+n)

TR+ (- )k g+ (-1 +n)/R

3.3 Local study of the dynamics in the (H.S.) case

We make a local study of convergent trajectories in the (H.S.) case. So,
we consider a neighborhood of a stationary equilibrium of the Diamond’s
economy that we assume stable and in under-accumulation. We consider the
economy with the liquidity constraint for a small value of pu.
Assumption 1 : kP is a solution of (1 + n)k? = o(w(k?), R(kP)) which
verifies:

R(kP) > 1 +n and o/ w'(kP) + o, R'(KP°) < 1+n

The last condition is equivalent to:

dkiin ol w' (kD)
dky  1+4+n—o,R(kP)

strictly between 0 and 1.

2This property comes from:

and
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Proposition 1 : There exists a neighborhood I = (k, k) of kP and ¢ > 0
such that, for all i € (0,¢) and all ko € I, there exists a unique intertemporal
equilibrium (ki, my)i>0 of the economy with a liquidity constraint, with initial
conditions ko and my = ﬁRok‘o, this equilibrium being located in I (i.e.
ky € 1 Vt), and such that at each date the liquidity constraint is binding (case
(H.S.)). This trajectory converges toward a stationary equilibrium k*(p) of
the (H.S.) regime. And the sequence ki(p) converges uniformly toward the
Diamond trajectory ki(0) starting from ko when p tends to 0.

Proof: see appendix 1.

This proposition shows that in a neighborhood of a stationary state in
under-accumulation, it is possible to define an intertemporal equilibrium with
money and with binding liquidity constraints at each period, when p is sufi-
ciently small. The trajectory of the monetary economy converges uniformly
toward the non-monetary one as i tends to 0. But we are going to see that
this intertemporal equilibrium in the (H.S.) regime is not unique, and that
other equilibria with temporary bubbles exist.

3.4 Trajectories with bubbles in under-accumulation

We are studying now the following question: is it possible that a trajectory
which converges in the (H.S.) regime in the long run includes bubbles at some
dates 7 Let us consider an intertemporal equilibrium entirely in the (H.S.)
regime, as defined in proposition 1. Is it possible to modify in one point this
trajectory in order to obtain a bubble (and to be during one period in the
(T.) regime) and then to go back to the (H.S.) regime ?

When the economy experiences two consecutive periods in the (H.S.)
regime (periods ¢ and t 4+ 1), the dynamics can be written:

g(kt—i-la ktaﬂ) = Oa 13 Z 0
with

9(’%4—1, Ky, M) = (1 + n)kt—H —0 (w(kt),P(th k?tuu)) + ﬁRtkt

and
(1 +n)R(Ker1) ke

pR(k )k + (1 — p)(1+ )k

A trajectory with one period in the (T.) regime would be characterized
by the following conditions:

p(ktJrl’ ke, ,U) =

12



. Int =0, with &y and mgy = ﬁROkO, there is no expected bubble, the
regime (H.S.) happens. So we have:

g<k17 kONU’) = 0

my = Llel
I—p

. Int =1, there is an expected bubble, and one jumps to the (T.) regime.
(1 + n)kg = O'(U)l, RQ) —ma

14
The liquidity constraint can be written:

ma my

(1 — u)mg > [LRQ]CQ

or equivalently:
Rk, > (1 + n)kg

. In t = 2, there is no expected bubble: one goes back to the (H.S.)
regime.

(I1+n)ks = o(ws,p;) —my
(1 +7’Z)R3k’3
(1 —p)(ma + (14 n)ks)

with p; =

ms = Lngg
I—p

. Then, the dynamics of the (H.S.) regime applies: for ¢ > 3,

g(kt+17kt7/1) =0
0

mer1 = ﬁRt—Hkt—o—l

Proposition 2 : Under assumption 1, one can modify a trajectory of the
(H.S.) regime sufficiently close to kP and for p small enough in introducing
a bubble during one period.
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Proof: In a stable Diamond’s equilibrium associated with under-accumula-
tion and in a neighborhood of this equilibrium, all these conditions are sat-
isfied with 1 = 0 and the inequality Rik; > (1 + n)ky. The implicit function
theorem allows to determine ky, mq, ko, mo, k3 in function of u, for g small
enough and k sufficiently close to k”, which verify conditions 1, 2 and 3. By
continuity, it is possible to use neighborhoods such that k3 € I. Proposition
1 can be applied from k5.

Following the same argument, one also find that bubbles can be intro-
duced during a finite number of periods. One can even introduce bubbles at
an infinite number of periods, which prevent the trajectory from converging
toward a stationary state. We need only to introduce a bubble every time £
is close enough to the stationary state of the dynamics without bubbles.

4 Global dynamics in the Cobb-Douglas case

4.1 Expression of the dynamics

We consider Cobb-Douglas specifications for utility and production functions.
We show that it is possible to explicitly characterize the global dynamics in
this case.

Agents born in t are endowed with the utility function:

U =Ul(ey,diyr) = (1 —a)Ine + alndyyy
The total savings function takes the following expression:
o(w, R) = aw
The representative firm produces with a Cobb-Douglas technology:
F(Ky, L) = AK; L,

Under these assumptions, appendix 2 establishes that the perfect foresight
dynamics take a simple form. Introducing the variable x; = k; 1k, @, the
dynamics verifies :

(H.S.) regime between ¢t and ¢t + 1 :

L~ A Jites
Tyl = T with x = 11n (a(l — O[) — ﬂ) (34)
dz < Twith? = ——a(1—a)(1 - ) (35)
ana ry s T wil T = 11 na « M
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(T.) regime between t and ¢t + 1 :
Tep1 = Tq—7F (@ - 1) (36)
andr, < 7 (37)

with the following notations:

x4 corresponds to the value of the variable x at the Diamond’s stationary
state , when Z corresponds to the golden rule.

Initial condition for the first old people:
Zo S x

From the sequence of (x;), it is possible to obtain the sequences of (k;)
and (my). From ko which is given, k; is defined, from the definition of z;, by
the equation :

kt+1 = l’tkta

and then, m, is such that (cf. appendix 2) :

my = a(l — ) Ak — (14 n)ki (38)

The following properties will be useful in the sequel:

T=(1—p)xg andEE:xd—Lf
IL—p

Finally, one stresses that x; is a forward variable, for which no initial condi-
tion exists.

The dynamical equation of the (T.) regime admits two stationary states
xq and T, the greater being stable and the smaller unstable.

Two cases have to be distinguished, corresponding to the comparison of
the stationary state of the (H.S.) regime with the golden rule.
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4.2 The first case : 7>7< (1 —p)rg>7

In this case, the stationary state in the (H.S.) regime is associated with
over-accumulation. The following inequalities are verified:

Tg>T>T>T

These inequalities show notably that the Diamond’s stationary state is in
over-accumulation: x4 > Z. From that one deduces that in the dynamics of
the (T.) regime, x4 is the stable stationary state, when 7 is the unstable one.

As 7 > 7, the (H.S.) regime is impossible. The economy follows necessar-
ily equations of the (T.) regime, and the dynamics is given by (36). x; < T
is impossible, because z; would converge toward negative values. x; > ¥ is
impossible because x; would converge in the long run toward x4 > 7. Con-
sequently z; = ¥, Vt, as one has ¥ < T. The economy converges in the long
run toward the golden rule. The equilibrium is determined.

The interpretation of this result is simple: all trajectories of the model
of Tirole [1985] converging toward a long run stationary state without bub-
bles are eliminated by the existence of the liquidity constraint. Agents are
constrained to hold some cash-in-hand. The only existing trajectory is the
one converging toward the golden rule. We find again Tirole [1985]’s result:
all bubbleless trajectories in the long run are ruled out by the existence of
the liquidity constraint. In the Tirole’s economy, this constraint was that a
minimum amout of savings had to be in gold. Here, the constraint is a min-
imum requirement of money in order to finance second period consumption.
But these two constraints have the same effect in ruling out the possibility
of overaccumulation in the long run.

4.3 Thesecondcase: T <rT< (1 — ey <7

In this case, the stationnary state in the (H.S.) regime is associated with
under-accumulation. The following inequalities are verified:

Tg > T
The (H.S.) regime at any date is an equilibrium:

X

IN

Zo

Two cases can happen: either this equilibrium is the only possible one, or
the (T.) regime is possible simultaneously. We consider successively these
two cases.
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4.3.1 The (H.S.) regime is the only possible one

Let us assume that at a date ¢ the economy is in the (T.) regime. Then, one

has :

~ [ X4 . _
Tipl = Tq—X (— — 1) with z; <=
o < «x

The inequality 2; < T < min (z4,7) ensures that the dynamics in the (T.)
regime leads to negative values for the variable x. Such dynamics cannot be
followed in the long run, and there exists a date where the economy jumps
to the (H.S.) regime. Considering the function

Xq

r)=x9—T|— — 1>

f(x) = 24 ( .

f is an increasing function. As xzy < 7, if f(z) < 0, one concludes that
the economy cannot be in the (T.) regime at the initial period, and that it
remains at all future dates in the (H.S.) regime. The condition f(Z) < 0 can
be written on the form:

O B

#= T2 4 24T + T2

In this case, the dynamics is determined from period ¢ = 1 and one has:

o <

The dynamics is determined when the liquidity constraint is sufficiently
strong.

4.3.2 Transitions between the two regimes

We consider the case where the precedent inequality is not satisfied?:

~

dp>1-2
-4 andpu>1-—
2+ x4 + T2 a T4

2
X
< d

31t is easy to verify that these two conditions are compatible, as the property

is equivalent to:
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We show that multiple equilibria exist.

(H.S.) Equilibrium
A first equilibrium consists in staying at each date in the (H.S.) regime:

xt:th

Cyeclical equilibria of period 2 (H.S.)-(T.)

It is possible to construct equilibria with oscillations between the two
regimes. Let us assume that at each date one jumps in the other regime.
One observes a cyclical dynamics of the variable z; :

%, f@),%, f(2), 7, f(3),7, f@)....

Such dynamics for x; implies a particular dynamics for the variables k; and
m; which converges toward a cycle of period 2 denoted by:

ki k3
m; )\ m}

We assume that one belongs to the (T.) regime when one jumps from 1 to 2,
and to the (H.S.) regime when one jumps from 2 to 1. So:

Zf = ka;a
f(@) = kaky®

or:
ko= @@

ko= @@

Finally, real money balances are given by:

Ao .«
mi o= pELRODK = 7 @)
m = R(k3) ., w(Aa)® Ff(@)

T+n ' (- wltn)

Cyclical equilibria with a period greater that 2

Let us assume that the n first iterates of = by f are positive:

@) >0vk<n

18



We consider a cyclical dynamics for the variable x; with the following form:

p—1 times

which is periodic of order n + p. The economy remains n consecutive periods
in the (T.) regime, and p periods in the (H.S.) regime.

More generally, the multiplicity of possible equilibrium dynamics increases
with the number of positive iterates of x by f. The lower is u, the closer is
Z from min (x4, 7), and the greater is the multiplicity of equilibria. So, the
importance of the liquidity constraint plays in favor of the determination of
the equilibrium.

Sunspot equilibria

Considering the multiplicity of possible equilibria, one may assume that
agents coordinate their expectations on a particular equilibrium, if they be-
lieve in the same theory. This theory consists in setting that the state of
the economy is bound with an exogenous phenomenon, by example the ap-
pearance of sunspots. In our framework, agents could link this exogenous
phenomenon to the occurrence of each regime (H.S.) and (T.).

More precisely, one assumes that the n first iterates of by f are positive:

ff@) >0VEk<n

We assume that agents observes an exogenous markovian phenomenon at
each period t which can take n + 1 different states. Transition probabilities
from a state to another one are given by the matrix:

Stateint + 1

0 1 2 3 4 n
0 o 1—m O 0 0 0
1 m 0 1—m 0 0 0
2 Mo 0 0 1—m 0 0
State in t
n—1 m_1 O 0 0 1—m,_1
n 1 0 0 0 0 0

At each period t, agents observe the exogenous phenomenon before they
make their choice, and they deduce from this observation if the economy will
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be between ¢ and ¢+ 1 in the (H.S.) or in the (T.) regime. If agents observe
the state 0, they deduce that the economy will be in the regime (H.S.). If
agents observe the realization of the state k, it means that the economy is
going to experience its k' consecutive period in the (T.) regime. Finally, the
economy cannot be more than n consecutive periods in the (T.) regime.

Under these assumptions, one obtains a sunspot equilibrium of a particu-
lar type. The observation of the phenomenon gives to agents informations on
the regime which is expected to be, (H.S.) or (T.), and then on the value of
the variable x;. So, the observation of the state 0 leads to the realization of
x; = 7. The observation of the state k leads to the realization of z; = f(Z)".
But, the corresponding dynamics of the economy (for the variables k; et m;) is
complex. It depends on the risky realizations of the exogenous phenomenon.
Then, we obtain a non-stationary sunspot equilibrium.

These results can be compared with Tirole (1985). In his paper, Tirole
consider the Cobb-Douglas case for the utility function with a liquidity con-
straint of the form m; > pus; : some minimal amout of savings has to be
hold in money. In this framework, it is easy to show that no temporary bub-
bles can exist, because the dynamics when the constraint is binding loses its

forward dimension?.

4.4 The counter-bubbles monetary policy

We consider the following question: is it possible to rule out temporary
bubbles with an appropriate monetary policy ? The intuition suggests that
monetary creation induces inflation which causes a fall in the return of money
detention. Then, the return on money could no more be the same as the
return on capital. When a bubble appears, it absorbs a share of savings,
which can no more finance productive investment. The bubble diminishes
capital accumulation. In a situation of under-accumulation, to fight the
possible appearance of bubbles could be an objective of the monetary policy.

In order to study this question, we always consider Cobb-Douglas func-
tions, what allows to have an explicit form of the global dynamics followed
by the economy.

4.4.1 Monetary creation

We assume that the government creates money, and that it gives this money
as a lump sum transfer to young people. We note M, the total supply of

4For a general discussion on different formulations of the liquidity constraint and on
their dynamical properties, cf. Crettez, Michel and Wigniolle [1999].
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money in period ¢, and \; the rate of money creation. So we have:
M;=(1+XN)M;, (39)

T, is the lump sum transfer received by each of the N, young agents living
during period t¢. This transfer is financed by money creation:

Atﬁt—l = th"’t (40)

Remark 1 The assumption that money creation is redistributed to young
people has two justifications. The first one s that it allows to keep for the
dynamics of x; a dimension equal to one. The second one s that it is the
most unfavourable assumption for ruling out temporary bubbles. Indeed, the
distribution of the created money in the first period of life increases the pro-
ductive savings of the agents and decreases the interest rate. This indirect
effect of money creation plays in the opposit direction as the direct effect
which lowers the return on money. Consequently, we are going to prove that
money can rule out bubbles in the most unfavourable case for this concern.

4.4.2 The dynamics with a constant rate of monetary creation

Appendix 3 presents the equilibrium dynamics with money creation. We
assume now that the rate of money creation is constant: A\, = A, Vt. We
study the dynamics in introducing the variable x; = k; 1k, . As it is shown
in appendix 3, the dynamics can be written under the following form:

The (H.S.) regime:

Ti1 = T(A) (41)
with 7(3) = < j_ln (a(l gy ted Tf% - “”)

Money is a dominated asset if:

ry < T(N) (42)
oy — Aa(l — a)(1 — p) 1+ A
with Z(\) = Tn TF (1= )
The (T.) regime:
s = 0= (14 07 (2 21) = ) (43

The stationary states of this dynamics are x4 and (1 + \)Z.
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The liquidity constraint is given by:
Finally, the liquidity constraint for the first old agents writes:

2o < T(N\) (45)

4.4.3 The counter-bubbles monetary policy

We assume that the economy without monetary creation (A = 0) is such
that:

z(0) <7
We know that there exists in this case an equilibrium at all date in the (H.S.)

regime, and such that V¢, x; = x(0). But, we assume that others equilibria
with temporary bubble may exist, what is verified under the condition:

fo(2(0)) >0

The economy may also oscillate between the two regimes (H.S.) and (T.). We
wonder if a policy of monetary creation can eliminate these equilibria with
bubbles, in ensuring the uniqueness of the equilibrium in the (H.S.) regime
such that Vt,z; = z(\).

We show this result in establishing successively the three following points:

o If A\ >0, Vt, z; = () is a possible equilibrium.
e If A > 0, an equilibrium in the (T.) regime cannot exist.

e In increasing A, it is possible to have f)(Z(A)) < 0. Then, the transition
from the (H.S.) regime toward the (T.) regime becomes impossible.

The monetary policy does no more allow the existence of a temporary
bubble, and ensures the uniqueness of the equilibrium. Let us show succes-
sively this three points.

1. By assumption, we know that z(0) < Z(0). As Z()\) is a decreasing

function of A and Z(\) an increasing function, we deduce that for A > 0,
() < ZT(A). So zy = T(A) Vt is a possible equilibrium.
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2. By assumption, we know that:
Tz > (0)
Tqg > f(O)
We need to verify:
z(14+XN) > T(\)
Tqg > f()\)

Consequently, the (T.) regime will be impossible in the long run. The
first inequality is evident, the second is obtain in calculating:

iy Tap [T+ A1 —a)
Ta =~ T) = d1+A(1—au)

3. Let us show that the monetary creation do no more allow the transition
from the (H.S.) regime to the (T.) regime. We define z;(\) as the
solution of the equation: fy(z;(A)) = 0. One has :

)\ = —
(M) vat+ (L+ N7

It is sufficient to prove that, for A sufficiently high, one has:
T(A) < x(N)

Taking into account expressions of Z(A) and of z;(A), this property is
verified.

Finally, we have shown that monetary policy allows to obtain a unique
equilibrium in the (H.S.) regime. Temporary bubbles can no more occur.
The monetary policy diminishes the return of money, and then suppresses
the possibility for money and capital to have the same return. This result
has been obtained in the most unfavorable case: the case where the created
money is distributed to young agents. This way of distribution plays in favor
of savings, and tends to diminish the return of capital. Our study shows that
this indirect effect is dominated by the direct effect of the monetary policy.

We have considered in this section that the objective of the government
was to eliminate bubbles. Such a government objective is partly ad-hoc,
because it is not possible to prove that a counter-bubbles policy is Pareto
improving. We know that the existence of a bubble at some period is benefi-
cial for the generation living during this period, because it increases savings
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return. But it is detrimental for the following generations, because it reduces
capital accumulation in an economy with under-accumulation. Then, sup-
pressing bubbles cannot be Pareto improving. The counter-bubbles monetary
policy also has a negative impact on agents welfare, because it increases the
difference between returns on the two assets, money and capital, and then it
increases the distortion related to money holding.

5 Conclusion

In this paper, we have studied the dynamical properties of an overlapping
generations model with capital and money. The medium-of-exchange role
of money is taken into account in assuming that agents are subject to a
cash-in-advance constraint. We study the intertemporal equilibrium of this
economy in the general case, without excluding a priori the existence of
bubbles (temporary or permanent).

We first have made a dynamical study in the general case. In assuming
that a stationary equilibrium with under-accumulation exists in the economy
without money, we have shown that there exists in the neighborhood of this
equilibrium a monetary equilibrium with a binding liquidity constraint for
a sufficiently low liquidity constraint. But, this monetary equilibrium is not
unique: we have shown that temporary bubbles on money may appear at
some periods. So there is a multiplicity of equilibria, with the existence of
temporary bubbles.

In the case where the utility and production functions are Cobb-Douglas,
the global dynamics of the economy has been analysed. A unique stationary
equilibrium exists in the Hahn and Solow’s regime. Two cases may occur,
as this stationary state is in over or under accumulation. In the first case,
we have found that the Tirole’s regime with a permanent bubble is the only
possible equilibrium and that the economy converges toward the golden rule®.
But, in the second case (if the equilibrium with money in the Hahn and
Solow’s regime is in under-accumulation), different situations may appear. If
the liquidity constraint is sufficiently hard, the Hahn and Solow’s regime is
the only possible one, and the dynamical equilibrium is unique. But, if the
liquidity constraint is relatively low, it is possible that the economy oscillates
between the two regimes. Money can periodically support bubbles, but these
bubbles are temporary. There is multiplicity of dynamical equilibria, the
degree of indetermination being inversely related to the weight of the liquidity
constraint.

This result was obtained by Tirole [1985] for another form of liquidity constraint.
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In this last case, it is possible to assume that agents expectations are
based on the observation of an exogenous phenomenon called sunspot. This
phenomenon is supposed to govern the appearance of bubbles. We have
shown that such a theory can be self-fulfilling, and that sunspot equilibria
may exist.

Finally, we have assumed that the government objective was to fight bub-
bles. Its weapon is the monetary policy. We have proved that a sufficiently
high rate of monetary creation could eliminate temporary bubbles.
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Appendix 1:

Proof of proposition 1:
A trajectory of the (H.S.) regime is characterized by the dynamical equa-
tion:
g<kt+17 ktv:u) - 07 13 Z 0
with
I
—p

(ki1 by ) = (L+ )k — o (w(ke), p(kega, ke, i) + 1 Rk,

e (1 m) Rl
+n t+1) K41
ki1, ke, p) =
et b ) = LR+ (= (L e
The condition which assures that money is a dominated asset (26), with (24),
is equivalent to:

(1 -+ n)kt+1 < R(kt)kt

By assumption, one has g(k”, kP,0) = 0. g being continuously differentiable
with the first partial derivative ¢} (k”, kP, 0) # 0, one can apply the implicit
functions theorem. There exists € > 0 and I neighborhood of £ such that,
for all k € I and all p, |u| < €, the equation g(x, k, ) = 0 admits a unique
solution z = h(k, i) in a neighborhood of k”. One has : kP = h(k”,0) and
(1 +n)kP” < R(KP)KP. It is possible to restrict the neighborhoods in order
that the solution verifies : (1 +n)x < R(k)k, for all k € I and all p, |p| < €.
The function h is differentiable and verifies :

ol w'(kP)

h/ kDO — _ -
1( ) ) 92/91 1—|—n—0§%R’(l€D)

This derivative is strictly between 0 and 1. One can again restrict the neigh-
borhoods in order that the derivative A/ (k, ) also is between 0 et 1. Apply-
ing the implicit function theorem to the two variables function g(k, k, 1), we
obtain a stationary equilibrium k*(u) € I for all u < e.

Let us show that for all kg € I, the trajectory k;(x) such that:

kepr(p) = b (ke(p), 1) 5 ko(p) = ko

is defined, belongs to I and converges toward k*(u).
By recurrence, if k;(u) € I,

k() = k() = h(ku(p), ) — b (k" (p), 1)
= Ry (@(p), 1) (Repe) — K™ (1))
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with x4(u) between k*(u) and k. (p) and belonging to I. As h} € (0,1), the
distance between k;,1(p) and k*(p) is strictly smaller than the one between
kt(p) and k*(p). So, kiy1(p) is defined and belongs to I, and the sequence
k(i) — k*(p) tends toward 0.

The sequence k;(p) belongs to the (H.S.) regime as it verifies:

(L4 n)ker () < R(ke(pe))ke(pe)

from the precedent restrictions taken on I.

The uniform convergence of this sequence when p — 0 results from its
convergence and from the convergence of k*(11) toward k*(0) = kP. Indeed,
one can write:

ke(p) — ke (0)] < Jhe(pe) — K™ ()| +

From the precedent recurrence, the first and the third terms can be bounded
above by a sequence z; > 0, which has a null limit and does not depend on
p. So, Ye > 0, for t high enough ( ¢t > T), these two terms can be made
smaller than €. One also has: llgrg) |l€* () — kD‘ = 0. Finally, for ¢ < T, the

k(1) — kP| + |k (0) — &P

continuity in relation with the variable p allows to obtain the convergence:
sup |ki(u) — k:(0)] — 0 when p — 0.
t<T

Appendix 2:

First we remark that equations (25) and (28) have the same form, as o
does no more depend on R or p:

(14+n)kiyr = a(l — a) Ak — my (46)

The (H.S.) regime: the liquidity constraint is binding between ¢ and ¢+ 1.
Then, (24) can be written:

(1= p)meps = paAky, (47)

Condition (26) which assures that the return on money is smaller than the
return on capital can be written:

(L + ks < (1= ), (48)

In using (46) written in ¢ + 1, (47) becomes a dynamical equation of order
one in the variable k; :

ﬁAakﬁH = aA(1 — a)k%y — (1+ n)kpss
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We introduce the variable x; = k; 1k, “. The last equation can be written:

A
Ty =T with T = (a(l —a)— ﬂ)

1+n 1—u

To be in the regime with a binding liquidity constraint implies that the value
of z;,1 is determined.
In the same way, in using (46), (48) becomes:

I —p
7]

[aA(l — @)k — (1 +n)kir1] > (1 4+ n)kesq

This last inequality can be expressed with the variable x;:

A
< ] — —_ —_
ry < T with 7 = 1 na(l a)(l—p)

The (T.) regime : The liquidity constraint is not binding between ¢ and
t+1.

In using (46) written in ¢ and ¢ + 1, (27) becomes a dynamical equation
of the second order in & :

[aA(l —a)kt, — (1+ n)ktﬁ} (14+n) = [aA(1 — @)k — (1 + n)kiq] Aakfﬁl

We introduce the following notations:

x4 corresponds to the value of the variable x at the Diamond’s stationary
state , when ¥ corresponds to the golden rule. These two notations being
introduced, it is possible to give from the precedent equation the following

expression:
~ [ Xd
Ty =Tg—2 | ——1
Ty

The liquidity constraint of generation ¢ agents remains to be expressed,
either (29) or (30). We find again:

T < 7T
This condition is the same as (35), but with a strict inequality.

Finally, for the first old people in ¢t = 0, their liquidity constraint is
verified if (31) holds, or:

(1 — p)ymo > pRoko
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In using (46) in ¢ = 0, this last condition leads to:

A J1%e? ~
< 1— — =
x0_1+n(a( a) 1—N) T

All dynamical equations in the two regimes have been expressed in func-

tion of the variable x;.

Appendix 3:

e Agents behavior

Budgetary constraints of generation ¢ agents now depend from monetary

transfers:
c+ S +my = wt—l—@t (49)
dt+1 = Rt+13t + P i (50)
t+1
with:
T;

as the value of the real transfer.
The (H.S.) case: In this case, the utility maximization under the budgetary

constraints gives consumptions and total savings:

C = (1 — a)(wt + et) (51)
diy1 Prra(we + 04)
Ot — a(wt ‘I— Qt) = St + my
with:
P _ (1 + n)Rt+1St
(1 = ) (my + (14 n)s,)
Real monetary balances of agents are:

1— =u——-R
( p)me = p P, t+15¢
Finally, money has a smaller return than capital under the condition:

P /P < Riyy & ppq < Ry

29



The (T.) case : In this case, consumptions and savings are:

Cy = (1 — CL) (U}t + et) (53)
dt+1 = RtHa(wt + 915)
Oy = CL(UJt + et) = S¢ + My

m, is determined by the equilibrium, but an agent has to satisfy his liquidity
constraint:

(1= p)my > ps, (54)
e The intertemporal equilibrium
The equilibrium on the money market gives:
M, = N,Pm, (55)
From that one deduces the real value of the lump sum monetary transfer:

0 :AtWH: At "
TOONP T+

The dynamics of capital is obtained in expressing that capital results from
past savings:
(1 + Tl)kt+1 = St

As total savings o, is the same in the two regimes, it is possible to express
this equation in using (51) and (53) by:

al
(14+n)kiy1 = awy — (1 13 t/\t) my (56)

Finally, one writes in each regime the specific conditions.
(H.S.) Regime :
With (39) and (55), the real return on money can be written:

Py _ myy1(1+n)
P, my (1 + Aig1)

Real balances of the agents , given by (52), become now:
(1= pmugr = (1+ My ) po Ak (57)

In using (56) written in £+ 1, (57) becomes a dynamical equation of the first
order in the variable k;:

(14 Aa(1 - a)) ﬁAakal = aA(l— )k, — L+ ks (58)
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The condition ensuring that the return on money do not exceed the one
on capital remains identical:

p(1+n)ker < (1= p)my
In using (56), this condition becomes:

14+ X(1—ap)
1+ M\

(1 + n)kt+1 ( ) < (1 - M)CLA(l — Oz)k'ta (59)

From (58), one obtains:

e (1+A(1—a)
all + —a
(a(l —a)— a >

ith z(\) =
with #(3) 1+n 1—pu

From (59), money is a dominated asset if:

r, < T(N)
Aa(l — a)(1 — p) 1+

ith z(\) =
with 7(}) 1+n 1+ A1 — pa)

The (T.) regime: money is not a dominated asset between t and ¢ + 1 :

M1 (1+n)

PPy, = Dl T,
/P me(1 4 Ay1)

= Rt+1

In using (56) written between ¢ and t + 1, the variable m; is eliminated
in order to obtain a dynamical equation in k :

o A(l—a
[aA(l - 04>kt+1 —(1+ ”)kt”] <1+1+(>1\t )> - (1+ )\t+1)(A04k?+_11) (60)

P T = R

The condition ensuring that the liquidity constraint is satisfied can be
written:

1L+ X(1—ap)
1+ M

(14 n)kisq ( ) < (1= p)aA(l — a)ky (61)

From (60), the dynamics of x; can be written:

v = 2a— (1+ )3 (— - 1) = fy(a)

Ty
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Its stationary states are x4 and (1 + \)Z.
From (61), the liquidity constraint is given by:

xy < T(N)

Finally, it remains to express that the liquidity constraint for the first old
agents is satisfied, or:

(1 —=p)M_y/Py > pRos—q
This condition can be written:

mo
1-— > nRok
( N)1+/\O_M 0K0

In suppressing mg by (56), one has:
(14 (1 —a))ﬁAakg = aA(l — Q)kS — (1 +n)k (62)

From (62), one obtains:

o < T(N)
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