Round about Theta. Part I Prehistory

Rolf Berndt

There is a huge amount of work on different kinds of theta functions, the theta correspon-
dence, cohomology classes coming from special Schwartz classes via theta distribution,
and much more. The aim of this text is to try to find joint construction principles while

often leaving aside relevant but cumbersome details.
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1 Riemann and Jacobi Theta Series

1.1 Weil Representation
1.1.1 Our fundamental object is the symplectic group

G =Sp(n,R) := {g € M(2n,R);'gJg = J := (_1 1”>}7
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1.1 Weil Representation 2

i.e. the group with elements

g = (g g) 7A,B,C,D6M(n7R),tAD_tCB:En’tAC:tCA7tBD:tDB7

and its projective (Segal-Shale-)Weil or oscillator representation w given as its Schrédinger
model on the space H = L?(R") by the prescription

w(d(A)f(z) = |detA|Y? f(*Az) for all d(A):= <A tA_1> ,A € GL(n,R),
wn(B)f(z) = e *Brf(z) forall n(B):= (1 ?) ,B € Sym(n,R),

wf(@) = 7f(@), f(2) = [ga fy) e vody,

where v will be specified later. This projective representation corresponds to a represen-

tation w of the twofold cover of G, the metaplectic group G = Mp(n,R) with elements
(g,t), g € G,t? = s5(g)~ !, where s(g) as specified in [LV] p.70 will not be needed at the
moment.

1.1.2 The Lie algebra of the symplectic group is

g=sp(n,R):={X = (é ]fA) ;A,B,C € M(n,R),B="B,C ="'C}.
sp has dimension 2n? + n and Cartan decomposition

sp=E+p
with

E:z{(_AB i);tB:B,tA:—ALp::{(g _BA>;tB:B,tA:A}.

The complexification g. of g = sp has the AdJ—eigenspace decomposition

g = spBt) 4 gp20) 4 gp(02)

with
at = (7 R)iasenno E-pu--a
sp©2 = —?A —_z;14> ;A€ M(n,C),tA= A},

We take over the notation from Adams ([Ad] p.466)

Y +._ (0 Bij -_(0 0
= ( —Ejz') U= (0 0 ) U= (Bz‘j 0)

where for 1 <4,j < n E;; is the elementary matrix with zero entries except there is 1 in
the 7th row and jth column and B;; := E;; + Ej; for i # j, By == Ey;.
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1.1.3 For X € g, we denote by X its operator in the derived representation of the Weil
representation w, i.e. we put

A d
Xf(z):= @hzo(w(exp tX)f)(x) forall feSR").
One easily comes to

Ajp = 2,0k + 6;6/2, Ul = 2mizjap, j # k, Ujf; = mia?,

and, using appropriate commutation formulae like [U JT;, U j_J] =Aj;,

Uj; = —1/(4mi)0;, U, = —1/(27i)0;0), for all j # k.

17 77

Hence, for the complex algebras spt) = ¢, sp0) =: pt sp(®2) = p= respectively
generated by
A — Agj, U;;C - Uy

and
(L/2)(Fil A + Ar) /(1 + 030) + Uy + Up) = U2,
one has R
U = (20 + (1/2)) + miad — (1/4r0)2)
U = (1)2)(Fi(w; 0 + 20;) + 2mizjax — (1/270)0;0%).
In p one has the Cartan algebra h :=< A;; >;=1 ., and (among others) the relations
+1 _ + + 771 —
[Aj;, U] = 22055, [USS,U] = Ajj.
We use the Cayley transformation, i.e. conjugation by
1, in
e=arva (i 1),
to introduce
Hj = cAjje ' = —i(U}, = Uj;)
which obeys the relation § 5
[H;, U] = +2055.
We get A
H; = wm? - (1/477)8?.
1.1.4 Now we can see that for the Gaussian
po(w) i= e
one has R
Hjpo = (1/2)¢0,
Ufeo = (i/2)(dma? — 1o,
(Afﬁgoo = dmizjxppo, forall j#k,
(v{ﬁcgpo = 0, forall j#k,
Uj_jSDO = 0.

This shows that g is annihilated by all elements of sp(®2) and reproduced with eigen-
value 1/2 by all elements of sp"'1) | i.e. ¢q is a vacuum vector for w : a vector of lowest
weight 1/2 for the Weil representation w in its Schrédinger model.
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1.2 Riemann Thetas

1.2.1 There is a standard way to construct a modular form which in this case comes out
like this: One applies the Weil representation w to ¢y and averages over all £ € Z" to
get a function

() = > (wlg)po)(t), g € G,

Lezm

which can be proven to be invariant under the theta subgroup I'y of Sp(n,R). And
up to an automorphic factor this function can be identified with 6, the (zero value) of
the Jacobi theta function: With some more (but not all) details, this means the following.

1.2.2 We have the transitive action of Sp(n,R) on the Siegel half space
B, = {# €M(n,C); 4 =%, Im >0}
given by

9(7) = (A% + B)(C# + D)~ forall g=— (g [B)>.

We take an element g = g; € G such that
g+ (in) =7 =14+ 10,
namely, using the notation introduced above
g = n(a)d(A), with A'A=1.
Then we get
(@(g7)9)(x) = |detd |/ em 7

and hence V.
Dy(gs) == | det v |M/* Z e e,
Zezn

Here we find the standard theta series
6(7@) = Z eﬂ'itff'ﬂ
LeZn

1.2.3 The fact that ¢q is a lowest weight vector annihilated by sp(®?) tanslates into the
fact that 6 is a holomorphic function in 7 € $,, and the fact (which is not so easy to
prove) that ®y as a function of g € G is invariant under the theta group 'y translates
into the automorphic functional equation

0(v7) = e(v) det(C7 + D)'/20(7)

for v € I'y, the group of elements

A B
v = <C D) € I':=Sp(n,Z),
where ‘C' A and ' BD both have even diagonal entries. €(y) is a character of 'y as defined
in [LV] p.166. In particular for the group

F8(2):_{7_<§ g>el“; B=C=0 mod 2}
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one has 1
o =
()" = (3
This statement is Theorem 2.2.37 in [LV]. We shall call this 6 as a function on the
Siegel half space the Riemann theta function, though this name is used by Mumford also
for the more general function which we introduce now and then call Jacobi theta function.

1.3 Jacobi Thetas
1.3.1 For 7 € $,, and z € C™ we get the Jacobi theta function

Sty t
9(7_7 Z) — § : e7r1(£7'£+2 zZ).
Lezn

1.3.2 Here we have to extend the symplectic group G to its semidirect product with an
appropriate Heisenberg group Heis(R"™) to come to the Jacobi group G7. As a set one
has Heis(R") = R?"*! and all multiplication laws are fixed by the embedding into the
symplectic group Sp(n + 1, R) given by

L, 1%

Heis(R™) 3 (A, p, k) — R ;M _ﬁ)\ ,
! 1
A B

Sp(n,R)> M = <

We write
9= p,q,k)M or g=M(\p,r) €G/(R").

Heis(R™) acts on R?" via (z,y) — (z + A,y + 1) and G7 acts on ,, x C" via
(1,2) — g(1,2) := (M(7), (2 + TA+ pu)(CT + D)™ 1)
where g = M(\, u, k) € G/ (R"), T € $,,,2 € C". For g = (p,q,k)M one has
9(in,0) = (T = M(in),z = Tp + q).

1.3.3 The construction of the Weil representation usually goes via the standard repre-
sentation of the Heisenberg group which is the Schrodinger representation in the space
H = L?(R") for real non-zero m and (), i, k) € Heis(R") given by

(TN, 5) ) () =™ (k+ 'z + N)p)f(z + A)  for all f € H.
Then one has the Schrédinger-Weil representation mgy, of G given by
m5w (P, ¢, k) M) := 75" ((p, ¢, K)w(M)

1.3.4 It is not difficult to verify that the vacuum vector of the Weil representation
St

©g'(x) = e™™ ** ig also a vacuum vector of the Schrodinger-Weil representation and one

can use it again as done above: For M; = n(4)d(A) we get

(msw (s @, &) Mz )p) () = | det 8|/ 4e™ (5 + tpp + tpg)emmeTot2(rr+ o))
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and

Dy ((p,q, k) Mz) = Z |det d |V4e™ (k + tpip + tpq)em”(t”e“(t’ﬁ#qm.
tezn

With z = p7 + ¢, for m = 1/2, up to a factor we find the Jacobi theta function

ity t
9(7_, Z) — 2 : e-rrz(f*r€+2 z@)-
LeZ™

The properties and the functional equation of this function and its generalizations are
discussed with the appropriate details in the books by Igusa ([Ig] p.48f) and by Mumford
([Mulll] p.142). Here we only will record the following observation.

1.3.5 Remark: We introduced the Jacobi group G’ (R™) as a subgroup of the symplectic
group G* := Sp(n + 1; R). We have

* (- * * * *\ — * A* B*
g (Zn+1) = (A n+1 +B )(C n+1 +D ) ! for g = (C* D*> .

If we specialize this for ¢* = (p, ¢, k) Mz, we get
v - T pT+q
((p, g, k) M3z)(int1) = <tp7c+tq tpf_p+tqp+ﬁ+i> .
And if we specialize the standard theta series for G*

Hn-‘rl(T*) _ Z eﬂ'itZ*T*Z*

(xezZntl

for

Tz . .
0 = (tz a), a="Ppip+gp+r+i

with 0* = (%,1), £ € Z", | € Z, we get

. 12 Sty t
9n+1 (Tg) — 2 eﬂuzl E ern( (7 0+21 22).

I€Z LeZn

Up to the factor [ € Z in the exponent, we find again the Jacobi theta series. This fits
into the framework of the Fourier-Jacobi expansion of a Siegel modular form which is
introduced (for the lowest dimensional case) in [EZ] p.72f. From here we can easily take
over that each coefficient

b2 (7, 2) = Z emi(tret2list)

Lezn

has the transformation property of a Jacobi form and using the operator U; defined in
[EZ] p.41 (multiplication of the z—variable by [) we can even write

¢12 (7‘, Z) = Ul 9(7’, Z)

1.3.6 There are many ways to introduce more general functions of this type. As one
can well imagine, all this generalizes rather easily if one takes a rational symmetric
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h x h—matrix S belonging to a positive definite quadratic form. We follow [MulIl] p.96f:

1.3.7 Definition: Let S € Sym,(Q) be positive definite, T € $,, and Z € M, ,(C).
Then we put
QS(T Z) = Z emiTr("NTNS+2'NZ)
NEM 1(Z)

As it is rather easy to see that for M, N € My ,(Z) one has
GS(T, Z+TMS + N)e‘n'iTr(tMTMS-i-QtMZ) — GS(T, Z)

one is lead to suggest that #° is just a Jacobi theta series for a more general situation,
namely for the complex torus

Mn,h(c)/(TMn,h<Z)S + Mn,h(z))'

To see this we use the identifications given by

A
Mn7h(C)—>C”h, Z=(Z,....2,) — z = ,
Zn,
and
TSy - - TS
T=T®S= . eMnh,nh(C)~
TSp - - TShn

One has to check that W = T'ZS translates into w = 7z and that one has Tr'WZ = twz.
Then we get (Lemma 6.2 in [Mulll))

My, 1, (C)/(TM,, h(Z)S + M, 1,(Z)) = C”h/(TZ”h + Z”h).
Hence we can see that we have

HS(T, 7) = Z ewi(tn7n+2tn,z) = Opn(T, 2).

neznh

Moreover one can see without too much trouble ([Mulll] Corollary 6.6):
dy 0

If S = d

. and Z = (z1,...,2p), then we have
0 dp,
05(T, Z) =TI 0,,(d; T, z;).

1.3.8 Thetas belonging to (positive definite) quadratic forms are still more widely gener-
alized by considering spherical harmonic polynomials as coefficients of the exponentials in
the series. This is treated for instance in [Mulll] p.145{f. Here we shall come to this later.



2 Hecke and Siegel Theta Series
2.1 Hecke Thetas

2.1.1 It is immediate that one has a convergence problem if one tries to consider thetas

for quadratic forms which are not positive definite. For instance, for 7 € § := $; the

sum . .

E:cl 7262626271'2"1'(305712:1(25)

has no sense. It was Hecke on his way to associate modular forms to real quadratic fields

(and a bit later Schoeneberg) who achieved substantial progress in this topic:

Let K = Q(v/D) be a real quadratic number field with diiscriminant D and o := o as

its ring of integers. For @ € N and « € 0 Hecke defines in [H1] and [H2] the functions of

TESH /
(130, QVD) = ngnu 2miT !

(»)

and

o L]
(130, QVD) := Z sgny ™7 ap
(1),pp’ >0

)

Here the prime ’ indicates the conjugate in K and the summation Z( ) is meant over

a family of elements y € o, which are congruent mod Qv/D to a and not associated,
i.e. do not differ by a unit mod Qv/D as a factor. Hecke’s main theorem in this context
is a transformation formula 7 — —1/7 for ¥, which is the essential to show that 9, is
a modular form. Without going into further details we state that the idea for his proof
is to use the already known transformation property of a standard theta function in two
variables.

2.1.2 Hecke discusses the example ¥4 (7;1,v/12). He shows that one has

D (r+11,V12) = ™29, (151,V12),
19"1‘(_1/7—715\/5) = _iTﬂ+(T;1a\/ﬁ)7

and one has the nice relation to the Delta function

D 1,VT2) = (A(r) 12 = 2T/ (1 - "), g o= 27

2.2 Siegel Thetas

2.2.1 As we saw, Hecke solved the convergence problem for the theta series for indefinite
quadratic forms by summing only over those elements such that the form has positive
values. Siegel had the idea to use the majorant of a quadratic form to associate to the
form a convergent series for which (in [S1] and [S2]) he also could prove a modular prop-
erty.

2.2.2 One starts with the quadratic form belonging to a non-degenerate symmetric ma-
trix S € M,,(R) with signature sig S = (p,q)

S[z] := xSz,
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where as above z is a column. We know that one can find a matrix C € GL(n,R) such
that

S[C] = 'CSC = <1P B > —: S,
q

i.e. with z = Cy one has

2 2
S[Cyl=Solyl =yi+ - +up — (o1 + +Uprg) =¥ =y
Siegel now uses the notion of the majorant of S[x] which goes back to Hermite and is a
positive definite quadratic form, say P[z], such that P[x] > S[z] for all x € R™. With C

as above, we take P := (C'C)~! and get
Plz] = (C'C)'a = yy.

In [S2] 1. Siegel shows that P belongs to a majorant of S[z] if and only if P fulfills the
two conditions
PSTlp=5t"P=P>0.

Moreover, Siegel parametrizes the set P := P(S) of these matrices P and shows that the
orthogonal group

0:=0(S) ={A € M, (R); "ASA = S}
via (A, P) — P[A] acts transitively on P. We will come back to this later but now can
give Siegel’s definition of his Theta function:

2.2.3 Definition: One takes 7 =u +iv € ), R := uS + ivP and puts
0(r) :=0(r,P) := Z e2miBle]
zeZn
This definition makes sense because Im R = vP is positive definite. For a € Q;as € Z
where s := det S Siegel also looks at the variant
04(7) := 04(7, P) := Z e2miRletal
T€EZ™

2.2.4 This function 6, is not a holomorphic function in 7 but has a modular behaviour
with respect to certain modular substitutions 7 — 7 = (a7 +b)(cT +d)~! which is given
in Hilfssatz 1 in [S2]. The proof again uses the Poisson summation formula. We will not
repeat this here but just indicate that an automorphic factor of type

(er +d) P2 (e + d)~9/?

comes in. The dependence on P resp. on appropriate parameters for P will be discussed
later.

2.2.5 There are several generalizations of Siegel’s definition, see, for instance, Vignéras
[Vi] and in particular Borcherds [Bo]. Moreover, there is an extension in the direction of
Jacobi thetas by O. Richter [Ri]:

2.2.6 Definition: Let S € Sym,,(Z) be an invertible matrix with even diagonal entries
with sig S = (p,q) and such that ¢gS~! for ¢ € N is integral and even. Let P be a
majorant of S,7 = u +iv € H,,,¢ € M, ;(Z), and Z € M; ,,[C). Then one puts

O PC(Ta Z) = Z erriTr(S[N]u—i—iP[N]1)+2tNSCZ).

NeM,, »
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For ¢ such that S¢ = P(, Richter proves a transformation formula concerning

F(()n) = {(é g) €Sp(n,Z); C =0 mod g¢}.

The definition of these theta series is quite natural in the context the autors had. But
they also have a representation theoretic background as we will try to elucidate in the
sequel.

3 A Dual Pair and Siegel Thetas

3.1 Dual Pairs

It was Howe who (in [Hol]) coined the following notion and later contributed essential
parts of its discussion.

3.1.1 Definition: A dual reductive pair is a pair of subgroups (G, G’) in a symplectic
group G = Sp(n,R) such that

i) G is the centralizer of G’ in G and G is the centralizer of G in G.

ii) The actions of G and G’ on V := R2" are completely reducible (i.e. every invariant
subspace has an invariant complement).

This is only a special case: here one can also replace R by more general fields. One
defines irreducible pairs as those where one can not decompose V as the direct sum of
two symplectic subspaces each of which is invariant under both G and G’. There is the
classification of irreducible pairs done in [MVW]. We won’t go into this but just point
out that these pairs provide the background for a lot of important relations between
different kinds of automorphic forms. Roughly, this goes like this: The Weil represen-
tation w of G restricts to representations of the subgroups G and G’ and to G x G'. If
one has a decomposition of w where to an irreducible representation of G corresponds
exactly one irreducible representation of G’, one can hope for a correspondence between
automorphic forms belonging to these representations . With more details one has the
Howe conjecture making precise statements in this direction. For the moment we will
use a small part of the picture to make reappear the Siegel thetas.

3.1.2 We take the orthogonal group G = O(p, ¢) = O(S) belonging to the non-degenerate
symmetric matrix S € M, (R) with signature sig S = (p,¢). Then one can verify easily
that G together with G’ = SL(2,R) is a dual pair in G = Sp(n, R).

3.1.3 Remark: We use the embeddings

) tg—1
G=0(p,q)2A+— A:= (A A)EG:Sp(n,R)

and with Sy = (lp 1 >
—14
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These embeddings come as special cases from the following more general consideration:

3.1.4 For the symplectic space V' ~ R?*™ with the action of G’ = Sp(m, R) we take as

basis e1,...,em, €}, ..., e, such that for all j = 1,...,m and J,, = ( . ]-m) one
—dlm

has Jpe; = e;- and Jme;» = —e;. For the orthogonal space V' ~ R"™ with the action
of G = O(p,q),p + g = n, we take as basis v1,...,Vp, Ups1,...,VUptq such that for all
1
a=1,....pandv=p+1,....,p+qgand Sg = | ? 1 one has Spv, = v, and
g
Sov, = —v,. Hence V := V@V’ ~ R?™" is a symplectic space with basis €; ®Vq, e QU,
and € ® vq, —€}; @ vy, i.e. €1,...,Emn, €,..., €, Where
€1 :=e1 RV, ., = Crn UL, .oy, Ep 1= €y @ Upyq

and

A Al ! A~/ e !/ ~! R !/

€11 =€ QUL vy Epp 1= €y @ Vg, i 7= =€ @ Upidy e o, Gy 1= =€y @ Upgg-

In particular for m = 1 we have V with basis

éj=e1Quj, & =€y ®@Spv;, forall j=1,...,n.

The action of G on V and of G’ on V' induce naturally actions on V, in particular those
described in the remark above.

3.2 Siegel Thetas as Special Values of Riemann Thetas
3.2.1 We have the standard compact subgroups

K :=0(p) x O(q), K’ :=S0(2),
and

K .= {<—AB i) i '"AA+'BB =1, '"AB ="BA} ~ U(n).

There are the standard maps to the associated homogeneous spaces
G— G/K =9, = (é g) — g(in) =: 7 = 0 + i,
G — G /K =9 g= (i Z) — g(i) =7 =u+iv,
and (without a big loss of generality) restricting to S = Sy
G—G/K=9; Ar— (AA)"! = P.

This homogeneous space has different realizations which we will discuss later. Here we
refer to our remarks in 2.2.2 where, following Siegel, we introduced ® = P as the set of
majorants of S = Sy. The embedding G x G’ — G induces a map

DX H — Ny (P,7) — uSo + P =: 7p, =: 7y,
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which is a consequence of
Gr(in) = uSo + vi, and A(7) =417 AL,

3.2.2 Remark: If we specialize the variable 7 in the standard Riemann theta series 0(7)
for Sp(n,R) to 7 = 7y, we recover the Siegel theta series

4 A
79(,7_’ P) _ Z eTl Z(uSngwP)é'

gezn
In a parallel way, one can take the vacuum vector ¢g(x) = ™7} for the Weil represen-

tation w in the Schrédinger model and apply the restriction of w to G x G’ to construct
a function on G x G’ with certain invariance properties. This way we come to

W(A - g )po(w) = v/ AemsluSo AT AT,

3.3 Siegel Theta and its Representation

In [S2] Siegel uses these theta series to study the diophantine problem of integral solutions
x € Z™ of the quadratic equation

Slx +a] =t.

Here we won’t go into this interesting topic but analyze a bit the relation of the Siegel
theta series to the representation theory of the two groups G and G’ going into our con-
struction.

3.3.1 In 1.1.2 we discussed the Lie algebra § of the symplectic group G= Sp(n,R). As
a special case we have g’ = Lie @', G’ = SL(2,R) with

gcre( Yo, )t

and the relations
[H,F)=2F, [H,G) = —-2G, [F,G]=H.

The complexification is given by
, . —i . 1 +i
g, =<Z:=—i(F-G)= ; yXe = 1/2)(HLi(F+G))=1/2 o)
and the relations
[Z,X1]=+2Xy, [X4,X_|=2Z.

3.3.2 If we use the embedding of G’ into G from 3.1.3 and the notation for g from 1.1.2,
we can identify g’ as a subalgebra of § as follows

p p+q
e S U B S
j=1 j=p+1

and its realization by the infinitesimal Weil representation dw

Z =n(x,x) — (1/4m)A,
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where we use the notation indicating the quadratic form given by Sy and its Laplacian

p p+q p p+q
(z,2) = (z,2)g, 1= Zx? — Z x5, A= Ag, = ZGJQ - Z 2.
Jj=1 j=p+1 Jj=1 j=p+1
The same way, we have
n p p+q
X = (12)(H +i(F + @) = 1/ Ay i UF + Up) = Y (U +U5))
j=1 j=1 j=p+1

and its realization as a differential operator acting on the Schwartz space S(R™)
K = (12)(E +n/2 7 (n(a,2) + (1/4m)A)),

where we use the Euler operator

E .= il‘jaj.
j=1

3.3.3 The orthogonal group G = O(Sp) = O(p, q) has as its Lie algebra
Yll Y12
o(p,g) ={Y = <Y21 Yzz) Y = Y eM,(R),
Y2 = Y2 ecM/(R),Y?=%2eM,(R)}.
One has dimo(p, ¢) = n(n — 1)/2. We write

11

o) =tiw = (" pn )y e <o p={(yn 7))

Asin 3.1.4 «, 3 denote indices 1,...,p and p, v indices between p+ 1 and p + ¢q. Then ¢
is spanned by n X n—matrices of the types

Eaﬁ - Eﬂom Euz/ - EV;,L

and p by those of the type
Eop+ Epa-

The embedding of G into G from 3.1.3 induces an embedding of g into § given by

gBY|—><_tY Y)E@.

We use this for an identification and hence with the notation from 1.1.2 can realize the
elements of £ in the Weil representation as operators acting on S(R™) by

Aaﬁ - Aﬁa = 2003 — 2304, A;w - Ay,u = xp,au - xuap,

and the elements of p by R .
Aap, + Ap,a = xaaﬂ + xﬂaa.
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3.3.4 Example G = 0(2,1) : To simplify things, we look at the example p = 2,¢q = 1,
ie. g=0(2,1) = sl(2,R). Here we use the notation

1 1
H:= -1 ,Y12: 7Y2: 1

and have
[H7Y1] = _Y27 [Ha}/Q] = Yla [Yl)}@] = H

With the identification given by the embedding from 3.1.2 above one has
H= A5 — Ay, Y1 =—(A13+ Az1), Yo = —(Azz + A3p)
and the realization as operators for the Weil representation
H =210, — 2201, Y1 = —(2105 + 2301), Yo = —(2203 + 2305).
As usual, we complexify
g =< Ho:=—-2tH, Yy :=Y; +iYs >

with
[HO,Y:I:} = i2Y:|:a [Y+7Y*] = HO

and get the corresponding operators
I;[o = 722‘(1’182 - 1’281), Y:t = 7(1’1 + i.’ﬂQ)ag - .Tg(al + 282)

3.3.5 Remark: If we apply these operators to the vacuum vector of the Weil represen-
tation w, the Gaussian

po(w) = e m(HeFad)
we get A .
H()(po = 0, Y:tQDO = 477563(1’1 :l: i.’EQ)(pQ
1
and using the operators obtained in 3.3.2 specialized to Sy = 1

-1

Zpo = (1/2)00, Xip0 = (1 —2m(z} +23))po, X_o = ((1/2) — 2m23)0.

Hence, for the restricted representation w|gxgs, the Schwartz function ¢g generating
the Siegel theta is a vector of weight (0,1/2) but not a lowest weight vector as it is
for the Weil representation of the ambient group G. It is a natural task to search for a
Schwartz function which is a vector of dominant weight for irreducible representations
contained as subrepresentations in w|gxq . Before we go into this, we just state the fol-
lowing observation as a byproduct of the small calculations leading to the Remark above.
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3.4 Intermezzo: The Gaussian and U(g.)—Modules
We stay with the example G = O(2,1) though a generalization should be easy.

3.4.1 Remark: If we apply the operators for the derived representation of the restriction
w|axar to the vector 1 with

v1(x) == et tai—ad) _ —m(z.x)
we get ) )
Hop1 =0, Yep1 =0
and A ) A
Zer = (3201, Xy = (1/2)(3 = dn(e.a))er, Xogr =0

Hence, ¢1, which obviously is not a Schwartz function, has the properties of a lowest
weight vector of weight 0 for w|e and weight 3/2 for w|g.
One has

2
p1(x) = 2o (2)
and (from 1.1.3) Ugg = mw? Then the Remark above also reflects in the formal calcula-

tion where we identify the elements of g/, with their images given by the embedding into g:

3.4.2 Proposition: Let vy be an element of an U(g.)—module such that
Hjvo=(1/2)vg forall j=1,...,n and U vg=0 forall U™ e 5p(0’2),

and
o0

= (—2iUgs)" /1.

=1

Then one has
ZSUO = (3/2)SUO, X_SUO =0.

Proof: We recall

*i(zsj(U;} —Uj;), e1=e2=—e3=1,
J

—(1/2) ZAJJ :I:zZej U5 +U;;)
and abbreviate
Ug% = V, U?;)) = U, A33 =: A.

V commutes with all U j‘; and with Uj; for j = 1,2 and one has [V,U] = A. Moreover, V
commutes with A;;,j = 1,2 and one has [V, A] = —2V. By induction, one easily verifies
for I € N as relations in U(g.)

AV =VIA4 2V and UV = ViU — VIt A— 11 - 1) VL
Hence we get

AS = SA+Y 20(-2i)'V!/Il = SA — 4iSV and US = SU + 2iSA +4SV.
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and
X Svg = (1/2)(SO_Aj; —4iSV —i(>_e;(U; +Uj;) — 2iSA — 45V )y

(1/2)(s 25] g3 — U +Uj;)vo =0,

as vo has the property U~ jjuo = 0 for j = 1,2, 3. Similarly, one has
(SO &;(U}; = Uj;)) + 2iSA +4SV).
Here we use that we have the relations fi(UJTS —U;;)vo = 1/2 for all j and U V0 =
(1A + Uj'; + Uj;)vo = 0 leading to (i4;; + 2U]7§)v0 = (i/2)vg and get
ZSU() = (3/2)U0.

3.4.3 From the Remark 3.4.1 above one would expect to have also HySvy = Yivg = 0.
Here again we identify g = 0(2,1) with its image in g.. One has
Hy=-2iH, Y, =Y +iY,
with
H = A1y — A1, Y1 = —(Ai13+ Az, Yo = —(Aoz + Aszp).
H commutes with V' = Ugg. One has
Y1, U:;S} = _U1+37 [Y2, U;FS] = _UZJ%v
and hence
iV =V — WU, Y2V = VY, — UL,

We get
HyS = SHy, and Y3 S = S(Yy + 2i(U5 +iUR))

and see that for the relations HySvg = 0, Y4+ Svg = 0 one needs the conditions
Aqsv9 = As1vg, , and (A]k + Akj)’l)o = 2’L'U;]_€Uo.

These conditions are fulfilled if we take vy = g and the realization by the Weil repre-
sentation but certainly there is more background to this simple discussion.

3.4.4 Tt should be interesting to see an explicit decomposition of the U(g.) module be-
longing to the Weil representation into its irreducible (U(g.) x U(g.))—modules. I don’t
know whether this is done someplace. But a somewhat equivalent task is easily accessible
and we will describe this now.

4 Decomposition of the Weil Representation and Rallis-
Schiffmann Thetas

4.1 Weil Representation wg

We present explicit material (partially going back to Rallis and Schiffmann [RS1-3]) col-
lected by M. Vergne in [LV] concerning the decomposition of the Weil representation w as
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a representation of the dual pair G = O(p, q¢), G’ = Sp(m, R), in particular for m = 1. In
this section we are interested in the discrete spectrum of w as representation of G- G’. It
is a special case of a more general conjecture by Howe that the restriction of w induces a
one-one correspondence between the irreducible unitary (discrete series) representations
of G and G’. This has been proved by work of Howe, Rallis, Schiffmann, and Strichartz
([Ho3], [RS1], [Str]). We shall follow essentially the presentation given in [LV] p.205ff.

4.1.1 We restrict our treatment to the case G’ = SL(2,R),G = O(S) = O(p,q) and
denote by ws the restriction to G - G" of the Weil representation @ of the metaplectic

cover G7 G = Sp(n,R),n = p+ ¢. In order to describe the decomposition of & we have
to fix a lot of notation and reproduce some elements of the representation theory of G’
and G though the reader will probably know most of this.

4.2 Discrete Series of G’ = SL(2,R)

This group has three types of unitary irreducible representations , the discrete, the prin-
cipal, and the complementary series representations .

4.2.1 Here we only report on the discrete series ;" and 7, for k € N,k > 2. 7 is

a lowest weight representation with a lowest weight vector v which, using our notation
from 3.6, is characterized by

drf (Z)v = kv, dr;f (X_)v = 0.
Similarly 7, has a vector v_ of highest weight —k characterized by
dr, (Z)v— = kv_,dm, (X4)v— = 0.

Standard models for these representations come from the space O($)) of holomorphic
functions on the upper half plane, resp. the space O($) of antiholomorphic functions
with prescriptions

(rula ™)) = (er + 7 H (o) torat fe 0(o), 9= (¢ 7)€

resp.

(7r(g™ ") f) = (cF+d) " fg(r)); forall feO(H), g= (‘CL Z) ed

If one restricts to the spaces L? (9, du) resp. L2, ... (9, duy) of holomorphic resp. an-

tiholomorphic funtions on $) with finite norm for the measure duy(7) = v*~2dudv, one
has unitary representations .

4.2.2 Remark: It is an easy but interesting exercise to verify that
Yo(1T) = (F —w)™*, we9n,
is a lowest weight vector for 7 which fulfills the fundamental relation

T1(9)w = (cw + d) Fhy ().
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We use the coordinization

G' =SL(2,R) 3 g — (‘c‘ Z) — n(w)t()r(®),

= (1 4) o= (U7 )= (0, )

and the standard notation j(g,7) = (c7 + d), jr(g,7) = (c7 + d)~*. Hence, we have
9(i) =u+iv=",j(g,1) = (ci +d) = v 12671 and we put

with

(This coordinization goes back to Lang’s book SLa(R). Vergne in [LV] and some other
authors use u(f) := r(—0) for the parametrization of SO(2))

For U € g’ we denote by Ry the right invariant operator on C*°(G’) given by
d
Ru®(g) = - &(exp(—tU)g)le=o
and by Ly the left invariant operator given by
d
£u(g) = La(glerp(t))]mo.

4.2.3 For a moment we replace u, v by x,y. A standard calculation (see for instance Lang
[La] p.113) leads to

Rz = i((1+2%—y*)0s + 22y0y + ydy)
Rx, = +(i/2)(((x £4)? —y?)0, + 2(x £ i)ydy + ydy).
and
Lz = —idy
Lx, = =£(i/2)eF*"(2y(d, Fid,) — D).

If vg € V is a lowest weight vector of weight k for the representation (m, V'), one has
7(r(9))vy = e?*Pvy and one can see that

(ci+ d)*m(g)vo = v~ "*m (g, )vo
depends only on 7, hence we abbreviate it by v,.

4.2.4 Remark: The lowest weight representation (7, V') is isomorphic to a subrepresen-

tation of (7, O(9)), the isomorphism being obtained by sending vy, t0 ty,.

If one has a group acting transitively on a space and an automorphic factor j for this
action, there is a standard procedure to define an appropriate lift of functions on the
space to functions living on the group. In our case, we look at the action of G’ on $
and the automorphic factor ji(g,7) = (¢ +d)~* and for a function f : § — C define
the lift ¢ : f—— @5 by ®¢(g) := jr(9,7)f(g(i)). One has the fundamental fact (see for
instance [La] IX §5):
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4.2.5 Proposition: The function f is holomorphic if and only if
Lx ®;=0.
We denote
M(G' k) :={® € C(Q"); &(gr(9)) = e ?®(g) forall g € &', r(¥) € K'}
and by A the representation of G’ given on M(G’,k) by (inverse) left translation
Me(90)®(g9) = ®(gg tg). Then it is not difficult to prove

4.2.6 Proposition: The lifting map ¢, intertwines the representations 7 and Ag.

There is the inverse map I to ¢y given by associating to ® € M(G’, k) the function
f(T) = U_k/Q(I)(g‘r)'

4.2.7 Up to now the index k& was an integer and our group G’ = SL(2,R). We also will
have to work with the metaplectic cover G’ = Mp(2,R) and halfinteger k. As in this
report we follow Vergne in [LV] p.184, we look at the universal cover G of G’ in the form

G:={(g9,9¢9);9 € G, € O($) such that (1) = j(g,7)}.

We denote by pr the projection G — G’. and, for o € R, by 74,0 the representation of
G given on O(H) by
ma0((9, @) f (1) = e f(g(7)).

For a = k € Z the projection pr intertwines my ¢ with the representation 7, of G’ given
above.

1
For J := ( ) one has the one parameter subgroup

-1

—sinY  cosV

K’ = S0(2) = {r(9) = ( cosy SM)}

of G’ and, above in G, the group
K ={0(9) == (r(9), p0); po (i) = —id}.
For a € R we define
M(G,a) := {® analytic on G; ®(§6(0)) = ¢’ ®(3) for all § € G}.

and denote by A, the representation of G given on M (G, a) by left inverse multiplication
A (G0)® = @(g5 ). We put an((g,9) := e*¥). One can verify easily that for ® €
M (G, «) the function I,® given by

1a(9) := aa(9)®(9)

is invariant by right translation by §(«}), Hence one can find a function on $ still denoted
by I,® such that I,®(g) = I,®(pr(§))()). From Lemma 2.3.13 in [LV] we take over the
following fact.

4.2.8 Remark: I, intertwines the representations A, and 7, o
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4.3 Elementary Thetas and their Construction

Though it is somewhat redundant in view of what we already did in 1.2.2, we want to
illustrate the notions we just introduced and we describe again a bit more precisely a
construction of the simplest theta functions.

4.3.1 The Weil representation of G’ on H = L?(R) as a special case given by the formulae
in 1.1.1 decomposes into two irreducible subrepresentations weyen =: Tw 4, Wodd =: Tw,—
namely those given by the even and the odd functions. As already shown in 1.1.4, the
even function ¢y = e —72% is a lowest weight vector of weight 1/2 for weyen, and a small
calculation shows that )
—Tx

o) == e

is a lowest weight vector of weight 3/2 for wyqq-

4.3.2 Vergne’s Program: As Vergne states in [LV] p.179, one can construct a modular
form of weight k and character x for a discrete subgroup I" of G’ (or G) by achieving two
steps.

1.) Find lowest a lowest weight vector v # 0 of weight k in the space H of a repre-
sentation .

2.) Find a functional € H’ such that

7(7)0 = (x(7))"0 for all v €T.

Then, using the map Ij resp I, introduced above, one can transfer §(w(g)v) to a holo-
morphic function f living on § with the properties wanted.

In our case we have the lowest weight vectors v = ¢y and v = ¢, of weights k = 1/2 and
k = 3/2 for the subrepresentations of the Weil representation . For the determination of
the semi invariant functional fitting to certain subgroups Vergne goes a long way back
to the Schrodinger and lattice representation of the Heisenberg group. To abbreviate

things, here we simply take the theta distribution 6 =), d, and get
. 2 . 2
0(w(g-)po) = v'/4 Z e™™ Iy j20(w(gr)po) = Z em = 6(1)
neZ nez

and

H(W(gr)Qﬂl) _ U3/4 Z newz'rn 13/20 g‘r 900 Z evmrn
neZz nez

The first function comes out as our fundamental theta function with the precise trans-
formation property given as follows (see for instance [LV] p.204)

4.3.3 Theorem: For every v = <Z Z) with a,b,c,d € Z,ad —bc = 1,ac = 0
mod 2, bd =0 mod 2 one has

0(y(r)) = A(y)(er +d)'/%0(r)

where (c7+d)'/? is the principal determination of (c74d)'/? and \ is a rather complicated

character given in [LV] p.201. In particular, if ¢ is even, A(v) = ¢;'(2). For d an odd
integer €4 is defined to be

eqg = 1ifd=1 mod4
iif d=—-1 mod 4.
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The second function apparently is identically zero. But one still gets reasonable functions
by taking a character ¥» mod N and ¢t € Z defining

9;};7t(7—) = Z w(n)e%inn? for 1 even

neZ
and
b, (7,t) == Z 1/1(7L)7”L62“Tt7‘2 for ¢ odd
neZz
with .
0 (v(7)) = w(d)(g)egl(cr +d)' 20} (r)  for all y € To(4N?t),
and

05,4(1(7)) = w<d><§>sgl<cr +d)*20,,,(7)  for all v € Fo(4N?1).

4.4 The Theta Miracle

We add an observation which for me plays the role of a Theta Miracle. In 1.3.2 and 1.3.3
we extended the Weil representation of G’ resp. G with the Schrodinger representation
of the Heisenberg group to the representation mgy of the Jacobi group G7. If we take
our vacuum vector of lowest weight 1/2, namely po(x) = e‘”z, we get

0g0 () = Tsw (1, ¢, k) g-7(9))po (z) = p1/4emi0)/2 mi(ktp? T +pata®T+2(pT+e))

We will see that ®y(g”7) := ©47(0) directly can be interpreted as a lowest weight vector.
4.4.1 To explain this and prepare some more material useful later, we treat the Lie

algebra of the Jacobi group. As in [BeS] or [Ya], we describe the Lie algebra g’ as a
subalgebra of sp(2,R) by

G(z,y,2z,p,q,7) =

onNT R
cocoo
Q
=

and denote

X =G(1,0,...,0),...,R=G(0,...,0,1).

We get the commutators

X,Y] =2V, [X.Z]=-22, [Y,Z]=X,
[va]zfpa [XvQ}: Q, [PaQ]:2R7
[K‘P]:_Q7 [ZaQ]:_Pv

all others are zero. Hence, we have the complexified Lie algebra given by
gl =< 71, X+,Yx, Zy >
where as in [BeS]
Zy=—-i(Y - 2Z), Zy = —iR,

X+ =(1/2)X £iY +2)), Y =(1/2)(P £iQ)
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with the commutation relations
[Zl,Xi] = :|:2AX:|:7 [Zo,Yi} = :|:Y:|:, etc.

4.4.2 The complexified Lie algebra g of the Jacobi group is realized (see [BeS] p.12) by
the left invariant differential operators

Lz, = i0y |
Ly, = (1/2)y=2e7(0), — (z + iy)dy — (p(z + iy) + q)x)

Lx, = £(i/2)eF2 (2y(d, F i0,) — O)
Ly = —i0y

acting on differentiable functions ¢ = ¢(g) with the coordinates coming from

g = (p, ¢, k)n(x)t(y)r(?).

where
)= (1 )@= (7 e )= (5 )
with
a = cost, B =sind,
and

9(i,0) = (7, 2) = (z + iy, pT + q).

As usual, we put
N’ = {n(z),z € R}, A" = {t(a),a € Rxo},

K' =80(2) ={r(9),9 € R}, M = {+E}.
4.4.3 We introduce the standard automorphic factor for g7 = n(u)t(v)r(9)(\, u, k) € G

c(z + A1+ p)?

A 4222+ A
cT+d AT 24 M)

Jmi(g?, (1,2)) := (et + d)"Fe™(k —
4.4.4 Proposition: The function
Bo(g7) = !/ 2em P g7 = (p, g, m)n(u)t(v)r (V)
fulfills the relations
Lz, D0 = (1/2)Pg, L2zPy = (1/2)Py, Ly Py =0, Lx_Py=0,

i.e. ®( spans in the restriction of the right regular representation of G* a representation
of lowest weight (1/2,1/2) for the subgroup K7 := {(0,0,x)r(9); x,9 € R} of G7.

4.4.5 Tt is easy to see that one has ®((g”’) = j1/271/2(g‘], (7,0)) and that ®q is invariant
under left multiplication by elements of the group N7 := {(0, q,0)n(u); ¢, u € R}. Now,
if we want invariance under the group I'/ := SL(2, Z) x Z3 or an appropriate subgroup,
we try the averaging

O(g7) =Y _ @((¢,0,0)g”),

LeZ
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which has the same outcome as the application of the theta distribution from 4.3.2 to
g7 (x) : We get

0(97) = Xiezmsw((p,q,k)grr(9))po(t)
—  pl/4pmiv/2 o mi(r+p T+pq) ZeEz emi(T+2(pT+q)8)
= Jij2172(97,0)0(7, 2).

As usual, using the Poisson summation formula, one can see ([Bel]) that (by the theta
miracle) our construction has a built in invariance property with respect to the element
(0,0,0)J € T and hence for the whole theta group. We cite from [Mul] p.32.

4.4.6 Theorem: For v = (CCL Z) € I'yp one has

ar +b ? _ 1/2 micz?/(cr+d)
9(07+d’cr+d)_C(CT+d) e 0(t, z)
with
¢ = z‘<df1>/2(ﬁ) c even, d odd
emie/4(4) d even, ¢ odd.

4.4.7 From [Mul] p.227 we take over that one has the same relation for the more general
function

9[ ](T,Z) — Z eﬂi((n+a)27+2(n+a)(z+b)).

nez

a
b
If one takes here the differentiation 9, and afterwards puts z = 0, one gets

21 ] o0 ' ]

(3(7),0) = Gler + d)2———

0z (7,0)

i.e.
a
00 | b ]
0z

(1,0) = 2mi Z (n+ a)e”i[(”+a)27+2("+“)b)
neZ

is a modular form of weight 3/2. We observe that the function ¢f, reappears by a differ-
entiation of a function stemming from .

4.5 Representations of the Orthogonal Groups

We start by looking at the compact group G = O(p) belonging to a positive definite form
S on V =RP. G acts on functions f on V via A(g)f(z) := f(g~'x) and similarly on the
space P := Clz1,...,xp] of polynomials. One identifies V' with its dual V* via S. and
this identification extends to an identification of P the space D of differential operators
with constant coefficients on R? via P[z1,...,xp| — P(01,...,0,). Hence P is provided
with an O(P)-invariant hermitian inner product given by

< P,Q >:= (P(0:)Q)(0).
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4.5.1 Proposition: The Laplace operator Ag := ?:1 8]2 commutes with the action of
G and the space

H™ =H"(RP):={P e P;AgP =0,deg P = m}

of harmonic polynomials of degree m is the space of an irreducible unitary representation
dm of O(p).

One has )
dim H™(RP) = <m+p ) - (m“’?’).

p—1 p—1
If p =1, this is zero for m > 2.

Moreover, it is a standard fact that each polyomial P can be written as asum P = Y S’ P;
where the P; are harmonic and S = S(z) := S(z,x). As the space

{P(z)e"™5@), P e P}
is dense in L?(RP), one has a decomposition
Lz(Rp) = @mENoLz(‘Sm) = Gmen, H™(R?)

where L?(6,,) indicates the isotypic component of type &,, in L?(RP) (and m is only 0
or 1 for p=1).

4.5.2 If SP~! denotes the sphere in R”, one has as well (see for instance [Kn] p.81)
C=(SP71) = Bmen, H™ (RP).
Now, we will take a look at the non-compact case G = O(p,q),p > q,q > 1.

4.5.3 It is clear that each representation of G = O(p,q) will decompose under the
compact subgroup K = O(p) x O(q) and we shall have to find a way to analyse this
decomposition. We take again the action of g € G given on functions f on RPt? = R
by A(g)f(w) := f(g~ w). We write

R" =RPTI 5w = (z,y), r € R,y € RY; r(x) := (22,... 302)1/27 r(y) = (y,... 7yg)l/2

and
XY = {(x,y) € RPYY; r(x)? —r(y)? =0},
X = {(ny) € R r(@)? —r(y)? 2 0},
xt = {(z,y) € RPTY; r(2)? —r(y)% = t2} for t > 0.

G acts transitively and one can construct representations on spaces of functions living on
each one of these sets. Though it is not the most appropriate one for our later application,
we briefly follow the nice and accessible presentation given in [HT], which is based on
the cone X°. There are fundamental papers by Strichartz [Str] and Rallis-Schiffmann
[RS1-3], which use Xt and the hyperboloid X*. We will come to this later but for now
study spaces of homogeneous functions on the (G—invariant) light cone X° : For a € C
denote by S%(XY) the space

SUXxY) = {f € C=(X%); f(tw) = t°f(w), w € X°, t € Rug}.
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Since O(p, q) commutes with scalar dilatations, it is clear that S%(X°) will be invariant
under the action given by \. To study the structure of S?(X°) as O(p,q)—module we
consider the action of the compact subgroup K = O(p)xO(q). We take the tensor product
of the harmonic m—forms H"(RP) and the n—forms H"(R?) and its embedding into
Se(x0) given by

Ja = Jaymn : H™(RP) @ H"(RY) — S*(X°); hi ® ho — hy(2)ha(y)r(z)*
with m + n + 2b = a. Then one has (Lemma 2.2 in [HT))

4.5.4 Lemma: As an O(p) x O(q) module, the space S(X°) decomposes into a direct
sum
SUX0) ~ Y ju(H™(RP) @ H™(RY))

m,n>0

of mutually inequivalent irreducible representations .

One refers to the spaces j, (H™(RP)@H"(R?)) as the K —types of S¢(XY). To understand
the representation one has to study how O(p, ¢) transforms one K—type into another.
For this purpose one can use the ladder operators given by the generators of the Lie
algebra p from 3.3.3

flau + Aua =200y + 7,04

in their action on functions on RPT4. By a routine calculation (carried out in [HT] §6.1)
this action can be transfered to maps between the K—types and, for ¢ > 1, one gets
(Lemma 2.3 in [HT])

4.5.5 Lemma: For each pair (m,n), there are maps
TjE £p @ (H™(RP) @ H*(RY)) — (H™FH(RP) @ H™FH(RY)),

which are independent of a and which are nonzero as long as the target space is nonzero,
such that the action of Y € p on the K—type j,(H™(RP) @ H"(R?)) is described by the

formula
p(YV)ja(¢) = (a—m—n)j (T LY ® ¢))
Ha—m+n+q—2)jTha(Y ©0))
Ha+m—n+p—2)ju(Tph(Y ®0))
+Ha+m+n+p+q-— 4)Ja( Y ®9),

where ¢ € H™(RP) @ H"(RY).
One sees easily that the transition coefficients relating the different K —types are never

zero if a is not an integer and hence one has an irreducible O(p, ¢) module. In [HT] one
finds a detailed study what happens for integer a and which representations are unitary.

4.5.6 As we are particularly interested in this special case, we finish by reproducing some
results concerning the case ¢ = 1 omitted above. When ¢ = 1, the light cone X is not
connected. One denotes

X0+ .= {(z,y) € X% y=+r(2)}.

Each subspace X% is stabilized by a subgroup OT(p, 1) of index 2 in O(p,1). And ana-
lyzing S¢(X°) as an O(p, 1) module is the same as analyzing the space of even functions
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St (X0) ~ §4(X%F) as an OF(p,1) module. For a € C we can define embeddings
Ja = Jam : H™(RP) — SUX™); b R(z,y)y* ™",

One has
SHXOT) ~ Y ju(H™(RP))

m>0

and parallel to Lemma 4.5.5 the action of p in this case leads to
(230 + Y0y, ) (hy*™™) = (a —m)T} (R)y*~" " + (a+m+p—2)T; (h)y* ™"

One concludes that S¢(X%%) is always irreducible except when a is an integer, with either
a>0ora<—p+1,in which case S¢(X°") has two constituents, one of which is finite
dimensional. In [HT] there is a discussion of the unitarity of the representations . In this
degenerate case we have unitarity for a € C with Re ¢ = —(p — 1)/2,a € (—(p — 1),0),
or a € N.

4.6 Decomposition of the Weil Representation Associated to a
Positive Definite Quadratic Form

We use the notation (V,S) to denote an orthogonal space and (V’,B) resp. (V :=
VeV,B:=S® B) to denote symplectic spaces with standard bases as in 3.1.4,
dimV = n,dimV’ = 2m. w is the Weil representation of G = Sp(mn,R) ~ Sp(S ® B).
(resp. @ for the metaplectic cover G’) as in 1.1 and wg its restriction to O(S) x Sp(B)
resp. Wg for the metaplectic cover. For positive definite S the decomposition of &g is
described in Kashiwara-Vergne [KV]. Here we restrict to n = p and m = 1 and follow
[LV] p.209f.

4.6.1 From 3.3.2 we repeat the formulae for the derived representation of wg on S(R™)
restricted to g, = (2,C) =< Z, X4+ >

Z =n(z,x) — (1/4m)A, X+ = (1/2)(E 4+ n/2 F (n(z,x) + (1/471)A)), E = ijaj,

and from 3.3.3 for the restriction to g = {Y € M(p,R);Y = -}

Yo = l‘aag + 1’55,1.

As G and G’ commute in G, the subspace L2(6,,) of functions in L*(V) ~ L*(R") of
type d,, with respect to O(S) is stable by G' x O(S) and one has the multiplicity free
decomposition

LZ(V) = @mENOLz(am)~

From 4.5.1 we take a harmonic polynomial of degree m and put

—nlrx _ efﬂS(m) )

pp(x) := P(x)po(x), po(z) :=e

After a short calculation we get
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4.6.2 Proposition: . .
Zop=(m+p/2)ep, X_pp=0.

Hence ¢p € L*(6,,) is a lowest weight vector for the discrete series representation

ﬂ;+p/2 =: a of G’ = SL(2,R) resp. its covering group G and we have the decompo-

sition of @g in unitary irreducible representations of O(p) x SL(2,R) as
wg = @m(ﬁ(p/2)+m) ® O )-
Following the same program as we did in 4.3, now we look at
(ws(gr)pp)(@) = v*/2P(x)em ™5
and
prr(2) = La(ws(g:)pp(z) = Pla)e™ 5,

We have (at least for integral o) the relation

o a b
os@rr =+ ryi g = (4 })

and applying the theta distribution we get for the positive quadratic form S the theta
function with harmonic coefficient P

Op(7) := Z P(x)e™m5(®)

TEZP
for which one may expect some behavior of a modular form of weight «.

4.6.3 As we did in 4.4, here we also can construct a Jacobi theta function living on the
Jacobi group adapted to this case

G7 .= SL(2,R) x Heis(R™).
Analogously extending the previous notation, we get
a/?eia

i(ﬁ+2(tﬂc+tp)q+75(x+p))p(

ws((p, 4, K)grr(V))pp(z) = €” T +p

and hence
ws((p, 4, R)grr(9))pp(0) = e TEVIRTSWD P(p)© 2t = Bp(g)
a lowest weight vector living on G; which as in 4.4.5 may be used to introduce

@P(gr{) = Z[ezn CDP((&O’O)gg)

_ e‘n’i(rg-{-tp(TSp—‘rq)),U(x/QeiOéﬂ Z[GZP P(p + g)efri(TS(f)—i-Qté(TSp—&-q)

For P =1 with 7¢ := 75, Zg := 75p + ¢ we see that this ©; is up to an automorphic
lifting factor the special value (already coming up in 1.3.7) of the dimn—Jacobi theta

function
N tya
0(7_, Z) _ E eﬂ'l( 070+2 Zz)’
LeZm

which is discussed in [Mulll] Section 8. It is interesting to analyze what happens if P is
a polynomial of higher degree. For this here we refer to [Mulll] Section 9 treating Jacobi
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theta functions in spherical harmonics.

4.6.4 We go back to 4.6.2 and for later use we reproduce from [LV] p.222 the introduction
of an operator F,, which intertwines the representation @g of O(S) x G on L?(8,,) with
the representation T, ® d,, on the space O($) @ H™ ~ O($H, H™). This F,, is defined by

< Futh(1),Q >:= /Ve—ﬂﬁs@w(g)cg(g)dg for all o € L(5,,), Q € H™.

Fm is injective and has the property

Fmppr(w) =clw—1)""® P.

4.7 Decomposition of the Weil Representation Associated to an
Indefinite Quadratic Form

We take G = O(V) ~ O(p, ¢), G’ = SL(2,R) and the covering G . Adapting the notation
to the one used here, we reproduce from [LV] 2.5.26

4.7.1 Theorem: The discrete spectrum of the representation wg of G x G is given as
follows
A)yForp>1,g>1

(&S)d = @a>1(8a ® ﬁa) D ®ﬁ>1(8ﬁ ® Wﬁ)
where o, 8 € Z if (p—q)/2 € Zand o, 5 € (1/2)Z if (p—q)/2 € (1/2)Z. The representation

dq(resp. 0g) is a irreducible representation of O(p, q). Its restriction to O(p) x O(q) is

o = Dm0k @0, k—m~+(p—q)/2=a+2j, >0
resp. R
08 = ®k,m0k @ 0m, m—k+(q—p)/2=0+25, j>0.
B)Forp>1,g=1
(@8)d = Ba>1(0a @ 7a)
with

Vo = Brym=0,10k @ O, k—m+ (p— 1)/2=a+2j, j>0.
C)Forp=q=1
(@s)a = 0.
We will discuss this theorem and show a way to get lowest weight vectors for these repre-
sentations . The first thing to remark is that there is a kind of precursor to this theorem

going back to Gutkin and Repka treating the decomposition of the tensor product of two
discrete series representations of SL(2,R).

4.7.2 Remark: The product 7, ® mg, @ > 3 contains discretely the sum

DBa—p-2j>1,j€Z Ta—B-2j-

4.7.3 Next, we write according to the orthogonal decomposition V. = Vi & Vo, Vi ~
RP,V, ~ R4
LA(V) = L2(Vy) & L2 (V).
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Then from 4.7.1 we know that &g as a representation of SL(2,R) x O(p) x O(q) is
isomorphic to
Ok,m T(p/2)+k @ T(q/2)+m @ Ok @ O
We put
d:=k+p/2—(m+q/2)
and will see that, when d > 1, the representation 7,/ ® 7,4 4/2 contains T4 by ana-
lyzing the shape of a lowest weight vector vg of wg :

4.7.4 From 3.3.2 we recall the formulae for s[(2,R),

7 = m(wx) - (1/(4m)A
Xe = (12)(B+n/2F (n(a,z) + (1/(4m)A))
where
p p+q p p+q pt+q
(x,2) = S(z) := Zmi - Z 1:12“ A= Zaﬁa - Z 63“, E = ijﬁmj.
a=1 p=p+1 a=1 p=p+1 j=1

and from 3.3.3 for o(p,q) with 1 < o, 8<p, p+1<pu,v<p+gq

Yaﬁ =200z, —20s,, Yo = 2,0z, — xuazw You = xaazu + 2,0, .

s

Our @s on H = L?(R") is simultaneously a representation of G = O(p,q) and G =
Mp(2,R). Hence it is natural to look at subspaces of functions which are invariant under
both groups and we take

Hy:={p € H;plx- =0}
We recall the remarks 3.3.5 and 3.4.1 and look at functions
o =11, pr(x) =e ™) Y e C®(R")

for x with S(z) > 0 and ¢ = 0 for S(z) < 0. By a small calculation we get
4.7.5 Remark: One has
Zp = (=(1/4m) Ay + By + (n/2)9)p1, X— = (1/(8m)) Ao
We see that ¢ = e ™) is a lowest weight vector of weight X if one has
AY =0, B+ (n/2)0 = M, ¢ = e @) e K.

Hence, we have to look for ) fulfilling these conditions. If v is a homogeneous polynomial
of degree m which is annihilated by the Laplacian A belonging to the indefinite form S,
this could lead to the weight m+n/2. But that’s not the true story. A refined discussion
of the solution of these equations and the representations showing up in the decompo-
sition is done by Rallis and Schiffmann in [RS3] with a summary of their results given
in [RS1] or [RS2]. As already done above, here we follow the version given by Vergne in
[LV] p.225f.

4.7.6 Remark: By some easy calculation one has with A, E, and S as in 4.7.5

A(SYf) = S*Af +4aS* YE+ (n/2) +a—1)f, f€C®R")
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and with
Py a harmonic polynomial of degree £ in x1,...,zp,
_ NP 2
S1 = a=1La>
P, a harmonic polynomial of degree m in zpy1,...,Zptq,
_ \"Pt+a 2
52 - u=1+p LC#,
and

¥ = Py PS¢ Sy 87

for S1(z) # 0 and Saz(z) # 0 one has
Ay =0
if
1) (p+q)/2+v—1+2a+26+k+m=0and
2) a(p/2+a—1+4+k)=0and
3) B(qg/2+B—-1+m)=0.

If we put 8 = 0 we already get the first statement in the following theorem.

4.7.7 Theorem: For

Vp,,py = P1PQSf+<p72)/25’(1’_q)/2+k_m_1 for all « with S(z) >0
= 0 for all z with S(z) <0

and the Rallis-Schiffmann function

R —7S
Pr,P, = ¢P17P26 m8()

one has with d:=k —m+ (p —q)/2

1) A?ﬁpl’pz =0, (E + n/z)'(/)Pth =d- Vpy,p,

2) Ypr,p, € LQ(R") ifd>1,

3) Yp,pP, € Ll(Rn) ifk—m>q,

4)If p+q > 2 and k—m > g, then ¢p, p, isin L' (R")NL?(R") and is continuous.

As already said, item 1) is clear from our previous remarks. For the other statements we
refer to [LV] p.228/9.

4.7.8 Corollary: Hence the Rallis-Schiffmann function is a lowest weight vector of
weight d for the representation of G’ and of type k and m with respect to the action of

O(p) x O(q)-

Vergne observes that moreover for the indefinite case one has an analogy to the definite
formulae in 4.6.2. Using the operator F,, introduced in 4.6.4 one sees that the operator
Fi ® Fp, intertwines the representation &g of G’ x O(p) x O(q) restricted to L2(5x ® 6,
with the representation

T(p/2)+k & T(q/2)+m @ Ok & O
The representation 7, /2y 11 ® T(q/2)+m acts on the space of functions F'(71, 72) antiholo-
morphic in 7y and holomorphic in 5 by

(R (py2)+6@T(qs2)1m) (g )V F) (71, 72) = (crr+d) = /DR (crpd)=(@/2DTm) p(g(7), g(72)).
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A function antiholomorphic in one and holomorphic in the other variable is is entirely
determined by its restriction to the diagonal (7, 7). Hence it is natural to consider the
representation 7, g of SL(2, R) acting on all functions on ) by

(Tap(g™DH(W) = (7 +d)~ (e +d) P f(7(g)), w € H.
The operator -
¢ (Fr @ Fm)o)(T,7)
intertwines the representation @S‘L2(5k®5m) with 7, /2)4k,(q/2)+m @ Ok @ 0p. We still
denote this operator as (Fr ® F,) and introduce another operator by

F(w) — (M f)(w) = (Imw) = @2+ f (w),

which intertwines the representation g0, d = ((p/2) + k — ((¢/2) + m) acting on the
functions on ) with the representation 7, 2) 4 k,q/2)+m- The representation 74 is naturally
contained in 74,0, thus in 7, /2)4x,(g/2)4m- From 4.2.2 we deduce that the function on $
given by

Yhlw) = (tmw) (@) (g )

T

verifies the relation (excuse the double meaning of the letter d)

T(p/2)+k,(0/2)+m (905 = (T + d)_d%(r)-

As to be seen by some calculation as in [LV] p.234 the variant of the Rallis-Schiffmann
function from 4.7.7

@Plpw(x) — P1P251—(k+(p—2)/2)Sdﬂemrsu)’ reH
has the following properties.

4.7.9 Theorem: For d > 1 and harmonic polynomials P;, P, of degree k resp. m in p
resp. g variables one has
<PP1P2,7—(-75) € L2(6k ® (Sm)

and -
(Fr @ Fm)pppyr(x) =9, @ P ® Pa.

Hence ¢p, p, () fulfills the fundamental formula
ws (g)QDP1P277' (CC) = ](gv T)7d¢P1 Pag(T) (l‘)

which makes it a candidate for the production of a modular form of weight d via a theta
distribution.

4.7.10 Remark: We remind that there is a direct way from the lowest weight vector
wp, P, 10 ©p, p,r(x). From the formulae of the Weil representation with our matrix g,
transforming i to 7 € §) as already used in 4.3.2 we have in this case

w(gr)op P, () = 070, pyg(r) (7).

4.7.11 Up to now we treated the Rallis-Schiffmann functions only with respect to their
behaviour concerning the group SL(2,R). But one can proceed similarly concerning the
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orthogonal group. Here we take as an example the case p = 2,q = 1. In 3.3.4 we
determined operators for the complexified algebra

]fIO = —2i(x182 - xgal), }Afi = —(1'1 + i.’EQ)ag - .’Eg(al + 282)

For
¢ =1p1, p1(z) =e 5@

one gets

Hop = —2i(2100, — Tothe, )p1, Yip = —(2100s + 300, F i(T2tey + 300, )1

For the Rallis-Schiffmann function from Theorem 4.7.7 in this case one has only two
choices for the polynomial P5, namely Py(z) =1 or = z. We take P> = 1 and get

op,.p, = Pp, pye )
with
Yp . p, = P SkSk1/2 for all x with S(z) >0
=0 for all x with S(z) <0

As a homogeneous harmonic polynomial P; in two variables one can take P (z1,x2) :=
(1 ix9)*. Then we have

oh =gk o, h = (a1 Fiag) TFS(x)k 12
and by the formula above get
Hoph = £2keh; Yook =0, Yok =0.

Hence we get a refinement of corollary 4.7.8.

4.7.12 Proposition: cpi is simultaneously a lowest weight vector of weight 2k for a rep-

resentation by =k +1/2 of G = 0(2,1) and of weight k + 1/2 for the representation
7o of G = Mp(2,R).

In this example we finally have the corner stone for the construction of a theta function
living simultaneously on the orthogonal and the metaplectic group and, hence, apt to
produce a correspondence between automorphic forms belonging to these groups.

4.7.13 We pursue this a bit reproducing the construction of the theta function leading
to the Shimura correspondence from [LV] p.268f.

As orthogonal space we consider the vector space

FE = Sme(R) = {y = (yl y3> }Y1,Y2,Y3 € R}
Ys Y2

with the quadratic form S’(y) = —2dety and the associated bilinear form
S'(y.y') = 2ysys — y1ys — Y21/

The transformation
Y1 =23+ T1, Y2 = T3 — X1, Y3 = T2
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leads to our usual signature (2, 1) situation
S'(y) = 2(ai + 23 — 23).
The group SL(2,R) acts on E by g -y := gy'g. This action leaves S(y) stable and - as

well known - leads to a surjective map ¢ : SL(2,R) — 0O(2,1)° with ker ¢ = {£15}.
This map is given by

o b a? b? 2ab
= (C d> — ¢(g) = 2 d? 2cd
ac bd ad+ bc

We use ¢ to transfer the restriction &g of the Weil representation from O(2,1) x G’ to a
representation of SL(2, R) x G’ where the representation of the first group, abbreviated
by G, is given by o(y) — ¢(o(g71)y). Our Rallis-Schiffmann function written in the
y—coordinates looks like

e+ (y) = ((1/2)(y1 — y2) — iyz) =S (y)e ™' W),

1/2 -1/2
Forz=z+iwyand g=g, = (y xyy_1/2> one has

yfl I2y71 f2a:y’1
plgz")=1| 0 y 0
0 —x 1

and ¢(g; 1) transforms

((1/2)(y1 — o) — iys — (1/(29)) (1 + 222 — 22y5) = =53, Q(2)); Q(2) = ( f) .

4.7.14 Hence, using 4.7.10, we get by application of the Weil representation to our
Rallis-Schiffmann function expressed in the y—coordinates

(W(g: - 9L)pp ) (y) = (=29) P /D287 (y Q(2)) S (y) b1/ 2™ W),

for S’(y) > 0 and by zero for S'(y) < 0. We put

o (2, 7)(y) = S'(y, Q(2))S (y)F~1/2em 5 W)
and have a function with the fundamental relation

09,9 (2,m) = g, 2) (g, )" EHD M (g(2), ¢/ (7).
By a suitable skillful averaging procedure (as in [LV] p.272f) one comes to a theta function
in both variables z,7 : We consider the groups

To(N) ;:{(‘CL Z);czo mod N}.

and

T'o(0,2N) ;—{(Z‘ Z); b=0 mod 2N}.
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[o(N) denotes the inverse image of To(N) in SL(2, R).
Let ¥ be character mod 4N and with a slight abuse of notation also the character

= (2 5) v

of To(4N). X denotes the theta character, i.e. for 7 € To(4)

A7) = eal(5),

aulo

and u a function on Z/NZ satisfying u(aj) = 1(a)u(j). The one has the central state-
ment.

4.7.15 Theorem(Theorem 2.7.17 in [LV]): For k > 1 the function Q,, given by
Qulzr)i= Y uly)e (= 7))
yE€Z3;5 (y)>0

is a holomorphic function of (z,7), which is

- modular in 7 with respect to ['g(4N), with character \ip, of weight k + (1/2)
and
- modular in z with respect to I'g(0,2N), with character =2, of weight 2k.

For a function u on Z/NZ the Fourier transform @ is defined by

i(m) == > u(h)e >N,

h€Z/NZ

If one chooses u = uy with @y = 1 the Petersson inner product of a certain cusp form of
weight k + (1/2) with €, produces an automorphic form of weight 2k and thus estab-
lishes a version of the Shimura correspondence. This is only an example of much more
material which has been obtained in a similar fashion. We refer to the other chapters of
[LV] and, for instance to [RS2].

4.7.16 There is the challenge to try to extend parts of this to pairs consisting of an
orthogonal group and a Jacobi group or even an euclidean group and a Jacobi group.
But this is no longer prehistory and has to appear again later.

The following list contains some items (but not all) which don’t belong to Part I and will
be needed in the other Parts of this text.
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