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ABSTRACT. Properties of the s@t of "particularly non-normal numbers” of the unit interval are
studied in detailsTs consists of real numbers some of whose s-adic digits have the asymptotic
frequencies in the nonterminatisg adic expansion af, and some do not). Itis proven that the
setTs is residual in the topological sense (i.e., it is of the first Baire category) and it is generic in
the sense of fractal geometrVs(s a superfractal set, i.e., its Hausdorff-Besicovitch dimension
is equal to 1). A topological and fractal classification of sets of real numbers via analysis of

asymptotic frequencies of digits in their s-adic expansions is presented.
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1. INTRODUCTION
Let us consider the classicatadic expansion af € [0, 1] :

X= % s "ap(x) = A%ay(X)az(X)...ak(X)... , ax(x) € A={0,1,...,(s— 1)},
n=1

1
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and letN;(x,k) be the number of digitsi” among the firsk digits of thes—adic expansion of
X, i € A. If the limit v;(x) = d'ﬂlw exists, then the numbex(x) is said to be the frequency
of the digit”i” (or the asymptotic frequency of”) in the s—adic expansion af.

A property of an element € M is usually said to be "normal” if "almost all” elements
of M have this property. There exist many mathematical notions (e.g., cardinality, measure,
Hausdorff-Besicovitch dimension, Baire category) allowing us to interpret the words "almost
all” in a rigorous mathematical sense. "Normal” properties of real numbers are deeply con-
nected with the asymptotic frequencies of their digits in some systems of representation.

The set

Ns = {x|(vi € A) Jim Ni(::’k) :%

is said to be the set &f-normalnumbers (or the set of real numbers which are normal with

respect to the base s). It is well known (E.Borel, 1909), that theNsedad the seN* = () Ng
s=2

are of full Lebesgue measure (i.e., they have Lebesgue measure 1).

The unit interval0, 1] can be decomposed in the following way:

[07 1] = ES U Ds,

where
Es = {X|vi(X) existsVi € A},

N (%, k)
k

The setDg is said to be the set of non-normal real numbers. Each of the subsatsiDg can

Ds= {x|Ji € A, I!im does not exist

be decomposed in the following natural way.
The set

Ws = {X|(Vi € A) : vi(x) existsand (3] € A) : vj(x) # é}

Is said to be the set @fuasinormahumbers. It is evident that
Es — WsU Ns, Wsn NS — @

The set

. . Ni(x,k .
Ls = {x|(Vi € A) dm% does not exigt

is said to be the set @ssentially non-normalumbers.



The set
Ts={xX|(F €A): l!im w

Is said to be the set gfarticularly non-normahumbers.

Nj (X, k)
k

does not existand (3j € A) : l!im existg

It is evident that
Ds=Ls| JTs, Ls[ | Ts= 2.
The setdNs, W, T, Ls are everywhere dense sets, because the frequentigsio not depend
on any finite number of s-adic symbolsxflt is also not hard to prove that these sets have the
cardinality of the continuum.
The main purpose of the paper is to fill in completely the following table, which reflects the

metric, topological and fractal properties of the corresponding sets:

Lebesgue measureHausdorff dimension Baire category

Ns
W
Ls
Ts

Letv = (vo,V1,...,Vs_ 1) be a stochastic vector and let

I\Ii* (X> k)
Kk

The well known Besicovitch-Eggleston’s theorem (see, e.g., [4, 6]) gives the following formulae

Ws[v] = {x: x =A% (X)aa(X)...0k(X)... l!l_rgo =v;,Vi € A}.

for the determination of the Hausdorff-Besicovitch dimensigiiWs|v]) of the seMk|v|:

s-1
> Vi logv
to (Walv]) = =2
—logs

From the latter formulae it easily follows that the ¥étof all quasinormal numbers is a super-
fractal set, i.e Vs is a set of zero Lebesgue measure with full Hausdorff-Besicovitch dimension
(a0 (Ws) = 1).

Properties of subsets of the set of non-normal numbers have been intensively studied during
recentyears (see, e.g., [12, 8, 9, 10] and references therein). Some interesting sihsetsef
studied in [8] by using the techniques and results from the theory of multifractal divergence

points. In [12] it has been proven that the Bgtis superfractal.
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In the paper [1] of the authors it has been proven that théset essentially non-normal
numbers is also superfractal and it is of the second Baire category. Moreover, it has been proven
that the seLs contains an everywhere densg-set. So, the setss, W, Ts are of the first Baire
category. From these results it follows that essentially non-normal numbers are generic in the
topological sense as well as in the sense of fractal geometry; nevertheless, lthéssanhall
from the point of view of Lebesgue measure.

The main goal of the present paper is the investigation of fractal properties of tig set
of particularly non-normal numbers. To this end we apply a probabilistic approach for the
calculation of the Hausdorff dimension of subsets. More precisely, we apply the results of fine
fractal analysis of singular continuous probability distributions.

The first step of the fractal analysis of a singular continuous measigrene investigation of
metric, topological and fractal properties of the corresponding topological sugpg@re. the
minimal closed set supporting the measure). These are good characteristics only for the class
of uniform Cantor-type singular measures. But, in general, they are only "external character-
istics”, because there exist essentially different singular continuous measures concentrating on
the common topological support. The main idea of the paper [1] consisted in the construction
of singular continuous measures whose topological supports coincide with some subsets of the
set of essentially non-normal numbers.

The second step of the fractal analysis of a singular continuous measuthe determina-
tion of the Hausdorff dimensioop(v) (and the local Hausdorff dimension ) of the measure,

i.e., roughly speaking, finding the Hausdorff dimension of the minimal (in the fractal dimen-
sion sense) supports (which are not necessarily closed) of the measure. This problem is much
more complicated than the previous one (see, e.g., [3]), especially in the case of essentially
superfractal measures.

In Section 2 we prove that for afl > 3 the setTs is of full Hausdorff dimension. To prove
the main result we construct a sequence of singular continuous mepgwesh that the corre-
sponding minimal dimensional supports consist of only particularly non-normal numbers, and

apply the results of [3] to perform a fine fractal analysis of these supports.



2. FRACTAL PROPERTIES OF THE SET OF PARTICULARLY NONNORMAL NUMBERS

Let us study the sefk of particularly non-normal numbers which were defined in Section 1.
It is easy to see that the sBtis empty, because from the existence of the asymptotic frequency
vi(x) for somei € {0,1} the existence of another asymptotic frequency follows.

Theorem 1. For any positive integes > 3 the sefl; of particularly non-normal real numbers

Is superfractal, i.e., the Hausdorff-Besicovitch dimension of th@ssquals 1.

Proof. To prove the theorem we shall construct a superfractabsefTs.

In the sequel we usually shall not use the indisaa the notation of the corresponding
subsets, since will be an arbitrary fixed natural number greater than 2. Let us consider the
classicak—adic expansion of € [0,1] : x = z s "an(x) = D3ay(X)az(X)...ax(X)... . If Xis an
s-adic rational number, then we shall use the representation without the perdd.”

For a givenp € N and for anyx € [0, 1) we define the following mappingp:

Pp(X) = dp (A%a1(X)02(X)...0k(X)...) =

s—1 s-1 s-1
= £500..011..1...(s— 2)(s— 2)...(s— 2)(s— 1) a1(X) @2(X)....agp(X)

2(s-1) 2(s-1) 2(s-1)
N\ o %
00..011..1...(s—2)(s—2)...(5— 2)(s— 1)(s— 1) Agp; 1(X) A2p 1 2(X) - Os2p s 252p(X) - .-

21(s-1) 21(s-1) k=1
. A g N
00..0 11..1..(s=2)(s—2)...(s=2)(s—1)(s—1)...(s— D)ax1_p@p1(X)---Qk_1)2p(X) --- -

Let us explain the construction op,.  First of all we divide the s-adic expan-
sion of x into groups in the following way: the k-th group consists of the sequence
(Ak-1_1)@2pr1(X)--Ok_1)2p(X) ),k € N. The s-adic expansion gf= @p(x) is constructed
from the s-adic expansion &fvia inserting (before the k-th group) the following series of fixed
symbols(0...01...1 ... (s—2)...(s—2) (s—1)...(s— 1)), where each symbdi” (0 <i < s—2)
occurs2k~1(s— 1) times, but the symbdls— 1” occurs2<—* times.

LetMp = 95([0,1)) = {y:y = §p(x),x € [0,1)}.
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For a givenp € N and for anyy € M, we define the mappingp(y) in the following way: if

y=¢p(X) =

s—1 s-1

A

e N

= 2500.0..(5-2)...(5— 2)(5— D)er(X) @a(X).- A (¥)

2(s-1) 2(s-1)
A %
0.0 ..(s—=2)...(s—2)(s— 1)(s— D) agp 1(X)0gp 2(X).-Og2p i 22p(X) -,

thenz= yp(y) =

s—1 s—1

A\

= 250.0(s—1) .(5-2).(5— 2)(5—1) (s— 1) (OL..(5—2)) a1 (X)t2(X)...agz(X)

(s-1) (s-1) (s-1) (s
00...0(s— 1)00...0(s— 1)...(5— 2)(5— 2)..(5— 2)(s— 1)(5— 2)(5— 2)..(5— 2) (s 1)

(s—1)(01..(s—2)) (s—1)(01..(s—2)) Ogp:1(X)Ag2pi2(X)...Og2p  22p(X) - .-, X € [0, 1),

i.e., the s-adic expansion of= (p(y)can be obtained from the s-adic expansioy ef ¢ (x)
by using the following algorithm:

1) after any fixed symbol(5— 1)” we insert the following series of symbol§01...(s— 2));

2) after any subseries consisting of (s-1) fixed symbgI < i < s— 2 we insert the symbol
"s—1".

S = fp([0,1)) = {z:2= fp(x),x € [0,1)} = {z: 2= Pp(y),y € Mp},

Gp = p([0,1)) = {z:z= fp(x),x € Ns}.

The following two lemmas will describe some properties of the constructedgets

Lemma 1. For anyz= 3 s "an(2) € Gy the limit lim NEZ N goes not exist for anye
n=1 —00
{O,l,...,s—2},andr|]i_r20"‘s~+(z"“) ~ 1

Proof. The seitGy has the following structure:

s—1 s—1
7\

Gp={z: z= A°0..05-1) ... (5—2)...(s— 25(5—1) (s-1)(0L..(s-2))a1(x)a2(X)...a2,(X)

J

firStErou p



0...0(s—1) 0...0(s-1)...(s-2)...(5-2)(s—1) (5—2)...(s—2)(s—1) (s—1)(01..(s—2)) (sfl)(01.,.(372))aszp+l(x)aszp+2(x)...a52p+252p(x)

(.

seconﬁ group
., X€Ns }.

Fromx € N it follows that the symbots— 1" has the asymptotic frequenéyin the sequence

NS‘—() = { follows from the construction of the s&%.

{ak(x)} and the equalltylm
Let Ix be the number of the position at which the above k-th group of symbols ended, i.e.,
Ik =s?(p+1)(2*-1).
Let m (i) be the number of the position at which the k-th series of the fixed syniboisd
"(s—1)"(0<i<s—2)ended,iem, (i) =(p+1)(2*— 1) +s(i+1)2~.
Let m(i) be the number of the position at which the k-th series of the fixed symBg3 <
i <s—2) started, i.e.m, (i) = S2(p+1)(2— 1) +sik+ 1.
If z€ Gp, then there arg(2%"1 — 1) + dy) symbols’i” (0 < i < s— 2) among the firstry__ , (i)
symbols of the s-adic expansionznpfwheredy is the quantity of the symbdi” among the first
(2%~ 1)s?p s-adic symbols(x) in the expansion of = flgl(z). Sincexis an s-normal number,

we have:dg = (2¢—1)sp+0o(2X).

So [im M@ M@)oy @-Dst(<Dsprsto2) _ _ pi2
'nooo Mya(i) Nooo  SH(P+1)(2-1)+s(i+1)2¢ s(p+1)+i+1°

If z€ Gp, then there arg(2X — 1) +dy symbols’i” (0< i < s—2) among the firstr, , (i) —1

symbols of the s-adic expansioan

m’K+1 c (X Dst(2X~Dsprsto(2)  pt1 p+2
So, rl]lnoo m{<+1 - r!lnoo P(p+1)(2K—1)4sik - (p+1)+i< s(p+1)+i+1"

Therefore, for anyg € Gp and for anyi € {0,1,...,s— 2} the limit I|m N'(Z "V does not exist.
U

The following Corollary is immediate, using the definitions®f, Ts and Lemma 1:
Corollary. Gp C Ts,Vp € N.

Lemma 2. The Hausdorff-Besicovitch dimension of theGgis equal tom2

Proof. Let By(i)be the subset dil with the following property:vk € N,k € By(i) if and only
if a(fp(x)) =iforanyxe [0,1),i.e.,Bp(i) consists of the numbers of positions with the fixed

s-1
symbols’i” in the s-adic expansion of amye S,. LetBy = |J Bp(i), and letCp = N\ By,
i=0
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Let us consider the following random varial€” with independent s-adic digits:

(o]

E(p) = Z Sﬁk gk(p)7

k=1

wherefép) are independent random variables with the following distributionk:&fBp(i),

then . takes the valu&i” with probability 1. Ifk € Cy, then&.P takes the valueg 1, ..., (s—

1
s’s’ s

1) with probabilitiest
It is evident that the se$, is the topological support of the distribution of the random vari-
able&(P). Actually, the corresponding probability measyie= Pz (p) is the image of Lebesgue
measure or[0,1) under the mapping, = Yp(Pp), i.e., VE C B : Up(E) = Up(ENSp) =
AT ENS).

A) Firstly we prove thatag(Gp) < Since Gp C S, it is sufficient to show that

p+2
ao(Sp) < p+2 To this end we consider the sequer{& (ke N,i e {1,2,...,:332IO (27-1) 23!
of special coverings of the s&, by s-adic closed intervals of the rank = I — 2k-1g2p —

_ . k . k—1__
2(p+1)(2¢— 1) — 2 1p. For anyk € N the covering{B™'} consists of thes"P(2 '~
closed s-adic intervals of-th rank with lengthg, = s~ (S(P+1)(2-1)-21s’p),

The a— volume of the covering{Bi(k)} is equal to

— PRI ga(S(pr1)(2-1)-2<1p) _ ((p-a(p+2)2 ¢ (a(prl)-p

For the Hausdorff premeasuhg we have: hg (S) < Ig (Sp) for anyk € N. So, for the
Hausdorff measurkly we haveHq (Sp) < l!i_rnolg(sp) Oif o > p+2
Hence,ao(Sp) < piz

B) Secondly we prove thatg(Gp) > To this end we shall analyze the internal fractal

p+2
properties of the singular continuous measuge

For any probability measure one can introduce the notion of the Hausdorff dimension of
the measure in the following way:

aO(V):EeIR]E {ao(E), E € #},

whereN(v) is the class of all "possible supports” of the measuyee.,

N(v)={E: Ec %, v(E)=1}.
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An explicit formula for the determination of the Hausdorff dimension of the measures with
independent Q*-symbols has been found in [3]. Applying this formula to our cgse é,Vk €
N,Vi € {0,1,...,s—1}), we have

. Hq
aO(IJp) - rlll—r!lo n |nS
whereH, = Z hj, andh; are the entropies of the random vanab:fé@ hj = — Z pij In pij .
i=
If j €Bp, theth = 0. If j € Cp, thenhj =Ins,
So,
Hn . $?p(2<t—1)Ins _p

do(kp) _rt% n Ins:|ll_>7moo m Ins :Lﬂm (2(p+1)(2k—1) — p2X-1) Ins  p+2
The above defined s&, = f,(Ns) is a support of the measug, becauser, = A (f, 1) and
the Lebesgue measure of the Sgbf s-normal numbers of the unit interval is equal to 1.

SinceGp € N(up) andao(pp) = <55, we getao(pp) > which proves Lemma 2. O

pr2 p+2’
Corollary. The seGy, is the minimal dimensional support of the measugei.e. ao(Gp) <
ao(E) for any other supporE of the measurgip, .
Finally, let us consider the s& = G Gp. From Lemma 1 it follows thaG C Ts. From
Lemma 2 and from the countable stzsgillity of the Hausdorff dimension it followsah@®) =

sILOJpao(Gp) = 1. So,a0(Ts) = 1, which proves Theorem 1. O
Summarizing the results of Sections 1 and 2, we havs fo@:
Lebesgue measurdHausdorff dimension Baire category
Ng 1 1 first
Ws 0 1 first
Ts 0 1 first
Ls 0 1 second

For the cass = 2 we have a corresponding result, but the Hausdorff dimension of thig set

is equal to 0, because the Jgis empty fors= 2.
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