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Lq wklv qrwh zh glvfxvv wzr h{dpsohv ri dssurydo yrwlqj jdphv1 Wkh
�uvw rqh/ zlwk vl{ yrwhuv dqg wkuhh fdqglgdwhv/ kdv d xqltxh vwdeoh vhw/
zkhuh hdfk yrwhu dssuryhv rqo| klv prvw suhihuuhg fdqglgdwh1 Wklv vwudw0
hj| frlqflghv zlwk wkh vrsklvwlfdwhg rqh/ zkloh rwkhu vwudwhj| frpelqd0
wlrqv/ ohdglqj wr gl�huhqw rxwfrphv/ duh vhohfwhg e| wkh shuihfw htxlole0
ulxp frqfhsw1 Pruhryhu/ wklv h{dpsoh vkrzv wkdw vrsklvwlfdwhg yrwlqj/
dv zhoo dv vwudwhjlf vwdelolw|/ grhv qrw lpso| wkh hohfwlrq ri d Frqgrufhw
zlqqhu/ hyhq li lw h{lvwv1 Wkh vhfrqg h{dpsoh/ zlwk irxu yrwhuv dqg irxu
fdqglgdwhv/ vkrzv wkdw vwudwhjlf vwdelolw| grhv qrw h{foxgh qrq vlqfhuh
vwudwhjlhv1 Ixuwkhupruh/ wkh vdph uhvxowv krog lq frpsohwh qhljkerukrrgv
ri wkh jdphv frqvlghuhg1

Nh|zrugv= Dssurydo yrwlqj/ vrsklvwlfdwhg yrwlqj/ shuihfw htxlole0
ulxp/ vwdeoh vhw1

MHO qxpehuv= F:5/ G:51

WL zlvk wr wkdqn Surihvvru Mhdq0Iudqêrlv Phuwhqv iru klv suhflrxv dgylfhv dqg frqvwdqw
hqfrxudjhphqw1 L dovr wkdqn Surihvvru Pdufr Gdugl iru h{wuhpho| khosixo frpphqwv1 Ilqdqfldo
vxssruw iurp Sdl S7234 lv judwhixoo| dfnqrzohgjhg1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq

Dssurydo yrwlqj/ lqwurgxfhg e| Eudpv dqg Ilvkexuq +4<:;,/ lv d v|vwhp lq zklfk
d yrwhu fdq yrwh iru dv pdq| fdqglgdwhv dv kh zdqwv1 Zlwk dssurydo yrwlqj/ hyhq
li hyhu| yrwhu kdv wkh vdph suhihuhqfh rughu rq wkh ydulrxv dowhuqdwlyhv/ yrwlqj
xqltxho| iru wkh ohdvw suhihuuhg fdqglgdwh lv d Qdvk htxloleulxp/ li wkhuh duh pruh
wkdq wkuhh yrwhuv1 Jlyhq wkh luudwlrqdolw| ri vxfk ehkdylru/ lw lv qhfhvvdu| wr xvh
vrph uh�qhphqw ri wkh Qdvk frqfhsw wkdw h{foxghv wklv �lpsodxvleoh� rxwfrph1
Lq wkh iroorzlqj/ zh dsso| wkh jhqhudo prgho ri d rqh vwdjh yrwlqj surfhgxuh
gh�qhg e| P|huvrq dqg Zhehu +4<<6, wr wkh dssurydo uxoh fdvh1 Lq wklv prgho/
jlyhq wkh vhw ri fdqglgdwhv N @ +4> ===> n,/ hdfk yrwhu vxeplwv d edoorw/ zklfk
lv d yhfwru ri n frpsrqhqwv1 Dq hohfwrudo v|vwhp lv wkhq gh�qhg e| wkh vhw ri
srvvleoh edoorwv wkdw hdfk yrwhu fdq vxeplw dqg e| wkh hohfwlrq uxoh wkdw/ jlyhq
wkh edoorwv fdvw/ vhohfwv wkh zlqqhu iurp wkh vhw N1 Khqfh/ zlwk dssurydo yrwlqj/
hyhu| yrwhu kdv wkh vdph vwudwhj| vsdfh/ dqg hdfk sxuh vwudwhj| lv d yhfwru zlwk
}hurv/ iru qrq dssuryhg fdqglgdwhv/ dqg rqhv/ iru dssuryhg fdqglgdwhv/ zkloh
devwhqwlrq fdq eh uhsuhvhqwhg e| wkh }hur yhfwru1 Zlwk dssurydo/ wkh hohfwlrq
uxoh vhohfwv wkh fdqglgdwh wkdw uhfhlyhv wkh odujhvw wrwdo qxpehu ri yrwhv1 Lq fdvh
ri wlhv/ wr suhvhuyh wkh v|pphwu| ri wkh yrwhuv/ zh doorz dq htxdo suredelolw|
orwwhu| dprqj wkh zlqqhuv1

Wkh vhw ri fdqglgdwhv/ wkh hohfwrudo v|vwhp/ wkh vhw ri yrwhuv dqg wkh xwlolw|
yhfwruv zlwk n frpsrqhqwv +uhsuhvhqwlqj iru hdfk yrwhu klv sd|r� iru doo wkh
srvvleoh uhvxowv ri wkh hohfwlrq, gh�qh wkh dvvrfldwhg qrupdo irup jdph1 Wklv
uhvxowlqj jdph lv kljko| qrq jhqhulf/ vlqfh wkh vdph rxwfrph dulvhv iurp pdq|
gl�huhqw sxuh vwudwhj| frpelqdwlrqv1

Lq wkh qh{w vhfwlrq zh vkrz wkdw wkh vroxwlrq frqfhsw ri shuihfw htxloleuld lv
qrw uhvwulfwlyh hqrxjk/ lq wkh frqwh{w ri dssurydo jdphv/ vlqfh wkhuh duh h{dp0
sohv zkhuh vrph rxwfrphv lqgxfhg e| wklv frqfhsw duh h{foxghg e| dq lwhudwlyh
holplqdwlrq ri grplqdwhg vwudwhjlhv1 Vxfk surfhgxuh kdv d orqj0vwdqglqj wudgl0
wlrq lq yrwlqj wkhru| iurp wkh slrqhhulqj zrun ri Idutxkduvrq +4<9<,/ zkr �uvw
gh�qhg lw �vrsklvwlfdwhg yrwlqj�1

Krzhyhu/ vrsklvwlfdwhg yrwlqj/ dv zhoo dv vwudwhjlf vwdelolw|/ grhv qrw lpso|
wkh hohfwlrq ri wkh Frqgrufhw zlqqhu/ li lw h{lvwv1

Wkh vhfrqg h{dpsoh vkrzv wkdw vwudwhjlf vwdelolw|/ dv zhoo dv vwurqjhu htxlole0
ulxp frqfhswv/ grhv qrw lpso| wkh xvh ri vlqfhuh vwudwhjlhv4 / qrw hyhq jhqhulfdoo|1

Ehiruh glvfxvvlqj wkh wzr sursrvhg h{dpsohv/ ohw xv lqwurgxfh vrph edvlf
qrwdwlrq1 Jlyhq wkh vhw ri fdqglgdwhv N @ +4> ===> n, dqg wkh vhw ri yrwhuv
Q @ +4> ===> q,/ wkh dssurydo uxoh ghwhuplqhv wkh vwudwhj| vsdfh ri hdfk sod|hu1
Vlqfh hdfk yrwhu fdq yrwh iru dv pdq| fdqglgdwhv dv kh zdqwv/ hyhu|rqh kdv 5n

sxuh vwudwhjlhv/ fruuhvsrqglqj wr wkh vhw ri yhfwruv zlwk n frpsrqhqwv zkhuh
hdfk hqwu| lv hlwkhu }hur ru rqh1 Wkh vwudwhj| vsdfh ri hdfk sod|hu lv

	 @ �+Y ,

4D sxuh vwudwhj| lv vlqfhuh li dqg rqo| li zkhqhyhu d fdqglgdwh lv dssuryhg/ doo wkh suhihuuhg
fdqglgdwhv duh wrr1
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zkhuh Y lv wkh vhw ri sxuh vwudwhjlhv1
Lq rughu wr ghwhuplqh wkh zlqqhu/ zh gr qrw qhhg wr nqrz wkh edoorwv fdvw

e| doo wkh yrwhuv/ lw lv hqrxjk vlpso| wr nqrz wkhlu vxp1 Jlyhq d sxuh vwudwhj|

yhfwru y 5 Y q/ ohw $ @
qS
l@4

yl1 Fohduo| $ lv d n0glphqvlrqdo yhfwru/ dqg hdfk

frruglqdwh uhsuhvhqwv wkh wrwdo qxpehu ri yrwhv rewdlqhg e| wkh fruuhvsrqglqj
fdqglgdwh1 Wkhq/ ghqrwlqj e| s +f m y, wkh suredelolw| wkdw fdqglgdwh f lv hohfwhg
li y lv sod|hg/ zh kdyh=

s +f m y, @
;?
=

3 li <p 5 N v=w $f ? $p
4

t

li $f � $p ;p 5 N dqg
& ig 5 N v=w= $f @ $gj @ t=

+4,

Khqfh/ jlyhq wkh xwlolw| yhfwruv
�
xl
�
l5Q

/ zkhuh xl @
�
xl4> ===> x

l
n

�
dqg hdfk

xlf uhsuhvhqwv wkh sd|r� wkdw sod|hu l jhwv li fdqglgdwh f lv hohfwhg/ zh kdyh d
qrupdo irup jdph> iru hdfk sxuh vwudwhj| frpelqdwlrq y/ wkh sd|r� ri sod|hu l
lv jlyhq e|=

X l +y, @
[
f5N

s +f m y,xlf= +5,

Fohduo|/ zh fdq h{whqg +4, dqg +5, wr pl{hg vwudwhjlhv1 Xqghu d pl{hg
vwudwhj| � zh kdyh=

s +f m �, @
[

� +y, s +f m y,

dqg

X l +�, @
[
f5N

s +f m �,xlf>

zkhuh/ dv xvxdo/ � +y, ghqrwhv wkh suredelolw| ri wkh +sxuh, vwudwhj| frpelqdwlrq
y xqghu �1

Vlqfh wkh hohfwlrq uxoh ghshqgv rqo| xsrq wkh vxp ri wkh yrwhv fdvw/ wkh
sd|r� ixqfwlrqv dqg wkh ehvw uhso| fruuhvsrqghqfhv dovr kdyh wklv surshuw|1

Wkhq/ wr dqdo|}h wkh jdphv/ zh zloo riwhq uhihu wr wkh iroorzlqj vhw=


�l @

+
$�l m <y 5 Y q v=w=

S
m 9@l

ym @ $�l

,
1

Lw lv hdv| wr vhh +fi1 Eudpv dqg Ilvkexuq +4<:;,, wkdw dq xqgrplqdwhg
vwudwhj| dozd|v dssuryhv wkh prvw suhihuuhg fdqglgdwh+v, dqg grhv qrw dssuryh
wkh ohdvw suhihuuhg rqh+v,1

Zlwk wklv edfnjurxqg lq plqg/ zh glvfxvv wkh wzr sursrvhg h{dpsohv1

5 H{dpsoh L

Ohw xv frqvlghu wkh iroorzlqj h{dpsoh/ zlwk vl{ yrwhuv dqg wkuhh fdqglgdwhv=
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x4 @ +6> 4> 3,

x5 @ +6> 4> 3,

x6 @ +3> 6> 4,

x7 @ +3> 6> 4,

x8 @ +3> 4> 6,

x9 @ +3> 4> 6,

Hdfk yrwhu kdv rqo| wzr xqgrplqdwhg vwudwhjlhv/ qdpho|/ dssurylqj xqltxho|
klv prvw suhihuuhg fdqglgdwh ru dssurylqj dovr wkh vhfrqg rqh1 Lw lv hdv| wr vhh
wkdw wkh vwudwhj| frpelqdwlrq

f @ ++4> 3> 3,> +4> 3> 3,> +3> 4> 4,> +3> 4> 4,> +3> 3> 4,> +3> 3> 4,,

lv dq xqgrplqdwhg htxloleulxp/ ohdglqj wr wkh hohfwlrq ri wkh wklug fdqglgdwh1
Pruhryhu wkh htxloleulxp f lv dovr shuihfw +Vhowhq +4<:8,,1

Gh�qlwlrq 4 D frpsohwho| pl{hg vwudwhj| �% lv dq %�shuihfw htxloleulxp li

;l 5 Q> ;yl> yln 5 Y l

li X l
�
yl> �%

�
A X l

�
yl

n

> �%
�

wkhq

�%
�
yl

n

�
� %=

D vwudwhj| frpelqdwlrq � lv d shuihfw htxloleulxp li wkhuh h{lvwv d vhtxhqfh i�%j
ri %�shuihfw htxloleuld frqyhujlqj +iru % $ 3, wr �1

Jlyhq wkh deryh gh�qlwlrq/ zh fdq suryh wkdw f lv d shuihfw htxloleulxp1 Lq
idfw/ ohw xv frqvlghu wkh iroorzlqj frpsohwho| pl{hg vwudwhj| frpelqdwlrq �%/
zkhuh �l ghqrwhv wkh fhqwhu ri wkh vwudwhj| vsdfh ri sod|hu l=

�%l @ +4� ;%5,+4> 3> 3, . ;%5 +�l, l @ 4> 5
�%l @ +4� ;%5,+3> 4> 4, . ;%5 +�l, l @ 6> 7
�%l @ +4� %� :%5,+3> 3> 4, . +%� %5, +4> 3> 3, . ;%5 +�l, l @ 8> 9
Lw lv hdv| wr vhh wkdw/ iru % vx!flhqwo| forvh wr }hur/ wklv lv dq %�shuihfw

htxloleulxp1 Lq idfw/ lq f/ iru hdfk yrwhu klv wzr xqgrplqdwhg vwudwhjlhv duh
htxlydohqw1 Vlqfh iru % jrlqj wr }hur wkh suredelolw| ri sod|huv 8 dqg 9 wr wuhpeoh
wrzdugv +4> 3> 3, lv lq�qlwho| juhdwhu wkdq wkh suredelolw| ri dq| rwkhu �plvwdnh�/
lw lv hqrxjk wr fkhfn wkdw lq wklv hyhqw wkh olplwlqj vwudwhj| lv suhihuuhg wr wkh
rwkhu xqgrplqdwhg vwudwhj|1 Khqfh/ iru sod|hu 4/ wkh uhohydqw frqwlqjhqf| zklfk
doorzv klp wr glvfulplqdwh ehwzhhq klv wzr xqgrplqdwhg vwudwhjlhv lv zkhq wkh
ehkdylru ri wkh rwkhuv lv vxppdul}hg e| wkh yhfwru $�4 @ +5> 5> 6,1 Vlqfh

X4++4> 3> 3, m +5> 5> 6,, @ 6

5
A

7

6
@ X4++4> 4> 3, m +5> 5> 6,,
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zh kdyh wkdw dssurylqj rqo| wkh prvw suhihuuhg fdqglgdwh lv/ iru sod|hu 4/ wkh
ehvw uhso| wr �%1 Dqdorjrxvo| iru sod|hu 51

Iru sod|hu 6/ wkh uhohydqw frqwlqjhqf| lq rughu wr glvfulplqdwh ehwzhhq klv
wzr xqgrplqdwhg vwudwhjlhv lv jlyhq e| $�6 @ +6> 4> 5,/ zlwk

X6++3> 4> 4, m +6> 4> 5,, @ 4

5
A 3 @ X6++3> 4> 3, m +6> 4> 5,,

khqfh +3> 4> 4, lv wkh ehvw uhso| wr �%/ dqg wkh vdph krogv iru sod|hu 7=
Iru sod|hu 8/ wkh uhohydqw hyhqw lv jlyhq e| $�8 @ +6> 5> 5, zlwk

X8++3> 3> 4, m +6> 5> 5,, @ 6

5
A

7

6
@ X8++3> 4> 4, m +6> 5> 5,,

khqfh +3> 3> 4, lv wkh ehvw uhso| wr �%/ dqg wkh vdph krogv iru sod|hu 91
Wkhuhiruh/ i�%j lv d vhtxhqfh ri %�shuihfw htxloleuld1 Vlqfh f lv wkh olplw ri

�%/ lw lv shuihfw1
Qhyhuwkhohvv/ zh fodlp wkdw wkh jdph kdv d xqltxh Phuwhqv* vwdeoh vhw5 +fdoo

lw h, zkhuh hdfk sod|hu dssuryhv rqo| klv prvw suhihuuhg fdqglgdwh1 Wkhq wkh
rqo| vwdeoh rxwfrph lv dq htxdo suredelolw| orwwhu| ryhu wkh fdqglgdwhv1 Wr suryh
wkdw h lv wkh rqo| vwdeoh vhw ri wkh jdph/ lw lv hqrxjk wr frqvlghu wkh iroorzlqj
surshuwlhv=

l,Vwdeoh vhwv dozd|v h{lvw1
ll,Vwdeoh vhwv duh frqqhfwhg vhwv ri qrupdo irup shuihfw +khqfh xqgrplqdwhg,

htxloleuld1
lll,D vwdeoh vhw frqwdlqv d vwdeoh vhw ri hyhu| jdph rewdlqhg e| lwhudwhg

holplqdwlrq ri grplqdwhg vwudwhjlhv1
Rqfh doo wkh grplqdwhg vwudwhjlhv kdyh ehhq holplqdwhg/ zh kdyh d uhgxfhg

jdph zlwk wkh iroorzlqj sxuh vwudwhj| vhwv=

Y 3l @ i+4> 3> 3,> +4> 4> 3,j l @ 4> 5

Y 3l @ i+3> 4> 3,> +3> 4> 4,j l @ 6> 7

Y 3l @ i+3> 3> 4,> +3> 4> 4,j l @ 8> 9

Lq wklv uhgxfhg jdph/ wkh odvw irxu yrwhuv kdyh �dssurylqj rqo| wkh prvw
suhihuuhg fdqglgdwh� dv grplqdqw vwudwhj|1 Lq idfw/ ohw xv frqvlghu sod|hu 61
Zh gr qrw qhhg wr zulwh grzq doo wkh srvvleoh $�6/ wr fodlp wkdw +3> 4> 3, lv
wkh grplqdqw vwudwhj| iru klp1 Lq hdfk $�6 wkh �uvw fdqglgdwh wdnhv wzr yrwhv
zkloh wkh vhfrqg wdnhv dw ohdvw rqh dqg wkh wklug dw ohdvw wzr1 Khqfh/ h{fhsw iru
$�6 @ +5> 4> 5,/ wkh dssurydo ri rqo| wkh vhfrqg fdqglgdwhv lv hlwkhu htxlydohqw
wr wkh rwkhu vwudwhj|/ vlqfh erwk ohdg wr wkh hohfwlrq ri wkh vdph fdqglgdwh/ ru
lw lv suhihuuhg1 Pruhryhu/ lq $�6 @ +5> 4> 5, zh kdyh wkdw +3> 4> 3, lv suhihuuhg wr
+3> 4> 4,/ ohdglqj wr dq xwlolw| ri 7

6
lqvwhdg ri 41 Wkh vdph dujxphqw dssolhv wr

wkh odvw wkuhh yrwhuv1 Khqfh/ zh fdq ixuwkhu uhgxfh wkh jdph e| holplqdwlqj wkh
vwudwhj| yl @ +3> 4> 4, iru l @ 6> 7> 8> 91 Lq wklv jdph zh kdyh wkdw sod|hu 4 +uhvs1

5Iru wkh gh�qlwlrq ri wklv frqfhsw vhh Phuwhqv +4<;<,1
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5, fdq idfh rqo| wzr flufxpvwdqfhv/ qdpho| $�4 @ +4> 5> 5, ru $n

�4 @ +4> 6> 5,1 Lq
wkh odwwhu fdvh klv wzr vwudwhjlhv duh htxlydohqw vlqfh erwk ohdg wr wkh hohfwlrq
ri wkh vhfrqg fdqglgdwh/ zkloh lq wkh iruphu +4> 3> 3, lv suhihuuhg wr +4> 4> 3,/
jlylqj dq xwlolw| ri 7

6
lqvwhdg ri 41 Khqfh +4> 3> 3, lv grplqdqw iru sod|hu 4 +uhvs1

5,1 Wkxv/ lwhudwhg holplqdwlrq ri grplqdwhg vwudwhj| lvrodwhv wkh htxloleulxp h
zkhuh hdfk yrwhu dssuryhv rqo| klv prvw suhihuuhg fdqglgdwh1 E| surshuw| +lll,
ri vwdeoh vhwv zh fdq frqfoxgh wkdw hdfk vwdeoh vhw frqwdlqv h1 Pruhryhu/ lw lv
qrw gl!fxow wr vhh wkdw h lv d vwulfw htxloleulxp +khqfh lvrodwhg,> surshuw| +ll,/
wkhuhiruh/ lpsolhv wkdw h lv wkh xqltxh vwdeoh vhw ri wkh jdph1

Ixuwkhupruh/ wkh vhfrqg fdqglgdwh lv wkh Frqgrufhw zlqqhu1 Lq wkh xqltxh
vwdeoh vhw h/ krzhyhu/ kh lv hohfwhg zlwk wkh vdph suredelolw| dv wkh rwkhu wzr
fdqglgdwhv1 Lq Ilvkexuq dqg Eudpv +4<;4, lw lv suryhg wkdw/ li d fdqglgdwh {
lv d Frqgrufhw zlqqhu/ wkhq wkhuh lv d vlqfhuh xqgrplqdwhg vwudwhj| frpelqd0
wlrq wkdw hohfwv {1 Rxu h{dpsoh vkrzv wkdw wklv uhvxow fdqqrw eh h{whqghg wr
vrsklvwlfdwhg vwudwhjlhv +l1h1 vwudwhjlhv wkdw vxuylyh wr lwhudwhg holplqdwlrq ri
grplqdwhg rqhv,1

Pruhryhu/ wkh h{foxvlrq ri wkh �Frqgrufhw rxwfrph� iurp wkh vroxwlrq vhw
grhv qrw ghshqg rq wkh gh�qlwlrq ri vwdelolw|1 Lq idfw/ qrw hyhq d zhdnhu uh0
txluhphqw vxfk dv shuihfwlrq jxdudqwhhv wkdw wkh vhw ri vroxwlrqv frqwdlqv vxfk
dq rxwfrph1 Wr vkrz wklv/ lw lv hqrxjk wr frqvlghu wkh dssurydo jdph sod|hg
e| 4/ 6 dqg 81 Wklv jdph kdv rqo| rqh shuihfw htxloleulxp zkhuh hdfk sod|hu
dssuryhv rqo| klv prvw suhihuuhg fdqglgdwhv1 Wkh vhfrqg fdqglgdwh/ krzhyhu/ lv
vwloo wkh Frqgrufhw zlqqhu16

Wkh deryh uhvxowv/ qdpho| wkdw f lv d shuihfw htxloleulxp exw rqo| h lv d
vwdeoh vhw/ krog iru hyhu| jdph zlwk wkh vdph suhihuhqfh rughu dqg vxfk wkdw/
iru hyhu| yrwhu/ wkh gl�huhqfh lq xwlolw| ehwzhhq wkh prvw suhihuuhg fdqglgdwh
dqg wkh vhfrqg suhihuuhg rqh lv juhdwhu wkdq wkh gl�huhqfh ehwzhhq wkh vhfrqg
dqg wkh ohdvw suhihuuhg rqh1

6 H{dpsoh LL

Ohw xv frqvlghu wkh iroorzlqj h{dpsoh � zlwk irxu yrwhuv dqg irxu fdqglgdwhv=
x4 @ +43> 5:

43
> 46
8
> 3,

x5 @ +3> 43> 5> <,
x6 @ +4<4

6<
> 43> 4> 3,

x7 @ +7> 3> 67
:
> 43,

Wklv jdph kdv d vwdeoh vhw zkhuh sod|hu 4 dssuryhv wkh �uvw dqg wkh wklug
fdqglgdwh/ khqfh vwudwhjlf vwdelolw| grhv qrw lpso| vlqfhulw|1 Pruhryhu/ wklv
uhvxow vwloo krogv lq d frpsohwh qhljkerukrrg ri wkh jdph1

6Wklv jdph kdv dovr dqrwkhu xqgrplqdwhg htxloleulxp/ wkh �Frqgrufhw� rqh/ qdpho|
EE�c �c f� c Efc �c f� c Efc �c ���1 Krzhyhu/ wklv lv qrw d shuihfw htxloleulxp1 Zh rplw d irupdo
surri1 Edvlfdoo| lw fdq eh vkrzq wkdw E�c �c f� lv d ehvw uhso| rqo| li wkh �Frqgrufhw� sod|hu
wuhpeohv wrzdug dssurylqj wkh wklug fdqglgdwh zlwk d odujh hqrxjk suredelolw| zlwk uhvshfw
wr rwkhu shuwxuedwlrqv1 D v|pphwulfdo dujxphqw dssolhv wr vwudwhj| Efc �c ��1 Iurp wkhvh idfwv
lw iroorzv wkdw erwk vwudwhjlhv fdqqrw eh vlpxowdqhrxvo| ehvw uhsolhv1
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Zh gr qrw xvh wkh h{solflw gh�qlwlrq ri vwdeoh vhw/ exw iru rxu sxusrvh lw lv
hqrxjk wr xvh wkh idfw wkdw d vwurqjo| vwdeoh htxloleulxp7 +Nrmlpd hw1 do1 +4<;8,,
lv d vwdeoh vhw dv d vlqjohwrq81 Wklv iroorzv iurp wkh idfw wkdw hyhu| shuwxuedwlrq
ri wkh vwudwhjlhv fruuhvsrqgv +frqwlqxrxvo|, wr d shuwxuedwlrq ri xwlolwlhv/ dqg
wkh frqwlqxlw| ri wkh htxloleulxp ixqfwlrq h dvvxuhv wkdw wkh surmhfwlrq ri wkh
judsk ri h rq wkh vsdfh ri shuwxuehg jdphv lv krprorjlfdoo| qrq wulyldo/ ehlqj
d krphrprusklvp1 Fi1 dovr Phuwhqv +4<<4, +ss19<:09<<, wkdw vkrzv krz wkh
frqwlqxlw| ri wkh pds iurp wkh vsdfh ri shuwxuehg jdphv wr vxevhwv ri htxloleuld
lv d vwurqjhu uhtxluhphqw wkdq wkh rqh lqfoxghg lq wkh gh�qlwlrq ri vwdelolw|1

Sursrvlwlrq 5 Wkh vwudwhj| frpelqdwlrq

v @ ++4> 3> 4> 3,> +3> 4> 3> 4,>
4

5
+3> 4> 3> 3, .

4

5
+4> 4> 3> 3,>

<

43
+3> 3> 3> 4, .

4

43
+3> 3> 4> 4,,

lv d vwdeoh vhw ri �= Pruhryhu/ wkhuh h{lvwv d qhljkerukrrg +��, ri �/ lq wkh vsdfh
ri dssurydo jdphv zlwk irxu yrwhuv dqg irxu fdqglgdwhv/ vxfk wkdw hyhu| jdph
lq �� kdv d vwdeoh vhw zlwk wkh vdph vxssruw ri v=

Surri1 Wkh �uvw vwhs ri wkh surri frqvlvwv lq vkrzlqj wkdw wkh vwudwhj|
frpelqdwlrq v lv d txdvl0vwulfw htxloleulxp1 Wklv lv grqh lq wkh dsshqgl{1

Wkh vhfrqg vwhs uhtxluhv wr suryh wkdw wkh txdvl0 vwulfw htxloleulxp v lv
lvrodwhg1 Wr dqdo|}h wkh vhw ri htxloleuld qhdu v zh fdq olplw wkh dqdo|vlv e|
wdnlqj wkh vwudwhj| ri sod|huv 4 dqg 5 dv ehlqj �{hg/ vlqfh wkh| duh xvlqj d
vwulfw ehvw uhso|1 Pruhryhu/ vlqfh v lv txdvl vwulfw/ dovr sod|huv 6 dqg 7 fdq xvh
+vx!flhqwo| forvh wr v, rqo| wkh sxuh vwudwhjlhv lq v1 Khqfh/ wr vkrz wkdw v
lv lvrodwhg lw lv hqrxjk wr vwxg| wkh htxloleuld ri wkh iroorzlqj jdph ehwzhhq
sod|huv 6 dqg 7/

+3> 3> 3> 4, +3> 3> 4> 4,

+3> 4> 3> 3, 8> 8 44

6
> 437
54

+4> 4> 3> 3, 8;4

44:
> 47
6

488

6<
> 66
:

zklfk kdv wzr sxuh vwudwhjlhv htxloleuld/ l1h1 ++3> 4> 3> 3,/ +3> 3> 3> 4,, dqg
++4> 4> 3> 3,/ +3> 3> 4> 4,,/ dqg d frpsohwho| pl{hg rqh fruuhvsrqglqj wr v= Khqfh/
v lv lvrodwhg1

7Uhphpehu wkdw li zh �{ wkh sxuh vwudwhj| vhw ri hdfk sod|hu/ zh fdq lghqwli| d jdph zlwk
d srlqw o M ^?6/ zkhuh 6 lv wkh qxpehu ri sxuh vwudwhj| frpelqdwlrqv dqg ? wkh qxpehu ri
sod|huv1
Jlyhq d jdph �o/ dq htxloleulxp �j lv vwurqjo| vwdeoh li qhljkerukrrgv ' ri �o dqg` ri �j h{lvw

vxfk wkdw +l, hyhu| jdph lq ' kdv rqh dqg rqo| rqh htxloleulxp lq ` dqg +ll, wkh pdsslqj
e G '<` wkdw dvvrfldwhv zlwk hdfk jdph lq ' lwv htxloleulxp lq ` lv frqwlqxrxv1

8Iru wkh h{dfw gh�qlwlrq ri vwdeoh vhw zh uhihu wr Phuwhqv +4<;<,/ khuh zh vlpso| uhfdoo wkdw
d vhw lv vwdeoh li lw lv wkh olplw dw wkh wuxh jdph ri d vxevhw ri wkh htxloleulxp fruuhvsrqghqfh
iru shuwxuehg jdphv vxfk wkdw wkh surmhfwlrq pds wr shuwxuehg jdphv lv krprorjlfdoo| qrq
wulyldo dqg wkh vxevhw lv orfdoo| frqqhfwhg wr wkh wuxh jdph1

:



Wkh wklug vwhs frqvlvwv lq vkrzlqj wkdw v lv d vwurqjo| vwdeoh htxloleulxp1
Vlqfh v lv txdvl0vwulfw dqg lvrodwhg zh fdq frqfoxgh +fi1 ydq Gdpph +4<<4, Wk1
61717 s188, wkdw +v6> v7, lv d vwurqjo| vwdeoh htxloleulxp ri wkh uhgxfhg jdph
zkhuh zh wdnh +v4> v5, dv ehlqj �{hg1 Vlqfh wkh �uvw wzr sod|huv duh xvlqj wkhlu
vwulfw ehvw uhso|/ v lv d vwurqjo| vwdeoh htxloleulxp ri wkh zkroh jdph1 Khqfh v
lv d vwdeoh vhw ri �=

Wkh vhfrqg sduw ri wkh sursrvlwlrq gluhfwo| iroorzv iurp fruroodu| 714 lq Nr0
mlpd hw1 do1 +4<;8,/ wkdw dvvxuhv/jlyhq d jdph dqg d vwurqjo| vwdeoh htxloleulxp/
wkh xqltxh qhdue| htxloleulxp ri d qhdue| jdph lv vwurqjo| vwdeoh wrr1 Vlqfh
hdfk �dssurydo jdph� qhdu � kdv d qrupdo irup forvh wr wkdw ri � dqg vlqfh iru
vx!flhqwo| forvh jdphv dqg vx!flhqwo| forvh vwudwhjlhv/ qr rwkhu vwudwhj| wkdq
wkh rqhv lq v fdq eh d ehvw uhso|/ wkh fodlp hdvlo| iroorzv1

Wkh deryh surri dovr vkrzv wkdw qrw hyhq d pruh ghpdqglqj fulwhulrq vxfk
dv vwurqj vwdelolw| fdq h{foxgh qrq vlqfhuh vwudwhjlhv1 Edvlfdoo| wklv lv gxh
wr wkh idfw wkdw d qrq vlqfhuh vwudwhj| fdq eh wkh rqo| ehvw uhso| wr pl{hg
vwudwhj| frpelqdwlrqv ri wkh rssrqhqwv dqg khqfh/ dv orqj dv zh doorz iru pl{hg
vwudwhjlhv/ wkhuh lv qr uhdvrq wr h{foxgh qrq vlqfhuh ehkdylru1

Pruhryhu/ wkh vhfrqg sduw ri wkh sursrvlwlrq vkrzv wkdw wklv h{dpsoh lv qrw
sdwkrorjlfdo1

7 Frqfoxvlrq

Lq wklv qrwh zh kdyh sursrvhg wzr h{dpsohv ri dssurydo yrwlqj jdphv1 Wkh
�uvw rqh doorzv xv wr frqfoxgh wkdw lq wkh fodvv ri dssurydo jdphv/ wkh shuihfw
htxloleulxp frqfhsw lv qrw uhvwulfwlyh hqrxjk wr fdswxuh vrsklvwlfdwhg yrwlqj/
vlqfh wkhuh duh �shuihfw� rxwfrphv wkdw gr qrw vxuylyh wr lwhudwhg holplqdwlrq ri
grplqdwhg vwudwhjlhv1 Ixuwkhupruh/ vrph rxwfrphv vhohfwhg e| wklv frqfhsw duh
qrw lqgxfhg e| dq| vwdeoh vhw1 Wklv lpphgldwho| lpsolhv wkdw dovr lq wklv fodvv ri
jdphv/ wkh vwdeoh vhw lv wkh �uljkw� frqfhsw lq rughu wr kdyh vhqvleoh vroxwlrqv1
Ixuwkhupruh/ zh kdyh irxqg wkdw/ hyhq li wkhuh lv d Frqgrufhw zlqqhu/ vwudwhjlf
vwdelolw|/ dv zhoo dv vrsklvwlfdwhg yrwlqj/ grhv qrw lpso| klv hohfwlrq1 Pruhryhu/
qrw hyhq d zhdnhu uhtxluhphqw vxfk dv shuihfwlrq jxdudqwhhv wkh h{lvwhqfh ri
d vroxwlrq lq zklfk kh lv hohfwhg1 Wklv lv qrw vxusulvlqj1 Dv d pdwwhu ri idfw/
vwudwhjlf vwdelolw| frqfhuqv lqglylgxdo ehkdylru/ zkloh wkh Frqgrufhw fulwhulrq lv
uhihuuhg wr vrflhw| dv d zkroh1

Wkh vhfrqg h{dpsoh vkrzv wkdw vwudwhjlf vwdelolw| grhv qrw lpso| vlqfhulw|1
Lw lv qrw gl!fxow wr vhh wkdw iru hyhu| sxuh vwudwhj| ri wkh rwkhu sod|huv/ wkh
vhw ri ehvw uhsolhv frqwdlqv d vlqfhuh vwudwhj|1 Dv vrrq dv zh doorz iru pl{hg
vwudwhjlhv/ qrw rqo| wklv lv qrw wuxh/ exw qrw hyhq vxfk d vwurqj uhtxluhphqw dv
vwudwhjlf vwdelolw| fdq mxvwli| vwdwhphqwv vxfk dv �xqghu dssurydo yrwlqj/ yrwhuv
duh qhyhu xujhg wr yrwh lqvlqfhuho|� +Qlhpl +4<;7, s1<87,1 Pruhryhu/ rxu uhvxow
krogv lq d frpsohwh qhljkerukrrg ri wkh jdph dqg dovr iru d pruh ghpdqglqj
fulwhulrq vxfk dv vwurqj vwdelolw|1 Khqfh/ wklv skhqrphqrq fdqqrw eh frqvlghuhg
sdwkrorjlfdo1

;



Uhihuhqfhv

^4` Eudpv1V1M1/ Ilvkexuq S1F1/ 4<:;/ �Dssurydo Yrwlqj�/ lq Dphulfdq Srolwlfdo
Vflhqfh Uhylhz/ :5/ ss ;640;7:1

^5` Idutxkduvrq U1/ 4<9</ Wkhru| ri yrwlqj/ \doh Xqlyhuvlw| Suhvv/ Qhz Kdyhq1

^6` Ilvkexuq S1F1/ Eudpv V1M1/ 4<;4/ �Dssurydo Yrwlqj/ Frqgrufhw*v Sulqflsoh/
dqg Uxqr� Hohfwlrqv�/ lq Sxeolf Fkrlfh/ 69/ ss1;<04471

^7` Nrmlpd P1/ Rndgd D1/ Vklqgrk V1/ 4<;8/ �Vwurqjo| Vwdeoh Htxloleulxp
Srlqwv ri q0shuvrq Qrqfrrshudwlyh Jdphv�/ lq Pdwkhpdwlfv ri Rshudwlrqv
Uhvhdufk/ 43/ ss198309961

^8` Phuwhqv M1I1/ 4<;</ �Vwdeoh Htxloleuld0D uhirupxodwlrq1 Sduw L= Gh�qlwlrq
dqg edvlf surshuwlhv�/ lq Pdwkhpdwlfv ri Rshudwlrqv Uhvhdufk/ 47/ ss18:80
9581

^9` Phuwhqv M1I1/ 4<<4/ �Vwdeoh Htxloleuld0D uhirupxodwlrq1 Sduw LL= Glvfxv0
vlrq ri wkh Gh�qlwlrq/ dqg Ixuwkhu Uhvxowv�/ lq Pdwkhpdwlfv ri Rshudwlrqv
Uhvhdufk/ 49/ ss19<70::61

^:` P|huvrq U1E1/ Zhehu U1M1/ 4<<6/ �D Wkhru| ri Yrwlqj Htxloleuld�/ lq
Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ ;:/ ss143504471

^;` Qlhpl U1J1/ 4<;7/ �Wkh Sureohp ri Vwudwhjlf Yrwlqj xqghu Dssurydo Yrw0
lqj�/ lq Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ :;/ ss1<850<8;1

^<` Vhowhq U1/ 4<:8/ �Uhh{dplqdwlrq ri wkh shuihfwqhvv frqfhsw iru htxloleulxp
srlqwv lq h{whqvlyh jdphv�/ lq Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 7/
ss1570881

^43` ydq Gdpph H1/ 4<<4/ Vwdelolw| dqg Shuihfwlrq ri Qdvk Htxloleuld/ 5qg
hg1/Vsulqjhu0Yhuodj1
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Dsshqgl{
Lq wklv dsshqgl{ zh vkrz wkdw

v @ ++4> 3> 4> 3,> +3> 4> 3> 4,>
4

5
+3> 4> 3> 3, .

4

5
+4> 4> 3> 3,>

<

43
+3> 3> 3> 4, .

4

43
+3> 3> 4> 4,,

lv d txdvl0vwulfw htxloleulxp ri wkh vhfrqg sursrvhg h{dpsoh1 Wr wklv hqg zh
fdofxodwh wkh suredelolw|/ xqghu v/ ri hdfk frqwlqjhqf| wkdw d sod|hu fdq idfh
dqg/ iurp wkhvh suredelolwlhv/ wkh h{shfwhg xwlolw| ri hdfk xqgrplqdwhg vwudwhj|1
Lw lv hdv| wr vhh wkdw qr grplqdwhg vwudwhj| lv d ehvw uhso| wr v=

Sod|hu 4
Su+$�4 @ +3> 5> 3> 5, m v�4, @ <

53

Su+$�4 @ +3> 5> 4> 5, m v�4, @ 4

53

Su+$�4 @ +4> 5> 3> 5, m v�4, @ <

53

Su+$�4 @ +4> 5> 4> 5, m v�4, @ 4

53

Iurp wkhvh suredelolwlhv lw iroorzv wkdw=
X4++4> 3> 4> 3,> v�4, @

<

53
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53
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43
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43
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X4++4> 3> 3> 3,> v�4, @
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� 5:
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. 4
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� 5:
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� 43. 5:

43
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. 4
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� 43. 5:

43

6
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453

X4++4> 4> 3> 3,> v�4, @ X4++4> 4> 4> 3,> v�4, @
5:

43

Vlqfh qr grplqdwhg vwudwhj| lv d ehvw uhso| wr v�4 zh kdyh wkdw +4> 3> 4> 3,
lv wkh rqo| ehvw uhso| wr v�4=

Sod|hu 5
Su+$�5 @ +4> 4> 4> 4, m v�5, @ <

53

Su+$�5 @ +4> 4> 5> 4, m v�5, @ 4

53

Su+$�5 @ +5> 4> 4> 4, m v�5, @ <

53

Su+$�5 @ +5> 4> 5> 4, m v�5, @ 4

53

Iurp wkhvh suredelolwlhv lw iroorzv wkdw=
X5++3> 4> 3> 4,> v�5, @

<

53
� 43.<

5
. 4

53
� 43.<.5

6
. <

53
� 43.<

6
. 4

53
� 43.<.5

7
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X5++3> 4> 3> 3,> v�5, @
<
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5
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� 43
5
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X5++3> 4> 4> 3,> v�5, @
<
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. 4
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<
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. 4
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� 43.<.5

7
. 4

53
� 5 @ 78:
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Lw lv qrw gl!fxow wr vhh wkdw dq| grplqdwhg vwudwhj| lv qrw d ehvw uhso| wr
v�51 Khqfh +3> 4> 3> 4, lw lv wkh rqo| ehvw uhso| wr v�51

Sod|hu 6
Su+$�6 @ +4> 4> 4> 5, m v�6, @ <

43

Su+$�6 @ +4> 4> 5> 5, m v�6, @ 4

43

Iurp wkhvh suredelolwlhv lw iroorzv wkdw=
X6++3> 4> 3> 3,> v�6, @

<

43
� 43
5
. 4
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6
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X6++4> 4> 3> 3,> v�6, @
<
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6
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X6++3> 4> 4> 3,> v�6, @
<
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6
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X6++4> 4> 4> 3,> v�6, @
<
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� 43.4. 4<4
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7
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43
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98

Ixuwkhupruh/ lw lv qrw gl!fxow wr vhh wkdw qr grplqdwhg vwudwhj| lv d ehvw
uhso| wr v�61 Khqfh wkh rqo| wzr +sxuh, ehvw uhsolhv ri sod|hu 6 duh +3> 4> 3> 3,
dqg +4> 4> 3> 3,1

43



Sod|hu 7
Su+$�7 @ +4> 5> 4> 4, m v�7, @ 4

5

Su+$�7 @ +5> 5> 4> 4, m v�7, @ 4

5

Iurp wkhvh suredelolwlhv lw iroorzv wkdw=
X7++3> 3> 3> 4,> v�7, @

4

5
� 43
5
. 4

5
� 43.7

6
@ 5<

9

X7++3> 3> 4> 4,> v�7, @
4

5
� 43. 67

:

6
. 4
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� 43.7. 67

:

7
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X7++4> 3> 4> 4,> v�7, @
4

5
� 43.7. 67

:

7
. 4

5
� 7 @ 94

47

X7++4> 3> 3> 4,> v�7, @
4

5
� 43.7

6
. 4

5
� 7 @ 46

6

Pruhryhu lw lv hdv| wr vhh wkdw qr grplqdwhg vwudwhj| lv d ehvw uhso| wr v�71
Khqfh wkh rqo| wzr +sxuh, ehvw uhsolhv ri sod|hu 7 duh +3> 3> 3> 4, dqg +3> 3> 4> 4,1

Khqfh v lv d txdvl0vwulfw htxloleulxp ri �1

44


